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ABSTRACT

Let M be a von Neumann factor of type II, with a normalized trace 7. In 1983 L. G. Brown showed that to every
operator T' € M one can in a natural way associate a spectral distribution measure pt (now called the Brown measure
of T), which is a probability measure in G with support in the spectrum o (T) of T. In this paper it is shown that for every
T € M and every Borel set B in C, there is a unique closed T-invariant subspace I = KCp(B) affiliated with M, such that
the Brown measure of T is concentrated on B and the Brown measure of Px- 1 T|x-1 is concentrated on G\ B. Moreover,
K is T-hyperinvariant and the trace of Px is equal to pu(B). In particular, if T € M has a Brown measure which is not
concentrated on a singleton, then there exists a non-trivial, closed, T-hyperinvariant subspace. Furthermore, it is shown

|
that for every T € M the limit A := lim,_, o[ (T")*T"] 2" exists in the strong operator topology, and the projection onto
Kr(B(0, ) is equal to 1jy 1 (A), for every r > 0.

1. Introduction

Consider a von Neumann algebra M acting on the Hilbert space H. A closed
subspace H, of H is said to be affiliated with M if the projection of ‘H onto H, belongs to
M. 'H, is said to be non-trivial if Hy # 0 and Hy # H. For T € M, a subspace H of H is
said to be T-mnvariant, if T(Hy) € Ho, i.e. if T and the projection P4, onto H, satisfy

Py, TPy, = TPy,

Hy 1s said to be hyperinvariant for T (or T-hyperinvariant) if it is S-invariant for every
S € B(H) satisfying ST = TS. It is not hard to see that if H, is hyperinvariant for
T, then Py, € W*(T) = {T}". However, the converse statement does not hold true. In
fact, one can find A € M3(C) and an A-invariant projection P € W*(A) which is not
A-hyperinvariant (cf. [D]).

The invariant subspace problem relative to M asks whether every operator T € M\ C1
has a non-trivial invariant subspace H, affiliated with M, and the hyperinvariant subspace
problem asks whether one can always choose such an H, to be hyperinvariant for T. Of
course, if M is not a factor, then both of these questions may be answered in the af-
firmative. Also, if M 1is a factor of finite dimension, i.e. M = M, (C) for some n € N,
then every operator T' € M \ C1 has a non-trivial eigenspace, and therefore CG" has a
non-trivial T-invariant subspace. In this paper we shall focus on the invariant subspace
problem relative to a II;-factor.

Recall from [KR2, Section 8] that every II;-factor M has a unique tracial state t,
and t is faithful and normal. The Fuglede-Kadison determinant, A : M — [0, 00), is given
by

(1.1) A(T) =exp{r(og|T]}, (T eM),
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with exp{—o00} := 0 (cf. [FuKa]). Also recall from [Br] that for fixed T € M, the function
At log A(T — A1)

is subharmonic in G, and its Laplacian
1
(1.2) d/,LT()\.l -+ 1)\,2) = 2—nv2 IOgA[T - ()\.1 + 1)\.2)1] d)\.] d)\.Q

(taken in the distribution sense) defines a probability measure py on G, the Brown measure
of T, with supp(ur) € o (T). Note that if T € M is normal, then wr = t o Et, where
Et : B(C) — Proj(M) (B(C) being the Borel o-algebra of C) is the projection valued
measure on (G, B(C)) in the spectral resolution of T'. That is,

T= f AdEr(M).
a(T)

If M =M, (C) for some n € N, then the Fuglede-Kadison determinant and the Brown
measure are also defined for T € M, and in this case we have that

A(T) = |detT],

and

1 n
Ut = ; ;3&’

where A1, ..., A, are the eigenvalues of T, repeated according to multiplicity. The Brown
measure of an operator T has been computed explicitly for a number of special operators
(see [HL], [BL] and [DH2]).

