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Abstract Let 91 and ¢o be two primitive invertible substitutions over a two-letter alphabet. Let
£y, and &y, be fixed points of ¢1 and ¢p, respectively. We show that &,, and &y, are
locally isomorphic if and only if there exists a primitive invertible substitution ¢g and
two positive integers m and n such that My, = Mg, and My, = My, where M, is the
substitutive matrix of the substitution ¢. To cite thisarticle: Z.-X. Wen et al., C. R. Acad.
Sci. Paris, Ser. | 334 (2002) 629-634. 0 2002 Académie des sciences/Editions scientifiques
et médicales Elsevier SAS

Substitutions inversibles et isomorphismes locaux

Résumé Soient 1 et o deux substitutions primitives inversibles sur un alphabet de deux lettres.
Soit £y, (resp. £y,) un point fixe de 1 (resp. ¢2). Nous montrons que &, et &,, sont
localement isomorphes si et seulement s'il existe une substitution primitive inversible ¢q
et deux entiers positifs m et n tels que My, = Mg, e My, = Mg, ol M, est lamatrice
de la substitution ¢. Pour citer cet article: Z.-X. Wen et al., C. R. Acad. Sci. Paris, Ser. |
334 (2002) 629-634. O 2002 Académie des sciences/Editions scientifiques et médicales
Elsevier SAS

Version francaise abrégée

Soit § = {a, b} un aphabet de deux lettres. Nous désignons par S* (resp. par F2) le monoide libre (resp.
le groupe libre) engendré par S. Posons ST = S* \ {e} oll ¢ est e mot vide et notons S® I’ ensemble des
motsinfinissur S.

Si w € §*, nous désignons par |w| lalongueurde w et par |w|, (resp. |wl|p) le nombre de fois que la
lettre a (resp. b) figure dansle mot w.

Un mot v € §* est dit facteurdu mot w (et I'on note v < w) S'il existe u, u’ € S* tels que w = uvu'.
Danslecasol u = ¢ (resp. u’ = &), nous disons que v est un préfixe(resp. suffixg de w. Les notions de
facteur et de préfixe gardent un sens méme si w est un mot infini.

Si £ € §, nous désignons par €2, (£) I’ ensemble des facteurs de longueur n de & et par 2 (£) laréunion
des Q,(%).
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Soit w =x1x2---x, € S* avecx; € S. Lemot w = x,, - - - x2x1 est appelé mot miroir de w.

Une substitutionp sur S est un endomorphismede $*. Dans la suite, nous identifierons la substitution ¢
au couple (¢(a), (b)) et nous supposerons toujours ¢ (a) et ¢(b) différents de ¢. Une substitution sur S
agit également sur §¢ (par concaténation des images des lettres composant un mot infini).

Sil existe ¢ € S tel que ¢ soit un préfixe de ¢(c) et tel que |p(c)| > 2, aors la suite des mots finis
(¢" (c))n>1 convergeversun point fixe 9 (c) € S de . Nous désigneronspar &, , (resp. par &,,,) le point
fixe qui débute par a (resp. par b), s un tel point existe. Dans le cas ol il n'y pas de confusion possible,
nous désignons tout simplement par £, n’importe quel point fixe de ¢.

A chaque substitution ¢ sur S, on associe la matrice M, indexée par S x S dont le coefficient
correspondant a (x, y) est le nombre de fois que la lettre x figure dans ¢(y). Si M, est primitive, la
substitution ¢ est également dite primitive.

Unesubstitution ¢ est diteinversibles elle définit un automorphismede F». L’ ensembl e des substitutions
inversiblessur S est noté 1S(S*).

Soient u et v deux motsinfinissur S. Nous dironsqu’ils sont localement isomorphgse quel’ on notera
u ~ v) s tout facteur de I’ un, ou son mot miroir, est un facteur de I’ autre.

THEOREME 1.—Soienty; et ¢, deux substitutions primitives inversibles aygpt et £,, pour points
fixes respectifs. Alors les deux assertions ci-dessous sont équivalentes
(1) &, eté&,, sontlocalementisomor phes
(2) il existe une substitution primitive inversibjg et deux entiers positifa, n tels queM,, = Mg et
My, = M}},.

