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Abstract We introduce new concentration inequalities for functions on product spaces. They allow
to obtain a Bennett type deviation bound for suprema of empirical processes indexed by
upper bounded functions. The result is an improvement on Rio’s version [6] of Talagrand’s
inequality [7] for equidistributed variable3o cite this article: O. Bousquet, C. R. Acad.

Sci. Paris, Ser. | 334 (2002) 495-500. O 2002 Académie des sciences/Editions scientifiques
et médicales Elsevier SAS

Uneinégalité de concentration detype Bennett et son application aux
maxima de processus empiriques

Résumé Nous proposons deux inégalités de concentration pour des fonctiansadables indépen-
dantes. L'une d’elles permet d’obtenir une inégalité de déviation de type Bennett pour les
processus empiriques indexés par des classes de fonctions bornées a droite. Cela améliore
la version donnée par Rio [6] de I'inégalité de Talagrand [7] pour des observations équi-
distribuéesPour citer cet article: O. Bousquet, C. R. Acad. Sci. Paris, Ser. | 334 (2002)
495-500. O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée
1. Introduction

Soient X1, ..., X,, n variables indépendantes de loi joinfe a valeurs dans un espace polon#is
Soit F une fonction mesurable d&" dansR. Nous étudions la concentration de la variable aléatoire
Z:=F(X1,..., X,) parrapporta sa moyenne. Nous donnons des conditioisguirpermettent d’obtenir
une inégalité exponentielle de type Bennett ainsi que des conditions plus générales qui permettent d’obtenir
un contréle de la transformée de Laplace de type Bernstein. Nous montrons ensuite que ces résultats s’appli-
guent aux maxima de processus empiriques, c’est-a-dire aux variables al@tﬂimﬁ)feg Mg f(X))
telles queF soit un ensemble de fonctions mesurableSdiansR de carré intégrable sous.

A est lac-algébre engendrée paxs, ..., X,,) et pour toutk € {1, ..., n}, AX estlas-algébre engendrée
par(Xi,..., Xg—1, Xi+1, - - .» X»). EX[-] est 'éspérance par rapport .
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2. Résultats principaux

Le premier résultat donne une inégalité de type Bennett qui peut étre considérée comme une généralisa-
tion d'un théoréme de Boucheron, Lugosi et Massart [1].

THEOREME 2.1. — Soient(Z, Z/, ..., Z,) une séquence de v.@l-mesurables e(Z)i=1,...
séquence de v.a. respectivemd(jtmesurables. Supposons qu'il existe un réel pasitél que, pour tout
k=1,...,n lesinégalités suivantes sont vraies

Z,<Z—-Zr<1 ps, EL[Z]]>0 et Z,<u ps. (1)

Soit alorso un réel tel quen? > 1 570 EX[(Z})?] presque sGrement. Posons= (1 + u)E[Z] + no?,
Y (A) =exp(—r) — 1+ 1 eth(x) = (1+ x)log(1+ x) — x. Si la condition suivante est vérifiée

n
Y Z-7<Z ps.
k=1
nous obtenons pour tout> 0,

logE [~ FZD] < yr(—a)v,
ce qui donne, pour touwt > 0

P[Z > E[Z]+x] < exp(—vh (%)) :
et
}P’{Z > E[Z] + v2vx + g] <e.
Le second résultat donne un contrdle de type Bernstein de la transformée de Laplacepdetir de
conditions moins restrictives que précédemment.

THEOREME 2.2. — Avec les notations du Théorémed, et sous la conditionl), lorsqu’il existe deux
variable aléatoiresA-mesurabled’ et W telles que

n n
S z-zy<v ps. et SE[(Z)<W pas.,
k=1 k=1

alors, pour tou® > 0, et toutx € [0, (1+ u)/6),

A 0
logE[e? Bz« = (logE[e!V] + —— logE[e*"/?] ).
ol IS T/ asm P9 + - log [T
Enfin nous appliquons le Théoréme 2.1 pour obtenir un contrdle des déviations au dessus de sa moyenne
du supremum d’un processus empirique indexé par une classe de fonctions bornées ou simplement bornées
a droite.

