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Abstract A mathematical model of quantum transient transport is derived and analyzed. The model
describes the evolution of electrons injected into the “device” by reservoirs having a
stationary statistics. The electrostatic potential in the device is modified by electron
presence through electrostatic interaction. The wave functions are computed in the device
region and satisfy non homogeneous open boundary conditions at the device edges. A priori
estimates are deduced from the “dissipative properies” of the boundary conditions and from
the repulsive character of the electrostatic interacfliortite thisarticle: N. Ben Abdallah,

O. Pinaud, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 283-288. O 2002 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Modélisation d’unediode a effet tunnel résonant en régime transitoire

Résumé Un modeéle de transport quantique transitoire est dérivé et analysé. Il décrit I'évolution
des fonctions d’onde d'un systéme d’électrons injectés dans une zone active a partir de
réservoirs selon une statistique stationnaire. Le potentiel électrostatique est modifié, dans
la région active, par l'interaction électrostatique due a la présence des électrons. Les
équations de Schrddinger sont résolues uniqguement dans la zone active et sont munies de
conditions aux limites transparentes non homogenes aux extrémités de cette méme zone.
Les estimations a priori sont déduites des «propriétés dissipatives» des conditions aux
limites et de la repulsivité de l'interaction électrostatiqBeur citer cet article: N. Ben
Abdallah, O. Pinaud, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 283-288. 0 2002 Académie
des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

L'objet de cette Note est la dérivation et I'analyse d’'un modéle pour le transport quantique d’électrons
dans une diode a effet tunnel résonant en régime transitoire. Le modéle prend en compte l'injection
d’électrons & partir des contacts suivant une statistique stationnaire. La diode est représentée par l'intervalle
[a, b]. Les contacts:, b sont reliés a des reservoirs injectant les électrons selon une statigtiqueet
g»(p) ou p est I'impulsion des électrons. En régime stationnaire, les électrons injeciés enavec une
impulsion p > 0 sont représentés par la fonction d’'ongle solution de (les constantes physiques sont
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choisies égales a 1)
{ ~py =V dp=p*=V)p (p=0);

¢,(a) +ipg,(a) = 2ip; ¢, (b) =i/ p2+ (Vy = Va ) ¢p(b),

ouV~ estle potential électrostatique[, = V ~(a, b)). Les électrons injectés en= b avec une impulsion

p < 0 sont représentés par une fonction d’oggesolution de (5). Le potentiel ~ est supposé constant
en dehors de l'intervallga, b] de telle fagon que les fonctions d’ondes satisfont (6) et (7). Le potentiel
électrostatiqueV — est la somme d’'un potentiel extériett~ incluant la double barriere, la tension
appliquée et I'effet de la densité de dopage et d’un potemielsolution de I'équation de Poisson (9)

ou la densité électronique estx) = ng(p)|¢p(x)|2dx etg(p) :=ga(p) pourp > 0 etg(p) := g»(p)
pour p < 0. En utilisant les techniques de [4], il est facile de montrer le

THEOREME 1. — Supposons qug,, g, sont dansL?, positives et & support compact B e L™,
Alors, le system@t)—(9)admet une solutio’;” € W22 (g, b), op € H2(a, b), uniformément poup dans
le support deg,, g».

On suppose maintenant qu’a I'instant O la tension appliquée en= b est soudainement changée de
la valeurV,” a une valeul,. Ainsi la nouvelle valeur du potentiel extérieur &tdonnée par (10). Nous
modélisons I'évolution des fonctions d’onde et du potentiel par

V(t,x) = Velx) + Vs(t, x); (fx‘g =n, x¢€la,bl; Vs(t,a)=Vs(t,0)=0; @

n(t,x) = /_;Oog(p)wp(t,xﬂzdp, xela,bl, @)
etlesy,’s sont les solutions de

i%(h}é)z—djip t,x) =V, )¥pt,x) (xeR);  ¥,(0,x) =¢p(x). 3

Les ¢, étant les fonctions d'onde stationnaires associées au poténtigsolutions de (4) and (5)). Le
premier résultat de cette note est

PROPOSITION 1. —Supposons qu¥ € L{°(R) + C(R4, W2 (R)). La solutionys,, de(3) satisfait les
conditions aux limites transparentes non homogé&mé} (15).

