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FROM THE BGK MODEL
TO THE NAVIER–STOKES EQUATIONS

BY LAURE SAINT-RAYMOND

ABSTRACT. – We give here a complete derivation of the Navier–Stokes–Fourier equations f
model collisional kinetic equation, the BGK model. Though physically unrealistic, this model shares
common features with more classical models such as the Boltzmann equation.

Then the program developed by Bardos, Golse and Levermore [Fluid dynamic limits of kinetic equ
II. Convergence proofs for the Boltzmann equation, Comm. Pure Appl. Math. 46 (5) (1993) 667–7
study hydrodynamic limits of the steady Boltzmann equation, and extended by Lions and Masmoud
Boltzmann equations to Navier–Stokes equations I, Archive Rat. Mech. Anal. 158 (2001) 173–193
time-dependent case, can be adapted here, and gives the expected convergence result provide
particle densityf satisfies some integrability assumption.

The originality of the present work is to remove this assumption by establishing refined a priori est
The crucial idea is to decomposef as(f −Mf )+Mf whereMf is the local Maxwellian associated withf .
The first term is then estimated by means of the entropy dissipation, while the other is smooth inv. A mixing
property of the operator(ε∂t + v.∇x) allows to transfer some of this extra-integrability on the variablex.

 2003 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – On donne ici une dérivation complète des équations de Navier–Stokes–Fourier à part
équation cinétique collisionnelle modèle, l’équation de BGK. Bien que non conforme à la physiq
modèle présente des propriétés très semblables à celles de l’équation de Boltzmann.

Le programme développé par Bardos, Golse et Levermore [Fluid dynamic limits of kinetic equati
Convergence proofs for the Boltzmann equation, Comm. Pure Appl. Math. 46 (5) (1993) 667–753
étudier les limites hydrodynamiques de l’équation de Boltzmann stationnaire, complété par L
Masmoudi [From Boltzmann equations to Navier–Stokes equations I, Archive Rat. Mech. Anal. 158
173–193] dans le cas dépendant du temps, peut donc être adapté ici : il donne le résultat de con
attendu pourvu que la densité de particulesf satisfasse une hypothèse d’intégrabilité.

Plusieurs nouvelles idées permettent ici d’établir des estimations a priori précisées et de supprim
hypothèse. La plus importante consiste à décomposerf = (f − Mf ) + Mf où Mf est la Maxwellienne
locale associée àf . Le premier terme est alors estimé au moyen de la dissipation d’entropie, et l’au
régulier env. Une propriété de mélange de l’opérateur(ε∂t + v.∇x) permet de transférer une partie
cette régularité sur la variablex.

 2003 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

1.1. From kinetic to macroscopic models

This paper is devoted to the connection between kinetic theory and macroscopi
dynamics. In kinetic theory, a monoatomic gas is represented as a cloud of like point pa
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272 L. SAINT-RAYMOND

and is fully described by its number densityf . The phase space of kinetic theory is the set
of (x, v) ∈ R

d × R
d wherex is the position variable whilev is the velocity variable. The

meaning off is as follows: any infinitesimal volumedxdv centered at(x, v) contains at timet
y an
is
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order in
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r
ntity

eed,

ations
he

ation.
ted
aboutf(t, x, v)dxdv particles. The interaction of particles through collisions is modelled b
operatorC(f); this operator acts only on the variablev and is generally nonlinear. If there
neither external force, nor other interaction of particles, the evolution of the density is giv
an equation of Boltzmann type

∂tf + v.∇xf =C(f).

The connection between kinetic and macroscopic fluid dynamics results from two typ
properties of the collision operator

(i) the operatorC satisfies the usual conservation laws, as well as an entropy relatio
implies that the equilibria are Maxwellian distributions;

(ii) the Fréchet-derivative ofC at any equilibrium point satisfies a Fredholm alternative w
a kernel related to the conservation properties (i).

The macroscopic limits are obtained when the particles undergo many collisions over the
of interest. Indeed, local equilibrium is reached everywhere, and the fluid is fully describ
its moments.

Formal procedures to derive hydrodynamic limits are well-known. They consist in introd
a small parameterε, called the Knudsen number, that represents the ratio of the mean fre
of particles between collisions to some characteristic length of the flow.

∂tfε + v.∇xfε =
1
ε
C(fε).

Properties (i) are sufficient to derive the compressible Euler equation, assuming a formal
sistent convergence for the fluid dynamical moments and entropy of the solutionsfε. The com-
pressible Euler equations also arise as the leading order dynamics from a systematic expa
fε in ε (the Chapman–Enskog or Hilbert expansion described in [8,9]). Properties (ii) are u
obtain the Navier–Stokes equations; they depend on a more detailed knowledge of the c
operator. The Navier–Stokes equations arise as corrections of those of Euler at the next
the Chapman–Enskog expansion [9]. Strong hypotheses are needed on the regularity of s
of the compressible Navier–Stokes equations in order to make sense of these expansion

In order to obtain a fluid dynamical limit with a positive viscosity, the Reynolds numbeRe
which is the reciprocal viscosity of the fluid has to remain finite. From the Von Karman ide
[17,3]

Kn = ε=
Ma
Re

where the Mach numberMa is defined as the ratio of the bulk velocity to the sound sp
it is clear that such a regime will be necessarily incompressible (Ma ∼ ε). In order to
realize distributions with a small Mach number, it is natural to consider them as perturb
about a given absolute MaxwellianM . A formal procedure leading to the derivation of t
incompressible Navier–Stokes equations from

ε∂tfε + v.∇xfε =
1
ε
C(fε), fε =M(1 + εgε)

is given in [3].
A longstanding mathematical problem is the rigorous justification of such a formal deriv

If the dimensiond of the physical space is3, the collisional model the most commonly accep
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FROM THE BGK MODEL TO THE NAVIER–STOKES EQUATIONS 273

is the Boltzmann one. The collision operator takes into account only binary collisions, which are
assumed to be elastic; it is given by the formula∫ ∫

on
n,
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C(f) =

Rd

dv∗

Sd−1

dω |v− v∗|Σ(v − v∗, ω)
(
f(v′)f(v′∗)− f(v)f(v∗)

)
wherev′ andv′∗ are given in terms ofv, v∗ andω by the classical relations of conservati
of mass, momentum and energy [8]. The non-negative functionΣ, the so-called cross-sectio
is assumed to satisfy some symmetry relations as well as some integrability estimates.
framework, DiPerna and Lions have established the global existence of solutions – in a ver
sense – of the Boltzmann equation, the so-called renormalized solutions [12]. Such soluti
not known to satisfy the local conservations of momentum and energy. Thus, till now, f
procedures have been completely justified in the large only in some particular regimes: B
Golse and Levermore have proved the convergence towards the acoustic limit [4], and t
the Stokes limit [5]. Other convergence results hold only locally in time: they are bas
the Chapman–Enskog expansion method, and are valid as long as the solution of the
hydrodynamic model is smooth. Caflish [7] and Nishida [21] have justified in this way
derivation of the compressible Euler equations while De Masi, Esposito and Lebowitz
have obtained the incompressible Navier–Stokes equations. Convergences in the large
be obtained with such a method, because some hydrodynamic equations, like the comp
Euler system, are known to generate singularities in finite time.

In the range of parameters we will consider in this paper, that is the range of parame
which the incompressible Navier–Stokes equations are expected to provide a good approx
to the solution of the kinetic equation, partial results have been obtained by Bardos, Go
Levermore in [4] in the time-discretized case, and extended by Lions and Masmoudi i
to the more general time-continuous case. Nevertheless, in both papers, the program r
incomplete. A first difficulty was linked to the concept of renormalized solution: the
conservation of momentum was not established, and had to be assumed

ε∂t

∫
Mgεv dv+∇x.

∫
Mgεv⊗ v dv = 0.(H1)

The second assumption which was made in order to derive the evolution equation on th
velocity is more technical: it was assumed that the family(

M
g2
ε

1 + ε
3gε

(
1 + |v|2

))
ε>0

(H2)

where gε denotes the fluctuation of densityfε = M(1 + εgε), is weakly compact in
L1

loc(R
+,L1(R2d)). This assumption allowed on the one hand to control large velocities

on the other hand brought some compactness with respect to the space variablex. In order to
fulfill the program, we have to get rid of these hypotheses, and to obtain a complete desc
of the asymptotic behaviour of the fluctuationgε (not only of its mean velocity

∫
Mgεv dv).

We present here such a complete derivation, not for the original Boltzmann equatio
for a simplified model, that is the BGK Boltzmann equation. This process has to be com
with the works of Quastel and Yau on the hydrodynamic limits of Hamiltonian systems. In
they study the incompressible limit for a class of stochastic particle systems on the cubic
Z
d, which are simplified and regularized versions for the Hamiltonian systems: they prov

the limiting distributions of the evolving momentum densities are supported on global
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274 L. SAINT-RAYMOND

solutions of the Navier–Stokes equations. In the same way, we obtain here Leray’s weak solutions
directly as the incompressible scaling limit of the BGK kinetic model, which is a relaxation
model associated with the Boltzmann equation. Note that several of the ideas introduced here to

get a
.

n any
fluid

ibrium.
of

uation
s most

local

uation
the
study this simplified model have been recently re-used in a joint work with Golse [15] to
complete derivation of the incompressible Navier–Stokes limit of the Boltzmann equation

1.2. The BGK Boltzmann equation

The BGK equation is a model kinetic collisional equation, which can be considered i
dimensiond � 1 and which takes into account only the global effect of interactions between
particles: such an effect is expected to be a relaxation towards local thermodynamic equil
Then the evolution of the microscopic densityf is governed by the nonlinear equation
Boltzmann type

∂tf + v.∇xf =
1
ν
(Mf − f),

Mf(t, x, v) =
R(t, x)

(2πT (t, x))d/2
exp
(
−|v−U(t, x)|2

2T (t, x)

)
,

R(t, x) =
∫

f(t, x, v)dv, RU(t, x) =
∫

f(t, x, v)v dv,

(
RU2 + dRT

)
(t, x) =

∫
f(t, x, v)|v|2 dv,

f(0, x, v) = f0(x, v)

whereν is the relaxation parameter. Note thatU(t, x) andT (t, x) are not defined ifR(t, x) = 0,
but it does not matter since in this caseMf (t, x, v) = f(t, x, v) = 0 for all v ∈ R

d. Although this
model does not contain all the physically relevant features of the classical Boltzmann eq
with binary collisions, it has raised the interest of physicists [2,23,29] because it contain
of the basic properties of hydrodynamics. More precisely, we have at least formally the
conservation of mass, momentum and energy

∂tR+∇x.
(∫

fv dv

)
= 0,

∂t(RU) +∇x.
(∫

fv⊗ v dv

)
= 0,

∂t
(
RU2 + dRT

)
+∇x.

(∫
fv|v|2 dv

)
= 0,

and the decay of entropy

∂t

(∫
f log f dv

)
+∇x.

(∫
f logfv dv

)
� 0

from which we deduce that the equilibria are Maxwellian distributions.
Nevertheless, the BGK Boltzmann model is very simple compared to the Boltzmann eq

with binary collisions. First of all, it is not really a collisional model. In particular, in
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case whereν is constant, the BGK operator is homogeneous of degree 1 with respect to the
macroscopic density while the Boltzmann operator is quadratic. Note that it should matter little
in our study, because we expect that

ak
zation

ation
ing local
ation,
] show
between

are not
ere.
pected

udsen
at the

o have
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ity and
Rε =R+ ερε, whereR is the mean macroscopic density

andρε is uniformly bounded in some convenient space.

Secondly, we will see that, in the case whereν is constant, the BGK equation admits global we
solutions without restriction on the size of the initial data, so that the ideas of renormali
introduced for kinetic equations by DiPerna and Lions [12] are useless.

The third simplification will appear often in the paper: as the BGK operator is a relax
operator, we have a good control on the distance between the density and the correspond
equilibrium. The tool which allows to estimate this distance, the so-called entropy dissip
has an equivalent in the case of the classical Boltzmann equation. Various works [1,28
that the entropy dissipation gives even in the Boltzmann case estimates on the distance
the microscopic density and the corresponding Maxwellian: nevertheless these estimates
sufficient to justify hydrodynamic limits in the Boltzmann case by the method presented h

Consider now the scaling for which the incompressible Navier–Stokes equations are ex
to provide a good approximation to the solution of the BGK equation. Recall that the Kn
numberε has to be small in order to have a macroscopic description of the fluid, and th
Reynolds numberRe which measures the viscosity of the fluid has to remain of order1. The
Von Karman relation implies then that the Mach numberMa is of orderε, which is ensured
for distributions defined as perturbations about a given absolute MaxwellianM . By the proper
choice of Galilean frame and dimensional units, this absolute Maxwellian can be taken t
velocity equal to 0, and density and temperature equal to 1; it will be denoted byM :

M(v) =
1

(2π)d/2
exp
(
−|v|2

2

)
.(1.1)

Thus, in dimensionless variables, the system can be rewritten

ε∂tfε + v.∇xfε =
1
εν
(Mfε − fε),

Mfε(t, x, v) =
Rε(t, x)

(2πTε(t, x))d/2
exp
(
−|v−Uε(t, x)|2

2Tε(t, x)

)
,

Rε(t, x) =
∫

fε(t, x, v)dv, RεUε(t, x) =
∫

fε(t, x, v)v dv,(
RεU

2
ε + dRεTε

)
(t, x) =

∫
fε(t, x, v)|v|2 dv,

fε(0, x, v) =M
(
1+ εg0

ε(x, v)
)
.

(1.2)

As was noticed in the previous paragraph, the derivation of the Navier–Stokes equation
the formal one, requires some properties of the operatorC, namely properties (i) and (ii) abov
Furthermore, the form of the limiting Navier–Stokes equations is not independent of the
of the collision operator within the class of operators satisfying the conservation and the e
properties. We will see in particular that the Prandtl number (the ratio between the viscos
the heat conductivity) obtained from the BGK model is always equal to1, which is not physically
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276 L. SAINT-RAYMOND

relevant. In the case of the Boltzmann equation, this number depends on the cross-section, and
therefore on the properties of the fluid, as it is expected. The relaxation BGK model does not
behave exactly as the collision model in this regime. Nevertheless, the formal derivation is done

re

y

ture

by
in the same way. Introduce the Hilbert spaceL2(Rd,M dv) defined by the scalar product

(f, g) �→
∫

f(v)g(v)M(v)dv.

BecauseM dv is a positive unit measure onRd, we denote by〈ξ〉 the average over this measu
of any integrable functionξ = ξ(v)

〈ξ〉=
∫

ξ(v)M(v)dv.

Denote byL the first Fréchet derivative of the operatorG �→ −M−1C(MG) atG= 1:

−L(g) =
1
M

DC(M).(Mg).

In order to obtain an explicit formula forL, we perform the following formal computation. B
Taylor’s formula,

1
M

C
(
M(1 + εg)

)
=−εL(g) +O

(
ε2
)
.

Denote respectively byRε, Uε and Tε the density, the mean velocity and the tempera
corresponding to the microscopic densityM(1 + εg). Simple computations show that

Rε = 1+ ε〈g〉, RεUε = ε〈gv〉, and RεU
2
ε + dRεTε = d+ ε

〈
g|v|2

〉
,

from which we deduce that

Uε = ε〈gv〉+O
(
ε2
)
, and Tε = 1+ ε

〈
g
(
|v|2/d− 1

)〉
dv+O

(
ε2
)
.

Then,

C
(
M(1 + εg)

)
=

Rε
(2πTε)d/2

exp
(
−|v−Uε|2

2Tε

)
−M(1 + εg)

= εM

(
〈g〉+ 〈gv〉.v +

〈
g
(
|v|2/d− 1

)〉 |v|2 − d

2
− g

)
+O

(
ε2
)
,

which implies that

L(g) = g −Π(g),

whereΠ is the projection ofL2(Rd,M dv) on its (d + 2)-dimensional subset spanned
{1, v1, . . . , vd, |v|2} defined by

Π(g) = 〈g〉+ 〈gv〉.v +
〈
g
(
|v|2/d− 1

)〉 |v|2 − d

2
.
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1.3. Formal derivation

Consider a family of solutions of system (1.2). Assume that the fluctuationgε = ε−1( fε

M − 1)

la

ons for

re

sing

lled
converges in a weak sense to a functiong. Then, multiplying the kinetic equation byε and letting
ε go to zero yields the relation

L(g) = 0.

