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Note presented by Paul Malliavin.

Abstract Let (W, H, 1) be an abstract Wiener space, and assumethat v;, i = 1, 2, are two probability
measures on (W, B(W)) which are absolutely continuous with respect to . Assume that
the Wasserstein distance between v1 and vy isfinite. Then there existsamap T = Iy + &
of W into itself such that &£ : W — H is measurable and 1-cyclically monotone such that
the image of v, under T isvo. Moreover T isinvertible on the support of vo. We give also
some applications of thisresult such asthe existence of the solutions of the Monge-Ampére
equation ininfinite dimensions. To citethisarticle: D. Feyel, A.S. Ustiinel, C. R. Acad. Sci.
Paris, Ser. | 334 (2002) 1025-1028. 0 2002 Académie des sciences/Editions scientifiques
et médicales Elsevier SAS

Transport de mesure sur |I'espace de Wiener et théoréme de Girsanov

Résumé Soit (W, H, 1) un espace de Wiener abstrait; on suppose que v;, i = 1,2, sont deux
probabilités sur (W, B(W)) qui sont absolument continues par rapport a u et que ladistance
de Wasserstein entre v1 et vo est finie. Alorsil existe une application 7 = Iy + & de W
dans lui-méme telle que £ : W — H soit mesurable, 1-cycliquement monotone et |I'image
de vy sous T soit égale avy. De plus T est inversible sur le support de vo. Nous donnons
auss quelques applications de ce résultat comme |’ existence de solutions de I’ équation de
Monge-Ampére. Pour citer cet article: D. Feyel, A.S. Ustiinel, C. R. Acad. Sci. Paris,
Ser. | 334 (2002) 1025-1028. O 2002 Académie des sciences/Editions scientifiques et
meédicales Elsevier SAS

Version francaise abrégée

Soit (W, H, i) un espace de Wiener abstrait : W est un Fréchet localement convexe, . est la mesure
gaussienne standard et H est I’ espace de Cameron-Martin dont le produit scalaire et la norme sont notés
respectivement par (-,-)y €t | - |g. Soit v une autre probabilité et notons par X (u, v) I'ensemble de
probabilités sur W x W ayant les marginales . et v. On note J la fonctionnelle définie sur X (u, v) par
JB) = [wuwlx— y|%, dB(x, y). Danslecasou W est de dimension finie, e probléme (dual) de Monge-
Kantorovitch consiste de trouver une mesure y € X (u, v) telle que la distance de Wasserstein :

dfy (u,v) =inf{J(B): B € 2(n, 1)}
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soit atteinte en y. Ce probléme a été résolu dans [1] en dimension finie (cf. aussi [4]). Nous alons le
résoudre dans le cas décrit ci-dessous. Rappelons d' abord quelques notions: soit A C R” x R”, on dit que
A est cycliquement monotone[5] si pour toute suite finie (x1, y1), ..., (xx, yx) de A, ona

(y1, x2 — x)rr + (y2, X3 = x2)R? + - -+ + (Vk, X1 — X)) < O.

Soit (7r,, n > 1) une suite de projection de H de rangs finis, croissant vers I'identité de H, continiment
prolongeable a W, telle que 7,x — x wu-p.s. dans W. On notera x, = m,x €t xj- =x—x, e d
z=(x,y)e W x W,onécriraz, = gyz = (tpx, 7,), znL =z—2z,.9 8§ C W x W, on notera par S(z,f)
la section de S en zy, i.e. S(zik) = {zy € Wy x W, : 2, + z;- € S}. Nous dirons que I'ensemble S est
cycliquement monotonesi S(z;-) est cycliquement monotonedans W, x W,, ~ R x R" pour tout z;-. Nous
dironsqu’' unevariable aléatoire n : W — W est 1-cycliguement monotonesi le graphdex — x + n(x) est
cycliqguement monotone dans W x W. Une variable aléatoire f : W — R U {oo} est dite 1-convexe s
h— 3lh|% + f(w + h) est convexe sur H avaleursdans LO(w) [3]. Il est facile de voir que, si f aune
dérivée de Sobolev V f [2,6], dlors V f est 1-cycliquement monotone.

1. Main results

THEOREM 1.— Assume that andv are two probability measures o such thatim, =,x = x almost
surely with respect tg andv in the Fréchet topology V. Assume moreover that

dW({, U) < 00,

and that the finite dimensional projections of these measures are absolutely continuous with respect to the
Lebesgue measure. Lgt= 7,,¢ andv, =, v, and lety,, be the measure defined @hx W as the obvious
extension of the solution of the Monge—Kantorovitch problenigarv,) on W, x W,,. Lety be in a weak

cluster point of(y,,, n > 1). Then there exists a unigukgcyclically monotone measurable mgpw — W

such that(ly x T)¢ =y, whereT = Iy + £. MoreoverT is y-invertible in the sense that there exists
suchthatSo T = Iy ¢-a.e.,and thafl’ o § = Iy v-a.e.