Pour prouver cette proposition, on éafif = u, 4+ v, ol v, est donné par (16) poyr > 0. Il est alors
aisé de voir que:;, est solution de (17), (18). En remarquant gwéV) est nul en dehors dgr, b], le
méme calcul que dans [1] montre que si les traces etb deu, etu/p sont continues, alors, satisfait &
des conditions transparentes homogeénes, qui, écrites en ternigs dennent (14), (15). Sur le probleme
couplé, nous avons le théoréme suivant

THEOREME 2. —Sous les hypotheses du Théoréimée probléme(1)—(3) admet une unique solution
telle queV, € C(R4, W2 ([a, b])) N CLR,, L>®([a, b])).

La preuve de ce théoréme repose sur une procé_dure de point fixe. Les estimations a priori sont obtenues
en multipliant I'équation de Schrodinger par, ou d, v, et en utilisant les propriétés « dissipatives » des
conditions aux limites transparentes et le caractére répulsif de I'interaction Coulombienne. (Pour les détails,
voir [7].)
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1. Introduction

In this Note, we consider a one dimensional quantum device (e.g., a resonant tunneling diode),
represented by the intervid, b]. The contacts:, b are linked to electron reservoirs, injecting electrons
following some given profileg,(p), p > 0, g»(p), p < 0, wherep is the momentum of the injected
electron (typically, the profileg, and g, correspond to Fermi—Dirac statistics). At negative times, the
electrostatic potential is equal %, at the source contaetandV,  at the drain contadi. A stationary
regime is assumed to build up. At time= 0, the applied voltages are suddenly changed,tandV,, (we
shall assume, without loss of generality, thgt = V,,). The aim of this Note is to derive a mathematical
model for the self-consistent evolution of the device under these conditions and to give and existence and
uniqueness reslut of solutions for this model. The note is organized as follows: in Section 2, we recall
the stationary model (treated in [6,4,3]) and the existence result related to it. Section 3 is devoted to the
construction of the time-dependent model. It relies on the open boundary conditions [1,9,8]. In particular,
we prove that the wave functions satisfy non homogeneous open boundary conditions at the boundary
a, b, including the case where the electrostatic poteritiak time-dependent ifa, b]. This allows the
construction of a self-consistent evolution model for this problem. We prove in Section 4 that the self-
consistent model has a unique solution.

Another formulation of the problem treated in this paper has been proposed and analyzed in [10]. It
relies on a density matrix representation of electrons. Boundary conditions are taken into account implicitly
thanks to the use the notion of conjugate operators and the analysis is done in an abstract setting thanks to
functional calculus and commutator estimates for the Schrédinger operator. This Note puts the work done
in [10] in a setting suitable for numerical computations. Moreover, although the results of [10] are more
general than ours, they require the functignsindg, be equal to zero for energies approaching the applied
voltages. We remove this hypothesis, in the specific case we are dealing with in this note, by using the fact
that the electrostatic interaction is repulsive which leads to additional a priori bounds.

We have been recently informed that A. Arnold proposed the nonhomogeneous boundary conditions
without rigorous justification and developed a strategy to discretize them [2]. In [5], another model for
electron injection is proposed and covers the case where the inflovgdated g, depend on time (while
the potential is stationary).