The main result of this paper is (cf. Theorem 7.1):

Main Theorem 1.1. — Let M be a 11, ~factor. Then for every T € M and every Borel set
B C C there is a largest closed, T-invariant subspace, IC = ICr+(B), affiliated with M, such that
the Brown measure of Tic, py|., is concentrated on B." Moreover, K is hyperinvariant for T, and if
P =Py (B) € M denotes the projection onto K, then

©) T(®P) = pr(B),
(ii) the Brown measure of P-TPL, considered as an element of P~ MPL, is concentrated on

C\B.

UIf IC = {0}, then we define e = 0. If K # {0}, then iy, is computed relative to the II;-factor PMP, where
P € M denotes the projection onto K.
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The subspace K = K(B) can also be characterized as the unique closed T-
invariant subspace affiliated with M for which the Brown measures of T and pPLTPt
are concentrated on B and C \ B, respectively (cf. Corollary 7.28). It is an easy conse-
quence of the Main Theorem that if T € M, and if pr is not a Dirac measure, then T
has a non-trivial hyperinvariant subspace (cf. Corollary 7.2).

A II,-factor M on a separable Hilbert space is said to have the embedding property,
if it embeds in the ultrapower R® of the hyperfinite II,-factor R for some free ultrafilter
o on N. In 1976 Connes (cf. [Co]) raised the question whether every II,-factor on a
separable Hilbert space has the embedding property. This problem remains unsolved.

In his unpublished lecture notes [H] from MSRI 2001 (see also [H2]), the first
author proved our Main Theorem in the special case where M has the embedding prop-
erty. The contents of Sections 2 and 3 are by and large taken from [H], but for the rest
of the paper, we resort to a completely different line of proof in order to treat the gen-
eral case. Our proof is based on free probability theory (cf. Sections 4 and 5) and the
Turpin—-Waelbroek method of integration in quasinormed spaces (cf. Section 3).

This research has been motivated by recent papers on invariant subspaces for op-
erators in II,-factors (cf. [DHI], [DH2] and [SS]), where results similar to Theorem 1.1
have been obtained for special operators and special Borel sets.

The construction of the spectral subspaces Kr(B) referred to in the Main Theorem
is carried out in several steps. In Section 3 we introduce the closed T-hyperinvariant
subspaces E(T, r) and F(T, 7) in the following way: E(T, r) is defined as the set of vectors
& € 'H, for which there is a sequence (£,)%, in ‘H such that

n=

lim £, —£[|=0 and limsup |[(T — A1)"&,|* <,

n—0oo

and F(T, ) is defined as the set of vectors n € H, for which there is a sequence (1,)°2, in
‘H such that

1
Iim [|(T =AD"y, —nl=0 and limsup ||77”||rlz <-—.
n—oQo r

n— 00

In Section 7 we combine the results of Sections 2 through 6 and prove that with
K+B(0, 7)) :=E(T, ), r>0,
and

K+(C\ B0, 7)) :=F(T,r), r>0,

KCr(B(O, 1)) (ICr(C \ B(0, 7)), resp.) satisfies the conditions listed in our Main Theorem
in the case B=B(0, ) (B=C\ B(0, r), resp.).
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Then for a closed subset I of G, I £ G, we write G \ F as a countable union of
open balls:

c\F =B,

n=1
and we prove that the subspace
Kr(F) :=[\F(T = 2,1,7,)
neN

has the properties mentioned in Theorem 1.1.
Finally, for arbitrary B € B(C) we show that

Ki®):= | KK

KCB,K compact

does the job for us.

We now describe the contents of the rest of the paper. The main result of Section 2
is that for T in the II;-factor M, the push-forward measure of ft(r+y under the map
>t converges weakly (as n — 00) to the measure v € Prob([0, 00)) which is uniquely
determined by

v([0, £]) = (B0, D), (> 0).

In Section 3 we define for T € M and r > 0 the T-hyperinvariant subspaces
E(T, r) and F(T, r) mentioned above, and we explore some of their properties. We shall
see that these subspaces seem to be good candidates for the desired T-invariant subspaces
KCr(B(0, r)) and I (C\ B(0, 1)), respectively. However, in order to prove that E(T, ) and
F(T, r) fulfill the requirements listed in Theorem 1.1, some more work has to be done.