This implies thatg belongs to the kernel ofL and thus can be written according to the formu

g(t, x, v) = ρ(t, x) + u(t, x).v + θ(t, x)
|v|2 − d

2
.(1.3)

The derivation of the Boussinesq and the incompressibility relations start from the equati
conservation of mass and momentum

ε∂t〈gε〉+∇x.〈gεv〉= 0,

ε∂t〈gεv〉+∇x.〈gεv⊗ v〉= 0.

Lettingε go to zero above gives formally

∇x.〈gv〉= 0, ∇x.〈gv⊗ v〉= 0.

Wheng is replaced by the right side of (1.3) these become

∇x.u= 0, ∇x(ρ+ θ) = 0.(1.4)

The limiting momentum equation is obtained from

∂t〈gεv〉+
1
ε
∇x.〈gεv ⊗ v〉= 0

by first separating the flux tensor into its traceless and diagonal parts

∂t〈gεv〉+
1
ε
∇x.

〈
gεA(v)

〉
=−∇xπε,(1.5)

whereA(v) = v ⊗ v − |v|2
d Id andπε = 1

ε 〈gε
|v|2
d 〉. In the same spirit, the limiting temperatu

equation is obtained by combining the density and energy equations as

∂t
〈
gε
(
|v|2 − (d+ 2)

)〉
+
1
ε
∇x.

〈
gεB(v)

〉
= 0(1.6)

whereB(v) = v(|v|2 − (d + 2)). Assuming the moment convergence as previously, and u
the limiting form ofg given by (1.3) provide the evaluation of the distribution limits

〈gεv〉→ u,
〈
gε
(
|v|2 − (d+ 2)

)〉
→ (d+ 2)θ.(1.7)

It remains then to estimate the limits of the fluxesε−1〈gεA(v)〉 andε−1〈gεB(v)〉. Using the
identityfε −M = (Mfε −M) + (fε −Mfε), we decompose each of them in two terms, ca
in the sequel convection and diffusion terms:
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278 L. SAINT-RAYMOND

ε−1
〈
gεA(v)

〉
=

1
ε2

∫
(Mfε −M)A(v)dv +

1
ε2

∫
(fε −Mfε)A(v)dv

1 〈 〉

rous.

sense.
olution
f
tions.

h

=
ε2

RεA(Uε)− ν v.∇xgεA(v) +O(ε),

ε−1
〈
gεB(v)

〉
=

d+ 2
ε2

Rε(Tε − 1)Uε +
1
ε2

RεU
3
ε − ν

〈
v.∇xgεB(v)

〉
+O(ε),

because〈A(v)〉= 〈B(v)〉= 0. We deduce formally

ε−1
〈
gεA(v)

〉
→A(u)− ν∇x.

〈
vgA(v)

〉
,

ε−1
〈
gεB(v)

〉
→ (d+ 2)θu− ν∇x.

〈
vgB(v)

〉
.

(1.8)

Using the limiting form of g to compute∂xi∂xj 〈vigAj(v)〉 and ∂xi∂xj 〈vigBj(v)〉, and
combining (1.5)–(1.8) provide

∂tu+∇x.(u⊗ u) +∇xΠ= ν∆u,(1.9)

∂tθ+∇x.(θu) = ν∆θ.(1.10)

The subject matter of this paper is to make the formal derivation above completely rigo

1.4. Statement of main results

The first step is to give some mathematical framework in which this derivation makes
In particular, we have to check that system (1.2) admits a global solution, and that such a s
remains a fluctuation of orderε around the global MaxwellianM . Slight adaptations of the proo
of Perthame given in [22] allow to get a good theory of the BGK equation for such perturba

For any pair of measurable functions defined and a.e. nonnegative onR
d × R

d, define the
relative entropy

H(f/g) =
∫∫ (

f log
(
f

g

)
− f + g

)
dv dx � 0.

THEOREM 1.1 [26]. – Let ε > 0 and f0
ε ∈ L1

loc(R
d × R

d) be a non-negative function suc
that

H
(
f0
ε /M

)
<+∞.

Then, there exists a global, nonnegative weak solutionfε to (1.2) which satisfiesfε − M ∈
C(R+,L2(Rd ×R

d) +L1(Rd ×R
d)) and

∀t > 0, H
(
fε(t)/M

)
+

1
ε2ν

t∫
0

∫∫
D(fε)(s)dv dxds �H

(
f0
ε /M

)
(1.11)

where the dissipation termD(fε) is defined by

D(fε) = (Mfε − fε) log
(
Mfε

fε

)
� 0.

Furthermore the following local conservation laws hold
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FROM THE BGK MODEL TO THE NAVIER–STOKES EQUATIONS 279

∂t

∫
fε dv +

1
ε
∇x.

∫
vfε dv = 0,∫

1
∫

tion
troduce

raint.
∂t vfε dv+
ε
∇x. v⊗ vfε dv = 0,

∂t

∫
|v|2fε dv +

1
ε
∇x.

∫
|v|2vfε dv = 0.

In particular, if the sequence of initial fluctuations(g0
ε), defined byg0

ε =
1
ε (
f0

ε

M −1), is bounded
in L2(Rd ×R

d, dxM dv), it is proved in [4] that the entropy bound

1
ε2

H(fε/M)� 1
ε2

H
(
M
(
1+ εg0

ε

)
/M
)
� C0(1.12)

provides weak compactness on(Mgε) in L1
loc(R

+
t ×R

d
x,L

1(Rdv)).
In this framework, it is meaningful to ask whether the moments of the limiting fluctua

satisfy the incompressible Navier–Stokes equations. Before stating the main result, let in
the abbreviationsw − Lp for the weak topologyσ(Lp,Lp

′
) if p < +∞, andw − L∞ for the

weak-* topologyσ(L∞,L1).

THEOREM 1.2. – Let (g0
ε) be a family of measurable functions onR

d ×R
d satisfying

1 + εg0
ε � 0 a.e., H

(
M
(
1+ εg0

ε

)
/M
)
� C0ε

2,(1.13)

as well as 〈
g0
εv
〉
→ u0 with ∇x.u0 = 0 in w−L2

(
R
d
)

asε→ 0,〈
g0
ε

(
|v|2
d+ 2

− 1
)〉

→ θ0 in w−L2
(
R
d
)

asε→ 0.
(1.14)

Denote byfε =M(1 + εgε) a solution of(1.2). Then there exist

ρ,u, θ ∈ L∞(
R

+,L2
(
R
d
))

∩L2
(
R

+,H1
(
R
d
))

such that, up to extraction of a sequenceεn going to zero,

〈gε〉 → ρ in w−L1
loc

(
R

+ ×R
d
)

asε→ 0,

〈gεv〉 → u in w−L1
loc

(
R

+ ×R
d
)

asε→ 0,〈
gε

(
|v|2
d

− 1
)〉

→ θ in w−L1
loc

(
R

+ ×R
d
)

asε→ 0,

andρ, u andθ satisfy the Navier–Stokes–Fourier equations
∂tu+∇x.(u⊗ u) +∇xπ = ν∆u, ∇x.u= 0,
∂tθ+∇x.(θu) = ν∆θ, ρ+ θ= 0,
u(0, .) = u0, θ(0, .) = θ0,

(1.15)

whereπ :R+×R
d→ R, the so-called pressure, is prescribed by the incompressibility const

2. Outline of the convergence proof

For the sake of clarity, we will takeν = 1 in all the sequel.
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2.1. Entropy estimates

As said in the introduction a basic tool to study hydrodynamic limits is the relative entropy.

caling

e

its key

based

g only

culty
strong
of
f high

t

n (H2).
d and
x

Define the positive convex function

h : z ∈ ]−1,+∞[ �→ h(z) = (1 + z) log(1 + z)− z.

The classical entropy estimate (1.11), the so-called H-Theorem, coupled with the s
assumption (1.13), shows that

∀t > 0, ε−2

∫ 〈
h(εgε(t))

〉
dx �C0.(2.1)

Sinceh(z) ∼ 1
2z

2 nearz = 0, the entropy control is as good as aL∞(R+,L2(R2d, dxM dv))
control but only for the part ofgε that does not exceed1/ε in size. This suggests th
decomposition of Hilbert typefε =M(1 + ε�gε + ε2�gε) with

�gε = gεγ(1 + εgε), �gε =
1
ε
gε
(
1− γ(1 + εgε)

)
(2.2)

and

γ ∈C∞(R+) is supported in

[
1
2
,
3
2

]
, and satisfiesγ

([
3
4
,
5
4

])
= {1}.(2.3)

This decomposition is not exactly the same as the one given in [4], but it shares most of
properties. Moreover, with the present definition, the main part of the fluctuation�gε is expected
to contain all the informations leading to the Navier–Stokes asymptotic. A priori entropy-
estimates on�gε and�gε will be detailed in Section 3.

Nevertheless we are not able to derive rigorously the Navier–Stokes asymptotic usin
these estimates. In order to take limits in the fluxesε−1〈gεA(v)〉 and ε−1〈gεB(v)〉 and to
establish a statement like (1.8), a natural idea is to decompose the fluctuationgε by (2.2). We
then deal with the main part as in the above formal derivation: the identity

�gε =Π�gε +
(
�gε −Π�gε

)
=Π�gε +L�gε

allows to decompose each flux in a convection term and a diffusion term. The diffi
is therefore to obtain the convergence of the convection term, which should require
compactness in space and time on the moments of�gε. The former will be a consequence
averaging lemma [14], and an extension of the results of [20] will show that the presence o
frequency oscillations contributes only to the limiting pressure term, but only provided tha(

M �g2
ε

)
is relatively compact inw−L1

loc

(
R

+ ×R
d
x,L

1
(
R
d
v

))
.(E1)

It remains then to obtain the convergence of the remainder, i.e. to establish that�gε converges
to 0 and does not bring any contribution to the limiting equation, which should hold if(

M �gε
(
1 + |v|2

))
is relatively compact inw−L1

loc

(
R

+ ×R
d
x,L

1
(
R
d
v

))
.(E2)

Both statements (E1) and (E2) were consequences in [4] and [20] of the assumptio
Here (E1) and a weak form of (E2) will be established using the entropy dissipation boun
some properties of the advection operator(ε∂t + v.∇x) which have already allowed to rela
assumption (H2) in a previous paper on the BGK model [26].
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2.2. Dissipation estimates

A first remark is that the H-theorem (1.11) provides another essential bound

city

on

form.
is
ator
∀t > 0,
1
ε4

t∫
0

∫∫
D(fε)(s)dv dxds=

1
ε4

t∫
0

∫∫
Mfεr

(
fε
Mfε

− 1
)
(s)dsdxdv � C0,(2.4)

wherer denotes the positive convex function

r : z ∈ ]−1,+∞[ �→ r(z) = z log(1 + z).

Sincer(z)∼ 1
2z

2 nearz = 0 and because we expectMfε to be close toM , this indicates that

qε =
fε −Mfε

ε2Mfε

is bounded in a convenient space which is almost as good asL2(R+×R
2d, dt dxM dv). It seems

then natural to introduce the decomposition of Chapman–Enskog type

fε =Mfε

(
1+ ε2qε

)
=Mfε

(
1 + ε2�qε + ε4�qε

)
(2.5)

with

�qε = qεγ
(
1 + ε2qε

)
, �qε =

1
ε2

qε
(
1− γ

(
1 + ε2qε

))
andγ defined by (2.3). Note thatMfε is expected to be very regular with respect to the velo
variables, at least if the moments offε (and consequently ofMfε ) do not deviate too much from
their mean values. In Section 4, we will deduce from (2.4) and (2.5) precise a priori boundsgε,
called dissipation-based estimates.

These estimates are not yet sufficient to establish (E1) and (E2), even in a weak
They improve theLp-regularity in the variablev, but it remains to transfer some of th
extraLp-regularity on the variablex. Doing so rests on a dispersion property of the oper
(ε∂t + v.∇x).

2.3. Interpolation estimates

The result which will be used here to improve theLp-regularity in the variablex is a variant
of the following

PROPOSITION 2.1 [26]. – Let (gn) be a bounded sequence ofL1(Rd × R
d) such that

(v.∇xgn) is bounded inL1(Rd × R
d). Assume thatgn is equiintegrable with respect tov, i.e.

that there exists(kn) a bounded sequence ofL1(Rd) such that

∀δ > 0, ∃α > 0, ∀x,n,O/|O| � α,

∫
O

∣∣gn(x, v)∣∣dv � δkn(x).

Then the sequence(gn) is equiintegrable(with respect to all variablesx andv).
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The equiintegrability inx can be proved by optimizing inτ in the formula

∫∫ ∫∫ 1∫ ∫∫

ort

n

ve

ut not
rovide
in
lty,
iated

old for
olling
gn1A(x)dxdv = gnΦ(τ, · , ·)dxdv− τ

0

(v.∇xgn)Φ(sτ, . , .)dsdxdv,

where the functionΦ ≡ Φ(τ, x, v) is the solution of the Cauchy problem for the free transp
equation

∂τΦ+ v.∇xΦ= 0 for (τ, x, v) ∈ R×R
d ×R

d(2.6)

with Φ(0, x, v) = 1A(x).
The second term in the right-side is controlled thanks to the uniformL1-bound onv.∇xgn,

while the first one is estimated in terms of|A| =
∫

1A(x)dx by using the classical dispersio
estimates for the free transport equation [10,6]∥∥Φ(τ, . , .)∥∥

Lq
x(L1

v)
� τ−d(1−

1
q )
∥∥Φ(0, . , .)∥∥

L1
x(Lq

v)
(2.7)

and the equiintegrability inv.
Combining the equiintegrability inv coming from (2.5) with a local version of the abo

dispersion result, we will prove in Section 5 a variant of (E1) and (E2), namely

THEOREM 2.2. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and(1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2), and define�gε and�gε
by (2.2)whereγ denotes any bump function satisfying(2.3). Then

(i) Up to extraction of a sequence,(M �g2
ε) is relatively compact inw − L1

loc(R
+ × R

d,
L1(Rd)),

(ii) M �gε→ 0 in L1
loc(R

+ ×R
d,L1(Rd)).

2.4. The chain-rule for �gε

These a priori estimates will be sufficient to derive the Navier–Stokes asymptotic, b
directly from the local conservations of momentum and energy. Indeed they do not p
weak compactness on(M �gε|v|p) for p � 2; in particular, we are not able to take limits
〈�gεA(v)〉 and 〈�gεB(v)〉, and to justify (1.8). Then, in order to overcome such a difficu
we will consider the chain-rule for�gε and estimate the conservation defects for the assoc
moments. In Section 6, we will establish the following

THEOREM 2.3. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and(1.14). For eachε > 0, consider a solutionfε =M(1+ εgε) of (1.2), and define�gε by (2.2)
whereγ denotes any bump function satisfying(2.3). Then

∂t
〈
�gε
〉
+
1
ε
∇x.

〈
�gεv
〉
→ 0 in L1

loc

(
R

+ ×R
d
)
,(2.8)

∂t
〈
�gεv
〉
+
1
ε
∇x.

〈
�gεv ⊗ v

〉
→ 0 in L1

loc

(
R

+ ×R
d
)
,(2.9)

∂t
〈
�gε|v|2

〉
+
1
ε
∇x.

〈
�gεv|v|2

〉
→ 0 in L1

loc

(
R

+ ×R
d
)
.(2.10)

Note that using such a method we do not mind whether the local conservation laws h
fixed ε > 0 or not: we recover the mass, motion and heat equations in the limit by contr
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the local conservation defects. Thus a similar method can be used to study hydrodynamic limits
for the renormalized solutions of the Boltzmann equation, which has been done successfully by
Golse and Levermore in the acoustic and Stokes regimes [13], and more recently by Golse and

etched
ized
sibil-
mpo-

f
we will
oof.

ve

, while
the author in the Navier–Stokes regime [15].

