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Ordinary Differential Equations

On the normal form of a system of differential equations
with nilpotent linear part

Forme normale d’un systéme d’équations différentielles
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Abstract

We consider prenormal forms associated to generic perturbations of the syst@y, y = 3x2. It is known that they have
aformalnormal formx = 2y 4+ 2x A*, y = 3x2 + 3y A*, whereA* = x + Ag(y? — x3) [Differential Equations 158 (1) (1999)
152-173]. We show that the serigg and the normalizing transformations are divergent, but 1-summablgte thisarticle:
M. Canalis-Durand, R. Schéafke, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

On considére des formes prénormales associées a des perturbations génériques du sy@gme = 3x2. Il est connu
gu’elles admettent une forme normale formelle- 2y + 2x A*, 3 = 3x2 + 3y A*, 0l A* = x + Ag(y2 — x3) [Differential
Equations 158 (1) (1999) 152-173]. Nous démontrons 4geet les transformations normalisantes sont divergentes, mais

1-sommablePour citer cet article: M. Canalis-Durand, R. Schéfke, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
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Version francaise abr égée

On considére le systeme d’équations différentielles :

X =2y+2x Ax, y), (4)
y = 3x2+ 3y A(x, y),
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ouAeCix,y}, A=x+--- et’=d/dz. Loray [5] a montré que4) peut étre transformé en un systéeme dit
équivalent, par la substitutiotx <— xU?(x, y), y < yU3(x,y), dz < U(x, y)~tdz), U(x, y) étant une série
convergente ou formelle telle qu&0, 0) = 1. Le systéme équivalent le plus « simple » est apfozl@e normale

et est noté £*).

Théoreme 0.1 [5]. SoientA € C{x, y}, A =x + ---, il existe alors une unique série formell&(x, y) =1+ ---
transformant(A) en sa forme normalgformelle) (A*), A* = x + Ag(h), ou h = y2 — x3 et Ag € hC[[A]].
L’équation de transformatiagliant A, A* etU s’écrit :

(U +2xU, +3yUy) A* = A(xU?, yU®) — 2yUy — 3x2U,. 1)

Nous étudions le probléme de la convergence de cette forme natthatede la transformation normalisarite
Dans [2], le calcul des 30 premiers termes de la ségig:) dans plusieurs exemples permettaient de conjecturer
numeériguement son caractére divergent mais Gevrey d’ordre 6. Dans cette Note, nous montrons le résultat suivant

Théoreme 0.2. Les séried/(x, y) = Zk,, by x*y! et Ag(h) = Z,@lAmh’" du théoréme précédent sont Gevrey
1 dans le degré homogéne; i.e. il exi&e A > Otels que pour touk, [, m

|Aml < KA (6m)!,  |bul < KA (2% + 31,

ou le type A = 0.1844+ 0.0001 La série Ao(z%) est 1-sommable(cf. [7]) si argr n’est pas congru ar/6
modulor /3. Finalement, il existe une fonction analytique non identiquement gutkdle queQ (A) # 0 implique
queU and A* sont divergentes et que le type est optimal.

Nous transformons le systéme a I'aide du changement de variable&€noté= g (s) 12, y = q'(s)t%, olig est
une fonction elliptique vérifianj’? = ¢ + 1, ¢(0) = co. L'équation de transformation (1) se simplifie en

(U +1U,)D* = D(s,10) — 2t U, )

ouU, D etD* correspondent&, A et A* apres le changement de variablés Comme on veut que les solutions
puissent étre exprimées en fonction des variablesy, on doit imposer des conditions de symétrie.

On applique laransformation de Borel formelle par rapporttanoteeB a toutes les séries précédentes dans
I'équation (2). Soit dondV (s, 7) = B( (U(s H—-1),E*(r)= B(t 2D*(s, 1) —q(s)). Eq. (2) s'écrit alors « dans
le plan de Borel» :

L(W, E*) 1= 2W, + ¢ (s)TW + E* = G(W, E¥) 3)

('expression de5(W, E*) est détaillée dans Eq. (10) de la version anglaise).
L'équation linéarisée de (3)

L(W,E*) =2W, +g(s)TW +E*=G (4)
admet une solution uniqu&V, E*) satisfaisant les conditions de symétrie. On obtient en particulier :

E*(1) = R(l ) refe”’®/2G(s,7), s =0) avecR(r) =rege"’ /2 5 =0), (5)
ou I est une primitive dg. On détermine les zéros de la fonctiBrde (5) qui introduisent les singularités Hé&
(etW) dans le plan de Borel.

