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Abstract

Using groupoidSl-centraI extensions, we present, for a compact simple Lie g@upn infinite dimensional model of
s1-gerbe over the differential stack/ G whose Dixmier—Douady class corresponds to the canonical generator of the equivariant
cohomolongg(G). To citethisarticle: K. Behrend et al., C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Published by Académie des sciences/Editions scientifiques et médicales Elsevier SAS.

Résumé

En utilisant des extensionst-centrales de groupoides, nous présentons, dans le cas d’'un groupe simple @@mypact
modéle de dimension infinie d’ur@l-gerbe sur un champ différentiabf®/ G dont la classe de Dixmier—Douady correspond
au générateur canonique de la cohomologie équivariH@teG). Pour citer cet article: K. Behrend et al., C. R. Acad. Sci.
Paris, Ser. | 336 (2003).
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Version frangaise abrégée

SoitG un groupe de Lie compact simple, le groupe de cohomologie équivaﬁ@(té) contient un générateur
canoniqudw + £2] dont la classe est entiére (voir Section 3.1 pour la définitiom @ £2), ou G agit sur lui-
méme par conjugaison. Nous réalisons cette classe en termes d’une ex§érsémtrale de groupoides, ou en tant
que la classe de Dixmier—Douady d’'une gerbe sur un champ différentiable. Le champ est celui correspondant a I
transformation de groupoide x G = G. Cet exemple s'intégre dans la théorie générale développée dans [2,3].
Notre construction est divisée en deux étapes. La premiére étape s’inscrit dans le cadre de la géométrie de Poissol
pour une variété de Poisson affigeinduite par un 2-cocycle d’algébre de Lies A%g*, nous construisons son
groupoide symplectique ainsi qu’'une extensircentrale de groupoides. La construction se fait de la maniére
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suivante. Sois! - G - G une extensmrs1 centrale au niveau des groupes de Lie. On forme les groupoides de
transformationd” (=G x g*) = g* etR (= G x g") = g" (G agit surg™ par I'action de jauge (2), tandis qlab

agit surg* essentiellement par la méme action obtenue par composition avec le morphisme deagmmpesG)

En considérankR comme sous-groupoide du groupoide symplectifit®€ = g*, on peut considérer les images
réciproques sur des formes symplectique et de Liouville sUtG et obtenir repectivement une 2-forme fermée
wg € 22(R) etune un-forméx € 21(R). Soit7 : R — I' la projection naturelle induite par: G — G.

Théoreme 0.1.

(1) La2-forme ferméey est basique relativement aid-fioré R — I', et donc se projette en ueforme fermée
wr surl’, c.a.d. wg =7*wr.

(2) wr est symplectique et elle est compatible avec la structure de groupoide de telle sorte que cela définisse une
structure de groupoide symplectique surC’est le groupoide symplectique de la variété de Poisson affine

(3) 7 : R — I' est une extensioi'-centrale de groupoides de Lie.

(4) 6y est une forme de connexion de préquantification sétiibré 7 : R — I compatible avec la structure de
groupoide, c.a.dgbg =0etdOg = 7*wr.

En d’autres termedig € C3x(R.) est une pseudo-connexion sRrau sens de [2] donb, € Z3(I) est la
pseudo-courbure.

Pour un groupe de Lie simple comp&td’algébre de Ligy, la forme basique surinduit une 2-cocycle naturel
d'algebre de Lie sur I'algebre de Lie de lacéts En appliquant la construction ci-dessus, on obtient un groupoide
symplectiqu& LG x Lg = Lg, wrGxLg) @insiqu’une extensiofi'-centraleL G x Lg = Lg de ce dernier. Ici nous
identifionsLg avecLg* par la forme de Killing. L'application d’holonomie HoL.g — G induit un morphisme
naturel de Morita du groupoideG x Lg = Lg versG x G = G, dont le morphisme induit en cohomologie de
de Rham envoiéw + 2] sur la class¢w; g x1.4]. Nous prouvons donc que :

Théoreme 0.2Soitw + £2 un 3-cocycle comme ci-dessus, définissant une classe entiéréﬂﬁﬁﬁ). L'extension
Sl-centrale LG x Lg = Lg de LG x Lg = Lg correspond & une*-gerbe sur le cham@/G de classe de
Dixmier-Douadyw + 2] € H3(G).