2.5. Passage to the limit

Equipped with the previous tools, we will achieve in Section 7 the convergence proof sk
in [4]. We will start by proving that the limiting fluctuation belongs to the kernel of the linear
collision operator, i.e. is an infinitesimal Maxwellian. Then we will establish the incompres
ity and Boussinesq relations. The last step will be to take limits in (2.8)–(2.10). Using deco
sition (2.5) shows that each one of the flux terms1

ε∇x.〈�gε(v⊗ v− |v|2/d)〉 and 1
ε∇x.〈�gεv|v|2〉

can be split in a diffusion term, a convection term (which is quadratic in the moments o�gε),
and a remainder. Using Theorem 2.2 and the compactness arguments given [4] and [20],
establish the convergence of the convection term which is the most delicate part of the pr

3. Entropy-based estimates

For any Borel measureµ on R
n, we denote byLp(dµ) the Lebesgue spaceLp(Rn, dµ); the

notationLpx designatesLp(Rn, dx) wheredx is then-dimensional Lebesgue measure.

3.1. Basic estimates on �gε and �gε

LEMMA 3.1. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2), and define�gε and
�gε by (2.2)whereγ denotes any bump function satisfying(2.3). Then there exists a nonnegati
constantC such that, for allε > 0,

(i) ‖�gε‖L∞(dt,L2(dxM dv)) � C, ‖�gε‖L∞(dt,L1(dxM dv)) � C,

(ii) ∀λ � 2e2, ‖ 1
εgε1εgε�λ‖L∞(dt,L1(dxM dv)) � C/ log(1 + λ),

(iii) |�gε|� ‖γ‖∞
2ε , |1− γ(fε/M)|(fε +M)� 9ε2M |�gε| for almost every(t, x, v).

Proof. –Both assertions (i) and (ii) are direct consequences of the entropy bound (2.1)
(iii) gives pointwise estimates coming from (2.3).

(i) From the elementary inequalities

z2 � C1h(z) for |z|� 1
2
, 1 + |z|� C1h(z) for z ∈

]
−1,−1

4

]
∪
[
1
4
,+∞

[
(3.1)

which hold for some constantC1 > 0, we deduce that

ε2�g2
ε � C1h(εgε)‖γ‖2

∞, ε2
∣∣�gε∣∣� C1h(εgε)‖1− γ‖∞.(3.2)

Combining (2.1), (2.3) and (3.2) leads then to the expected bounds.
(ii) Observe that the functionz �→ h(z)

z is increasing onR+. Then, forλ� 2e2,

εgε1εgε�λ � h(εgε)
λ

h(λ)
� h(εgε)

1
log(1 + λ)− 1

� h(εgε)
2

log(1 + λ)
(3.3)

which coupled with (2.1) gives the second control.
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(iii) As supp(γ)⊂ [12 ,
3
2 ] andsupp(1− γ)⊂ [0, 3

4 ]∪ [
5
4 ,+∞[,

ε
∣∣�gε∣∣� ε|gε|

∣∣γ(1 + εgε)
∣∣� 1‖γ‖∞,

f
ve
2

ε2
∣∣�gε∣∣� ε|gε|

∣∣1− γ(1 + εgε)
∣∣� (1 + εgε) + 1

9

∣∣1− γ(1 + εgε)
∣∣.

Note that combining (i) and (iii) provides a uniform bound on1
ε2 (fε +M)(1− γ(1 + εgε)) in

L∞
t (L

1
x,v). ✷

3.2. Estimates on the moments Rε, Uε and Tε

LEMMA 3.2. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and (1.14). For each ε > 0, consider a solutionfε = M(1 + εgε) of (1.2). Denote byk
the convex functionz ∈ ]−1,+∞[ �→ z − log(1 + z). Defineχε as the indicator function o
{(t, x) | |Rε(t, x)− 1|� 1

2 , |Uε(t, x)| �
1
2 , |Tε(t, x)− 1|� 1

2}. Then there exists a nonnegati
constantC such that

(i)

sup
t�0

∫ (
h(Rε − 1) +

1
2
RεU

2
ε +

d

2
Rεk(Tε − 1)

)
dx � C0ε

2,

(ii) ∥∥∥∥χεRε − 1
ε

∥∥∥∥
L∞

t (L2
x)

+
∥∥∥∥χεUεε

∥∥∥∥
L∞

t (L2
x)

+
∥∥∥∥χε Tε − 1

ε

∥∥∥∥
L∞

t (L2
x)

� C,∥∥∥∥1− χε
ε2

(
1 +Rε +RεU

2
ε +RεTε

)∥∥∥∥
L∞

t (L1
x)

� C.

Proof. –By definition ofMfε ,

H(Mfε/M) =
∫∫

Rd×Rd

(
Mfε log

Mfε

M
−Mfε +M

)
dxdv

=
∫∫

Rd×Rd

(
fε log

Mfε

M
−Mfε +M

)
dxdv

=
∫∫

Rd×Rd

((
fε log

fε
M

− fε +M

)
−
(
fε log

fε
Mfε

−Mfε + fε

))
dxdv

=H(fε/M)−H(fε/Mfε)� H(fε/M)(3.4)

which, coupled with (2.1), provides

sup
t�0

H(Mfε/M)� C0ε
2.(3.5)

The inequality (i) follows from (3.5) and the elementary formula

H(Mfε/M) =
∫ (

h(Rε − 1) +
1
2
RεU

2
ε +

d

2
Rεk(Tε − 1)

)
dx.(3.6)
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As for (ii), it is similar to the first assertion in Lemma 3.1. Similarly to (3.1),

1
]

1
] [

1
[

ve that
z2 � C2k(z) for |z|�
2
, 1 + |z|� C2k(z) for z ∈ −1,−

4
∪

4
,+∞(3.7)

which hold for some constantC2 > 0. The first statement comes from (i) and the inequality

χε
(
|Rε − 1|2 + |Uε|2 + |Tε − 1|2

)
� χε

(
C1h(Rε − 1) + 2Rε|Uε|2 + 2C2Rεk(Tε − 1)

)
(3.8)

that follows from (3.1) and (3.7). In order to establish the second statement, we first pro
the size of the support of(1− χε) is of orderε2. Indeed, by (3.1),∫

1|Rε−1|�1/2 dx � C1

∫
h(Rε − 1)1|Rε−1|�1/2 dx � C1C0ε

2,

∫
1|Rε−1|�1/21|Uε|�1/2 dx � 8

∫
RεU

2
ε 1|Rε−1|�1/21|Uε|�1/2 dx � 16C0ε

2,

while by (3.7),∫
1|Rε−1|�1/21|Tε−1|�1/2 dx� 2C2

∫
Rεk(Tε − 1)1|Rε−1|�1/21|Tε−1|�1/2 dx

� 4
d
C2C0ε

2,

from which we deduce that

sup
t�0

∫
(1− χε)dx � C0

(
C1 + 16+

4
d
C2

)
ε2.(3.9)

By (3.1) and (3.7),

1 + z � 3
2
+C1h(z), 1 + z � 3

2
+C2k(z) for z >−1.

Then

(1− χε)
(
1 +Rε +RεU

2
ε +RεTε

)
� (1− χε)

(
1 +Rε +RεU

2
ε +Rε

(
3
2
+C2k(Tε − 1)

))
� (1− χε)

(
1 +

5
2

(
3
2
+C1h(Rε − 1)

)
+RεU

2
ε +C2Rεk(Tε − 1)

)
� 19

4
(1− χε) +

(
5
2
C1h(Rε − 1) +RεU

2
ε +C2Rεk(Tε − 1)

)
(3.10)

which, coupled with (3.9) and (i), provides the expected bound.✷
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4. Dissipation-based estimates

4.1. Basic estimates on Mfε − fε

ile the

2.3)
LEMMA 4.1. – Let(g0
ε) be a family of measurable functions onR

d×R
d satisfying(1.13)and

(1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2). Denote byγ any bump
function satisfying(2.3). Then,

(i) For all t∗ > 0, there exists a nonnegative constantC such that, for allε > 0,∥∥∥∥ 1ε2

Mfε − fε

f
1/2
ε

γ

(
fε
Mfε

)∥∥∥∥
L2([0,t∗],L2

x,v)

�C,∥∥∥∥Mfε − fε
ε4

(
1− γ

(
fε
Mfε

))∥∥∥∥
L1([0,t∗],L1

x,v)

� C.

(ii) For all family (ηε) such thatηε � ε,

1
ε2

Mfε − fε
M

=O
(
ηε
)
L1

loc(dt,L
1(dxM dv))

+O
(
1
ηε

)
L∞

t,x,v

.

Proof. –The first assertion is just a consequence of the dissipation bound (2.4), wh
second one uses moreover the previous estimates on the fluctuationgε.

(i) As r(z)� h(z) for all z >−1, we deduce from inequalities (3.1) and the properties (
that

1
ε4

fε
(Mfε − fε)2

f2
ε

γ2

(
fε
Mfε

)
� C1

ε4
fεh

(
Mfε

fε
− 1
)
‖γ‖2

∞

� C1

ε4
fεr

(
Mfε

fε
− 1
)
‖γ‖2

∞,

1
ε4

|Mfε − fε|
∣∣∣∣1− γ

(
fε
Mfε

)∣∣∣∣� C1

ε4
fεh

(
Mfε

fε
− 1
)
‖1− γ‖∞

� C1

ε4
fεr

(
Mfε

fε
− 1
)
‖1− γ‖∞

which, coupled with (2.4), give the expected controls.
(ii) Apply Young’s inequality (A.4) withp= 1, z = Mfε

fε
− 1 andλ= ε2/ηε

1
ε2

|Mfε − fε|�
fε
ε2

(
ηε
ε2

r

(
Mfε

fε
− 1
)
+

ε2

ηε
h∗(1)

)
� ηε

(
1
ε4

D(fε) + h∗(1)
ε2

η2
ε

1
ε2

fε

(
1− γ

(
fε
M

)))
+

h∗(1)
ηε

fεγ

(
fε
M

)
.(4.1)

As ηε � ε, by (2.4) and Lemma 3.1, the first two terms areO(ηε) in L1
loc(dt,L

1
x,v). By (2.3), the

last term is bounded by3h
∗(1)‖γ‖∞

2ηε
M . ✷

4.2. Estimates on Mfε −M

LEMMA 4.2. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and(1.14). For eachε > 0, consider a solutionfε =M(1+εgε) of (1.2). Letχε be the indicator
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function of{(t, x) | |Rε − 1|� 1
2 , |Uε| �

1
2 , |Tε − 1|� 1

2}.[
2
[

χε Mfε −M

o

∀α ∈ 0,
3

,
ε Mα

=O(1)L∞
t (L2

x(L∞
v )).

Proof. –Define the functionM by

M : (R,U,T, v)∈ R
+ ×R

d ×R
+ ×R

d

�→M(R,U,T, v) =
R

(2πT )d/2
exp
(
−|v−U |2

2T

)
(4.2)

and denote byK = [12 ,
3
2 ]× [− 1

2 ,
1
2 ]
d × [12 ,

3
2 ]. Direct computations show that

DRM
M (R,U,T, v) =

1
R
,

DUM
M (R,U,T, v) =

(v−U)
T

,

DTM
M (R,U,T, v) =− d

2T
+

|v −U |2
2T 2

.

Then, asT � 3
2 onK , for all α < 2

3 , there existsCα <+∞ such that∥∥∥∥D(R,U,T )M
Mα

∥∥∥∥
L∞(K×Rd)

� Cα.

By Taylor’s formula,

χε
|Mfε −M |

Mα
�
∥∥∥∥D(R,U,T )M

Mα

∥∥∥∥
L∞(K×Rd)

χε
(
|Rε − 1|+ |Uε|+ |Tε − 1|

)
�Cαχε

(
|Rε − 1|+ |Uε|+ |Tε − 1|

)
for someCα > 0. Lemma 3.2(ii) provides then the expected bound.✷
4.3. Strengthened estimates on fε −M

Combining Lemmas 4.1 and 4.2 allows to obtain some extra-integrability with respect tv on
the fluctuationgε.

LEMMA 4.3. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and(1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2). For all α ∈ [0, 2
3 [,

1
ε2

fε −M

Mα
=O

(
1

| logε|

)
L1

loc(dt,L
1(dxMα dv))

+O
(
| logε|

)
L∞

t,x,v

+O
(
1
ε

)
L∞

t (L2
x(L∞

v ))

+O
(
1
ε

)
L∞

t (L1
x(L∞

v ))

.

Proof. –Let us first introduce the decomposition

1
ε2

fε −M

Mα
=
(1−χε)

ε2

fε −M

Mα
1 fε

M >
1
ε
+
(1− χε)

ε2

fε −M

Mα
1 fε

M � 1
ε

+
χε
ε2

fε −Mfε

Mα
+

χε
ε2

Mfε −M

Mα
(4.3)
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which is a refinement of decomposition (2.5). By Lemma 3.1(ii),∥∥∥∥ (1− χε)
2

fε −M
α

1 fε> 1

∥∥∥∥ �
∥∥∥∥ 12 (fε −M)1 fε> 1

∥∥∥∥

nd on
a 4.3,
y

rator
ε M M ε
L∞(dt,L1(dxMα dv)) ε M ε

L∞
t (L1

x,v)

� C

| logε|(4.4)

for someC > 0, while by Lemma 3.2(ii)∥∥∥∥ (1− χε)
ε2

fε −M

Mα
1 fε

M � 1
ε

∥∥∥∥
L∞

t (L1
x(L∞

v ))

�
∥∥∥∥ (1−χε)

ε3
M1−α

∥∥∥∥
L∞

t (L1
x(L∞

v ))

� C

ε
(4.5)

for someC > 0. Applying Lemma 4.1(ii) withηε = | log ε|−1 provides

χε
ε2

Mfε − fε
Mα

=O
(

1
| log ε|

)
L1

loc(dt,L
1(dxMα dv))

+O
(
| log ε|

)
L∞

t,x,v

.(4.6)

Finally, by Lemma 4.2, ∥∥∥∥χεε2

Mfε −M

Mα

∥∥∥∥
L∞

t (L2
x(L∞

v ))

� Cα
ε

(4.7)

for someCα > 0. Combining (4.3)–(4.7) leads to the expected estimate.✷
5. (x, v)-interpolation estimates

5.1. An auxiliary estimate on ε−2(1− χε)|fε −M |

While the entropy-based estimates given in Lemma 3.2(ii) provide only a uniform bou
1−χε

ε2 |fε −M | in L∞
t (L

1
x,v), the strenghtened dissipation-based estimates stated in Lemm

coupled with the mixing properties of the operator(ε∂t + v.∇x), imply that this same quantit
actually converges to0 asε→ 0.

PROPOSITION 5.1. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying

(1.13)and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2). Letα ∈ [0, 2
3 [

be a fixed constant. Defineχε as the indicator function of{(t, x) | |Rε − 1| � 1
2 , |Uε| � 1

2 ,
|Tε − 1|� 1

2}. Then,

(i)
1− χε
ε2

(fε −M) = O
(

1
| log ε|

)
L1

loc(dt,L
1
x,v)

,

(ii)
1
ε2

fε −M

Mα
=O

(
1

| logε|

)
L1

loc(dt,L
1(dxMα dv))

+O
(
| logε|

)
L∞

t,x,v

+O
(
1
ε

)
L∞

t (L2
x(L∞

v ))

.

Proof. –Assertion (i) is obtained from Lemma 4.3 using mixing properties of the ope
(ε∂t + v.∇x), while assertion (ii) is a refinement of Lemma 4.3 coming directly from (i).

