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Abstract In this paper we consider the problem of best approximatiofin), 1 < p < co. If
hp, 1< p < oo, denotes the begt-approximation of the elemetit € R" from a proper
affine subspace& of R", h ¢ K, then limy_ oo i) = h¥., whereh’  is a best uniform
approximation of: from K, the so-called strict uniform approximation. Our aim is to prove
that for all» € N there arexj € R", 1< j <r, such that
ol o2 r
hp=hi, + + 4+
P=reet p_1 7 (p—12 (p—Dr
with y,E” eR" andHy[(f)H =0(p~"~h). To cite this article: .M. Quesada et al., C. R.
Acad. Sci. Paris, Ser. | 334 (2002) 1077-1082. 0 2002 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

+y0,

Comportement asymptotique des meilleuregp-approximations sur un
sous-espace affine

Résumé Dans cette Note on considére le probléme de meilleure approximatior glans1 < p <
0o. Sihp, 1< p < oo, désigne la meilleurp-approximation de: € R" par éléments d’'un
sous-espace affin€ deR", h ¢ K, alors lim, oo hp = h¥,, ou h%, est une meilleure
approximation uniforme dé par éléments d&, appelée approximation uniforme stricte.
Nous prouvons qué, admet un développement asymptotique du type

o1 o oy )
+ +- 4 +vp s
p=1 (p-172 (p=1r
avecy; e R, 1<I<r, y,(f) eR" etHy[(f) | =0(p~"1). Pour citer cetarticle: J.M. Que-
sada et al., C. R. Acad. Sci. Paris, Ser. | 334 (2002) 1077-1082. O 2002 Academie des
sciences/Editions scientifiques et médicales Elsevier SAS

hp=h +

Version francaise abrégée

Les ¢,-normes sont définies par (1). S&tun sous-ensemble d&" eth € R” \ K. Nous disons que
hp € K, 1< p < oo, estune meilleurg-approximation dé: par éléments d& si ||k, —hll, < | f —hll,p
pour toutf € K.

Si K est un sous-ensemble ferméRtg, alors I'existence dé, est garantie. Si en outi€ est convexe
and 1< p < oo, alors la meilleurgy-approximation est unique. Dans le cgse- co nous dirons qué
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est une meilleure approximation uniforme kepar éléments d&. En général, il n'y a pas unicité de
la meilleure approximation uniforme. En revanche, on peut définir une unique meilleure approximation
uniforme « stricte »h*_, [4,8].

Yoo

Il est bien connu, [1,5,8], que & est un sous-espace affine @&, alors
H _ *
pll_r)noohp =hZ,.

Dans la littérature, cette convergence est appelée algorithme de Pélya. Dans [2,5] on preuve qu'il existe
M > 0 tel quepl|lh, — hi |l < M pour toutp > 1. Dans [6] les auteurs démontrent qu'il existe des
constanted.1, L, > 0 et 0< a < 1, dépendant d&, telles queLia? < pllh, — hi |l < Loa” pour tout
p=1l
Sans perte de généralité nous assumekea®. Dan ce qui suik est supposeé étre un sous-espace affine
deR". Nous écrivonX =i} + V, ouV est un sous-espace vectoriellRe. Il est bien connuv(oir par
exemple[9]) qué:,, 1 < p < oo, estlameilleurg-approximation de 0 par élémentsKesi et seulement si
n

Z v(j)|h,,(j)|”_lsgr(h,,(j)) =0 pourtoutv € V.

j=1
La formule de caractérisation ci-dessus et le lemme suivant sont les principaux arguments dans la démons-
tration de notre résult principal.

LEMME 0.1.-Donnésr e N eta; € R, 1 <[ < r, il existe des nombres réets, 1 <[ < r, avec
¢ =ci(a,...,a),tels que

P
ai ar c1 cr 1
<1+;+"'+?) :CO_’_;_’_”.—F?—*—O(W)’
Olcg = e,

THEOREME 0.1. —Soit K un sous-espace affine &', 0 ¢ K. Pour1 < p < oo, soith, la meilleure
p-approximation ded par éléments d& et 4’ I'approximation uniforme stricte. Alors, donmée N, il
existe des vecteuts € R", 1 <1 <r, tels que

o o
hpzhj;o+p—_ll+~--+@_7’1)r+y<”,

oty e R ety Il = 0(p~"b).