Puis on résout le probléme non linéaire en utilisant une méthode de point fixe dans des espaces précisés.

existe alors une unique solution analytiqi®, E*), périodique et symétrique. Donc la solution formegllg A*)
de (1) est Gevrey 1. De plugW, E*) a une croissance au plus exponentielle lorsgue oco. Ceci prouve la
1-sommabilité dedo(:®) du Théoréme 0.2 et la 1-sommabilité Ues t) par rapport &. En utilisant un autre
espace de fonctions, on montre dtigt) a des singularités en les zérosRldans le cas générique ; ceci implique
la divergence de la solution formelle dans ce cas.
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1. Introduction

We consider the following system of differential equations:

X =2y+2x Ax, y), (4)
y = 3x2+3yA(x,y),

whereA € C{x, y}, A =x+---and = d/dz. For simplicity, we denote such a system i) (The above system is
aprenormalform of a generic perturbation of the systéra: 2y, y = 3x2 with Hamiltoniani = y2 — x3. [3] have
shown that this prenormal form can always be reached by a convergent transformation.

Loray [5] showed that4) can be transformed into a system)(- of the same form, but witi replaced byA
— by a substitutiortx < xU?(x, y), y < yU3(x, y), dz < U(x, y)~1dz), U(x, y) a convergent or formal series
with U (0, 0) = 1. Thetransformation equatiosonnectingA, A andU is

(U +2xU, +3yUy) A = A(xU?, yU®) — 2yU, — 3x?U,, (6)

where subscripts etc. denote partial derivatives. if is convergent, we say that\] is analytically equivalent
to (4). If U is only a formal series, we say that)is formally equivalento (4).

Itis natural to ask for the “simplest’/A) equivalent to a given4), i.e., for anormal formwhich will be denoted
by (A*).

Theorem 1.1 [5]. GivenA € C{x, y}, A =x + - -, there is a unique formal serid$(x, y) = 1+ - - - transforming
(4) into its (formal) normal form(A*), A* = x + Ag(h), whereh = y2 — x3 and Ag € hC[[h]]. One has
(U + 2xUx + 3yU,) A* = A(x U2, yU®) — 2yU — 3x°U,. (7)
Here, the question of convergence of this normal form and the normalizing transformation arises. [2] calculated

the first 30 terms ofig(h) for several examples and obtained numerical evidence that it is divergent, but of Gevrey
order 6 (see below). We will show

Theorem 1.2. The seriesU(x,y) = Y_; ;b x*y' and Ao(h) = > =1 Amh™ of the preceding theorem are
Gevreyl in the weighted degreée., there exisk, A > 0 such that for allk, I, m
|Aml S KA (6m)!,  |bul < KA 2k + 31,

where thetype A = 0.1844+ 0.0001 The seriesAo(¢%) is 1-summablect. [7]) if argr is not congruent tor /6
modulor /3. Finally, there exists a non-zero analytic functio@ such thatQ(A) 0 implies thatU and A* are
divergent and the above type is optimal.

It can also be shown thal/(x, y) is 1-summable in a sense too cumbersome to state here (see below
Theorem 4.2). The proof is given in the subsequent sections.
2. Transformation of the coordinates
The solution of the unperturbed system suggests the following coordinate transformation den@ged by
{x = q(s) 12,

y=4q'(s) 1% (8)

1 More precisely,Q is an analytic function odll the coefficients ofA.
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where ¢ is an elliptic functio’ verifying ¢’ = ¢% + 1, ¢(0) = co. Observe thati = y? — x3 = (8. Each
point (x, y) outside the cusp? = x3 corresponds to 6 point§, ) wheres is an element of the hexagdk
defined by the first six zeroes of. IntroducingU (s, 1) = (CU)(s,t) = U(q(s)t2, ¢’ (s)t3) and analogously
D =CA, D*(s, 1) = (CA*)(s, 1) = g (s)t2 4+ Ao(¢8), the transformation equation (7) is simplified to

(U +1U,) D* = D(s,10) — 2Uj. (9)
Observe that we are not looking for arbitrary solutions of this equation but for solutions with certain symmetries
that can be expressed as series iandy. This can be conveniently written down using the followiigvector
spaces. Lefd,, the set of all homogeneous polynomidlsy, , 5, ax*y! of weighted degree: andé,, the set
of all functions meromorphic off that arepg- and p1-periodic? whose only pole in the hexagd is 0 and of
order< m and such thaf (ps) = o™ f (s).

