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Abstract

Résumé

We are concerned with the maximum principle for second-order elliptic operators of
the kind Lu = aij (X)ux;x; + c(x)u in unbounded domains dR”. Using a geometric
condition, alread]y considered by Berestycki, Nirenberg and Varadhan in [2] and a weak
boundary Harnack inequality due to Trudinger, Cabré [3] was able to prove the ABP
(Alexandroff-Bakelman—Pucci) estimate for a large class of unbounded domains, obtaining
as a consequence the maximum principle for general elliptic operators. In this Note we
introduce a weak form of the above geometric condition and we show that in the €z8e

this is enough to obtain the maximum principle for a larger class of dom#&ingte this
article: V. Cafagna, A. Vitalo, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 359-363. O 2002
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Un principe du maximum pour opérateurs eliptiques du second
ordre dans des domaines non bornés

On considere le principe du maximum pour des opérateurs elliptiques du sécond ordre
du type Lu = a; (ux;x; +c(x)u dans des domaines non bornésRI& En utilisant

une condition géométrique, déja considérée par Berestycki, Nirenberg et Varadhan dans
[2] et une inégalité de Harnack faible due a Trudinger, Cabré [3] est arrivé a démontrer
I'estimation ABP (Alexandroff-Bakelman—Pucci) pour une large classe de domaines non
bornés, en obténant le principe du maximum pour des opérateurs elliptiques généraux.
Dans cette Note nous introduisons une forme faible de cette condition géométrique et nous
démontrons que cela suffit a obtenir le principe du maximum pour une classe plus large
de domainesPour citer cet article: V. Cafagna, A. Vitolo, C. R. Acad. Sci. Paris, Ser. |
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Version francaise abrégée

On se donne un espace de fonctidn(s2) défini sur un domain@ c R”.

DEFINITION 1.— Onditqu’un opérateur vérifie le principe du maximum daigs par rapport X (2) si
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(i) Lw=>0inQ;
(i) weX(Q);
(i) limsup,_, 5o w(x) <0
implique quew < 0in Q.
Dans cette Note on considére des opérateurs elliptiques du sécond ordre du type
Lu=aij(xX)uy;x; +c(x)u,
ou les coefficients;; = a;; € L>(2) etc € L*°(Q) vérifient :

Iy0 > 0, To > 0t.0.106]? < a;j (x)&&; < Tolé|%, V& e R,
c<O0.

DEFINITION 2.—On dit que vérifie la conditionwG par rapport a un sous-ensemlislec 2 si, pour
des constantes positives< 1,7 < 1,0ona

Vx € H, 3Bg > x, boule de rayorR, t.q.|Bgr \ Qx| > o|Bg|.

Par le symbol&2, nous désignons la composantesdle) Br,, a laquellex appartient. Dans le cd$ = @
on dit simplement qu& vérifie la conditiorwG.

THEOREME A. —On suppose que vérifie la conditionwG. Alors L vérifie le principe du maximum
dansS par rapport axX(Q) ={w € W%Z(Q), w bornée supérieurement

CoMMENTAIRE 1. - La conditionwG est une forme faible de la condition géométriqiesuivante,
considérée par Berestycki, Nirenberg et Varadhan dans [2] et par Cabré dans [3] :

Q vérifie la conditionG s'il existe de constantes positives< 1, T < 1 andRp t.q.

Vx € H, 3Bgr 3 x, R < Ro, t.9.|Bg \ | > o|Bg|.

En utilisant cette condition Cabré a fourni une preuve de I'estimation ABP pour des opérateurs elliptiques
du type Lu = a;j(x)ux,x; + bi(x)uy, + c(x)u, ¢ < 0. L'idée a la base de notre Théoreme A est que la
condition faible, méme si peut-étre insuffisante pour donner I'estimation ABP, suffit néanmoins a prouver
le principe du maximum pour une classe plus large d'opérateurs.