2. The stationary model
We assume that electrons are injected at both contacts with given pggafifsandg;, (p). For electrons
injected atv = a with momentuny > 0, the wave functio, satisfies (the physical constants are set to 1)

{ —¢y =V p=(p* =V, =Eshp (p>0),

4
(@) +ippp@)=2ip,  ¢,(b)=i3/p?+(Vy — Vi) $p(b), @

whereV ~ is the electrostatic potential which builds up in the device. In the same way, electrons injected at
x = b with momentuny < 0 are represented by the wave functipnsatisfying

{ —¢) =V ¢, =(p? =V, )pp=Eb¢, (p<0),

5
¢, (b) +ipg,(b) =2ip, ¢p@)=i3/p?+ (Va = V) ¢p(a), ©

where ¥/« is the complex square of the real numberoot having a positive real pari (= 0) or positive
imaginary part¢ < 0). Since we assumg&™ =V, forx <a andV,~ for x > b, we have forp >0

Gp0) =P L @D (v ca); g0 =1, VIHGTVOED gy (f)
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andforp <0

dp(x) = gdrtx—b) +rp g ip(x=b) (x > b); ¢p(x) = tpei NV PP=(V, =Vi)(x—a) (x < a). @)
The electron density can be computed as follows:

“+0oo 2
n(x) = / g(p)|dp ()|~ dp, (8)

whereg(p) = g4(p) for p > 0, g(p) = g»(p), p < 0 andg,, g, are the statistics of electrons injected

atx = a andx = b respectively. Since electrons are charged particles, they contribute to the electrostatic
potential V~ through Coulomb interaction. Therefore, the electrostatic poteWhtiakplits in two parts:

V= =V, + V7, whereV, is the external potential (including double barriers, applied voltage and doping
effects) andV,~ is the self-consistent potential satisfying

d?v:-
T; =n, V7 (a)=V_(b)=0. 9)

THEOREM 1. — Assume thag,, g, are nonnegative compactly supporteti functions andv,” e L™,
Then, the systert#)—(9) admits a solution such that,” € W2>(a, b), ¢, € H?(a, b), uniformly for p in
the support ok, g».

The proof of this theorem is readily seen from the multidimensional problem treated in [4].

3. Thetime-dependent model

Attimet = 0, the electrostatic potential in the drain=£ ») is changed fronV,~ to V,, so that the external
potential changes frorii,~ to V., where

Vo=V, 4+ (W, -V, )b_alla<x<b+(Vb—V;, ) Lp<a- (10)

We assume that the electrostatic interaction takes place in the deyigewhile the electrostatic potential
stays stationary in the contacts. Therefore, the total electrostatic potential is
2

V0= Ve@ Vs S =n, xela bl Vil =Yyt b) =0, (11)
X
where the density (z, x) is defined by
+00 2
n(t, x) =/ gp)|¥pt,x)|"dp, x€la,bl, (12)
—00

and they,’s are solutions of
wp Py, ‘ -
(t ) dxz (t7x)_ V(th)wp(t,X) (x GR), wp(()’x)_(i;p(x) (13)

and¢, are the stanonary wave functions associated to the potantigsolutions of (4) and (5)).

PROPOSITION 2. —Let 1, be a solution of(13) and assume
V=V, +V; eLR) + C(Ry, W2 ([a, b]) N CH(Ry4, L™ ([a, b]))
with suppV; € [a, b], theny,, satisfies the following nonhomogeneous open boundary conditions
d
%(a, 1 — ¢”< Y& B =D 5 (p(a, ) — dp(a) e ERY), (14)
d
S 1) - ¢p (b & B0 =Dy (0 (b, ) — (b € ) (15)
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with

" =z o ( )e—IV T
Pialr0) =g [ LG

ve_{ Ve ffa=a, e+ Ep itp>0, | Es= W=V, ifp>0,
V, ifa=b, P Eb ifp <0, P Eb—(Vy—V,) if p<O.