1. Introduction

Let G be a compact simple Lie group, the equivariant conomology gfb@lm‘) contains a canonical generator
of integer class, wheré acts on itself by conjugation. We realize this class in terms of a Lie groupfeaéntral
extension, or as the Dixmier-Douady class of$drgerbe over a differential stack. The stack is the one which
corresponds to the transformation groupaldx G = G. This example fits into the general theory developed
in [2,3]. Recall that associated to every Lie groupdid= M, there are De Rham cohomology groups defined
as follows. Definel", =I' xy --- xy I', i.€., [, is the manifold of composable sequencegpddrrows in the

p times

groupoidl" = M (In =T, I'y= M). We havep + 1 canonical map$’, — I',_1 (each leaving out one of the
p + 1 objects involved a sequence of composable arrows), giving rise to a diagrdin—— 11 —= 1. In
fact, I', is a simplicial manifold. We introduce the double compiex(I,). Its boundary maps aré: Q"(Fp) —
Szk*l(Fp), the usual exterior derivative of differential forms a&ndszk(l“p) — Q"(Fp+1), the alternating sum
of the pull back maps of the above diagram. We denote the total compl€¥pé/,) and the total differential
by 8§ = (—1)?d + 9. The total cohomology groups &2*(I,), H{;R (I,) = H*(2*(I,)) are called thdde Rham
cohomologygroups ofI" == M. In the case thal” = M is a transformation groupoid x M = M, these are
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the G-equivariant cohomology groups. In [2], we discussed the general question of how to realize a De Rham
integer 3-cocycle in terms of an analogue of curvature on a Lie groufdentral extension. When this 3-cocycle
consists of only one term € 22(I"), the 3-cocycle condition is equivalent to thdt = M, w) is a symplectic
groupoid ifw is further assumed to be non-degenersitecentral extensions of a symplectic groupoid were studied
extensively by Weinstein and one of us in [9], to which we refer the readers for details.

WhenI" = M is the transformation groupoid x M = M, thenw + 2 € CSR(F.), wherew € 2%(I") and
2 e 23(M), is a 3-cocycle if and only if/2 =0, dw = a*2 — p*2 and(dg — a7 + 95)w = 0. In this case,
the class ofw + 2 defines an element in th€-equivariant cohomology grouﬂg(M). WhenM =G is a
compact simple Lie group an@ acts on itself by conjugation, an explicit formula for both are $22(I") and
an 2 € 23(M) appeared in [1] in the study of group valued momentum maps and the moduli spaces of flat
connections over two surfaces. See also [8] and [5] for the related topics and motivation. However, the fact that
w + £2 is a 3-cocycle inCSR(F.) was overlooked in the literature. In this Note, we reinstate this fact, and show
that[w + £2] is an integer class by constructing &hgerbe over the staak/ G (also called & -equivariant gerbe
over G) which has[w + 2] as its Dixmier—Douady class. Our method is to pass from the groupoidc = G
to a Morita equivalent infinite dimensional symplectic groupoid, whereS’agentral extension can be readily
constructed by the methods of Poisson geometry.

Applications of this construction to momentum map theory and twigtettieory will be discussed elsewhere.

2. Symplectic groupoids of affine Poisson manifolds
2.1. General construction

Letg be a (finite or infinite dimensional) Lie algebra olgrandi € A2g* a Lie algebra 2-cocycle. Lt= g®R
be the corresponding central extension. Assume $hat> G -5 G is a central extension on the level of Lie
groups, which exists ifog € £2%(G), the left invariant Closed two-form correspondingiois of integer class.
It is well-known that the transformatlon groupaid (= G x ") = g*, whereG acts ong* by coadjoint action:
g-E= Ad*_lé Vg € G, Eeg (Ad*_;L stands for the dual oAd;-1), is a symplectic groupoid. The symplectic

structure orG x g*isthe canonlcal cotangent symplectic structure when § g* is being identified WithT™*G via
the right translation.

Denote byy : G — g* the group 1-cocycle integrating the Lie algebra 1-cocyéleg — g*, (A’(v),u) =
A(v,u), Yv,u € g, whereG acts ong* by the coadjoint action. We assume thagxists, which is true, for instance,
whengG is simply connected. Sind@ is a central extension @, its adjoint action org descends to an action 6f
givenbyg- (X, 1) = (Adg X, t + (x(g™H, X)), Yge G, (X,1) € (= gadR), and therefore the induced coadjoint
action is

g (6.0 =(Ad1& +1x(9). 1). VgeG, ((.NeF (Zg"@R). €y
Embedg* as a hyperplane af* via the mapp: & — (£,1), V& € g*. Clearly g* is a Poisson submanifold of

g* with the affine Poisson relatioféy, Iy} = I[x,y; + A(X,Y), VX, Y € g. By Eq. (1), this hyperplane is invariant
under the coadjoint action @, on which it takes the form:

g-&§=Ad, &+ x(g), VeeG, Eeg" (2)
Let I" be the corresponding transformation groupGist g* = g*. One may also form the transformation groupoid
R:G x g* = g* (here theG-action ong™ is essentially the same action (2) composing with the group morphism
n:G — G). ThenR = g* is a subgroupoid of the symplectic groupaii= g* under the natural embedding
i:(g.6) — (&, 9()). By 0r andw, we denote the Liouville one-form and symplectic two-formoni= T7*G)
respectively, and sebg = i*w; € 2%(R) and g = i*0 € 21(R). By #:R — I', we denote the natural
projection:zz (g, §) = (7(8),§),V(8,§) € G x g*.
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Theorem 2.1.