(i) Denote byφ=Mα(1− χε)� 0 for some fixedα ∈ ]0, 2
3 [, and byΦ the solution of

∂τΦ+ (ε∂t + v.∇x)Φ = 0(5.1)

such thatΦ(τ = 0)≡ φ. The maximum principle gives∥∥M−αΦ
∥∥
L∞

τ,t,x,v

�
∥∥M−αφ

∥∥
L∞

t,x,v

� 1.(5.2)
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The following generalization of (2.7)∥∥Φ(σ)∥∥ ∞ q 1 � |σ|−d(1− 1
q )‖φ‖L∞(L1(Lq

v))(5.3)

te on
Lt (Lx(Lv)) t x

coupled with Lemma 3.2(ii) provides, for all1� q �+∞,∥∥Φ(σ)∥∥
L∞

t (Lq
x(L1

v))
� C|σ|−d(1− 1

q )ε2.(5.4)

Denote byk = ε−2|fε −M |/Mα. By Lemma 4.3,

k =O
(

1
| log ε|

)
L1

loc(dt,L
1(dxMα dv))

+O
(
| log ε|

)
L∞

t,x,v

+O
(
1
ε

)
L∞

t (L2
x(L∞

v ))

+O
(
1
ε

)
L∞

t (L1
x(L∞

v ))

.(5.5)

By (1.2),

(ε∂t + v.∇x)k =
1
ε3

Mfε − fε
Mα

sgn(fε −M).

Then, by Lemma 4.1(ii) withηε = ε, we have

(ε∂t + v.∇x)k =O(1)L1
loc(dt,L

1(dxMα dv)) +O
(
1
ε2

)
L∞

t,x,v

.(5.6)

Equipped with these a priori bounds, we deduce from Green’s formula an estima
1−χε

ε2 |fε −M |= kφ

t∗∫
0

∫∫
kφdxdv dt=

t∗+ετ∫
ετ

∫∫
kΦ(τ)dxdv dt

−
τ∫

0

t∗+εσ∫
εσ

∫∫
Φ(σ)(ε∂t + v.∇x)k dxdv dt dσ.(5.7)

Indeed, because of (5.5) and (5.2), (5.4), the first term in the right side of (5.7) satisfies∣∣∣∣
t∗+ετ∫
ετ

∫∫
kΦ(τ)dxdv dt

∣∣∣∣� C

| logε|
∥∥M−αΦ(τ)

∥∥
L∞

t,x,v

+Ct∗| logε|
∥∥Φ(τ)∥∥

L∞
t (L1

x,v)

+
Ct∗

ε

∥∥Φ(τ)∥∥
L∞

t (L2
x(L1

v))
+

Ct∗

ε

∥∥Φ(τ)∥∥
L∞

t,x(L1
v)

�C

(
1

| log ε| + ε2| logε|+ ε|τ |−d/2 + ε|τ |−d
)

(5.8)

while, because of (5.6) and (5.2), (5.4), the second term is estimated by∣∣∣∣
τ∫

0

t∗+εσ∫
εσ

∫∫
Φ(σ)(ε∂t + v.∇x)k dxdv dt dσ

∣∣∣∣
� Cτ

(∥∥M−αΦ
∥∥
L∞

τ,t,x,v

+
t∗

ε2
‖Φ‖L∞

τ,tL
1
x,v

)
� Cτ.(5.9)
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Then choosingτ = | log ε|−1 in (5.8)–(5.9) and using identity (5.7) lead to

∥ ∥ t∗∫ ∫∫

ssical
.

t

∥∥∥1−χε
ε2

(fε −M)
∥∥∥
L1([0,t∗],L1

x,v)

=
0

kφdtdxdv � C

| logε| .

(ii) A variant of decomposition (4.3) is the following

1
ε2

fε −M

Mα
=
(1− χε)

ε2

fε −M

Mα
+

χε
ε2

fε −Mfε

Mα
+

χε
ε2

Mfε −M

Mα
.

By assertion (i),

1− χε
ε2

fε −M

Mα
=O

(
1

| logε|

)
L1

loc(dt,L
1(dxMα dv))

.

Then, estimating the two other terms by (4.6) and (4.7) gives assertion (ii).✷
5.2. Convergence of �gε to 0

This convergence result is very similar to the previous one, it uses a dual form of the cla
dispersion estimates, and the refined estimates on the fluctuationgε given in Proposition 5.1(ii)
In order to establish it, we need the following preliminary results.

LEMMA 5.2. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and(1.14). For eachε > 0, consider a solutionfε =M(1+ εgε) of (1.2). LetQ be any compac
subset ofRd, andγ a bump function satisfying(2.3). Denote by

φ= 1x∈QM

∣∣∣∣1− γ

(
fε
M

)∣∣∣∣.
Then, for allα ∈ [12 ,1], φ can be decomposed asφ1 + φ2 with

(i)

M−1φj =O(1)L∞
t,x,v

, φj =O
(
ε2
)
L∞

t (L1
x,v)

,

and ∀α′ <α � 1, M−(1−α)φj =O
(
ε2α′)

L∞
t (L1

x,v)
,

(ii) ∀α′ <α,

M−(1−α)φ1 =O(εα
′+1/2)L∞

t (L1
x(L2

v)) and M−(1−α)φ2 =O(εα
′+1/2)L∞

t (L2
x(L1

v)).

Proof. –We first establish a priori estimates onφ which φ1 andφ2 will inherit provided that
0� φ1, φ2 � φ. In a second step, we will introduce the convenient decomposition.

(i) By (2.3), ∥∥M−1φ
∥∥
L∞

t,x,v

� ‖1− γ‖∞ � C(5.10)

while, by Lemma 3.1(i) and (iii),

‖φ‖L∞
t (L1

x,v) � Cε2.(5.11)

Then, for allα′ <α � 1,
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∥∥
L∞

t (L1
x,v)

�
(

sup
|v|2�4| log ε|

M−(1−α)
)
‖φ‖L∞

t (L1
x,v)

(
α′)(∫∫ α−α′

)∥ −1
∥

again
om

,

+ sup
|v|2�4| log ε|

M 1x∈QM dxdv ∥M φ∥
L∞

t,x,v

�Cε−2(1−α)‖φ‖L∞
t L

1
x,v

+Cε2α′∥∥M−1φ
∥∥
L∞

t,x,v

from which we deduce by (5.10) and (5.11) that∥∥M−(1−α)φ
∥∥
L∞

t (L1
x,v)

� Cε2α′
(5.12)

for someC > 0 depending only onα andα′.
(ii) Let α � 1 be a fixed constant. Define

φ1 = φ1∫
M−(1−α)φdv>ε

, φ2 = φ1∫
M−(1−α)φdv�ε.

Thenφ1 andφ2 satisfy estimates (5.9)–(5.11), as well as

∥∥M−(1−α)φ2

∥∥
L∞

t,x(L1
v)

� sup
t,x

∫
M−(1−α)φ1∫

M−(1−α)φdv�ε dv � ε,

and, by (5.10), Chebyshev inequality and (5.12),∥∥M−1φ1

∥∥
L∞

t (L1
x(L∞

v ))
�
∥∥M−1φ

∥∥
L∞

t,x,v

‖1∫
M−(1−α)φdv>ε

‖L∞
t (L1

x(L∞
v )) � Cε2α′−1(5.13)

for all α′ <α. Then, combining (5.10)–(5.13) leads to∥∥M−(1−α)φ2

∥∥
L∞

t (L2
x(L1

v))
�
∥∥M−(1−α)φ2

∥∥1/2

L∞
t (L1

x,v)

∥∥M−(1−α)φ2

∥∥1/2

L∞
t (L∞

x (L1
v))

�Cεα
′
ε1/2,∥∥M−(1−α)φ1

∥∥
L∞

t (L1
x(L2

v))
�
∥∥Mα−1/2

∥∥
L∞

v
‖φ1‖1/2

L∞
t (L1

x,v)

∥∥M−1φ1

∥∥1/2

L∞
t (L1

x(L∞
v ))

�Cεε(2α′−1)/2,

for someC > 0 depending onα andα′, and provided thatα> 1/2. ✷
PROPOSITION 5.3. – Let (g0

ε) be a family of measurable functions onRd × R
d satisfy-

ing (1.13)and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2), and define
�gε and �gε by (2.2)whereγ denotes any bump function satisfying(2.3). Letχε be the indicator
function of{(t, x) | |Rε − 1|� 1

2 , |Uε| �
1
2 , |Tε − 1|� 1

2}. Then
(i) �gε =O(1/| logε|)L1

loc(dtdx,L
1(M dv)),

(ii) ∀p <+∞, �gεχε(1 + |v|p)1|v|2�| log ε|2 = o(1)L1
loc(dtdx,L

1(M dv)),

(iii) �gεχε(1 + |v|2) = o(1)L1
loc(dtdx,L

1(M dv)).

Proof. –The first assertion is obtained from Proposition 5.1(ii) and Lemma 5.2 using
mixing properties of the operator(ε∂t+ v.∇x), while the two other assertions are deduced fr
the first one by interpolation.

(i) Let Q be any compact subset ofR
d andα ∈ ]12 ,

2
3 [ be a fixed number. Defineφ, φ1 andφ2

as in Lemma 5.2, andΦ1 as the solution of (5.1) withΦ1(τ = 0)≡ φ1. By Lemma 5.2 and (5.3)
for all α′ <α,
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M−1φ2 =O(1)L∞
t,x,v

, Mα−1φ2 =O
(
ε2α′)

L∞
t (L1

x,v)
,

Mα−1φ2 =O
(
εα

′+1/2
)
L∞(L2(L1))

, M−1Φ1 =O(1)L∞
τ,t,x,v

,

y

t x v

Mα−1Φ1 =O
(
ε2α′)

L∞
τ,t(L

1
x,v)

, Mα−1Φ1(τ) = O
(
|τ |− d

2 εα
′+ 1

2
)
L∞

t (L2
x(L1

v))
.(5.14)

Denote byk = ε−2|fε −M |/M . By Proposition 5.1(ii),

k =O
(

1
| logε|

)
L1

loc(dt,L
1(dxM dv))

+O
(
| logε|

)
L∞(dtdxM1−α dv)

+O
(
1
ε

)
L∞

t (L2
x(L∞(M1−α dv)))

(5.15)

and by (1.2) and Lemma 4.1(ii) withηε = ε,

(ε∂t + v.∇x)k =O(1)L1
loc(dt,L

1(dxM dv)) +O
(
1
ε2

)
L∞

t,x,v

.(5.16)

Then, in order to obtain an estimate on the quantityM |�gε|1x∈Q = kφ, we use essentiall

the same trick as in the proof of Proposition 5.1(i). Decompose
∫ t∗
0

∫∫
kφdxdv dt according to

Green’s formula

t∗∫
0

∫∫
M |�gε|1x∈Q dxdv dt=

t∗∫
0

∫∫
kφ2 dxdv dt+

t∗∫
0

∫∫
kφ1 dxdv dt

=

t∗∫
0

∫∫
kφ2 dxdv dt+

t∗+ετ∫
ετ

∫∫
kΦ1(τ)dxdv dt

−
τ∫

0

t∗+εσ∫
εσ

∫∫
Φ1(σ)(ε∂t + v.∇x)k dxdv dt dσ.(5.17)

By (5.14) and (5.15), the first term in the right-side of (5.17) satisfies∣∣∣∣
t∗∫

0

∫∫
kφ2 dt dxdv

∣∣∣∣
� C

(‖M−1φ2‖L∞
t,x,v

| logε| + t∗| log ε|
∥∥Mα−1φ2

∥∥
L∞

t (L1
x,v)

+
t∗

ε

∥∥Mα−1φ2

∥∥
L∞

t (L2
x(L1

v))

)
� C

(
1

| logε| + | logε|ε2α′
+ εα

′− 1
2

)
(5.18)

while the second term is estimated by

∣∣∣∣
t∗+ετ∫
ετ

∫∫
kΦ1(τ)dt dxdv

∣∣∣∣� C

(
1

| logε| + | logε|ε2α′
+ εα

′− 1
2 |τ |− d

2

)
(5.19)

for someC > 0 depending onQ andt∗. From (5.14) and (5.16) we deduce that
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∣∣∣∣
τ∫

0

t∗+εσ∫
εσ

∫∫
Φ1(σ)(ε∂t + v.∇x)k dσ dtdxdv

∣∣∣∣

e

te
� Cτ

(
‖M−αΦ1‖L∞

τ,t,x,v
+

t∗

ε2
‖Φ1‖L∞

τ,t(L
1
x,v)

)
� Cτ(5.20)

holds for someC > 0. Chooseα′ ∈ ]12 , α[ and τ = | log ε|−1 in (5.18)–(5.20) and plug thes
estimates in (5.17) to show that

t∗∫
0

∫∫
M
∣∣�gε∣∣1x∈Q dt dxdv � C

| logε|

for someC > 0 depending onQ andt∗.
(ii) Let Q be any compact subset ofR

d. From the previous bound we deduce that

∣∣�gε∣∣(1 + |v|p
)
1|v|2�8 log | log ε| =O

(
(log | logε|)p/2

| log ε|

)
L1([0,t∗]×Q,L1(M dv))

.(5.21)

In order to obtain a control on large velocities, we use the fact thatfε remains close toMfε

which is known to have a good decay with respect tov provided that the moments do not devia
too much from their mean values: Lemma 4.2 implies in particular that

∀α <
2
3
, ∃Cα > 0, χεMfε � CαM

α uniformly in ε.

In order to use such a property, we rewrite the remainderM �gε in terms ofMfε . Define
Γ : z �→ (z − 1)(1− γ(z)).

M �gε =
M

ε2
Γ
(

fε
M

)
=

M

ε2
Γ
(
Mfε

M

)
+

M

ε2

(
Γ
(
fε
M

)
− Γ

(
Mfε

M

))

=
M

ε2
Γ
(
Mfε

M

)
− M

ε2

1∫
0

Γ′
(
sMfε + (1− s)fε

M

)
Mfε − fε

M
ds

from which we deduce that

M �gε =
M

ε2
Γ
(
Mfε

M

)
− Mfε − fε

ε2

1∫
0

(1− γ̃)
(
sMfε + (1− s)fε

M

)
ds(5.22)

whereγ̃ : z �→ γ(z) + (z − 1)γ′(z).
From (2.3) we deduce that∣∣Γ(z)∣∣= |1− γ(z)||z− 1|� 4|1− γ(z)||z − 1|2 � 4‖1− γ‖∞|z − 1|2.

Then, by Lemma 4.2, the first term in the right-side of (5.22) satisfies for anyα ∈ ]58 ,
2
3 [∫∫ ∣∣∣∣Mε2

Γ
(
Mfε

M

)∣∣∣∣χε(1 + |v|p
)
1|v|2�8 log | log ε| dv dx
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� 4‖1− γ‖∞
ε2

∫
(Mfε −M)2

M
χε
(
1 + |v|p

)
1|v|2�8 log | log ε| dv∫ ( ) ˜

mpose
� Cα M2α−1 1 + |v|p 1|v|2�8 log | log ε| dv � Cα
| logε|(5.23)

for someCα, C̃α > 0 depending onα.
From (2.3) we also deduce that

‖1− γ̃‖∞ � ‖1− γ‖∞+
1
2
‖γ′‖∞ <+∞.

Then, in order to estimate the second term in the right-hand side of (5.22), deco
qε = (fε −Mfε)/ε2Mfε according to its size as in (2.5)

fε −Mfε

ε2Mfε

=
fε −Mfε

ε2Mfε

γ

(
fε
Mfε

)
+

fε −Mfε

ε2Mfε

(
1− γ

(
fε
Mfε

))
= �qε + ε2�qε.