1. Introduction

Given two infinite words which are fixed points of invertible primitive substitutions, it is interesting to
ask whether they are locally isomorphic. This problem appears in several quite different contexts such as
discrete dynamical system [9], one-dimensional quasicrystal chain [7] and computational complexity [4],
etc. . .. Thefollowing theorem gives a complete answer to the above problem and generalizes the results of
Wen and Wen [10,11]. We can also comparethisresult with those of Cobham [2], Fagnot [5] and Durand [3].

THEOREM 1. — Letg; andg; be two invertible primitive substitutions havifg andg,, as fixed points.
Then the following assertions are equivatent
(1) &, andé,, are locally isomorphig
(2) there exists a primitive invertible substitutipp and positive integers: andn such thatM,, = Mg,
My, =M}, .

2. Definitions and notations

Let S = {a, b} be atwo-letter alphabet. We denote by S* (resp. by F>) the free monoid (resp. the free
group) generated by S with the empty word ¢ as the identity element. Let S“ be the set of infinite words
over S and ST = S*\ {e}.

If w e §* isaword, |w| denotesits lengthand |w|, (resp. |w|,) the number of timesthe letter a (resp. b)
appearsin the word w.

A word v is called a factor of w (and this is denoted v < w) if there exist u and u’ in $* such that
w = uvu’. Whenu = ¢ (resp. u’ = ¢), v iscalled a prefix (resp. suffiy of w.

Let w=x1x2---x, € S* withx; € S. Theword w = x,, - - - xox1 is called the mirror word w of w.

A substitutionover S is an endomorphism of S*. We identify a substitution ¢ with the couple
(p(a), p(b)), and always suppose that ¢ (a) and ¢(b) are both different from ¢. Clearly ¢ can be extended
uniquely as an endomorphism of F».
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A substitution ¢ over S aso actson S“: if w = x1x2x3--- € ¥, then ¢(w) isthe infinite concatenation
of thewords ¢ (x;).

If for somec € S, theword ¢(c) beginswith ¢ and has length at least 2, then the sequence of (¢" (¢))n>1
converges to a fixed point ¢“(c) € S of ¢. When no confusion can occur, any fixed point of ¢ will be
denoted by &,.

One associates with a substitution ¢ over S a § x S-matrix M,,: its entry corresponding to x, y is
the number of times that x appears in ¢(y). When M,, is primitive (i.e., one of its power has only
positive coefficients), the substitution ¢ is aso said to be primitive. Clearly if ¢ = @192, then we have
My = Mg, Mo,

A subsgtitution on S which extends as an automorphism of F» iscaled an invertible substitutionThe set
of invertible substitutions over S (denoted by 1S(S5*)) is asubmonoid of the group of automorphismsof F»,
and has avery simple structure (see[10]).

THEOREM 2.— The monoidS(S*) is generated by the invertible substitutians- (ab, a), t = (ba, a)
andr = (b, a).

Two infinite words u, v € S“ are said locally isomorphic(and then one writes u ~ v) if, for any
factor w of u, the word w or its mirror word w is a factor of v and vice versa. For any Q2 C S*, define
Q:={w:weQ).By[12], for every ¢ € IS(S"), one has Q(&y) = Q(&,), where Q(£) standsfor the set of
factors of theinfiniteword &. So for any ¢1, g2 € IS(S*), onehas&,, >~ &,, if and only if Q(&,,) = Q(&,,).

An infinite word & € S is called Sturmianif #,(¢§) =n + 1 for any n > 1 where Q,,(¢) denotes the
set of factors of length n of &. We can give a geometrical interpretation of Sturmian words. Consider the
square grid consisting of all vertical and horizontal lines through integer points in the first quadrant. Let
« beirrationa in (0, oo) and let 8 be real. Label the intersections of the line y = ax + 8 with the above
grid, using a if avertical line is crossed, and b otherwise. The sequence of labels obtained in this way is
called the cutting wordassociated with the line y = ax + 8 which we denote by ¢, g. In the case g =0,
the cutting sequence ¢, ¢ is called a characteristic word

The following result tells us that Sturmian words and cutting words are identical and presents in the
meantime some interesting properties of them (see[1,8] and [10]).