THEOREMEB. —On se donne un sous-ensemHblale 2. On suppose que
(i) l'opérateur L vérifie le principe du maximum dans toute composdatde Q2 \ H par rapport a
X(Q)={we Wﬁ;g(Q), w bornée supérieuremgnt
(ii) <2 vérifie la conditionwG par rapport aH .
Alors L vérifie le principe du maximum dans to@t par rapport aX(Q2) = {w € W,
supérieurement

2.n

loc (), w bornée

THEOREME C. —On se donne un sous-ensemblale 2. On suppose que
(i) toute composant® de2\ H vérifie la conditionwG ;
(i) € vérifie la conditionwG par rapport aH.

Alors L vérifie le principe du maximum dans tout sous-domalge- Q2 par rapport aX(Qp) = {w €
wﬁ;g(szo), w bornée supérieurement

Comme exemples d’application des trois théoremes on trouve différentes classes de domaines non bornés
dans lesquels le principe du maximum est valable pour I'opérdteur
A. Les cones danR” ; le complémentaire d’une spirale logarithmique dRAs
B. Le cut-planeR?\ {(x, y) € R?, x >0} et domaines analogues en dimensions supérieures.
C. Lextérieur d'une parabole dans le plan; le complementaire d’'une suite de boules derrayans 0
centrées dans les points a coordonnées entieres de la démi-droite positive et domaines analogues en
dimensions supérieures.
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1. Introduction

Let X(£2) be a space of functions defined on a donfaia R”.

DEFINITION 1. - We say that an operatarverifies the maximum principle i with respect toX (£2)
if
(i) Lw>0in;
(i) weX(Q);
(i) limsup,_, 5o w(x) <0
imply w <0in .

In this Note we will be concerned with second-order elliptic operators of the kind
Lu=ajj(xX)ux.x; + c(x)u,
where the coefficients;; = a;; € L>(R2) andc e L*°(Q) satisfy:

Jy0 > 0, To > 0 S.t.yolé? < a;j(x)&E; < Tolél?, V& e R,
c<0.

DEFINITION 2. —We say thaf2 satisfies conditiomwG with respect to a subséf c Q if there exist
positive constants < 1,7 < 1 s.t.

Vx € H, ABg > x, aball of radiusR, s.t.|Bg \ Q| = o|Bgl,

where by the symbal, we intend the component of the s B/, containingx. If H = Q we simply
say thatQ satisfies conditiomwG.

THEOREM A. —If Q satisfies conditionvG, then the operatoL satisfies the maximum principle {n
with respect toX(Q) = {w € WZ’”(Q), w bounded above

loc

Commentl. — ConditionwG is a weak form of the following geometric conditidd considered by
Berestycki, Nirenberg and Varadhan in [2] and by Cabré in [3]:
Q satisfies conditior® if there exist positive constanés< 1,7 < 1 andRg s.t.

Vx € H, 3Bg > x, R < Ro, S.t.|Bg \ €| > o|Bg|.
Using this condition Cabré was able to prove the ABP estimate for elliptic operators of thd kiad
aij (X)ux;x; + bi(x)uy, + c(x)u, c <0. The idea underlying our Theorem A is that the weaker condition,
though perhaps not strong enough to imply the ABP estimate, is nonetheless sufficient to obtain the
maximum principle, for a narrower class of operators.

THEOREM B (a globalising trick). -Let H be a subset of2. Suppose that
(i) the operatorL satisfies the maximum principle in every compor@nof Q@ \ H with respect to
X(Q) = {w € W52 (), w bounded above
(i) Q satisfies conditiomvG with respect toH .
Then L satisfies the maximum principle in the whole @fwith respect toX(Q2) = {w € Wﬁ;g(sz), w
bounded above

THEOREM C (an iterative trick). Let H be a subset of2. Suppose that
(i) every component @@ of 2\ H satisfies conditiomwG;
(ii) < satisfies conditionvG with respect taH .
Then L satisfies the maximum principle in every subdom@mnc Q with respect toX(Qg) = {w €
W%Q(Qo), w bounded above
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2. Proof of theresults

Proof of Theorem A. By considering components of the set wharanight possibly be positive, it is
enough to prove the theorem in the case 0. Letw € X(2). Set

M = supw
Q
and consider a sequengge Q s.t.
1
w(yk) =M — X

By conditionwG one can choose a balg, s.t.
Yk € BRk : |BRk \ kal 2 GlBRkl

Our scope is to prove thatr < 0. This will be obtained by proving tha¥ < C/k, C some constant not
depending ort. Define

u=M —w.
Set
s= liminf  u(x)
x—>BRk/rr13S2).k
and

_ influ(x),s} ifxeQ,,
s ("):{s it x ¢ Q.

