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Abstract The Feynman—Kac propagators, corresponding to the forward and backward heat equations
with a time-dependent measure as a potential are studied. Various generalizations of the
Kato class of potentials are considered. Under appropriate conditions on the potential, the
solvability and uniqueness theorems for the heat equation with a potential are obtained, and
the mapping properties of the Feynman—Kac propagators are disclissgg.thisarticle:
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Sur les propagateurs de Feynman—K ac pour |'équation de la chaleur
avec un potentiel qui est une mesure dépendant du temps

Résumé On étudie les propagateurs de Feynman—Kac, correspondant a I'équation de la chaleur
dans le sens direct et inverse avec un potentiel qui est une mesure dépendant du temps.
Nous considérons diverses généralisations de la classe de Kato de potentiels. Sous des
conditions appropriées sur le potentiel nous obtenons les théoréemes de résolubilité et
d’'unicité pour I'équation de la chaleur avec un potentiel, et nous étudions les propriétés
des transformations définies par les propagatéRast citer cet article: A. Gulisashvili,
C.R. Acad. Sci. Paris, Ser. | 334 (2002) 445-449. 0 2002 Académie des sciences/Editions
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Version francaise abrégée

Soitp = {u(r) : 0< ¢t < T} une famille de mesures si". On dit quen appartient a la class®, r, Si

0
lim  sup sup/ e22|u(h — )| ds =0,
1=>0+ pr <hT xeR JO

ou ez’ désigne le semi-groupe de la chaleur. Pow P, 7, le propagateur de Feynman—Keg est défini
par
Uu(t, 1) f(x) = Ex f(Bi—o) exp{ —Cp(t — 7, 1)}
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pour 0< t <t < T, oUE, estl'espérance dans I'espace de Wielgrle mouvement brownieny € L7,
et C, la fonctionnelle additive de mouvement brownien, correspondant a la famille

On noteraBC I'espace des fonctions bornées et continuée®R&uBUC I'espace des fonctions bornées
et uniformément continuées, etd'espace des fonctions qui tendent vers zéro a infini. Nous montrons que
pourp € Py 7 : (1) U, estun propagateur suflpour 1< p < oo. (2) La solution au sens des distributions
du probléme de la valeur initiale,

u 1A o
—=-Au— u
a2 pibu,
u(t) = f,

estdonnée par(t) = U, (t,7) f. (3) Uyu(t,7) : BUC - BUC etU,(r,7) : Coo = Coo pour 0< t < < 7.
@ U, v):L?P > BCpourl<p<ooet0<t<r<T.5)Uyut,7):LP > LY pourl<p<g<oo
et0<t<r«T.

1. Introduction

In this Note we study the behavior of Feynman—Kac propagators for the heat equation with a
time-dependent measure as a potential and for the corresponding backward heat equation. We obtain
generalizations of various known results concerning the Kato class of potentials and Schrodinger
semigroupsgee[1,11], see also [2,13] where the Kato class of time-independent measures is considered).
Nonautonomous parabolic equations were also studied in [6-9].

Let u = {u(t) : 0 <t < T} be a family of signed Borel measures BA. We assume that the variation
| (t)] of the measurec(z) is locally bounded for alt € [0, T'].

DEFINITION 1. — A two-parametric familyU (¢, t) : 0 < t <t < T} of bounded linear operators on the
space I with 1 < p < oo is called a propagator for the heat equation,

e (1)
or oM T I

provided (U (t, 1) = U@, DU, 1) for0<t <A<t <T; (b)U(r,7)=1Ffor0< v < T, wherel
stands for the identity operator orfL(c) For everyf € L?, the LP-valued function(¢,7) — U(t,7) f
is continuous for 6X t <t < T; (d) For everyr with 0 < 7 < T, the functionu(¢t) = U(z, t) f where
T <t < T,is asolution in theD’((z, T) x R")-sense to the following initial value problem:

ou . 1A
o = gl HOu, @)
u(r) = f.

For p = oo, we requre the wedkcontinuity in L in part 3 of Definition 1.