By Lemma 4.1(i) and (2.3),

∥∥Mfε

�q2
ε

∥∥
L1([0,t∗]×R2d)

� 2
∥∥∥∥ 1ε2

Mfε − fε

fε
1/2

γ

(
fε
Mfε

)∥∥∥∥2

L2([0,t∗],L2
x,v)

� C,

∥∥Mfε

�qε
∥∥
L1([0,t∗]×R2d)

=
∥∥∥∥Mfε − fε

ε4

(
1− γ

(
fε
Mfε

))∥∥∥∥
L1([0,t∗],L1

x,v)

� C,

(5.24)

for someC > 0. Then,

t∗∫
0

∫∫ |Mfε − fε|
ε2

χε
(
1 + |v|p

)
18 log | log ε|�|v|2�| log ε|21x∈Q dv dxdt

�
t∗∫

0

∫∫
Mfε

∣∣�qε∣∣χε(1 + |v|p
)
18 log | log ε|�|v|21x∈Q dv dxdt

+ ε2

t∗∫
0

∫∫
Mfε

∣∣�qε∣∣(1 + |v|p
)
1|v|2�| log ε|2 dv dxdt(5.25)

�
∥∥Mfε

�q2
ε

∥∥1/2

L1([0,t∗]×R2d)

×
( t∗∫

0

∫∫
Mfεχε

(
1 + |v|p

)2
1|v|2�8 log | log ε|1x∈Q dv dxdt

)1/2

+ ε2
∥∥Mfε

�qε
∥∥
L1([0,t∗]×R2d)

(
1 + | log ε|p

)
� C

(
Cαt

∗|Q|
∫

Mα
(
1+ |v|p

)2
1|v|2�8 log | log ε| dv

)1/2

+Cε2| log ε|p � C̃α
| logε|

for someC̃α > 0 depending onα, t∗ and|Q|. Combining (5.22), (5.23) and (5.26) leads to
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∣∣�gε∣∣(1 + |v|p
)
18 log | log ε|�|v|2�| log ε|2 =O

(
1

| logε|

)
L1

loc(dtdx,L
1(M dv))

apply

ws

ii) is
which coupled with (5.21) gives the expected convergence.
(iii) Another way to estimate the second term in the right-hand side of (5.22) is to

Young’s inequality (A.4) withp= (1 + |v|2)/8, z = (fε −Mfε)/Mfε andλ= ε2| logε|1/2

1
ε2

|Mfε − fε|
(
1 + |v|2

)
� 8Mfε

ε2

(
1

ε2| logε|1/2 r
(
fε −Mfε

Mfε

)
+ ε2| log ε|1/2h∗

(
1 + |v|2

8

))
� 8Mfε

ε2

(
1

ε2| logε|1/2 r
(
fε −Mfε

Mfε

)
+ ε2| log ε|1/2e(1+|v|2)/8

)
from which we deduce by (2.4) and Lemma 4.2 that for anyα ∈ ]58 ,

2
3 [

t∗∫
0

∫∫
1
ε2

|Mfε − fε|χε
(
1+ |v|2

)
1|v|2�8 log | log ε|1x∈Q dv dxdt

� 8
| log ε|1/2

t∗∫
0

∫∫
D(fε)
ε4

dxdv dt

+8| logε|1/2
t∗∫

0

∫∫
Mfεχεe

(1+|v|2)/81|v|2�8 log | log ε|1x∈Q dv dxdt(5.26)

� 8C0

| log ε|1/2 + 8Cα| logε|1/2
t∗∫

0

∫∫
Mαe(1+|v|2)/81|v|2�8 log | log ε|1x∈Q dv dxdt

� C̃α
| log ε|1/2

for someC̃α > 0 depending onα, t∗ and|Q|. Combining (5.22), (5.23), (5.26) and (5.21) allo
to establish the last assertion.✷
5.3. Weak compactness of M(�gε)2

PROPOSITION 5.4. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying

(1.13)and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2), and define�gε
and�gε by (2.2)whereγ denotes any bump function satisfying(2.3). Then

(i) M �g2
ε =O(1/| logε|)L1

loc(dt,L
1
x,v) +O(ε| logε|)L∞

t (L2
x,v) +O(1)L∞

t (L1
x(L2

v)),

(ii) ∀(εn)n∈N with εn→ 0, (M �g2
εn) is relatively compact inw−L1

loc(dt,L
1
x,v).

Proof. –Assertion (i) is obtained as a corollary of Proposition 5.1, while assertion (
obtained from (i) by using the mixing properties of the free-transport operator(ε∂t + v · ∇x).

(i) Lemma 3.1 gives

M1/2 �gε =O(1)L∞
t (L2

x,v),
�gε =O

(
1
ε

)
L∞

t,x,v

.(5.27)

As γ is bounded inL∞, choosingα= 1
2 in Proposition 5.1(ii) leads to
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M1/2 �gε =
1
ε

fε −M

M1/2
γ

(
fε
M

)
(

ε
) ( )

o
t

olation
.

oof
=O | logε| L1
loc(dt,L

1(dxM1/2dv))

+O ε| logε|
L∞

t,x,v

+O(1)L∞
t (L2

x(L∞
v )).(5.28)

Combining (5.27), (5.28) gives the expected estimate.
(ii) The estimate stated in assertion (i) shows that, up to a quantity that converges t0 as

ε→ 0, the family(M �g2
ε) is essentially uniformly bounded inL∞

t (L
1
x(L

2
v)), which means tha

any sequence(M �g2
εn) with εn→ 0 has extra-integrability with respect tot andv. It remains to

see that such a sequence is actually locally equiintegrable in all variables, using an interp
argument as proposed in Section 2.4. LetΩ be any subset of[0, t∗]×R

d ×R
d of finite measure

Denote byφ the indicator function ofΩ, byφ0, φ1 andφ2 the following functions

φ0 = φ1∫∫
φdv dx>|Ω|2/3, φ1 = (φ− φ0)1∫ (φ−φ0)dv>|Ω|1/3 ,

φ2 = (φ− φ0)1∫ (φ−φ0)dv�|Ω|1/3

and byΦ1 the solution of (5.1) withΦ1(τ = 0) = φ1. Using the same arguments as in the pr
of Lemma 5.2, we obtain the following bounds: for allj ∈ {0,1,2}

‖φj‖L∞
t,x,v

� 1, ‖φj‖L1
t,x,v

� |Ω|(5.29)

becauseφj is an indicator function,

‖φ− φ0‖L∞
t (L1

x,v) � |Ω|2/3, ‖φ0‖L1
t(L

∞
x,v) � |Ω|1/3,

‖φ2‖L∞
t,x(L1

v) � |Ω|1/3, ‖φ1‖L∞
t (L1

x(L∞
v )) � |Ω|1/3,

(5.30)

by Chebyshev inequality, and∥∥Φ1(τ)
∥∥
L∞

t,x(L1
v)

� |Ω|1/3|τ |−d(5.31)

by (5.3). Denote byk =M �g2
ε . By Lemma 3.1,

k =O(1)L∞
t (L1

x,v)(5.32)

while, by the assertion proved above,

k =O
(

1
| log ε|

)
L1

loc(dt,L
1
x,v)

+O
(
ε| logε|

)
L∞

t L
2
x,v

+O(1)L∞
t L

1
xL

2
v
.(5.33)

By (1.2),

(ε∂t + v.∇x)k =
2
ε2
(Mfε − fε)γ̃

(
fε
M

)
�gε

whereγ̃ is defined as previously bỹγ(z) = γ(z) + (z − 1)γ′(z). Applying Young’s inequal-
ity (A.4) with λ= 1, z = Mfε

fε
− 1 andp= ε2�gεγ̃( fε

M ) leads to

1
ε2

|Mfε − fε|
∣∣∣∣γ̃( fε

M

)
�gε

∣∣∣∣� fε
ε4

(
r

(
Mfε

fε
− 1
)
+ h∗

(∣∣∣∣ε2γ̃

(
fε
M

)
�gε

∣∣∣∣)).
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Because|ε�gε| � 1 and ‖γ̃‖∞ < ∞, the superquadratic homogeneity ofh∗ stated in (A.3)
provides forε sufficiently small,∣ ( ) ∣ ( )

owing

ettis

rol on
efects
trong
s

e

1
ε2

|Mfε − fε|
∣∣∣γ̃ fε

M
�gε
∣∣∣� 1

ε4
D(fε) + h∗(1)fεγ̃2 fε

M
�g2
ε

� 1
ε4

D(fε) +
3
2
h∗(1)‖γ̃‖2

∞M �g2
ε

from which we deduce that

(ε∂t + v.∇x)k =O(1)L1
loc(dt,L

1
x,v).(5.34)

Then, combine (5.29)–(5.34) and use Green’s formula as in (5.17) to obtain the foll
estimate∫∫

Ω

∫
M �g2

ε dv dxdt=

t∗∫
0

∫∫
kφ0 dv dxdt+

t∗∫
0

∫∫
kφ2 dv dxdt+

t∗+ετ∫
ετ

∫∫
kΦ1(τ)dv dxdt

−
τ∫

0

t∗+εσ∫
εσ

∫∫
Φ1(σ)(ε∂t + v.∇x)k dσ dv dxdt

=O
(
|Ω|1/3

)
+
(
O
(

1
| logε|

)
+O

(
ε| logε||Ω|1/2

)
+O

(
|Ω|1/6

))
+
(
O
(

1
| log ε|

)
+O

(
ε| logε||Ω|1/2

)
+O

(
|Ω|1/6|τ |−d/2

))
+O(|τ |).

Choosing|τ | = |Ω|1/6d shows that any subsequence of(M �g2
ε) is locally equiintegrable in

L1([0, t∗] × R
d × R

d), which implies the expected weak compactness by Dunford P
theorem. ✷

Propositions 5.3 and 5.4 imply together Theorem 2.2. They further give some cont
large velocities, which will be useful to establish the convergence of the conservation d
(Section 6). In order to take limits in the fluxes (Section 7), we will also need some s
compactness on the hydrodynamic fields〈�gε〉, 〈�gεv〉 and〈�gε|v|2〉. Velocity averaging lemma
provide some regularity with respect to the variablex on the moments of�gε, from which we can
deduce that the non-oscillating parts of the moments are strongly compact inL2

loc(R
+ × R

d)
(see (7.26)). Moreover, this extra regularity inx allows to get a rigorous description of th
acoustic waves, i.e. of the oscillating parts of the moments (see (7.29)).

COROLLARY 5.5. – Let(g0
ε) be a family of measurable functions onR

d×R
d satisfying(1.13)

and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2), and define�gε and
�gε by (2.2)whereγ denotes any bump function satisfying(2.3). Consider a sequence(εn) with
εn→ 0. Then, for each functionψ ≡ ψ(v) in L2(Mdv), eacht∗ > 0 and each compactQ⊂R

d,
there exists a functionη in C(R+) such that∥∥∥∥∫ �gεn(t, x+ δy, v)ψ(v)M(v)dv −

∫
�gεn(t, x, v)ψ(v)M(v)dv

∥∥∥∥
L2([0,t∗]×Q)

� η(δ)

for eachδ > 0, y ∈B(0,1), uniformly inn ∈ N.
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Proof. –In order to establish this last a priori estimate, we just have to check that the sequence
�gεn satisfies the assumptions of the velocity averaging result stated in Proposition B.1. By
Lemma 3.1(i), for allε > 0, �gε belongs toL2

loc(dt,L
2(dxM dv)).

f

in

r

hat
tion
The key
By Proposition 5.4, the sequence�g2
εn is relatively compact inw−L1

loc(dt dx,L
1(M dv)).

Let t∗ be a nonnegative constant,Q be a compact subset ofR
d, andΩ be some subset o

[0, t∗]×Q×R
d. By (1.2),

(ε∂t + v.∇x)M �gε =
2
ε2
(Mfε − fε)γ̃

(
fε
M

)
whereγ̃ is defined as previously.Young’s inequality (A.4) provides, for allη � ε2,

t∗∫
0

∫∫
Q

∣∣∣∣ 1ε2
(Mfε − fε)γ̃

(
fε
M

)∣∣∣∣dv dxdt

� η

ε4

t∗∫
0

∫∫
Q

D(fε)dv dxdt+
3‖γ̃‖2

∞
2η

∫∫
Ω

∫
M dv dxdt

from which we deduce that(ε∂t + v.∇x)M �gεn is locally equiintegrable, and thus compact
w−L1([0, t∗]×Q×R

d). ✷

6. The chain-rule for �gε

Let (g0
ε) be a family of measurable functions onRd × R

d satisfying (1.13) and (1.14). Fo
eachε > 0, consider a solutionfε = M(1 + εgε) of (1.2), and define�gε and �gε by (2.2)
whereγ denotes any bump function satisfying (2.3). Denote byξ(v) either1, or vi for some
i∈ {1,2, . . . , d}, or |v|2. From (1.2), we deduce that

∂t
〈
�gεξ(v)

〉
+
1
ε
∇x.

〈
�gεξ(v)v

〉
=

1
ε3

∫
(Mfε − fε)γ̃

(
fε
M

)
ξ(v)dv

whereγ̃ is defined by

γ̃(z) = (z − 1)γ′(z) + γ(z)(6.1)

and thus satisfies properties (2.3).
By definition ofMfε ,

∫
Mfεξ(v)dv =

∫
fεξ(v)dv. Then, the conservation defects satisfy

1
ε3

∫
(Mfε − fε)γ̃

(
fε
M

)
ξ(v)dv =

1
ε3

∫
(Mfε − fε)

(
γ̃

(
fε
M

)
− 1
)
ξ(v)dv.

If ξ(v) = 1, the estimates on(Mfε −fε) and on�gε established in Sections 3–5 allow to prove t
the conservation defect converges to0 asε→ 0. In the other cases, because of the contribu
of large velocities, we need refined estimates in order to establish such a convergence.
idea is that the decay ofMfε with respect tov depends only on the values of the momentsRε,
Uε andTε.

The proof of Theorem 2.3 is then based on the following identity
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∂t〈�gεξ(v)〉+
1
ε
∇x.〈�gεξ(v)v〉=

1− χ̃ε
ε3

∫
(Mfε − fε)γ̃

(
fε
M

)
ξ(v)dv

χ̃
∫ ( (

f
) )

d side
+ ε

ε3
(Mfε − fε) γ̃

ε

M
− 1 ξ(v)dv(6.2)

whereχ̃ε is a convenient macroscopic truncation, such that1− χ̃ε = o(ε2)L1
loc(dtdx)

andχ̃εMfε

has a good decay inv.

6.1. Introducing a new macroscopic truncation

PROPOSITION 6.1. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying

(1.13)and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2). Defineχ̃ε as
the indicator function of{(t, x) | |Rε − 1|� 1

2 , |Uε|�
1
2 , | log ε|−1 � Tε � log | logε|}. Then,

1− χ̃ε
ε2

=O
(

1
log | logε|

)
L1

loc(dt,L
1
x)

.

Proof. –By Proposition 5.1,

1
ε2

t∗∫
0

∫
(1− χε)|Rε − 1|dxdt � 1

ε2

t∗∫
0

∫∫
(1− χε)|fε −M |dv dxdt � C

| logε|(6.3)

and

1
ε2

t∗∫
0

∫
(1−χε)|RεUε|dxdt � 1

ε2

t∗∫
0

∫∫
(1− χε)|fε −M ||v|dv dxdt

�
(
1
ε2

t∗∫
0

∫∫
(1− χε)|fε −M |dv dxdt

)1/2

×
(
1
ε2

t∗∫
0

∫∫
(1−χε)|fε −M ||v|2 dv dxdt

)1/2

� C

| logε|1/2(6.4)

using the second estimate in Lemma 3.2(ii) to control the second factor in the right-han
of (6.4). From (6.3) we deduce that

1
ε2

t∗∫
0

∫
1|Rε−1|�1/2 dxdt=O

(
1

| logε|

)
(6.5)

while (6.4) implies

1
ε2

t∗∫
0

∫
1|Rε−1|�1/21|Uε|�1/2 dxdt=O

(
1

| log ε|1/2

)
.(6.6)
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If the temperature satisfiesTε � | log ε|−1 or Tε � log | logε|, for ε sufficiently small, we have
k(Tε − 1) = Tε − logTε − 1� 1

2 log | logε|. Then, by Lemma 3.2(i),

f

en,
1
ε2

t∗∫
0

∫
1|Rε−1|�1/2

(
1Tε�| log ε|−1 + 1Tε�log | log ε|

)
dxdt

� 4
ε2

t∗∫
0

∫
Rε

k(Tε − 1)
log | logε| dxdt � C

log | logε|(6.7)

for someC > 0. Combining (6.5)–(6.7) gives the expected estimate.✷
COROLLARY 6.2. – Let (g0

ε) be a family of measurable functions onRd × R
d satisfying

(1.13) and (1.14). For eachε > 0, consider a solutionfε = M(1 + εgε) of (1.2). Define γ̂
by (6.1)whereγ denotes any bump function satisfying(2.3), andχ̃ε as the indicator function o
{(t, x) | |Rε − 1|� 1

2 , |Uε| �
1
2 , | logε|−1 � Tε � log | log ε|}. Then,

1− χ̃ε
ε3

∫
(Mfε − fε)γ̃

(
fε
M

)
ξ(v)dv → 0 in L1

loc(dt dx).