Remarking that irf2, by definitionu > 0 and by hypothesitu = —Lw < 0, one can apply the Harnack—
Trudinger boundary inequality (see [4], Theorem 9.27 and [3], Theorem 2.2):

1 Yr ¢
< (Ms_)p> < —
|BR | J By, k

with p andC depending only om, 19, Ag andz. Remarking that

s= liminf  wu> Ilminf u=M+ Iminf (—w)=M— Ilimsup w
x—)BRk/rﬂZ)ka x—>BRk/rl'73§2 x—>BRk/rl'73§2 quRk/rmag

one has that > M andu; > M in Bg, \ ©,,. Therefore
1/p 1/p 1/p
g > ( 1 (us—)P> > ( 1 (us—)P) > M(M) > Mol/p
k |Br| JBg, |Br.| JBg,\Qy, |BR,|
which is what we intended to prove

Remark— We notice that our proof does not work for an oper&tor= a;; (x)ux;x; + bi(x)ux; +c(x)u,
¢ <0, b;(x) # 0, due to the fact that the constant in the Harnack—Trudinger inequality depends on the
productsr ||b; || L.

Proof of Theorem B. et w € X(2) be such thatLw > 0 in Q andw < 0 on Q2. To show that
sup, w = N < 0, we first prove thatv < K = supy w. We do this by using the maximum principle in
each component ak \ H. Then we show thak < 0 using the Harnack—Trudinger inequality, as in the
proof of Theorem A. O

Proof of Theorem C. First, we observe that conditiomG is hereditary in the sense that, 2 satisfies

conditionwG with respect to a subset, then also every subdomain satisfies the condition with respect to
its intersection with the subset. Therefore, by TheoreniAsatisfies the maximum principle in every
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component of2g\ H, andQ2g satisfies conditiomwG with respect td2o N H. An application of Theorem B
yields the proof. O

3. Applications

It is worth remarking that there exist unbounded domains in which the Laplace operator does not verify
the maximum principle. In fact the radial functiarn(r) = —1/r is harmonic in the exterior of the unit ball
By e R3.

We give now some examples of unbounded domains in which the opdratatisfies the maximum
principle.

A. As a direct application of Theorem A we notice tlasatisfies the maximum principle in every cone
Q € R". The same result is reported by Berestycki, Caffarelli and Nirenberg in [1] for the opératar,
and extended by Cabré in [3] to general elliptic operators.

Another example is the complement in the plane of a logarithmic spiral defingd:as- (¢, log(z)),
t>1.

B. As an application of Theorem B we notice tHasatisfies the maximum principle in tlcat planeQ2
(the complement of the nonnegativeaxis inR?).

To prove this we consider the subg#bf thecut planeQ defined byH = {(x, y) e R?: x > 0, y = ax},
for 0 < |a| < 1. H disconnects2 in two cones. The claim follows from remarking tiatsatisfies condition
wG with respect taH .

An analogous result can be stated in higher dimension,fi.satisfies the maximum principle in the
domain defined as the complement of the{set R", x; >0, i=1,...,n—1,x, =0}.

The result in thecut planefor the Laplace operator is reported by Hayman and Kennedy ([5],
Theorem 5.16). They also discuss higher-dimensional analogues with the additional hypothesis that the
subharmonic function be nonpositive at infinity.

C. As an application of Theorem C we notice tlasatisfies the maximum principle in the domains
defined by{(x, y) e R?, y < |x|", n > 1}.

As a different application, we consider a domain defined as the complement ofBtialls) of radii
r > ro > 0 centered at the points= (n, 0) € R?, n € N. A higher-dimensional analogue is the complement
of balls B(x, r) of radiir > rg > 0 centered at the poinis= (x/, 0) e R*, x’ e N*~1,
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