THEOREME 2.3. — Supposons leX; equidistribués selornP. Soit ¥ un ensemble dénombrable de
fonctions deX dansR de carré intégrable et d’espérance nulle saBsSi supscgesssup’ < 1 alors
on définit

n
Z=supy  f(Xo),
fe¥ 1

et sisupses || f lloo < 1 on deéfinit

> f&xa).

i=1

Z = sup
feF
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Soit alorse un réel tel quer? > supycg Varl f (X1)] presque slrement, alors pour tout= 0, on a

P[Z >E[Z]+x] < exp(—vh <f>)
v
olv = no? + 2E[Z] et aussi

P|Z >E[Z]+v2r0 + g] <e

1. Introduction

We consider a sequence of independent random variahles., X, with values in some polish spage
and distributed according tB. Let F be aP-measurable function frori§” to R. We are interested in the
conditions that the random variatte= F (X1, ..., X,) should satisfy in order to be concentrated around its
expectation. We provide two theorems that give upper bounds on the Laplace transfoumaér general
conditions. We prove that these conditions are satisfied in particular by suprema of empirical processes,
i.e.,Z =supscy >oi_q f(X;) with F a countable family ofP-measurable functions. This allows us to get
a Bennett inequality for such random variables which improves on Rio’s version of Talagrand’s inequality.
Forallk=1,...,n, let A; be the sigma field generated b¥1, ..., Xx) and letAX be the sigma field
generated byXs, ..., X¢—1, Xg+1, ..., X,). We denote bjE’;,[-] the expectation taken conditionallyﬁ.
Leta(x)=(1+4+x)logl+x) —x,y(x)=€* —1+xandp(x)=1— (1+ x)e ~.

2. Main results

The first result can be considered as a generalization of a result of Boucheron, Lugosi and Massart [1]
since it gives a Bennett type concentration inequalityZarnder less restrictive conditions.

THEOREM 2.1.— Let (Z, Z}, ..., Z,) be a sequence of-measurable r.v. and letZ;)i=1,..» be a
sequence of r.v. respectivelf -measurable. Assume that there exists 0 such that for alk =1,...,n
the following inequalities are satisfied

Z,<Z—-Zx<1 as, E}[Z]>0 and Z,<u as. @)

Leto be a real satisfyings? > £ 3°7_; EX[(Z})?] almost surely and let = (1 + u)E[Z] + no?. If the
following condition holds

Y Z-71<Z as, 3)
k=1
we obtain, for allx > 0,
logE[e"“~EZD] <y (v,
which gives the following bounds for all> 0,

P[Z>E[Z]+x]<exp(—vh<f)> and P[Z}E[Z]+J2vx+% <e
v

The second result relaxes further the conditionsZoriThis allows us to obtain upper bounds on the
Laplace transform of of Bernstein type, provided one controls the Laplace transform of two quantities,
the first being the sum of first order finite differences and the second being the sum of the squares of these
differences. This result can be considered as a refinement of one of the results in [2].
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THEOREM 2.2. — With the notations of Theorethl, when the conditio2) is satisfied, denoting by
and W two A-measurable random variables such that

n n
Y z-z<Vv as. and > Ej [(z))?]<w as,
k=1 k=1
thenforallé > 0, and allx € [0, (1+ u)/0) we have
A 0
logE[e?FlZD] < — = ( logE[e*"] + —— logE[e*"/?] ).
oE|[ | S T8  P9E[E ] + 5 logE[eT]

The next result is an application of Theorem 2.1 which gives a functional generalization of Bennett's
inequality. More precisely, it gives a bound on the deviation above its mean of the supremum of an empirical
process indexed by a class of upper bounded or bounded functions. The bound we obtain reduces to the
classical Bennett’s inequality for sums of i.i.d. random variables when the index set is a singleton.

THEOREM 2.3. — Assume theX; are identically distributed according t®. Let J be a countable set
of functions fron( to R and assume that all functiong in F are P-measurable, square-integrable and
satisfyE[ f]= 0. If sup;.5 esssuff < 1then we denote

Z=sup)  f(Xp),

fE:T i=1
and ifsupcg || f lloo < 1 we denote

> FX)

i=1

Z = sup
feF

Leto be a positive real number such that > supyeg Varl f (X1)] almost surely, then for alt > 0, we
have

P[Z >E[Z] +x] < exp(—vh (f» :
v
with v = no2 4+ 2E[Z] and also

P|Z > E[Z]+ V20 + g] <e

This result improves the main result in [6] where the exponential ratezisog(1 + 3) in the first
inequality and the factor of in the second inequality is/2 instead of }3. It also provides a positive
answer to the question raised in [4] about the possibility of obtaining a functional version of Bennett's
inequality with optimal constants.