The coordinate transformation (8) induces a bijectiohetweenH,, et &, by I(f)(s)t™ = C(f)(s, t). Put

=20 S ()" [ fn € Em} ANAS, = {Zm —n Jm ()" [ fn € Em}.
Usmg the above notation, givém e ¢ (s)r°+ Sg, we are looking for a solutiofy e 1+8s, D* = g (s)t?+ Ao(t%)

of (9).

(\N)e now carry over Eq. (9) to the Borel plane, i.e., we applyftihimal Borel transform with respect tadenoted
by B and defined byB (") = t"~1/(n — 1)! for n > 1, to all the preceding series. LBi(s, ) = q(s)t2+t2E(s 1),
E(s,t(L+ W)L + tW)2 = Y2 Fo(s, )" W™ and Fy, (s, 7) = B(Fy(s,1)), W(s, 1) = B( (U(s 1 — 1)),
E*(r) = @(r‘ZD*(s, t) — q(s)). Using the properties of the Borel transform, in partlcula(rt tf(t)) =
r@(f(t)), Eq. (9) can be written in the Borel plane

LW, E*) :=2W; +q(s)TW + E* =G(W,E*), where

S(W.E*)(s,7) :=q()T * W W — 2W % E* — (tW) E* + Fo+ Y F s 1" L W* /(n — 1) (10)

n=1

herex denotes convolution with respect to The restrictions are now as follows: given arF, € Smaxn,6) and
we are looking folE* (1) € t3C[[r5]] and72W € Ss.

3. Thelinearized problem

Now consider the linearization of (10), i.e., give?G € Sg find 2W € S5, E* (1) € r3C[[z8]] with
LW, E*) = 2W, + ¢ (s)TW + E* = G. (11)

This linear ordinary differential equation can be solved by variation of constants. The “constant” of integration and
E* are uniquely determined by the conditions (in particMahas to be a single valued functionsgf We find

W(s, ) =e /)2 / e/ /2(G(o, 7) — E*(1)) o, (12)

wherel is a primitive'5 of ¢, and

E*(7) = ( res(e”(")/zG(o 1), 0 =0) withR(r) =reqe"’/ /2 ¢ =0). (13)

2 Preciselyg = 4P where® is the Weierstras®-function with parameterg, = 0 andgz = —1/16 [1].

3 3¢ is the hexagon with verticeso2b, j =0, ..., 5, whereb = [i(1— 3)~Y/2dr ~1.40218,p = /31,
4 po=2ia andpy = 2ipa, wherea = [{°(t3 — 1)~1/2dr ~ 2.42865, are fundamental periodscof

5 Precisely,l = —4¢, where¢ is the Weierstrass’ zeta function with parametgss= 0 andgz = —1/16.
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In (12), the path of integration is fromo to s avoiding the poles of and such that Re 7 (¢)) tends to—oo as
o — OQ.

As (11) has a unique solutiaiW, E*) satisfying the restrictions, we obtain two linear operatéfss) := W,
&(G) :=E*.

The zeroes of the functioR of (13) are important because they introduce the singulariti&s ¢gandW) in the
Borel plane. Using Laplace’s method with error bounds [6] for larged Rouché’s theorem, we prove

Theorem 3.1. The functionR has exponential growth aig| — oo. Its zeroes(other thant = 0) are on the
rays argr = (2l + 1), 1 =0,...,5, and form six sequences; e?*Dm/® feN, | =0,...,5. One has

Imo — 5.4204 < 0.0002and |my — t| < 125,73 with 1 = 83+ 4k) if k > 1; here[(—2b) =2 folt(l -
13" 12dr ~1.72474

T
T(—25)

4. Thenonlinear problem

In order to find a solution of (10), it is sufficient to solve the fixed point equaBieaG(W(G), &(G)) in 2 Sg,
i.e., to solve

G=3(G), where
F(G) =q(s)T * W(G) * W(G) — 2W(G) % &(G) — (tW(G)) * &(G) (14)

o
+Fo+ Y Fus "L W(G)™/(n — DL,
n=1

LetD =C\ 5o e8' &3 [mo, ol

Theorem 4.1. There exists a unique analytic soluti@ (C \ R) x D — C of (14). It is R-periodic® symmetric
G(ps, pt) = p~3G(s, 1) = —G(s, 7) andG(s, 1) € 73 S.