Proof. —We shall only sketch the proof for the case- 0. Thep < 0 case follows by analogy. We make
the following change of unknown functiaf, (z, x) = u, (¢, x) + v, (¢, x) where

vt %) = x ()e1(t, x) + (1= x () g2(t, x); .
p1(t,x) =¢p(x) e—i(p2_Va_)t; 92(t,x) = pp(x) € i(p2= (Vg =V, +Vip)t

andy is a C*° function satisfying 6< x < 1, x =1 on(—o0, a] andy = 0 on[b, +00). A simple algebraic
manipulation shows that the functian satisfies

dup dzup
_pr _ = 17
™ 02 —Vup,+GV); up0,x)=0, )
where
GWV)=(V; =V)xpr+ (Vo —V, + V7 = V)AL= )2+ (91 — 92)dxx X + 20x x dx (91 — ¢2). (18)

SinceV, =V (t,x) for x <a, V=V (t,x) forx > bandd,x =0,x > b, x <a, thenu, is a solution

of a non homogeneous Schriédinger equation with a source term supportedbinand a vanishing

initial condition. The derivation of homogeneous open boundary conditions can be madgdthout

any difficulty (see[1,8] for example). Indeed, the boundary conditions are obtained by first Laplace
transforming the Schrédinger equation in the reservoir regiorsq andx > b) and then by connecting the
obtained result to the interior solutiom € [a, b]). This can be done rigorously singg is regular enough

(it is easy to see using the regularity Wfand standard semigroup arguments thats in C(R*, H2(R)).
Consequentlyy , satisfies the homogeneous open boundary conditier=at andx = b (see[1]). Going

back toys,,, and taking advantage of (6) and (7), the boundary conditions (14), (15) are obtained after some
algebra. O

4. Existence and uniqueness of solutions

THEOREM 2. —Under the hypotheses of Theoremthe evolution problen{11)—(13)has a unique
solution such tha¥y € C(Ry, W2 ([a, b])) N CL(R, L*®([a, b])).

The regularity result of the electrostatic potentialis not optimal. The proof relies on a fixed point
argument forV;. We only sketch the proof of the a priori estimates. Ve(y,,) ,cr be a solution of the self
consistent problem. the wave functioftg satisfy boundary conditions of the following for% (a,t) =
DY ,(¥p(a, ) + fu(1), Wheref, is a regular function an@ , satisfies3 ( [5 ()Df 5(¢)(s) ds) <O (3
is the imaginary part) and an analogous boundary conditien-ab (see[1]). Multiplying the Schrodinger
equation byy, integrating w.r.t. the time variable between 0 anand w.r.t.x € [a, b], and taking the
imaginary part leads to

0 < € (25 [ 106, ). 9

On the other hand, multiplying the Schrdédinger equation (17)gby) »+» taking the real part and
integrating with respect tg p, x, we find the following energy identity
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t b + t b
5(t):5(0)+// g(p)/ .‘){(ﬁp%>dxdpds—}//g(p)/ dvs |up|2dxdpds, (20)
0Jp a t 2 0Jp a dr

1 1
()= / / ()i 2dpde — / / V(. 0)g(p)luplPdpdr + / / % (g(p)G(VT,) dp .
4 RJp 2 RJp RJp

SinceV is negative up to a constant independent of time, replacing the integrals w.nt.véiméable by
integrals ovefa, b] leads to a smaller quantity thaiir). Next, we replace in (20), by ¥, — v, and use

the identities
b dv, , 1d b
_/a dr (t’x)/pg(P)Wp(t,xﬂ dpdx_EE/a

d? dv; dJs —d
-=——, J=S/g(p)1ﬁp%dp~
p

2

v P

dx

(,x)

dx2 dr dx x

Introducing the notationk = fabfpg(p)|axl//p|2dpdx, the above computations lead to the following
estimate

t
KO +C[[Vi@. ||l < C+ [lnte. )| 1+ KO+ /O [n(s. )| 2 (214 [|nGs, | (2* + K (9)M?) ds.
Using (19), the Sobolev embeddingtd, ) < L>(a, b) and a Gronwall argument, is it easy to show that

t
|, )| . <C+ C/ KY2(s) ds.
0

After some algebra, the following estimate is obtained

2
s

blav,
COK(I)+C1/ —x(t,x)

t
dx<C2<1+/K(s)ds>; te[0,T],
0

where T is an arbitrary positive time on which depend the positive constéspts,. This shows the
boundedness of the left-hand side of the above inequality and this result is used to prove existence of
solutions éee[7]). O
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