Proof. —We have the obvious disintegration of y:
/fd)/:// f(zn+ 2y (dzalz) v (dzi ).
Sy (zi)

where y,;- is the image of y under Iwxw — ¢, and y(dz,|zr) is the regular conditional probability
y(dz,lg;- = z;-). Using an extension of the section theorem, we see that the measure y (dz, |z;-) is the
solution of the Monge-Kantorovitch problem corresponding to its marginals. Hence its support S, zh)
is cyclically monotone. The cyclic monotonicity of S, (z;-) implies the existence of a monotone map
Ty (Xn; 25) = Xn + £n(xy; 2;7) Which is the derivative of a convex function on W, [4] such that the the
regular conditional probability y (-|z;-) is supported by the set {(x,, yu) € Wy X Wy ¥ = T, (xn5 25)}.
Hence y iscarried by the set

{C. ) eW X Wy =T, (xn:27) }-

Moreover m,x — x and w,y — y in W y-amost surely, hence the sequence (&,(m,x;z;), n > 1)
converges aso y-amost surely in W. Note that each &, is measurable with respect to the sigma agebra
B(W)® o (g;F). Hencethe limitis (), B(W) ® o (¢;-) = B(W) ® (), o (¢;-)-measurable. Since ), o (¢;°)
is y-trivial, & =limé&, is B(W)-measurable. The fact that T isinvertible is obvious from the symmetry of
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the construction of 7. The uniqueness of T follows from the fact that the finite dimensional sections of the
support of y are cyclically monotone, hence the approximating sequenceis unique by thefinite dimensional
resultsof Mc Cann[4]. O

THEOREM 2.— Assume that is given with a density. € L'(x) such thatE[Llog™ L] < co. Then
there exists d-convex functiorp whose Sobolev derivativég is in L2(x, H) such thatl’ = Iy + V¢
and the solution of the Monge—Kantorovitch problem is givew By (I x T)u. If L > 0 almost surely,
thenT ! = Iy + Vy such thaty is alsol-convexVe (x) + Vi (y) = 0 y-a.s. and finally

E[|V¢|%] <2E[Llog" L]. (11)

Proof. —Theexistence of T and itsinvertibility isgiven by Theorem 1. To show theregularity of £ = V¢,
we use the inequality (1.1) whose validity is known in the finite dimensiona case and this inequality is
preserved when we pass to the limit. To show that 71 is of the form Iy + Vi is suffices to remark
that the Radon—Nikodym derivative of 7—1x with respect to p is (L o T)~1, hence it satisfies also the
LlogL-condition. O

The following proposition gives some more information about the question studied in Theorem 2.7.1

of [7].

ProPOSITION 1.— Letu be the Wiener measure and denotevbyi = 1, 2, two probability measures
on (W, B(W)), which are absolutely continuous with respectuitowith the respective Radon—Nikodym
derivativesL;, i = 1, 2. Assume that

EulLilogLi] <oo, i=1,2.

Then there exists an invertible m&p, = Iw + &1.2 such that » is with values inf and that7y pv1 = vp.

Proof. —The existence of 71 » followsfrom Theorem 1. The only claim to proveis the regularity of &1 ».
Thisfollows from the triangle inequality

1/2
dw (v1, v2) = {/ Ix — y1%y1,2(dx, dy)}
WxW

<dw vy, u) +dw(v2, n) <00,

where dy denotesthe Wasserstein metric and the finiteness of dw (v, n), i = 1, 2, follow fromthe L logL-
integrability of the Radon—Nikodym densities. O

2. Some applications

2.1. Monge-Ampéreequation

Assumethat in Theorem 3, v1 isequivalentto u and L; € LlogL then T = I'y 4+ V¢ is u-amost surely
invertible, hence o (T) = B(W). Assume also that V¢ is regular enough in such a way that Ardu isa
Girsanov measurefor T and u (cf.[7], p. 14), where

1.2
A =deta(Iy + V&) exp —08 = 518l (-

Then T is amonotone solution of the following infinite dimensional of Monge-Ampére equation:
ArLooT =1L1

u-amost surely.
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2.2. Aninequality for dw (u, v)

Assume that W is equipped with afiltration of sigmaalgebrasin such away that it becomes a classical
Wiener space as W = Co([0, 1], RY). Let L be astrictly positive random variable with E[L] = 1 and that
E[Llog" L] < co. We can represent it as

1 2
L=exp —814—§|M|H ,

where u is an H-valued, adapted random variable with E[|u|i,] <oo. Let U: W — W be the map
U(x) = x + u(x). Note that, due to the adaptedness of u, its divergence du can be interpreted as an Ito
integral:

1
u :/ (it5, AW, ).
0

Letalso T = Iy + V¢ bethetransport map correspondingto L, i.e., the map which satisfies
E[foT]=EI[fL],
forany f € Cp(W). It follows from the Girsanov theorem and Theorem 2, that
E[foUoT|=E[foUL]l=E[f],

hencethemap s = U o T isarotation, i.e., it preserves the Wiener measure. The Girsanov theorem for U
impliesimmediately that

E[LIogL]:%E[Lmﬁ{].

Again by the Girsanov theoremwehave Uv = u, let 8 bethemeasureon W x W definedas 8 = (U x Iw)v.
Then the first margina of g is u and the second one is v. Consequently, denoting by y the solution of
(i, v), we have

/|V¢IidM=/ |x—y|?,dy(x,y)</ |x—y|idﬂ(x,y)=/ |u3, L dp
w Wx W Wx W w

=2/ LlogL du.
114
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