1. Introduction

Forx =(x(1),x(2),...,x(m)) e R", thef,-norms, 1< p < oo, are defined by

n 1/p
||x||p=<2|x<j>|l’> . 1< p<oo,
j=1

= = )| 1
lx]l == llxlloo lg%l}x(m (1)

Let K # ¢ be asubsetdR”. Forh e R"\ K and 1< p < oo we say that, € K is a besip-approximation
of h from K if
Iy —hll, <Ilf—hl, forallfeKk.

If K is a closed set aR”, then the existence df, is guaranteed. Moreover, there exists an unique best
p-approximation ifK is a closed convex set and<lp < oco. Throughout this papek denotes a proper
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affine subspace dR”. Without loss of generality we will assume that= 0 and 0¢ K. It is well known
(see for instance, [9]) thak,, 1 < p < oo, is the besp-approximation of 0 fronK if and only if
n
. . N p—1 .

> ()= FD)hp(D|” " sgn(h,y(j)) =0 forall f € K. 2

j=1
Writing K = fo + V for somefp € K andV a linear subspace @, then (2) is just equivalent to

n
. ~p—1 .
> v (D] sgn(hy(j)) =0 forallveV. ©)
j=1
In the casep = oo we will say thati is a best uniform approximation of O frok. In general, the unicity
of the best uniform approximation is not guaranteed. However, an unique “strict uniform approximation”,
h%,, can be defined [4,8]. It is known, [1,5,8], thatAf is an affine subspace &", then
P ¥
pll_r)nooh,, =hg.
In the literature, the convergence above is called Pélya algorithm and occurs at a rate no worge than 1
(see[2,5]). In [5,6] the authors prove that there are consténtsl, > 0 and 0< a < 1, depending oK,
such thatLya? < p ||h, — hi || < Laa? forall p > 1.
The aim of this paper is to prove that the bpsapproximatior: ,, has an asymptotic expansion of the
form
o1 o2 o ")
+ 4+ +v,”,

p-1 (p-12 (p—=1r

hp=hi, +
. n . (r) n )y _ —r—1
forsomen; e R", 1< j<r,y, eR"and|ly, | =0(p ).

2. Notation and preliminary results

Without loss of generality, we will assume thgt* || = 1, k% (j) > 0, 1< j < n, and that the
coordinates ok}, are in decreasing ordering. Letld; > d> > - -- > d; > 0 denote all the different values
of h% (j), 1< j < n,and{J;}j_, the partition ofJ := {1, 2, ..., n} defined byJ; :={j € J : h} (j) = d;},
1< <s. We henceforth putg = s if dy > 0 andsp=s — 1if d; =0.

We can writeK = k%, +V, whereV is a proper linear subspace Rf. It is possible to choose a basis
B={v1,v2,...,v,}0f Vand a partition I }; _, of I :={1,2,...,m} suchthatforalf € I;, 1 <k <,

(PL) vi(j)=0,VjeJ, 1< <k,

(p2) vi(j) # 0 for somej € Ji.

The set of indiceg;, could be empty for somie, 1 < k < s. However, for simplicity of notation, we suppose
that I, # ¢ for 1 < k < s, this involves no loss of generality.

We will use the following result [5,6].

THEOREM 2.1. — In the conditions above, let

d;
= — i (j f el 4
a 1<ml,?ér{dk j;ul(,);ﬁo or somei € k}, (4)
1

wherea is assumed to beif >
that

jes Vi (j)=0forall i € Iy, 1 < k,l < so. Then there ard.q, L2 > 0 such

Lia? < pllhy —hi |l < L2a?, Vp>1

LEMMA 2.2.—If {x,} is a sequence of real numbers such that,| — 0as p — oo, then
A+xp)P =1+ pxp, +Rp,
with R, = o(p|x,l).
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Proof. —The proof follows immediately from the application of Taylor’s formula to the funciién =
(1+z)Patz=0. O

In the next formula we use the following standard notation. Net.= N U {0} andk e N. If r =
(r1,ro,...,1rx) € N’(‘) anda= {a;}cN is a sequence of real numbers, then we define=ry +r2+-- -+,
rl:=rilrp!-- ! anda’ = aflay?---a;*. Also, fori € N, we denote§(k, i) := {r e N§: EJ 1irj =i}.

