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Abstract Assume we have i.i.d. replications from the corrupted random varlabieX + ¢, whereX
ande are independent. We propose a data-driven bandwidth based on cross-validation ideas,
for the kernel deconvolution estimator of the densityXofThe proposed method is shown
to be asymptotically optimallo citethis article: E. Youndjé M.T. Wells, C. R. Acad. Sci.
Paris, Ser. | 334 (2002) 509-513. O 2002 Académie des sciences/Editions scientifiques et
médicales Elsevier SAS

Validation croisée pour I’ estimateur a noyau de la déconvolution
d’unedensité

Résumé En présence d’'un échantillon i.i.d. d’'une variable aléatoire corruriipseX + ¢, avecX et
¢ indépendants. Nous proposons une méthode basée sur la validation-croisée, pour choisir la
largeur de la fenétre de I'estimateur & noyau de la densifé. déoptimalité asymptotique
de la méthode proposée est étabReur citer cet article: E. Youndjé M.T. Wells, C. R.
Acad. Sci. Paris, Ser. | 334 (2002) 509-513. O 2002 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Version francaise abrégée

SoientYs, ..., Y, unn-échantillon i.i.d. de la variable
Y=X+¢,

ou X ete sont indépendantes. Nous supposonsgjug etz sont les densités dé, X etes respectivement
et quek est connue. Nous considérons le probléme d’estifnar’aide deYs, ..., Y,, notre but principal
étant de batir une régle de sélection de la fenétre pour I'estimateur a noyauPderr une fonction soit
@, sa transformée de Fourier c’est-a-dire

®. (1) 2 /eix’r(x)dx.
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L'estimateur a noyau d¢ est défini par

Al " x—Y;
fb(x)ZE;gn< b )

avec
s 1 [ Ok
=50 / T bk

K le noyau,b = b, la largeur de fenétre. Le noyaty est connu dans la littérature comme noyau de
déconvolution. L'estimateuy}, (x) a été trés étudié par plusieurs auteurs, nous pouvons citer entre autres
Fan [2] et [3], Stefanski et Carroll [12] et Masry [8—10] pour les propriétés de convergence. Dans cette
Note sous I'hypothése que,,(r) = O(r—#) quandr — oo, nous allons proposer une régle de sélection

de la fenétre et prouver son optimalité. Comme presque toujours dans ce genre de probléme nous voulons
choisirb minimisant I'erreur quadratique intégrée

1SE) = [ 500 - Fof .

mais comme cette quantité n’est pas calculable dans les situations pratiques, nous proposons le critére de
sélection (dont la motivation est donnée dans la partie principale de la Note)

oV 2 / | fol2) dx — 25T (b)

avec

ST 2 LS Re - / Dulth) it g,
nin—1) 2w J 1@

Le Théoreme 0.1 ci-dessus montre que minim®é¢b) est équivalent & minimiséBSE(b).

THEOREME 1.1. —Sousles hypothéses (A.1)—(A.7) ci-dessouson a:

ISE(b)
— 1,
| SE(bo)

p.s.,

oll b = argmin, 5/ |SE(b) et b = argmin,. 5 CV(b).

1. Introduction

LetYs,..., Y, bei.i.d. replicates from the corrupted random variable
Y=X+e¢, D)

where X and ¢ are independent. Assume that f, h are the densities of, X, ande, respectively,

and suppose that is known. We are going to consider the problem of estimagingsing the sample
Y1,...,Y,, our main focus is to build a data-driven bandwidth and show that it is asymptotically optimal.
For a functionr let &, denotes its Fourier transform that is

CDT(t)é/ei“r(x)dx. )
The kernel deconvolution estimator ¢fis defined by
A 1 " x—Yi
2 ;g< ) @
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where

éi —ixt CDK(t)
a 2o e Fat/bn @

K the kernel functionp = b, is the bandwidth. The kernel, is known as the deconvolution kernel

in the literature. The estimator (3) has been abundantly studied, by many authors, we can cite among
others Fan [1,2], Stefanski and Carroll [12], and Masry [8—10]. In most of these papers, depending on how
@, (1) goes to zero as goes to infinity, the authors give the rate of convergence of the kernel estimator.