DEFINITION 2. — A two-parametric familfY (¢, 7) : 0 < t <t < T} of bounded linear operators on the
space IZ with 1 < p < oo is called a backward propagator for the backward heat equation,

0 1
%:_EMW(T)W 3)

if the family U (¢, ) = Y(T — t, T —t) is a propagator for Eq. (1) with(z) = u(T — t) instead ofu(¢).
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It is easy to see that the functian(t) = Y (¢, 7) f is a solution in theD’((0,r) x R")-sense to the
following terminal value problem:

aw_ 1A
R e (4)
w(t) = f.

Under appropriate restrictions on the potentiathe family of linear operators, given by

U, T)f(x)zExf(Bt—r)eXp{_Cu,(t_T7t)}7 0<t<1<T, (5)
is a propagator for Eq. (1), and the family
Yu(t, ) f(x) = Ex f(Bi—o) exp{ —Au(t —7, 1)}, 0<t<1<T, (6)

is a backward propagator for Eq. (3eé Section 3). In (5) and (6)E, is the expectation in the Wiener
space,B; stands for a standard Brownian motion®4, andC,, and A, are additive functionals of the
Brownian motion which will be defined in Section 2. We call the fandily (the familyY,,) the Feynman—

Kac propagator for Eq. (1) (the backward Feynman—Kac propagator for Eq. (3)), respectively.

2. Classes of time-dependent measures

In the following definitions of classes of time-dependent measurd®,df] x R” or [0, co) x R” the
symbol &2 denotes the heat semigroup &h.
(@) ue 73,1 7 1f SUD,.0<h< T SUR e fé’ e%Am(h —$)|(x)ds < oo,
(b) p e P} 1 if SUDch<r SUR e fo €22 |1u(s + h)|(x) ds < 0o,
(©) 1t € Pooo I SUD 50 SUR cen fy €° €22 1(h — 5)|(x) ds < oo,
(d) 1 € Pj o if SUDp 50 SURepn Jo° €70 €22 |1a(s + M) (x) ds < o0,
(€) 1 € Proo if 11 € Pnoo and lim_o SURh>t SUBcRrn fé e22|u(h—9)|(x) ds=0,
(f) 1€ Poif u€Porand iMooy SUR<heaT SUBern fy €22 n(h—9)ds=0,
(@ nePiifne 73,’{00 and lim-, 04+ SURyp>0 SUBeRrn fé e32 | u(s+ h)|(x) ds=0,

(h) wePiyif e Pitand imoop SURocheT—t SURern o €22 114(S+ h)| () ds= 0.

These classes are generalizations of the celebrated Kato Klagsee [1,11]), of the Kato class of
measuresk, (see, e.g., [2,3]), of the enlarged Kato clags, (see [12], see also [3,5]), and of the
nonautonomous Kato classese [4,6-10]). It is known that the class@%, t and P} + do not coincide

(see[4)).

For a familyu () with 0 <t < oo put
h S
My (h,r,x)= / e ez u(r —s)(x)ds, (7
0
where 0< h < 00, h <r < 00, andx € R". Put also
h s
Ny (h,r, x) =/ e ez u(s +r)(x)ds, (8)
0
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where 0< h < o0, 0< 7 < 00, andx € R”. In (7) and (8) we assume that the integrals on the right-hand
side make sense. It was shown in [3,5] that if a meaguiees not depend on time, then we have

nek, & (I—A)ul eBUC. (9)

The next theorem generalizes equivalence (9) to the case of time-dependent measures.

THEOREM 1. — (i) A family u € 73;,“’00 belongs to the class Py, ., if and only if the function (&, x) —
Ny (00, h, x) is bounded and uniformly continuous on [0, co) x R™. (ii) A family u € 73;‘1 belongs
to the class Py if and only if the function (2, x) — Ny, (T — h,h,x) is bounded and uniformly
continuous on [0, T] x R”. (iii) A family u € 73,,,7 belongs to the class P, 1 if and only if the function
(h,x) — M, (T —h, T — h, x) isbounded and uniformly continuouson [0, 7] x R".

We refer the reader to [4] for various examples of families of measures which are absolutely continuous
with respect to the Lebesgue measurel¥nand belong to the class@ 1 and P, 1. Similar examples
of families of singular measures can also be constructed. The next lemma gives new examples in the case
n = 1. We denote by, the Dirac measure concentratedat R™. It can be shown that the time-dependent
measureu(t) = t~1/25, does not belong to the cla®y 1. However, the following assertion holds:

LEMMA 1.—Let ju(t) = t~Y/254) where ¢ (1) = t# with g > 0. Then u € P11 if and only if g < 1/2.