Proof. –It is easy to check that the functioñγ defined by (6.1) satisfies properties (2.3). Th
applying Young’s inequality (A.4) with

p=
∣∣ξ(v)∣∣/4, z = (Mfε − fε)/fε and λ= ε

√
log | logε| � 1

leads to

1− χ̃ε
ε3

∣∣∣∣(Mfε − fε)γ̃
(
fε
M

)
ξ(v)

∣∣∣∣
� 4(1− χ̃ε)

ε3
fε

∣∣∣∣γ̃( fε
M

)∣∣∣∣
×
(

1
ε
√
log | log ε|

r

(
Mfε − fε

fε

)
+ ε
√
log | logε|h∗

(
|ξ(v)|
4

))
� 4‖γ̃‖∞√

log | log ε|
D(fε)
ε4

+ 6
√
log | log ε| ‖γ̃‖∞

(1− χ̃ε)
ε2

Mh∗
(
|ξ(v)|
4

)
.(6.8)

Using (2.4) and Proposition 6.1 shows that the right-side of (6.8) converges to0 in
L1

loc(dt dx,L
1
v). ✷

6.2. Establishing decay estimates on Maxwellian distributions

LEMMA 6.3. – Fix p ∈ N. Let(g0
ε) be a family of measurable functions onR

d×R
d satisfying

(1.13)and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2). Defineχ̃ε as
the indicator function of{(t, x) | |Rε − 1|� 1

2 , |Uε|�
1
2 , | log ε|−1 � Tε � log | logε|}. Then

(i) χ̃εMfε |v|p1|v|2�(log | log ε|)2 = o(1)L∞
t,x(L1

v),

(ii) ∀p <+∞, χ̃εMfεh
∗( |ξ(v)|

4 log | log ε| )1|v|2�| log ε|2 = o(εp)L∞
t,x(L1

v).
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Proof. –In order to establish Lemma 6.3, we use classical estimates on Maxwellian distribu-
tions:

+∞∫

t all

f

wing
λ

e−r
2/2rq dr ∼λ→+∞ e−λ

2/2λq−1.

(i) By definition of χ̃ε, the following inequalities hold:̃χεRε � 3/2, χ̃ε|Uε| � 1 and
χ̃εTε � log | logε|. Then, define the variabler = |v −Uε|/

√
Tε. For almost allt, x,∫

χ̃εMfε |v|p1|v|2�(log | log ε|)2 dv

�
∫

χ̃εMfε

(
|v −Uε|+1

)p
1|v−Uε|2� 1

2 (log | log ε|)2 dv

� 1
(2π)d/2

|Sd−1|χ̃εRε
(
T 1/2
ε + 1

)p ∞∫
√

1
2 log | log ε|

exp
(
−r2

2

)
(r+ 1)prd−1 dr

� Cp(log | logε|)p+d/2−1

| logε|1/4
for someCp > 0 depending onp.

(ii) Fix p <+∞. For ε sufficiently small, the same method as previously gives for almos
t, x, ∫

χ̃εMfεh
∗
(

|ξ(v)|
4 log | logε|

)
1|v|2�| log ε|2 dv

�
∫

χ̃εMfε exp
(
|v−Uε|2 +2
4 log | log ε|

)
1|v|2�| log ε|2 dv

� e1/2

∫
χ̃εMfε exp

(
|v−Uε|2
4Tε

)
1|v−Uε|2�5p| log ε|Tε

dv

� e1/2

∫
χ̃ε

Rε
(2πTε)d/2

exp
(
−|v−Uε|2

4Tε

)
1|v−Uε|2�5p| log ε|Tε

dv

� 3
2
e1/2 |Sd−1|

(2π)d/2

∞∫
√

5p| log ε|

exp
(
−r2

4

)
rd−1 dr � Cpε

5p/4| logε|d/2−1

for someCp > 0 depending onp. ✷
COROLLARY 6.4. – Let(g0

ε) be a family of measurable functions onR
d×R

d satisfying(1.13)
and(1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2), and define�gε and�gε
by (2.2)whereγ denotes any bump function satisfying(2.3). Let χ̃ε be the indicator function o
{(t, x) | |Rε − 1|� 1

2 , |Uε| �
1
2 , | logε|−1 � Tε � log | log ε|}. Then,

∀p <+∞, �gεχ̃ε
(
1 + |v|p

)
1|v|�| log ε| = o(1)L1

loc(dtdx,L
1(M dv)).

Proof. –This estimate is obtained from Proposition 5.3 and Lemma 6.3 by using the follo
decomposition

�gεχ̃ε
(
1 + |v|p

)
1|v|�| log ε|

= �gεχε
(
1 + |v|p

)
1|v|�| log ε| + �gεχ̃ε(1−χε)

(
1 + |v|p

)
1|v|�| log ε|(6.9)
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whereχε denotes the indicator function of{(t, x) | |Rε − 1| � 1
2 , |Uε| �

1
2 , |Tε − 1| � 1

2}. By
Proposition 5.3(ii), the first term satisfies

osition

,

�gεχε
(
1 + |v|p

)
1|v|�| log ε| = o(1)L1

loc(dtdx,L
1(M dv)).(6.10)

In order to estimate the second term in the right-side of (6.9), we introduce a new decomp
based on the velocity tail

M |�gε|χ̃ε(1−χε)(1 + |v|p)1|v|�| log ε|

=M |�gε|χ̃ε(1− χε)(1 + |v|p)1|v|�log | log ε|

+M |�gε|χ̃ε(1− χε)
(
1 + |v|p

)
1log | log ε|<|v|�| log ε|

� CM |�gε|(log | log ε|)p

+
C

ε2
(fε −Mfε +Mfε +M)χ̃ε(1− χε)

(
1+ |v|p

)
1log | log ε|<|v|�| log ε|.(6.11)

By Proposition 5.3(i),

�gε
(
log | logε|

)p = o(1)L1
loc(dtdx,L

1(M dv)).(6.12)

Decompose1
ε2 (fε−Mfε) =Mfε(

�qε+ ε2�qε) as in (2.5) where�qε and�qε satisfy (5.24). Then∥∥∥∥ 1ε2
(fε −Mfε)χ̃ε

(
1+ |v|p

)
1log | log ε|�|v|�| log ε|

∥∥∥∥
L1([0,t∗]×Q×Rd)

�
∥∥Mfε

�qεχ̃ε
(
1 + |v|p

)
1log | log ε|<|v|

∥∥
L1([0,t∗]×Q×Rd)

+ ε2
∥∥Mfε

�qεχ̃ε
(
1+ |v|p

)
1|v|�| log ε|

∥∥
L1([0,t∗]×Q×Rd)

�
∥∥Mfε

�q2
ε

∥∥1/2

L1([0,t∗]×R2d)

∥∥Mfε χ̃ε
(
1 + |v|p

)2
1log | log ε|<|v|

∥∥1/2

L1([0,t∗]×Q×Rd)

+ ε2
∥∥Mfε

�qε
∥∥
L1([0,t∗]×R2d)

∥∥(1+ |v|p
)
1|v|�| log ε|

∥∥
L∞(Rd)

from which we deduce by (5.24) and Lemma 6.3(i) that

1
ε2
(fε −Mfε)χ̃ε

(
1 + |v|p

)
1log | log ε|<|v|2�| log ε|2 = o(1)L1

loc(dtdx,L
1
v).(6.13)

By Lemma 3.2(ii) and Lemma 6.3(i),

(1− χε)
ε2

Mfε χ̃ε
(
1 + |v|p

)
1log | log ε|<|v|�| log ε| = o(1)L1

loc(dtdx,L
1
v)(6.14)

and

(1− χε)
ε2

Mχ̃ε
(
1 + |v|p

)
1log | log ε|<|v|�| log ε| = o(1)L1

loc(dtdx,L
1
v).(6.15)

Combining (6.11)–(6.15) shows that

�gεχ̃ε(1− χε)
(
1+ |v|p

)
1|v|�| log ε| = o(1)L1

loc(dtdx,L
1(M dv))(6.16)

which, coupled with (6.9), (6.10), gives the expected estimate.✷
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6.3. Estimating the conservation defects

By Corollary 6.2, the first term in the right-side of (6.2) converges to0 in L1 (dt dx). It

en in
loc

remains then to estimate the second term

χ̃ε
ε3

∫
(Mfε − fε)

(
γ̃

(
fε
M

)
− 1
)
ξ(v)dv

=
χ̃ε
ε3

∫
(Mfε − fε)

(
γ̃

(
fε
M

)
− 1
)
ξ(v)1|v|2>| log ε|2 dv

+
χ̃ε
ε3

∫
(Mfε − fε)

(
γ̃

(
fε
M

)
− 1
)
ξ(v)1|v|2�| log ε|2 dv,(6.17)

whereξ(v) denotes any collision invariant (i.e. either1, or vi for somei ∈ {1,2, . . . , d} or |v|2).
Apply Young’s inequality (A.4) withp= |ξ(v)|/(4 log | logε|), z = (fε −Mfε)/Mfε andλ= 1
and use (2.4) and Lemma 6.3(ii) to estimate the first term in the right-side of (6.17)

χ̃ε
ε3

∫
|Mfε − fε|

∣∣ξ(v)∣∣1|v|2�| log ε|2 dv

� 4 log | log ε|
ε3

∫
D(fε)dv +

4χ̃ε log | log ε|
ε3

∫
Mfεh

∗
(

|ξ(v)|
4 log | logε|

)
1|v|2�| log ε|2 dv

from which we deduce that

χ̃ε
ε3

∫
(Mfε − fε)

(
γ̃

(
fε
M

)
− 1
)
ξ(v)1|v|2�| log ε|2 dv = o(1)L1

loc(dtdx)
.(6.18)

In order to control the part with moderate velocities, we use the decomposition giv
Lemma 4.1(i),

χ̃ε
ε3

t∗∫
0

∫∫
Q

∣∣∣∣(Mfε − fε)
(
γ̃

(
fε
M

)
− 1
)
ξ(v)

∣∣∣∣1|v|2�| log ε|2 dv dxdt

� χ̃ε
ε

t∗∫
0

∫∫
Q

∣∣∣∣ (Mfε − fε)
ε2

γ

(
fε
Mfε

)(
γ̃

(
fε
M

)
− 1
)
ξ(v)

∣∣∣∣1|v|2�| log ε|2 dv dxdt

+ ε

t∗∫
0

∫∫
Q

∣∣∣∣ (Mfε − fε)
ε4

(
1− γ

(
fε
Mfε

))(
γ̃

(
fε
M

)
− 1
)
ξ(v)

∣∣∣∣1|v|2�| log ε|2 dv dxdt

�
∥∥∥∥ 1ε2

Mfε − fε

f
1/2
ε

γ

(
fε
Mfε

)∥∥∥∥
L2([0,t∗],L2

x,v)

×
∥∥∥∥ χ̃εε f1/2

ε

(
γ̃

(
fε
M

)
− 1
)
ξ(v)1|v|2�| log ε|2

∥∥∥∥
L2([0,t∗]×Q×Rd)

+ ε

∥∥∥∥Mfε − fε
ε4

(
1− γ

(
fε
Mfε

))∥∥∥∥
L1([0,t∗],L1

x,v)

‖1− γ̃‖∞

×
∥∥ξ(v)1|v|2�| log ε|2

∥∥
L∞(Rd)

.(6.19)
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As γ̃ satisfies properties (2.3), by Corollary 6.4,

1
∣∣∣ (

fε
)∣∣∣ (

4
)

in the

(6.19)

(6.2)

limiting
ε2
|fε −M |∣1− γ̃

M ∣χ̃ε 1+ |v| 1|v|�| log ε| = o(1)L1
loc(dtdx,L

1
v).(6.20)

Moreover, by Lemma 3.1(iii),

1
ε2

fε

(
γ̃

(
fε
M

)
− 1
)2

� 1
ε2

fε

∣∣∣∣γ̃( fε
M

)
− 1
∣∣∣∣‖1− γ̃‖∞

� 9‖1− γ̃‖∞
|fε −M |

ε2

∣∣∣∣1− γ̃

(
fε
M

)∣∣∣∣.(6.21)

Combining (6.20) and (6.21) and the first control in Lemma 4.1(i) shows that the first term
right-side of (6.19) converges to0∥∥∥∥ 1ε2

Mfε − fε

f
1/2
ε

γ

(
fε
Mfε

)∥∥∥∥
L2([0,t∗],L2

x,v)

×
∥∥∥∥ χ̃εε f1/2

ε

(
γ̃

(
fε
M

)
− 1
)
ξ(v)1|v|2�| log ε|2

∥∥∥∥
L2([0,t∗],L2

x,v)

→ 0.(6.22)

The second control in Lemma 4.1(i) shows that the second term in the right-side of
converges to0

ε

∥∥∥∥Mfε − fε
ε4

(
1− γ

(
fε
Mfε

))∥∥∥∥
L1([0,t∗],L1

x,v)

× ‖1− γ̃‖∞
∥∥ξ(v)1|v|2�| log ε|2

∥∥
L∞(Rd)

→ 0.(6.23)

Combining (6.19), (6.22) and (6.23) gives

χ̃ε
ε3

∫ ∣∣∣∣(Mfε − fε)
(
γ̃

(
fε
M

)
− 1
)
ξ(v)

∣∣∣∣1|v|2�| log ε|2 dv = o(1)L1
loc(dtdx)

(6.24)

which, coupled with (6.17) and (6.18) shows that the second term in the right-side of
converges to0 in L1

loc(dt dx). Theorem 2.3 is then established.

7. Derivation of the incompressible Navier–Stokes equations

7.1. The limiting BGK equation

Equipped with the a priori estimates established in Sections 3–5, we can establish the
form of the fluctuationgε and ofε−2(Mfε − fε).

LEMMA 7.1. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and(1.14). For eachε > 0, consider a solutionfε =M(1+ εgε) of (1.2), and define�gε by (2.2)
whereγ denotes any bump function satisfying(2.3). Any limit point of the family(�gε) is a
functiong ∈ L∞(dt,L2(dxM dv)) such that

g(t, x, v) = ρ(t, x) + u(t, x).v + θ(t, x)
|v|2 − d

2
.(7.1)
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Proof. –By Lemma 3.1(i), the family(�gε) is compact inw−L∞(dt,w−L2(dxM dv)). Let
g be any of its limit points and consider a sequence(εn) such thatεn → 0 and �gεn ⇀ g in
w−L∞(dt,L2(dxM dv)). Defineχε as in Lemma 3.2. Then,

o in

verges

n

M

[
χε
ε

(
(Rε − 1) +Uε.v+ (Tε − 1)

|v|2 − d

2

)
− �gε

]
=M

χε
ε

[(
(Rε − 1) +Uε.v+ (Tε − 1)

|v|2 − d

2

)
− εgε

]
+ εMχε

�gε −M(1− χε)�gε

=
χε
ε

[
M

(
(Rε − 1) +Uε.v+ (Tε − 1)

|v|2 − d

2

)
+M −Mfε

]
+

χε
ε
(Mfε − fε)

+ εMχε
�gε −M(1− χε)�gε.(7.2)

By Lemma 4.1(ii) withηε = 1, the second term in the right-side of (7.2) converges to zer
L1

loc(dt dx,L
1
v)

χε
ε
(Mfε − fε) = O(ε)L1

loc(dtdx,L
1
v).

By Lemma 3.1(i) and Lemma 3.2(ii), the last two terms converge to0 in L1
loc(dt dx,L

1
v).

εMχε
�gε −M(1− χε)�gε =O(ε)L1

loc(dtdx,L
1
v).