ProPoOsSITION 1.— With above definitions and notations, we have

(1) Aword is Sturmian if and only if it is a cutting ward

(2) We havec,, g, ~ Ca, 6, If and onlya; = az. So, as far as factors are concerned, it is sufficient to
considerg =0;

(3) A Sturmian word: is characteristic if and only if bothé andb& are Sturmian

(4) Lety be a primitive substitution oves, thené,, is a Sturmian word if and only if is invertible.

3. Proof of the main result

Let G be the monoid generated by the two invertible substitutions o and . Set G’ = G \ {m, p} with
o= (a,b). Thenitiseasily seen that each ¢ € G’ has at most one fixed point.

PROPOSITION 2.— If ¢ € IS(S*) is primitive and has, as its fixed point, the#, is characteristic if
and only ifp € G.

Proof. —If ¢ € G is primitive, then we have ¢ € G’ and it must take one of the four formswith n; > 1
(1<j<k):

ni

()YoMmo™2x ..o 1go", (i)oo' ... 0™,

(i) ro" o™ - -0t o "k, (iv) o mo™n - o™ 1ro .
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For the cases (i) and (ii), we have a2 and ba < &,. Moreover the last letter of ¢"(a) and the last one
of ¢"(b) are distinct. Hence ¢ (a?) = ¢"(a)¢" (a) < &, and ¢" (ba) = ¢" (b)¢" (a) < &, forany n > 1.
Thus ag"(a) < &, and by"(a) < &,, which yields a&, >~ &, and b&, ~ &,. Therefore a&, and b&, are
both Sturmian and, by Proposition 1, &, is characteristic. Cases (iii) and (iv) can be treated similarly by
replacing a2 and ba respectively by b2 and ab.

Conversely suppose ¢ € 1S(S*) \ G. Decompose ¢ = @1¢2 - - - ¢, With ¢; € {0, T, w}. Then there exists
at least oneindex j such that ¢; = r. Asaresult, the last letter of ¢(a) isthe same asthelast one of ¢(b).
Define ¢" = ¢j¢5 - - - ¢, where go} =o if pj =7 and (p} = ¢; otherwise. Since My = M, SO My, = My
and &, ~ £, by Theorem 2in [10].

If &, ischaracterigtic, then &, = &, by Proposition 1, for &,/ is also characteristic. However the last letter
of ¢’'(a) differsfromthelast one of ¢’(b) but the last letter of ¢ (a) agree with the last one of ¢(b). Remark
asothat |¢'(a)| = |¢(a)| and |¢'(b)| = |¢(b)|. Therefore &, # &,. Then &, isnot characteristic.

Thefollowing corollary is adirect consequence of Propositions 1 and 2.

COROLLARY 1.— Letgs, 2 € G be primitive. Therg,, ~ &,, if and only if§,, =&,,.
Thefollowing result iswell known (seeProposition 1.3.1in [6], p. 7).

LEMMA 1.— Letu,v € ST. If there exist integers, [ > 1 such that* = v/, then we can findy € S*
and integersn, n > 1 such thatu = w™ andv = w".

Let u, v € §* such that 2 < |u| < |v]. We call u aweak prefix of v if u = ujaf where o, 8 € S and
uy € §* is a prefix of v. Clearly u is a weak prefix of v if and only if 7 (u) is a weak prefix of 7 (v).
Moreover if u isaprefix of v, thenit isaso aweak prefix of v.

LEMMA 2.— Letu, v € §* such that2 < |u| < |v| and b3 is not a suffix ofi. If u is not a weak prefix
of v, theno (1) is not a weak prefix of (v).

Proof. -Write u = uguz---uj, and v = vqvz- - - vy Where, u;, v; € S. Let j bethe least integer i such
that 1 <i < |u|] and u; # v;. Because u is not a weak prefix of v, onehas j < |u| —2and v = uquz---
Uj=1Vj " V-

To provethisresult, we have to distinguish two cases.
(D uj=a,vi=>b.Thenfromo(a) =ab and o (b) = a, we obtain:

o) =o(uiuz---uj-1)abo(uj1)o U;12) -0 (U,
o) =o@iuz - -uj-1)ac(vj+1)o (Vj+2) -0 (V).
Comparing these two equalities and noting that b isaprefix neither of o (a) nor of o (b), we seethat o (1)

isnot aweak prefix of o (v).
(2 uj=b, vj =a. Thenwe obtain:

o) =oc@uz---uj-1)ao(ujy1)oW;i2) -0 (U|),
o) =ouuz---uj-1)abo(vj1+1)0 (vVj4+2) - o (Vjy)).