In particular Fan [2] gives the optimal rates of convergence, Fan [3] gives conditions under which the
estimator is asymptotically normal. Masry [10] provides pointwise and uniform strong consistency rates.
In this paper, under the restriction th&j, (r) = O ~#) ast — oo, we will go a bit further and propose

a bandwidth selection rule. In this paper we develop the cross-validation ideas as those in Rudemo [11],
Bowman [1], and Hall [4] for the ordinary kernel estimator. Our rule is motivated by the integrated squared
error representation:

1sE(b) = [ |00 e - 2Re</ fb(x)f(x)d-x> + [ P
2 FT(b) — 2ST(b) + TT,
where for any complex number Re(z) denotes its real part. Since the last summand is independént of

the goal if minimizingl SE(b) is equivalent to that of minimizingT (b) — 2ST(b). On the other hand, using
Parseval equality we have

ST(b) = Re( / o) £(2) dx)

= ( d>fb(t)d>f(t)dt)
:Re< <I>1<(bt)<1> PGNP (1) = ()dt>
D (1)
_ 1 CIDK(bt)CD (1) —
_Re<2_ Tor ¢ md’)
Noting that
an(r) 2

1 —it(Yy=Y;)
Ze k=)
nn—1) P
is an unbiased estimator &, (t)E (t) we can approximatST (b) by
—~ Ok (th) )
ST =i de.
l) Z 2n / |<I>h(t)|2
Itis clear that,E(§\I'(b)) = E(ST(b)). Therefore, the proposed cross-validation functional is given by
V) 2 [ 15200 de - 25T, (5)

It seems reasonable to chodseinimizing CV (b) as our proposed bandwidth for estimating the density
In the next section, we will state conditions under which the minimizer of (5) minimi2Esb)
asymptotically. The remainder of the paper is composed of the proofs of this result.
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2. The optimality result

In order to prove the main result of this paper we will assume,
(A1) [|x|h(x)dx < oo and [ |x|?h(x)dx < oo,
(A.2) tPd,(t) - c ast — oo, for someB > 1, ¢ # 0 andd;,(r) #0,Vr € R,
(A.3) K is symmetric,[ K (x)dx =1, [ |x|K (x) < oo and O< [ |x|2K (x) dx < oo,
(A4) [111%F @k (1)l dr < oo,
(A5) [P (1) dr < 0o and [ |¢]#|®% (1)] df < oo,
(A.6) g, f,hareinL?; f is twice continuously differentiable; anf], f” andg are bounded,
(A7) Let

B, = [An_l/(2ﬁ+5)_", Bn_l/(2ﬂ+5)+”], O0<A<B<oo, O<v< -
28+5) (28 +6)

and letB; be a finite subset aB, such that ) = n®, for somep > 0.

Remark 1.— Conditions (A.1)—(A.7), are set of assumptions needed to obtain asymptotic equivalence
between measures of accuracy in Youndjé and Wells [13]. The main restriction is to assumie-that
This automatically excludes the supersmooth case Kan [2]). But, this case is rather difficult to deal
with, because the rates of convergence are drastically slow in the supersmooth case (Fan [2]).

Theorem 2.1 below is the main result of this paper. It shows that minim@2w@) yields an optimal
bandwidth.
THEOREM 2.1. —Under assumptions (A.1)—(A.7)we have

ISE(b)
_)
| SE(bo)

1, as,

where by £ argmin, g 1SE(b) and b2 argmin,c gr CV(b).
After completing this work, it was brought to our attention that a paper by Hesse [6] presents Theorem 2.1
in probability, and we would like to stress that this work was done independently.

3. Sketch of the proof of Theorem 1

Let us set

n

T

[I>
SNENY

FX0) — / F2(x) dx,
1

k=
since T is independent of, according to Hardle and Marron [5] (proof of Theorem 1), to prove
Theorem 2.1, we are reduced to proving that,
ISE(b) —CV(b)—T
bes, ISEb)
It can be shown that for large enough, there is a positive consta@rguch that

‘ —> 0 as. (6)

ISE(D) > a.s.

nb2p+1
thus we are reduced to proving that

supnb®*ISE(b) —CV(b) ~T| — 0 ass. (7)
beB;,

Let us set
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Al Px B vy,
Ujr=-—Re e YY) g
T o /|<1>h<r)|2

B iRe/ D (b)) YidD, (1) dr
AGIE

> — f(Xp) + / F2(x)dx
TT
we have that

2
ISE() —CV(b)—T=——— Uijk.
(b) — CV(b) n(n_l)z ik
£k
Therefore using the same steps as in the proof of Lemma 2 in Marron [7] it can be shown that
1
o= 2 Ui
nn—1) P

which completes the proof of our theorem. A comprehensive proof can be obtained from the authors on
request.

supnb?h+t
beB;,

—0 as, (8)
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