(1) The closed two-formy is basic for thes'-bundleR — I", and therefore descends to a closed two-farm
onrl,i.e.,wgr =7*wr.

(2) wr is symplectic and compatible with the groupoid structure so that it defines a symplectic groupBid on
This is the symplectic groupoid of the affine Poisson manifold

(3) 7 : R — I' is a S1-central extension of Lie groupoids.

(4) 6 is a prequantization connection form on thi&-bundles : R — I compatible with the groupoid structure,
i.e.,00r =0anddfr =7*wr.

In other words,fx € C3x(R.) is a pseudo-connection oR in the sense of [2] withor € Z35(I.) being
its pseudo-curvature. Sincé = g* is a transformation groupoid, its De Rham cohomology is the equivariant
cohomologyH(;(g*), whereG acts ong* by the gauge action (2). The Lie groupdit-central extensio® — I”
can be considered as a geometrical model realizing the[edads= Hg (g*). Indeed, ifR andX are the differential
stacks corresponding to the Lie groupoRisz g* andI” = g*, respectively, thefR is anSt-gerbe ovett whose
Dixmier—Douady class is equal to] € HSR(%) [2,3].

Remark 1. Note thatR — I" is indeed the pull back!-central extension of - G via the groupoid morphism

¥ from I' (= G x g*) = g* to G = - defined by the natural projection. As a consequengeandy*wg define

the same class ng (g*): the Dixmier—Douady class of the*-gerbe)t — X. It would be interesting to investigate
whether this class is non-trivial whene A2g* is assumed to be a non-trivial 2-cocycle (otherwise it is obvious
thaty*w is a trivial class). In the case of loop groups below, one indeed obtains a non-trivial class.

2.2. Loop group case

We will apply the above construction to the case of loop groups.
Let (-, -) be an ad-invariant non-degenerate symmetric bilinear forg. dinis well-known that(-, -) induces a
Lie algebra 2-cocycle on the loop Lie algelra A2(Lg*) defined by [7]:

27

MX, V)= %/(X(s), Y'(s))ds, VX(s),Y(s)€Lg. (3)
0

By ng we denote its corresponding Lie algebra central extension. Assume. tetisfies the integrability
condition (i.e., the corresponding closed two-faimg € 22(LG)L is of integer class). It defines a loop group
central extensiors® — LG —— LG. By identifying Lg* with Lg via the bilinear form(-, -), the 1-cocycle
admits the formy (g(s)) = g'(s)g(s)~L, Vg(s) € LG, and the gauge action (2) becomes

g-§=Ad 1£+g's7, VgelG, selg 4)

This is the standard gauge transformation whens identified with the space of connections on the trivial bundle
over the unit circles?.

As above, we can form the transformation groupdidsLG x Lg = Lg andR: LG x Lg = Lg, and define
wr € 2%(R) andbg € 21(R).

According to Theorem 2.1, we see that the closed two-fagnis basic and descends to a closed two-form
wpGxLg ONT'.

Corollary2.2. (LG x Lg = Lg, a)chLg) is a symplectic groupoid integrating the affine Poisson structurégn
Moreover,7 : LG x Lg— LG x Lg is a S1-central extension of Lie groupoids, on whigh € CDR(R ) defines a
pseudo-connection willd g 1. being its pseudo-curvature.
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3. An Sl-gerbe overG/G
3.1. AMM-groupoids

Let G be a Lie group equipped with an ad-invariant non-degenerate symmetric bilineaf-fernConsider the
transformation groupoid x G = G, whereG acts on itself by conjugation. As in [1], we denoteébyndé the
left and right Maurer—Cartan forms @hrespectively, i.e§ = g~1dg andd = dgg 1. Let 2 € £23(G) denote the
bi-invariant 3-form onG corresponding to the Lie algebra 3-cocyt§5{-, [-,-]) € A3g*, andw € 22(G x G) the
two-form:

o =—3[(Adig"0. g°0) + (76,26 +0))]. "

where(g, x) denotes the coordinate G x G, andg*6 andx*¢ are, respectively, thg-valued one-forms or x G
obtained by pulling back via the first and second projections, and similarlyf66.
A simple computation leads to

Proposition 3.1.w + §2 is a3-cocycle of the De Rham total complex of the transformation grou@gaidG = G,
and therefore it defines a class in the equivariant cohomo!ﬁ)éyG).