3. Sketch of the proofs

In order to derive concentration inequalities around the expectation of the random variables, we use the
so-calledentropy methodhtroduced by Ledoux [3], and further refined by Massart [4] and Rio [5] among
others. In particular, many applications of this method have been exposed in [1,2].

This method consists in obtaining bounds on the logarithmic Laplace transform of a random function
on a product space from bounds on the first-order finite differences of this function. Two main steps are
necessary. The first one consists in using the so-called tensorization property of entropy which allows to
decompose the entropy of a function findependent random variables into a sum of entropies with
respect to each individual random variable. The second step uses a variational principle for the entropy
to bound the entropy with respect to one variable in terms of a first-order partial difference. The result
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is a differential inequality involving the Laplace transform of the random function. Once integrated, this
gives an upper bound on the log-Laplace transform which can be turned into a deviation inequality via the
classical Markov’s inequality.

The main tool in the entropy method is the following inequality by Massart [4].

LEMMA 3.1.—LetZ be aA-measurable random variable, then we have fonatnd for any sequence
(Zi)1<kgn Of respectivelyél’;—measurable random variables,

E[ze?] — E[€**] logE[e*] < Zw MZ — Z1))e” &

k=1
We will also use the following lemmaé€e e.qg., [4]) as a decoupling device.

LEmMMA 3.2.—If V andZ are twoA-measurable random variables, we have for argnd anyd > 0,
AE[V &%) < AE[Z 7] — 0E[e*?] logE[e"”] + 6E [¢*7] logE[e!"/?].

Using the above two lemmas, we can prove that if aA-measurable r.v. such that;_; Z — Z; <V
then we have for all. > 0,

ZE - &%] <E[¢*]logE[e""]. (5)

Proof of Theoren2.1. —We essentially refine an argumentintroduced by Rio [6]. We start with inequality
(4) and upper bound the summands in the right-hand side term. A careful analysis of the properties of the
functions¢ andy leads to the following upper bound

$(=2) — 2
MZ — Zy)) €7 < e? — e e (L+u) (2" - 2})). 6
v(MZ - 20) &7 < e (A+0™(Z) = 2))- ©)
Now, because of conditions (2) we have for afymeasurable random variakle

E[e"4 U] < E[e“EL[U]).
Using this inequality and the fact th&{Z;] > 0 and summing up (6) fdt =1, ..., n we obtain

L) " no i
(MZ = zp)) & dS E| S (% g%y 1 " h gz
kzl‘” Z-2v) ] Y (=0 +2/(L+u) kzz:l( v
Using inequality (5) and plugging the result in inequality (4) we thus obtain a differential inequality that
has to be satisfied b (1) = E[e*], the Laplace transform dof.

Integrating this inequality gives the upper bound on the Laplace transform and standard calculus using
Markov’s inequality gives the deviation boundsa

Proof of Theoren?2.2 — Using a similar reasoning as in the proof of Theorem 2.1 we obtain

(MZ - zp)) & Al E|Ve?
[;:11#( ) 1 (=) + 4/ +u)

Then we use Lemma 3.2 to decoufilg% €] and use proof techniques inspired by [2] to integrate the
resulting differential inequality. In particular we use the properties of the log-Laplace transforms (convexity,
0in 0) to obtain a simple upper boundo

Proof of Theoren2.3. — Theorem 2.3 is an easy consequence of Theorem 2.1. The proof simply consists
in proving that the random variabfe satisfies conditions (2) and (3). For this purpose, considering the case
whereZ is defined with absolute values (the other case is treated in the same way), we define the following
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auxiliary random variables foratl=1, ..., n,

f(Xi) fi(Xi)
> >

ik i=1
where f; denotes the function for which the supremum is reacheg)ifwe usefy for the function inZ).
We then get

Zy = sup
fedF

and Z, = — Zk,

7, <Z—Zi < -

> fo(Xi)

ik

<Joxp|<1 as.

> fo(Xi)
i=1

Moreover, we have

n

> fix)

i=1
which concludes the proof of (2) witth= 1. Also,

DD foXi

k=1 ik

E, (2] > |E,

’—ZkZO,

n—17=

> fo(Xi)

ik

n
<2
k=1

< Z Zk,
k=1
which gives (3), and finally, since

STEE(21)]) < ST EE[£2(X0)] < n supVar (X)),
k=1 k=1 fexF
we can choose as proposed. O
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