Leta={a;}jeny andb = {b;};cn be two sequences of real numbers and < N. An easy computation
gives

fm,n<z):=2b,-<2a,»z"> Z > —bm
j=1 i=1 :

i=1reSG(m,i)

Applying the formula above and the Rolle theorem we easily obtain the expansion of known functions. For
example, taking; =1/j!, j =1,2,..., we get

explaiz + - + az* —1+Z Z z+o .

i=1reG(k, z)
Analogously, takingy; = (—1)/~1/j, j =1,2,..., we have
k41
1 DI=1(r| -1
Slog(l4aiz+-+ak) =) > — (H Vargi =l ().
< i=1reG(k,i)

Now we could use the formulas above to obtain explicitly the asymptotic expansion of lofethe

expression
a ar \? a a
<1+—1+---+—’,‘(> =exp[plog<1+—l+m+—];{)}
p p p p

However, in order to simplify the notation, we resume these observations in the following result.

LEMMA 2.3.— LetkeN anda; € R, 1 <I < k. Then there arec; e R, 1 <1 <k, with ¢, =
ci(a, ..., ap), such that

p
ai ar 1
1+—+---+—> ot E 4 +o< >
< p Pk p prtt
whereco = €1,

ForveV,v#0,and 1< 1 < s, let J;[v] be the set of indiceg in J; such that(j) # 0 and define
ni=min{re(l,....s}: Ll #£0} and T, = J; [v].
Also, if J' C J we denote byj - || ;- the restriction of the norrt - || to the set of indices in’.

LEMMA 2.4.— Suppose that there atg € V, 1 <[ < r, such that
(r)
hp = h* + Z 1)1 ypr ’

where(p — 1)7||ys”|| - 0as p — oo for somer € N. Letv € V, v # 0, and suppose thalley || 7 O for
some €{0,1,...,r}, whereag := k). Define
ly:=min{l €{0,1,...,r}: & (j) #Ofor somej € J, }
and letJ? be the set of indices i, such thatie, (/)| = ll, |5 - Then
> v(ha)sgne, () =0, 0<i<t—1,—1, (5)

jenR
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where, for eacly e Z the coefficients;(j) are given by Lemma.3with a; = a4, (j)/ou, (j), 1 <1 <
r—1I,andk=r —1I,.

Proof. —Note that we can assume> [, — 1; otherwise the condition in (5) is empty. Sinees V,
from (3), we have

S v(i|hp ()| sgn(, () =0, (6)
jedJ
where

o) = 1 (;)+Z S0, 1<,

Since(p — )T ||y,§’) | — 0asp — oo, itis possible to apply Lemmas 2.2 and 2.3 to obtain an appropriate
expansion ofh,(j)|P~1. Now, multiplying (6) by(p — 1)/, 0< I < 7 — I, — 1, and taking limits ag — oo
we deduce (5). O

3. Asymptotic behaviour of bestp-approximations

In [7] we prove the following result:

THEOREM 3.1. — Let K be a proper affine subspace Bf, 0¢ K. For 1 < p < oo, let 1, denote the
best p-approximation of0 from K and lets}, be the strict uniform approximation. Then, for alk N,
there areo; € R", 1 <1 < r, such that

o
hp=hig+—— 44 +y, @)

Oy
p—1 (=D

wherey” e R" and||y” || = O(p~1).

Proof. —Sincep ||, — k% |l is bounded, [2,5], the proof follows immediately by inductionronith the
help of Lemmas 3.2 and 3.3.0

LEMMA 3.2. - Under the same conditions of Theor8m, letr € N and suppose that there asg € V,
1< <r—1,suchthat

_ h* + Z 1)[ -1

If there existsy, := lim ,_ oo (p — 1)’ypr_1), then(p — )"y, )| is bounded, Whe@(’) : y;*
o /(p—D".

LEMmA 3.3. - Under the same conditions of Theor8m, letr € N and suppose that there asg € V,
1< <r—1,suchthat

_1) _

_ )
=h +Z 1)l+yp’ :

If (p — 1) [lyy Y|l is bounded, then there exist®, o, (p — 1"y > € V.

Remark 1. — Let us observe that Ejelk vi(j)=0for alli € I}z and all 1< k < so, then, from (4),
0<a < 1. Inthis case, as a consequence of Theorem;;ié.ulh,, —h% || - O foralll € N and hence (7)
holds immediately for; =0 R”, foralll =1,...,r. Therefore, in order to get non trivial expansions

of i, we must assume th§tjjejk v; (j) #Z0 forsome € I, 1 < k < so.
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Remark2. — In [3], the authors suggest the asymptotic expansion,
o
B;
hp=hig+Y -
i=1

They apply the series above to obtain good estimationsjgfby means of extrapolation techniques.
However, to our knowledge, there was not any proof of this formula.
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