Define the functionM by (4.2) and denote byK = [12 ,
3
2 ] × [− 1

2 ,
1
2 ]
d × [ 12 ,

3
2 ]. By Taylor’s

formula,

χε

∣∣∣∣Mfε −M −
(
(Rε − 1) +Uε.v + (Tε − 1)

|v|2 − d

2

)
M

∣∣∣∣
� χε

[
(Rε − 1)2 +U2

ε + (Tε − 1)2
]
sup
K

∣∣D2
(R,U,T )M

∣∣.
Direct computations like in Section 4.2 show that for allα< 2

3 , there existsCα <+∞ such that,
for all v ∈ R

d,

sup
K

∣∣D2
(R,U,T )M

∣∣�CαM
α.

Then, by the above estimate and Lemma 3.2(ii), the first term in the right-side of (7.2) con
to 0 in L1

loc(dt,L
1
x,v)

χε
ε

[
M

(
(Rε − 1) +Uε.v+ (Tε − 1)

|v|2 − d

2

)
+M −Mfε

]
=O(ε)L1

loc(dt,L
1
x,v).

Finally, we get

χε
ε

(
(Rε − 1) +Uε.v + (Tε − 1)

|v|2 − d

2

)
− �gε =O(ε) in L1

loc

(
dt dx,L1(M dv)

)
.(7.3)

From Lemma 3.2(ii) we deduce that there existρ,u, θ ∈ L∞
t (L

2
x) such that, up to extractio

of a subsequence,

χεε
−1(Rε − 1)→ ρ, χεε

−1Uε→ u, χεε
−1(Tε − 1)→ θ in w−L∞

t

(
L2
x

)
.(7.4)

Combining (7.3) and (7.4) gives the expected identity.✷
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In all the sequel, we will consider a sequence(εn) such thatεn→ 0 and

�gεn ⇀g in w−L∞(dt,L2(dxM dv)
)
,

e

ce
is

lies the

a 7.2.

r

Rεn → 1 almost everywhere onR+ ×R
d asn→∞.(7.5)

LEMMA 7.2. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2). Consider a sequenc
(εn) such thatεn→ 0, satisfying(7.5). Then,

ε−2(Mfε − fε)→ v.∇xMg in w−L1
loc

(
dt dx,L1

v

)
(7.6)

and consequently, for allt∗ > 0,

‖v.∇xg‖L2([0,t∗],L2(dxM dv)) � lim inf
ε→0

1
ε2

H
(
M
(
1 + εg0

ε

)
/M
)
� C0.

Proof. –By Lemma 4.1(ii) with ηε = 1, the sequence(ε−2(Mfε − fε)) is bounded in
L1

loc(dt dx,L
1
v). Fix δ > 0 and letΩ= [0, t∗]×R

d×R
d be any bounded set of measure|Ω|� δ2.

By Lemma 4.1(ii) withηε = δ, for all ε � δ

t∗∫
0

∫∫
1
ε2

|Mfε − fε|1Ω dxdv dt � Cδ‖1Ω‖L∞
t,x,v

+
C

δ
‖M1Ω‖L1

t,x,v
� C̃δ

for some C, C̃ > 0 which do not depend onδ. The finite number ofεn with εn � δ
can be accomodated by picking the measure ofΩ sufficiently small. Then, the sequen
(ε−2(Mfε − fε)) is locally equiintegrable inL1

loc(dt dx,L
1
v), and thus by Dunford–Pett

theorem relatively compact inw−L1
loc(dt dx,L

1
v).

Denote byX any of its limit point. Taking limits in the kinetic equation

ε∂t(Mgε) + v.∇x(Mgε) = ε−2(Mfε − fε)

provides then

v.∇xMg =X.

The uniqueness of the limit point, coupled with the compactness of the sequence, imp
convergence of the whole sequence(ε−2(Mfε − fε))εn .

Taking limits in the dissipation bound provides then the second assertion in Lemm
Indeed, the convexity ofr gives the inequality

fε
ε4

r
(
ε2v.∇xg

)
+

fε
ε2

r′
(
ε2v.∇xg

)(fε −Mfε

ε2fε
− v.∇xg

)
� fε

ε4
r

(
ε2 fε −Mfε

ε2fε

)
.

Fix λ > 0, multiply this inequality by the indicator function1|v.∇xg|�λ, average this ove
R
d ×R

d and then consider its limit asε→ 0. Use the strongL∞ limits

1
ε4

r
(
ε2v.∇xg

)
1|v.∇xg|�λ→

1
2
(v.∇xg)21|v.∇xg|�λ,

1
ε2

r′
(
ε2v.∇xg

)
1|v.∇xg|�λ→ v.∇xg1|v.∇xg|�λ
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and the weakL1 limits

fε⇀M,
1
(fε −Mf )−Mv.∇xg ⇀ 0

ity is

wing

e

the
ation
ε2 ε

to show that∫∫
M(v.∇xg)21|v.∇xg|�λ dxdv � lim inf

ε→0

1
ε4

∫∫
fεr

(
ε2 fε −Mfε

ε2fε

)
dxdv � C0.

Takingλ→+∞ completes the proof. ✷
Lemmas 7.1 and 7.2 show together that the limiting form of the entropy inequal

essentially the Leray energy inequality for the limiting thermodynamic fields. In particular,

v.∇xg = v.∇x
(
ρ+ u.v+ θ

|v|2 − d

2

)
belongs toL2

loc(dt,L
2(dxM dv)), from which we deduce that∇xρ, (∇xu+(∇xu)T ) and∇xθ

belong toL2
loc(dt,L

2
x).

7.2. Incompressiblity and Boussinesq relations

Taking limits in the local conservations of mass and momentum leads to the follo
constraints.

LEMMA 7.3. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2). Consider a sequenc
(εn) such thatεn→ 0, satisfying(7.5). Theng satisfies(7.1)as well as

∇x.u= 0, ∇x(ρ+ θ) = 0.(7.7)

Proof. –By Theorem 2.3,

ε∂t
〈
�gε
〉
+∇x.

〈
�gεv
〉
→ 0,

ε∂t
〈
�gεv
〉
+∇x.

〈
�gεv⊗ v

〉
→ 0,

in the sense of distributions. Then

∇x.〈gv〉= 0, ∇x.〈gv⊗ v〉= 0

which, coupled with (7.1), gives the expected result.✷
7.3. Evolution equations

It remains to prove that the limiting velocityu satisfies the Navier–Stokes equation, while
limiting temperatureθ is governed by the Fourier equation. By Theorem 2.3, the conserv
defects for�gε defined by (2.2) converge to0. Then,

∂tP
〈
�gεv
〉
+
1
ε
P∇x.

〈
�gε

(
v ⊗ v − |v|2

d
Id
)〉

→ 0,

(7.8)

∂t

〈
�gε

(
|v|2
d+ 2

− 1
)〉

+
1
ε
∇x.

〈
�gε

(
|v|2
d+ 2

− 1
)
v

〉
→ 0,
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where P denotes the projection on the space of divergence-free vector fields. From the

incompressibility and Boussinesq relations we deduce that∂tP 〈�gεv〉 and ∂t〈�gε( |v|
2

d+2 − 1)〉
converge respectively to∂tu and∂tθ in the sense of distributions. The difficulty is then to take

mainder,
limits in the flux terms. Denote byζ(v) either the momentum flux(v ⊗ v − |v|2
d Id) or the heat

flux ( |v|
2

d+2 − 1)v. The following decomposition holds

1
ε

〈
�gεζ(v)

〉
=
1− χε

ε

〈
�gεζ(v)

〉
+

χε
ε2

∫
(fε −Mfε)γ

(
fε
M

)
ζ(v)dv

+
χε
ε2

∫
(Mfε −M)γ

(
fε
M

)
ζ(v)dv.(7.9)

This paragraph is devoted to the study of each of these three terms, called in the sequel re
diffusion term and convection term.

LEMMA 7.4. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and(1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2), and define�gε and�gε
by (2.2)whereγ denotes any bump function satisfying(2.3). Consider a sequence(εn) such that
εn→ 0, satisfying(7.5). Denote byχε the indicator function of{(t, x) | |Rε− 1|� 1

2 , |Uε| �
1
2 ,

|Tε − 1|� 1
2}. Then,

1− χε
ε

〈
�gεζ(v)

〉
→ 0 in w−L1

loc(dt dx).(7.10)

Proof. –We have∣∣∣∣1− χε
ε

〈
�gεζ(v)

〉∣∣∣∣� 1− χε
ε

〈∣∣gεζ(v)∣∣1|v|2�log | log ε|
〉
‖γ‖∞

+
1− χε

ε

〈∣∣�gεζ(v)∣∣1|v|2>log | log ε|
〉

� C
(
log | logε|

)3/2 ∫ 1− χε
ε2

|fε −M |dv

+
1− χε

ε

〈
ζ2(v)1|v|2>log | log ε|

〉1/2〈�g2
ε

〉1/2
.

By Proposition 5.1(i), the first term in the right-side converges to0 in L1
loc(dt,L

1
x). By

Lemma 3.1(i) and Lemma 3.2(ii), the second term also converges to0 in L1
loc(dt,L

1
x). ✷

LEMMA 7.5. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and (1.14). For eachε > 0, consider a solutionfε =M(1 + εgε) of (1.2). Denote byγ any
bump function satisfying(2.3). Consider a sequence(εn) such thatεn → 0, satisfying(7.5).
Denote byχε the indicator function of{(t, x) | |Rε− 1|� 1

2 , |Uε| �
1
2 , |Tε− 1|� 1

2}. Then, up
to extraction of subsequence,

χε
ε2

∫
(fε −Mfε)γ

(
fε
M

)
ζ(v)dv →−∇x.

∫
Mgvζ(v)dv in w−L1

loc(dt dx).(7.11)

Proof. –Convergence (7.11) is a consequence of the two following assertions

∀K > 0,
χε
ε2

∫
(fε −Mfε)γ

(
fε
M

)
ζ(v)1|v|2�K dv

⇀−∇x.
∫

Mgvζ(v)1|v|2�K dv in w−L1
loc(dt dx) asε→ 0,(7.12)
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Mgvζ(v)1|v|2�K dv → 0 in s−L1

loc(dt dx) asK →∞,

χε
∫ (

fε
)

1

that

tegral

,

ε2
(fε −Mfε)γ M

ζ(v)1|v|2�K dv → 0 in s−Lloc(dt dx) asK →∞, ε→ 0.(7.13)

• Lemmas 3.1 and 3.2 show that up to extraction of subsequence,χεγ( fε

M ) (which is
bounded inL∞

t,x,v) converges a.e. to1. By Lemma 7.2,ε−2(fε −Mfε) converges to−v.∇xMg
in w − L1

loc(dt dx,L
1
v). Then the product limit theorem stated in Appendix C implies

convergence (7.12) holds inw−L1
loc(dt dx).

• The first assertion in (7.13) comes from theL∞
t (L2

x,v) bound onM1/2g and from trivial
decay estimates onM . In order to establish the second assertion, we decompose the in
according to the velocity tails

t∗∫
0

∫∫
Q

χε
ε2

|fε −Mfε |γ
(

fε
M

)∣∣ζ(v)∣∣1|v|2�K dv dxdt

� C

t∗∫
0

∫∫
Q

1
ε2

(
fεγ

(
fε
M

)
+Mfεχε

)∣∣ζ(v)∣∣1|v|2�8| log ε| dv dxdt

+C

t∗∫
0

∫∫
Q

χε
ε2

|fε −Mfε |
∣∣ζ(v)∣∣1K�|v|2�8| log ε| dv dxdt.(7.14)

Forα < 2
3 , there existCα, C̃α <+∞ such that

t∗∫
0

∫∫
Q

1
ε2

(
fεγ

(
fε
M

)
+Mfεχε

)∣∣ζ(v)∣∣1|v|2�8| log ε| dv dxdt

�
t∗∫

0

∫∫
Q

1
ε2

(
3
2
M +CαM

α

)∣∣ζ(v)∣∣1|v|2�8| log ε| dv dxdt � C̃αε
4α−2| logε|(1+d)/2.(7.15)

Decompose1
ε2 (fε−Mfε) =Mfε(�qε+ ε2�qε) as in (2.5) where�qε and�qε satisfy (5.24). Then

by Cauchy–Schwarz inequality,

t∗∫
0

∫∫
Q

χε
ε2

|fε −Mfε |
∣∣ζ(v)∣∣1K�|v|2�8| log ε| dv dxdt

�
t∗∫

0

∫∫
Q

χεMfε

∣∣�qε∣∣∣∣ζ(v)∣∣1K�|v|2 dv dxdt

+ ε2

t∗∫
0

∫∫
Q

Mfε

∣∣�qε∣∣∣∣ζ(v)∣∣1|v|2�8| log ε| dv dxdt

�
( t∗∫

0

∫∫
Q

Mfε

∣∣�qε∣∣2 dv dxdt

)1/2( t∗∫
0

∫∫
Q

χεMfε

∣∣ζ(v)∣∣21K�|v|2 dv dxdt

)1/2
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+ ε2
∥∥Mfε

�qε
∥∥
L1([0,t∗],L1

x,v)

∥∥ζ(v)1|v|2�8| log ε|
∥∥
L∞

v(∫
α
(

6
) )1/2

2
( )3/2

,

�Cα M 1+ |v| 1|v|2�K dv +Cε 8| logε|(7.16)

for someC,Cα > 0. Combining (7.14)–(7.16) and choosingα > 1
2 lead to (7.13). ✷

LEMMA 7.6. – Let (g0
ε) be a family of measurable functions onR

d × R
d satisfying(1.13)

and(1.14). For eachε > 0, consider a solutionfε =M(1+εgε) of (1.2). Denote byγ any bump
function satisfying(2.3). Consider a sequence(εn) such thatεn→ 0, satisfying(7.5). Denote by
χε the indicator function of{(t, x) | |Rε − 1|� 1

2 , |Uε| �
1
2 , |Tε − 1|� 1

2}. Denote byu andθ
the limiting velocity and temperature defined by(7.1). Then, up to extraction of subsequence

P∇x.
∫

χε
ε2
(Mfε −M)γ

(
fε
M

)(
v ⊗ v − |v|2

d
Id
)
dv→ P∇x.(u⊗ u) in D′

t,x(7.17)

whereP denotes the Leray projection onto the divergence-free vector fields, and

∇x.
∫

χε
ε2
(Mfε −M)γ

(
fε
M

)(
|v|2
d+ 2

− 1
)
v dv →∇x.(θu) in D′

t,x.(7.18)

Proof. –The first step of the proof is to establish the convergence of the remainders∫
χε
ε2
(Mfε −M)γ

(
fε
M

)(
v ⊗ v− |v|2

d
Id
)
dv −

(
�uε ⊗ �uε −

|�uε|2
d

Id
)
→ 0,∫

χε
ε2
(Mfε −M)γ

(
fε
M

)(
|v|2
d+2

− 1
)
v dv −

(
�θε
�uε
)
→ 0,(7.19)

where�uε = 〈�gεv〉 and�θε = 1
d〈�gε(|v|2 − d)〉. Then we will prove that

P∇x.
(
�uε ⊗ �uε

)
→ P∇x.(u⊗ u), ∇x.

(
�θε
�uε
)
→∇x.(θu).(7.20)

The difficulty in this second part will be the lack of compactness of(�uε) and(�θε) with respect
to time, due to the presence of high frequency oscillations (acoustic waves).

• Denote byζ(v) either(v ⊗ v − |v|2
d Id) or ( |v|

2

d+2 − 1)v. As
∫
Mζ(v)dv = 0,∫

χε
ε2
(Mfε −M)γ

(
fε
M

)
ζ(v)dv

=
∫

χε
ε2
(Mfε −M)

(
γ

(
fε
M

)
− 1
)
ζ(v)dv +

∫
χε
ε2

Mfεζ(v)dv.(7.21)

By Lemma 3.1(iii), Lemma 4.2 and Proposition 5.3, the quantity

t∗∫
0

∫∫
Q

χε
ε2

|Mfε −M |
∣∣∣∣γ( fε

M

)
− 1
∣∣∣∣∣∣ζ(v)∣∣dv dxdt

�
( t∗∫

0

∫∫
χε

|Mfε −M |2
ε2M

∣∣ζ(v)∣∣2 dv dxdt

)1/2
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×
( t∗∫

0

∫∫
Q

M

ε2

∣∣∣∣γ( fε
M

)
− 1
∣∣∣∣2dv dxdt

)1/2

s
e, the

)

�
( t∗∫

0

∫∫
Q

χε
|Mfε −M |2

ε2M

∣∣ζ(v)∣∣2 dv dxdt

)1/2

×
( t∗∫

0

∫∫
9‖1− γ‖∞M

∣∣�gε∣∣dv dxdt

)1/2

(7.22)

converges to0 asε→ 0. On the other hand, direct computations give∫
χε
ε2

Mfε

(
v⊗ v− |v|2

d
Id
)
dv

=
χε
ε2

Rε

(
Uε ⊗Uε −

|Uε|2
d

Id
)

=
χε
Rε

((
�uε + ε �uε

)
⊗
(
�uε + ε �uε

)
− |�uε + ε �uε|2

d
Id
)
.