Remark 2.

(1) WhengG is a compact simple Lie group with the basic fofm), [w + £2] is a generator ng(G). In Cartan
model, it corresponds to the class defined bydheclosed equivariant 3-formg (&) = 2 — %(9 +60,8):g—
2*(G), V& e g.

(2) In general, given a transformation groupdgidx M = M (G is assumed to be compact), and@-closed
equivariant 3-formyg = 2 + E(&), where2 € 23(M) is an invariant closed 3-form o/ and E : g —
21(M) a G-equivariant linear map, an explicit formula for a two-forne 22(G x M) can be found [6],
using the Bott-Shulman construction, such that 2 € Z35(G x M = M) defines the same class jg§ .

3.2. Sl-central extensions

Next we want to construct asi'-central extension of Lie groupoids which realizes the class of the 3-cocycle
o + £2 in Proposition 3.1 as its Dixmier—Douady class. Sifges $23(G) is not exact, first of all we need to
pass to a Morita equivariant groupoid [2]. There are many different choices for such a groupoid. Basically, one
needs to choose a surjective submersfods” — G such that the pullback three forifi§2 is exact onM’. Then
I'':'M xgo I xgc M = M becomes a groupoid, and the natural projection fiolhnz M’ to I' = G is a
Morita morphism [2]. For instance, one choice is to take a good open ¢dygof G. Another choice, which is
the one that we will pursue in this Note, is the infinite dimensional manifgjdvhile f is the holonomy map
Hol:Lg — G, i.e., the time-1 map of the differential equation: Ho)~*-L Hol,(X) = X, Holo(X) = e. Then
we have Hdl 2 = du, wherey is the two-from onLg: 1 = %fol(Holjé, 2 Hol# §) ds [1].

Proposition 3.2.

(1) We have a Morita morphisnf of Lie groupoids fromLG x Lg = Lg to G x G = G, which is given
by f(g,r) = (g(0),Hol(r)) on the space of morphisms and Byr) = Hol(r) on the space of objects,
Vge LG, r € Lg.

(2) Under the induced isomorphisyfi : Hg(G) = HSG(Lg), [w+ £2] goes towr.GxLg]- INdeed we have
wrGxLg — [ (@ + 2)=dpu.
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As a consequence, we have

Theorem 3.3.Let G be a Lie group equipped with an ad-invariant non-degenerate symmetric bilinear(form
Assume that e A%(Lg*) as in Eq.(3) satisfies the integrability condition. Then tBeocyclew + £2 corresponds
to an integer class irHé(G). The S1-central extensiorLG x Lg = Lg of LG x Lg = Lg corresponds to an
S1-gerbe over the stadk /G with the Dixmier-Douady clags + 2] € Hg(G).

Remark 3. If there is a Morita morphism from Lie groupoid = M’ to I' = M, then these two groupoids are also
Morita equivalent in the sense of [10], which means that there is a bimodule. Indeed, these two notions of Morita
equivalence are equivalent [3]. Morita equivalence via bimodules is particularly useful in constiifctiegtral
extensions. It allows one to construct tifecentral extension of one groupoid in terms of$iacentral extension

of the other together with a prequantization of the bimodule. See [3] for the details. This, for instance, will lead to
a construction of as*-central extension of the Morita equivalent Lie groupdld= M’ whenM’ = | J U; is an

open covering as in [4,6].

We end the paper with the following proposition which explicitly describes the equivalence bimodule between
the groupoids; x G = G andLG x Lg = Lg.

Proposition 3.4. The groupoidsG x G = G and LG x Lg = Lg are Morita equivalent in the sense of
Definition2.1in [10], where the bimodul& can be taken a& x Lg, andp: X — G ando : X — Lg are given,
respectively by (g, r) = gHol(r)g 1 ando (g,7) =r, ¥(g,r) € G x Lg.

The groupoidG x G = G acts onX from the left by (g1, g2) - (g,7) = (g1g,r), V(g1,g2) € G x G,
(g,r) € G x Lg, such thatgs = gHol(r)g~1; while LG x Lg = Lg acts from right (g,r) - (g(s),r") =
(gg(0),r"), Y(g,r) € G x Lg, (g(s),r") € LG x Lg, such that = g(s) - r'.
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