It is known that the Kato class of measures can be described using the Brownian reegif#])( Our
next goal is to give a similar description of the clas®as andP;; +. We denote byt the Wiener space,
by Fi the standard Brownian filtration, and Bythe family of shift operators ofe.

THEOREM 2. —Let 1 be a family of nonnegative measures such that 1 € Py; .. Then for all x € R”
there exists a unique (up to equivalence) family A, (¢, k) of random variables on € such that (a) for all
h >0, A,0,h) =0 as, (b) for al ¢,~ > 0, the random variable A, (¢, h) is Fi-measurable; (c) for
every h > 0, the function + — A, (¢, h) is non-decreasing and continuous a.s.; (d) A,(t + t,h) =
Aut,h)+6;,0A,(r,h+1)asforallt,z,h > 0; (e)f(; e%Au(s +h)(x)ds=ExA,(t,h) forall t,h > 0.

For a signed measuyee Py ,, We putA (¢, h) = A+ (t, h) + A~ (t, h), whereut andu~ denote the
positive and the negative part of the measureespectively. Ifu € Py 1, then the functional , (z, h) is
defined for all pairgz, 2) suchthatG<r < T and0< A< T —t. Foru € Pn1,0<r < T,andt <h < T,
we putC, (¢, h) = A, (¢, T — h) wherev(t) = u(T —1).

From Theorem 2 we getu € Pn 1 ¢ im0+ SUR <<t SURern ExClp(t,h) = 05 1 € Pit &

limi— 0+ SUR.0<h<T—t SURern ExAjy (L, h) = 0.
3. Existence and uniqueness of the Feynman—K ac propagators

In this section we gather our main results concerning the families of opetgiaadY,,, defined by (5)
and (6). We denote bBC the space of bounded continuous functiondidn and byBUC and G, the
space of bounded uniformly continuous functions and the space of continuous functions which tend to zero
at infinity, respectively. For Banach spacésand B, the symbolL (A, B) will stand for the space of all
bounded linear operators frominto B.

THEOREM 3.—Let u € Pn1 and 1 < p < oco. Then the following assertions hold: (a) the family U,
is a propagator for Eqg. (1) on the space L?; (b) U,(t,t) € L(BUC,BUC) for all 0< v < < T;
(€) Up(t,7) € L(Coo,Cx0) for all 0< v <t < T; (d) Up(t,v) € L(LP,BC) for all 0< 7 <t < T;
@)U, r)eL(LP, L) forall 0< T <t < T and1 < p < g < oo. Moreover, the following norm estimate
holds:

n

U (t.7) <AL )86, (10)
1 LP—L4
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where A > 0 isa constant independent of ¢, , and . The constant w in estimate (10) does not depend on ¢
and r.

We do not know whether Theorem 3 holds foe= 1.

Remark 1.—Letu € Pn1 N Py. Then Theorem 3 holds fop = 1. Moreover, the familyy,, is a
backward propagator for Eq. (3) for alkl p < oo, and the operator, (¢, t) andY,, (¢, t) satisfy estimate
(10) forall 1< p < g < o0.

The following lemma is used in the proof of parts (b)—(d) of Theorem 3:

LEMMA 2. —Let € Pn1. Then

sup SUPE, sup Cu(t,)?><cr sup sup{|M,(T —+,T —x,x)|} sup
0<h<T xeR"  0<t<h OKALT xeRn 0<ALT

x sup{M, (T =1, T —,x)}.

xeR”

Our last result concerns the uniqueness of the distributional solutions.

THEOREM 4. —Let u € Pn1,0<t < T, f eL? with1 < p < oo, and let u be a solution to initial
value problem(2) inthe D’ ((z, T) x R™)-sense. Supposethat the following conditions hold: (a) the function
t — u(t) isweakly continuousin L? ontheinterval [z, T]; (b) u € L*°([t + ¢, T] x R") for every € with
O<e<T—t.Thenu(t)=U,(t,7) fforal s e[z, T].

For p = oo, Theorem 4 holds if we assume the weak* continuity instead of the weak continuity in
condition (a). Theorem 4 also holds for the spaBEE or Coo. If £ € PnT N P,{T, then Theorem 4 holds
for p=1.
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