However b3 is not a suffix of u, so we must have lo(ujr1)0(Wjy2)---o(up)| =3 and o (u) isnot aweak
prefix of o (v).

Proof of Theoreni. — We first show that (2) implies (1).

Assume _(2) holds. Then M, n = Mg =My = Mg, = M¢5n which implies g(p»lz ~ g(przn by virtue of
Theorem 2in [10]. However &, = &,, and gq,»zn =£,,, hence&, ~&,,.

Now show that (1) implies (12). Since 1S(5™) is generated by o, t and = and M, = M., we can find
V1, 2 € G suchthat My, = M, and My, = M,,. By Theorem2 of [10], we have &y, ~ &, and &y, >~ &,,
whichyields £y, ~ &y,. S0 &y, = &, by Corallary 1.
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Since each primitive ¢ € G takes one of the four forms discussed in Proposition 2, so by symmetry and
by similarity, we can concentrate our attention only on the case where 1 = o™ o275 - - - 6" -1r 0" with
n; > 1(1<i <k),i.e, Y takestheform (i) and where v isarbitrary since the other cases can be discussed
likewise.

Let 6 be the homomorphism from $* onto G such that 6(a) = o and 6(b) = 7. Put u = a"ba"2b - - -
a*-1pa"k . Thenwe have 0 (u) = 1.

According to the form of 2, we distinguish three cases:

Case (1). If v, takes the form (iii) or (iv), then bb is afactor of &y, but not of &y, . Thisis absurd for
&y, = &y, SO Y2 can only take the form (i) or (ii).

Case(2). Letv=a"tbha™2b---a™-1ha™ withm; > 1 (1< j <I) and assume yr, =0 (v), i.€., ¥ takes
theform (i). Put p = |v|, ¢ = |u| and write

u? =a’tba’?b---ba* and v! =a"ba'?b---ba'.

Thenwe have Y = oSiwo’2r - - o’ and Y3 = o'two’2m - - wolin.

Below we will provethat s; =; (1< j < min{n, m}).

Set Wq ;= ¢fol/f1 and Wy .= wg oy withr > 1ands > 1largeenoughsothat [v/1 (a)| > 3, |5 (a)| > 3
and that W1(a) is aprefix of Wa(a), aweak prefix of the latter. The existence of r, s is clear for ¥r1, ¥
have the same fixed point which beginswith a.

First we prove sy = t1. Supposethisisfalse; we can suppose s1 < 1 without loss of generality. Then b is
a prefix of o ™1Wq(a) (for 7 is the first component of o ~*1W;) and a is a prefix of o ~1Wa(a) (since
o is the first component of o ~51W5). Thus o ~*1Wj(a) is not a weak prefix of o ~51Wa(a) by noting
| 0 71Wy(a) |> 3. But a isasuffix of o0 ~1Wq(a), then by Lemma 2, W1(a) is not aweak prefix of Wa(a).
Thisisabsurd. So we have s1 = 17.

Second we can deduce the equality s, = r» from above by only replacing W1 (resp. W») by 7 1o 51w
(resp. m 1o ~"1Wy) in the preceding discussion.

Finaly by using the same argument as above, we obtain s; = ¢; (1 < j < min{n, m}). However
lu?| = |v?|, then we have n = m and u” = v4. Now by Lemma 1, we can find w € §* and positive
integersm, n such that u = w™ and v = w". Put 8(w) = @o. Then o € G and Y11 = ¢p', Y2 = ¢g. Hence
My, = My, = M} and My, = My, = M. .

Case (3). Assume that > takes the form (ii). As above we can prove ¢ = wgn—l. However, since
a is a prefix of ¥ (a) and b is a prefix of wy5(a), then 1 (a) is not a weak prefix of wy3(a). So by
Lemma2, W1(a) =y o ¥} (a) isnot aweak prefix of Wa(a) = ¥ o s (a). Thisisimpossible because,
by construction, W1 (a) isaprefix of Wa(a).

* Supported by the Specia Funds for Mgjor State Basic Research Projects of China and Morningside Center of
Mathematics (CAS).
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