As a consequenc& and thus alsdV(G) =W, &£(G) = E* have convergent series representations &t0,
hence by Section 3, the formal solutiga*, U) of (9) is Gevrey 1. We prove this theorem by showing that
F defines a contraction on some subset of the following Banach space: for &mall and largeM > 0,
let @y the set of allz with || < M such that arg is not in one of the interval$argr — j3 — | <6,
j=0,...,5 if |[t] > mo — & and Cs the set of alls € C with dist(s, R) > §. ThenO = {V:DgW x Cs —
C|V holomorphic, boundedz-periodic =3V holomorphic atr = 0} is a Banach space equipped with the
family of equivalent norms

VL=  sup |V(s,r)|e_L|”, L>0.

s€Cs, reDY

First, it is shown thaw and & are bounded linear operators Orwith norms independent df. Then it is shown
that ¥ defines a contraction on some neighborhood of @iii L is chosen sufficiently large. A8 and M are
arbitrary, the theorem follows.

Theorem 4.2. Considerf € R\ (§ + 7). For sufficiently smalls > 0, there existsk, M > 0 such that
IG(s, )] < Mexp(K|z|) forall s, t € C with dist(s, R) > § and| argr — 0| < 4.

6 R =Zpg + Zpy is the lattice of periods of.
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Observe that this theorem implies that aliSo= £(G) is at most of exponential growth as— oco. This proves
the 1-summability ofdo(8) stated in Theorem 2.2. We obtain also the 1-summability 6f 1) = (CU) (s, ¢) with
respect ta, but it is too cumbersome here to state this in terms,of.

Here, we can only give a rough idea of the proof of Theorem 4.2. We introduce a certain .dybsfeC of
s that can be joined tec by a pathy (o), —oco < o < 0 on which Reé€’'1(0)) increases. Then we obtain an
inequality containing convolutions fof (r) = sug|G(s, t)| | s € Ag, |argrt — 6| <4, |t| < r}. Following an idea
of B.L.J. Braaksma and W. Walter, we show, using the Laplace transform, that the corresponding equation has &
solution having at most exponential growth and that it is a majorayitof. Finally we discuss € C \ Ay.

In order to show the divergence of the formal solution in the generic case, it is sufficient to show that the Borel
transformE*(z) has a singularity at = t; = moexp(gi + j5i), j =0,...,5. This cas be done in a way similar
to the preceding proof, but working with a different function space (a very simplified version of the resurgent
functions of Ecalle [4]). _

So we consider the subsbBt of the universal coverin@ of {teC||t| <mo+ 1}\ {70, ..., 5} Of all points
that can either be joined (iﬁ) to 0 by a segment or whose distance from one ofthg =0, ..., 5, is smaller

than 1. We write this decompositiol = D U U?:o B;. Let O the Banach space of all holomorphic functions
G:Cs x D — C bounded or€s x D that can be written as

G(s, 1) =af(s, 1)+ BS(s, T)(r —1j)log(r — 1)), O<|t—7j|<1, j=0,...5

whereoz;.3 andﬁ;3 are bounded holomorphic functions 6g x {|z — ;| < 1}.

We show that (14) has a unique soluti@ in the closed subspac8ss of all H € 80 such that
(r — Tj)_sﬂ}—'(s,f) are also bounded foj = 0,...,5. By (13), there exists a constang € C such that

E* — Z?Zanp—zf/(r — 1) € Og 5. We show thatg depends analytically upon the coefficientstfand, by
considering the exampld = x + ¢y, ¢ # 0 small, we show that it is a nontrivial function. This proves the
divergence ofD* (and hence ofA* and consequentl¥/) in the generic case and yields the functi@nof the
theorem.
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