Then,∥∥∥∥∫ χε
ε2

Mfε

(
v⊗ v− |v|2

d
Id
)
dv−

(
�uε ⊗ �uε −

|�uε|2
d

Id
)∥∥∥∥
L1([0,t∗]×Q)

� C

∥∥∥∥(χε
Rε

− 1
)
�u2
ε

∥∥∥∥
L1([0,t∗]×Q)

+C‖χε�uε‖L1([0,T ]×Q)

∥∥ε2χε
∣∣�uε∣∣+ ε

∣∣�uε∣∣∥∥L∞ .(7.23)

By Proposition 5.4(ii) and Cauchy–Schwarz inequality

(
�uε
)2 �

(∫
M �g2

ε dv

)(∫
M |v|4 dv

)
a.e. onR+ ×R

d,

(�u2
ε) is relatively compact inw − L1

loc(dt dx). As ( χε

Rε
− 1) is bounded inL∞

t,x and converge
a.e. to0, the product limit theorem (Appendix C) shows that up to extraction of subsequenc
first term in the right-side of (7.23) converges to0. By Proposition 5.3(iii),χε�uε converges to0
in L1

loc(dt dx). By definition ofχε,

Kε
Rε

� 2Rε, χε
∣∣ε �uε + ε2 �uε

∣∣� χε|Uε|�
1
2

while by Lemma 3.1(iii),

∣∣ε �gε∣∣� ∥∥ε �gε∥∥L∞
t,x,v

∫
M |v|dv �C.

Then the second term in the right-side of (7.23) converges to0. Combining (7.21)–(7.23
provides the first convergence in (7.19). In the same way,∫

χε
ε2

Mfε

(
|v|2
d+2

− 1
)
v dv
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=
χε
ε2

(
Rε(Tε − 1)Uε +

1
d+ 2

Rε|Uε|2Uε
)

χ ( )(( ) 2ε ∣ ∣2)

gives

nt that

study
Lions
= ε

Rε
�uε + ε �uε

�θε + ε �θε −
d(d+2)Rε

∣�uε + ε �uε∣ .

Then ∥∥∥∥∫ χε
ε2

Mfε

(
|v|2
d+2

− 1
)
v dv −

(
�θε
�uε
)∥∥∥∥
L1([0,t∗]×Q)

� C

∥∥∥∥( χε
Rε

− 1
)
�uε
�θε

∥∥∥∥
L1([0,t∗]×Q)

+C
∥∥(ε �uε)�u2

ε

∥∥
L1([0,t∗]×Q)

+C
(∥∥χε�uε∥∥L1([0,t∗]×Q)

+
∥∥χε�θε∥∥L1([0,t∗]×Q)

)
×
(∥∥ε2χε

∣∣�uε∣∣+ ε
∣∣�uε∣∣∥∥2

L∞ +
∥∥ε2χε

∣∣�θε∣∣+ ε
∣∣�θε∣∣∥∥L∞

)
(7.24)

converges to0 by the same arguments as previously. Combining (7.21), (7.22) and (7.24)
the second convergence in (7.19).
• It remains to establish the convergence of the quadratic termsP∇x.(�uε ⊗ �uε) and

∇x.(�uε�θε). Combining (7.8)–(7.11) and (7.19) gives

∂t
(
P �uε

)
+P∇x.

(
�uε ⊗ �uε

)
uniformly bounded inL1

loc

(
dt,W−1−s,1

loc (dx)
)
, s > 0,

∂t

(
d�θε − 2�ρε

d+ 2

)
+∇x.

(
�uε
�θε
)

uniformly bounded inL1
loc

(
dt,W−1,1

loc (dx)
)

(7.25)

which implies that(∂t(P �uε)) and (∂t(d
�θε−2�ρε

d+2 )) are bounded inL1
loc(dt,W

−1−s,1
loc (dx)).

From this bound and Corollary 5.5, we deduce by a standard interpolation argume

both sequences(P �uε) and (d
�θε−2�ρε

d+2 ) are relatively strongly compact inL2
loc(dt dx). By the

incompressibility and Boussinesq relations,

P �uε→ u,
d�θε − 2�ρε

d+ 2
→ θ strongly inL2

loc(dt dx).(7.26)

Denote by∇xψε = �uε − P �uε

∇xψε⇀ 0,
2

d+2
(
�ρε + �θε

)
= �θε −

d�θε − 2�ρε
d+ 2

⇀ 0 in w−L2
loc(dt dx).(7.27)

Then, by (7.26), (7.27),

P∇x.
(
�uε ⊗ �uε

)
− P∇x.(∇xψε ⊗∇xψε)− P∇x.(u⊗ u)→ 0,

∇x.
(
�uε
�θε
)
− 2

d+ 2
∇x.

((
�ρε + �θε

)
∇xψε

)
−∇x.(uθ)→ 0,(7.28)

in the sense of distributions.
It remains to prove thatP∇x.(∇xψε ⊗∇xψε) and 2

d+2∇x.((�ρε + �θε)∇xψε) converge to0.
Indeed we use the trick introduced independently by Schochet and Grenier [25,16] to
the fast singular limits of hyperbolic PDEs, adapted to the case of acoustic waves by
and Masmoudi [19]. First we introduce the following regularization: letκ ∈ C∞

c (Rd) such that
κ(x) = 0 if |x| � 1 and

∫
κdx= 1, we defineκδ(x) = δ−dκ(x/δ) and

ψδε = κδ ∗ ψε, πδε = κδ ∗
(
�ρε + �θε

)
.
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By Corollary 5.5, for allt∗ > 0 and allQ bounded subset ofRd, there exists a nonnegative
functionη ∈C(R+) with η(0) = 0 such that ally ∈B(0,1)∥∥ ∥∥

led
∇xψε(t, x+ δy)−∇xψε(t, x) L2([0,t∗]×Q)
� η(δ),∥∥(�ρε + �θε)(t, x+ δy)−

(
�ρε + �θε

)
(t, x)

∥∥
L2([0,t∗]×Q)

� η(δ),

which imply that uniformly inε,∥∥∇xψδε −∇xψε
∥∥
L2([0,t∗]×Q)

� C sup
[0,δ]

η,
∥∥πδε − (�ρε + �θε)∥∥L2([0,t∗]×Q)

� C sup
[0,δ]

η.

Hence, in the sense of distributions,

P∇x.(∇xψε ⊗∇xψε)− P∇x.
(
∇xψδε ⊗∇xψδε

)
→ 0,

2
d+ 2

∇x.
((
�ρε + �θε

)
∇xψε

)
− 2

d+ 2
∇x.

(
πδε∇xψδε

)
→ 0 uniformly in ε asδ → 0.(7.29)

From the uniform bounds

‖∇xψε‖L∞
t (L2

x) � C,
∥∥�ρε + �θε∥∥L∞

t (L2
x)

� C

we deduce that for allδ > 0 ands > 0

∇xψδε , πδε are bounded inL∞
t

(
Hsloc(dx)

)
uniformly in ε.(7.30)

Theorem 2.3 coupled with (7.8)–(7.11) and (7.19) gives

ε∂t
�uε +∇x

(
�ρε + �θε

)
→ 0,

ε∂t
(
�ρε + �θε

)
+

d+ 2
d

∇x.�uε→ 0 in L1
loc

(
dt,W−1,1

loc (dx)
)

from which we deduce that for allδ > 0 ands > 0,

Sδε = ε∂t∇xψδε +∇xπδε → 0,

S′δ
ε = ε∂tπ

δ
ε +

d+2
d

∆xψδε → 0 in L1
loc

(
dt,Hsloc(dx)

)
.(7.31)

Then, the following computations

P∇x.
(
∇xψδε ⊗∇xψδε

)
=
1
2
P∇x|∇xψδε |2 + P

(
∆xψδε∇xψδε

)
=

d

d+ 2
P
(
−∂t

(
επδε∇xψδε

)
− πδε∇xπδε + πδεS

δ
ε + S′δ

ε∇xψδε
)

=
d

d+ 2
P
(
−∂t

(
επδε∇xψδε

)
+ πδεS

δ
ε + S′δ

ε∇xψδε
)
,

∇x.
(
πδε∇xψδε

)
= πδε∆xψ

δ
ε +∇xψδε .∇xπδε

=
d

d+ 2
πδε
(
S′δ
ε − ε∂tπ

δ
ε

)
+∇xψδε .

(
Sδε − ε∂t∇xψδε

)
=

d

d+ 2
πδεS

′δ
ε +∇xψδε .Sδε −

dε

2(d+ 2)
∂t
∣∣πδε∣∣2 − ε

2
∂t
∣∣∇xψδε ∣∣2(7.32)

coupled with (7.30) and (7.31), show that, for allδ > 0, both terms converge to0 in the sense
of distributions asε → 0. Combining (7.28), (7.29) and (7.32) gives (7.20), which coup
with (7.19) provides (7.17) and (7.18).✷
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Appendix A. Young’s inequality

The functionsh : ]−1,+∞[ → R+ and r : ]−1,+∞[ → R+ are both strictly convex, and

satisfy, for allz >−1,

h(|z|)� h(z), r(|z|)� r(z), h(z)� r(z).(A.1)

The Legendre transform ofh is defined for allp ∈ R by

h∗(p) = sup
z>−1

(
pz − h(z)

)
= ep − p− 1;(A.2)

that ofr is also defined for allp ∈ R by the implicit relation

r∗(p) = sup
z>−1

(
pz − r(z)

)
=

z2

1 + z
, with log(1 + z) +

z

1+ z
= p.

Further, the Legendre transformh∗ is super-quadratic, i.e.

h∗(λp)� λ2h∗(p), p ∈ R, λ ∈ [0,1].(A.3)

Finally Young’s inequality states that, for allp ∈ R, z >−1 andλ ∈ [0,1],

p|z|� 1
λ
h(z) + λh∗(p)� 1

λ
r(z) + λh∗(p).(A.4)

Appendix B. Velocity averaging

PROPOSITION B.1. – Let φε be a family ofL2
loc(dt dx,L

2(M dv)) indexed byε ∈ [0,1]
such that the families|φε|2 and (ε∂t + v · ∇x)φε are both relatively compact inw −
L1

loc(dxdt,L2(M dv)). Then, for each functionψ ≡ ψ(v) in L2(M dv), eachT > 0 and each
compactQ⊂ R

d, there exists a functionη in C(R+) such that∥∥∥∥∫ φε(t, x+ δy, v)ψ(v)M(v)dv −
∫

φε(t, x, v)ψ(v)M(v)dv
∥∥∥∥
L2([0,T ]×Q)

� η(δ)

for eachδ > 0, y ∈B(0,1), uniformly inε ∈ [0,1].

Proof. –Without loss of generality, we can assume thatψ ∈ Cc(Rd) and that all theφε are
supported in some compactK ⊂ R

∗
+ × R

d × R
d; thus we henceforth considerψε as defined on

R×R
d ×R

d. Letλ > 0; define

φε + (ε∂t + v · ∇x)φε =Φε

and

φ<ε = (1+ ε∂t + v · ∇x)−1(Φε1|Φε|�λ),

φ>ε = (1+ ε∂t + v · ∇x)−1(Φε1|Φε|>λ).
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We then proceed as in [14]. For eachλ > 0, the truncated familyΦε1|Φε|�λ is bounded in
L2(M dv dxdt) and ∫ 2

lity
|ψ(v)| M(v)dv
|1 + iετ + iv · ξ|2 � C

1 + ε|τ |+ |ξ|

so that the family
∫
φ<ε ψM dv is bounded inL2

t (H
1/2
x ). It therefore satisfies∥∥∥∥∫ φ<ε (t, x+ δy, v)ψ(v)M(v)dv −

∫
φ<ε (t, x, v)ψ(v)M(v)dv

∥∥∥∥
L2

t,x

� C
√
δ

uniformly in ε ∈ [0,1].
On the other hand the familyΦε1|Φε|>λ satisfies

‖Φε1|Φε|>‖L1
t,x

→ 0

uniformly in ε ∈ [0,1] asλ→+∞. Therefore∥∥∥∥∫ φ>ε (t, x+ δy, v)ψ(v)M(v)dv −
∫

φ>ε (t, x, v)ψ(v)M(v)dv
∥∥∥∥
L1

t,x

→ 0

uniformly in ε ∈ [0,1] andδ > 0 asλ → +∞. This convergence and the analogous inequa
concerningφ<ε imply that∥∥∥∥∫ φε(t, x+ δy, v)ψ(v)M(v)dv −

∫
φε(t, x, v)ψ(v)M(v)dv

∥∥∥∥
L1

t,x

→ 0(B.1)

uniformly in ε ∈ [0,1] asδ → 0.
It remains to prove that the same convergence holds inL2

t,x. We therefore split∫∫ ∣∣∣∣∫ [φε(t, x+ δy, v)− φε(t, x, v)
]
ψ(v)M(v)dv

∣∣∣∣2dxdt

�
∫∫ (∫

|φε1|φε|�λ|(t, x+ δy, v)|ψ|M dv

)
×
∣∣∣∣∫ [φε(t, x+ δy, v)− φε(t, x, v)

]
ψM dv

∣∣∣∣dxdt

+
∫∫ (∫

|φε1|φε|�λ|(t, x, v)|ψ|M dv

)
×
∣∣∣∣∫ [φε(t, x+ δy, v)− φε(t, x, v)

]
ψM dv

∣∣∣∣dxdt

+
∫∫ (∫

|φε1|φε|>λ|(t, x+ δy, v)|ψ|M dv

)
×
(∫ [∣∣φε(t, x+ δy, v)

∣∣+ ∣∣φε(t, x, v)∣∣]|ψ|M dv

)
dxdt

+
∫∫ (∫

|φε1|φε|>λ|(t, x, v)|ψ|M dv

)
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×
(∫ [∣∣φε(t, x+ δy, v)

∣∣+ ∣∣φε(t, x, v)∣∣]|ψ|M dv

)
dxdt.(B.2)

The first and second integrals in the right hand side of the inequality above are less than

t

Lions

s

al

ce

on,

,

tique,

the
λ

∥∥∥∥∫ φε(t, x+ δy, v)ψ(v)M(v)dv −
∫

φε(t, x, v)ψ(v)M(v)dv
∥∥∥∥
L1

t,x

,(B.3)

while the third and the fourth are less than

2
∥∥M1/2φε1|φε|>λ

∥∥
L2

t,x,v

∥∥M1/2φε
∥∥
L2

t,x,v

.

This term vanishes asλ→+∞ uniformly in ε ∈ [0,1] since the family|φε|2 is relatively compac
in w-L1(M dv dxdt). On the other hand, the first and second integrals in (B.2) vanish asε→ 0
uniformly in λ> 0 by (B.3) and (B.1). This concludes the proof.✷

Appendix C. The product limit theorem

We restate here without proof a corollary of Egorov theorem, established by DiPerna and
[12], that was an essential argument in many proofs of this article.

PROPOSITION C.1. – Let µ be a finite positive measure on the spaceΩ. Consider two
sequences of real-valued measurable functions defined onΩ denotedfn and gn. If (gn) is
bounded inL∞(dµ) such thatgn → g almost everywhere andfn → f in w − L1(dµ) then
fngn→ fg in w−L1(dµ), and ins−L1(dµ) if g ≡ 0.
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