We begin by considering the case r = 1 and assume that ur(0B(0, 1)) = 0. The
idea of proof is the following: If o (T) N 0B(0, 1) = @, then one can always define an
idempotent ¢ € M by

|
(1.3) e=— (A1 —T)_ldk
271 Joamo,1)

—as a Banach space valued integral in M. Then it is a fact that the range projection p
of ¢ 1s T-mnvariant with

o(Tlyry) €B0,1) and o((1—p)T|yz)) S C\B(O, ).

Hence, the Brown measure of T'|,#) and (1 — p)T|,¢)1 are concentrated on B(0, 1) and
C\ B(0, 1), respectively.
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However, in general one can not make sense of the integral in (1.3), but this can
be remedied by adding a small perturbation to T. We consider M as a subfactor of the
II;-factor N' = M % L(F,) (with a tracial state which we also denote by 7), and we note
that \ contains a circular system {x, y} which is *-free from M. Moreover, we can define
the unbounded operator z = xy~' which by [HS, Theorem 5.2] belongs to 1/(N, ) for
0 < p < 1. We will consider the perturbations of T given by

1
T,=T+-2 neN.
n

Since T, € I/(N, 1), 0 < p < 1, it has a well-defined Fuglede—Kadison determinant

A(T,) and a well-defined Brown measure pr, (cf. [Br, Appendix] or [HS, Section 2]). In
Section 4 we will prove that

A(T,) = A(T*T + L 1)2
and that
W, —> Mt asn—> 00

in the weak topology on Prob(C).

In 1968, Turpin and Waelbroek introduced an approach to vector valued integra-
tion in quasinormed spaces such as [/(N, 1), 0 < p < 1 (cf. [TuWa], [Wa], [Ka]). In
particular, one can define the integral

b
f Jf(x)dx

for every function f : [a, b] — 1/(N, t) which satisfies the Holder condition

1/ ) =/l = Clx =y

with exponent o > ]l) — 1 (cf. Appendix A for a selfcontained proof). Based on results

from Sections 5 and 6, we prove in Section 7 that (A\1 —T,)™! € [/(N, 1) for A € C and
0 <p < 1. Moreover, if 0 < p < %, then

IOL—T,)" — (ul=T) ', <C,.Ix — ul

for some constant C,,, > 0. It follows that the integral

1
6 = — (A1 =T, "da
271 aB(0,1)

makes sense as a Turpin-Waelbroek integral in I/(N, t) for % <p< % Let P, denote
the range projection of ¢,. Then
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1 p,T,P,=T,P,
(ii> Supp(/“’LTn|Pn(H)) - B(O’ 1)
(i) supp(irer,, ,,.) S G\ B, 1)

(cf. Theorem 7.3). Then we take a free ultrafilter @ on N and define P € N’ to be the
image of (P,)®, under the quotient mapping p : £°(N) — N®. Using (i), (i) and (iii),

one can prove that P is T-invariant,
7,(P) = ur (B(0, 1)),
supp(itppe,) S B(O, 1),

and

SUPP(LA-P)Tpp,, ) S G\ B(O, 1).

We then prove that P = Pgr ;) (cf. Lemma 7.16), and thus the T-hyperinvariant subspace
E(T, 1) has the desired properties. The last part of Section 7 takes care of a general Borel
set B C G, as was outlined above.

In Section 8 we realize the E(T, r) and F(T, r) as spectral projections of the positive
operators SO-lim,Hoo((T*)”T”)ﬁ and SO-lim,_, o, (‘T (T*)”)ﬁ , respectively. In particular,
we prove that these two limits actually exist for every T € M when M is a II;-factor.
There are examples of bounded operators on a Hilbert space which do not have this
property (cf. Example 8.4).

Finally, in Section 9, we show that for operators T' which are decomposable in
the sense of [LLN, Section 1.2], our spectral subspaces KC(T, F) for closed subsets F of C
coincide with the subspaces in the spectral capacity of T. Moreover, we show that every
II, -factor contains a non-decomposable operator.

Throughout this paper we assume that M is a I, -factor. However, our main results
can easily be generalized to the case where M is a finite von Neumann algebra with
a specified normal faithful trace 7. Indeed, such a von Neumann algebra M can be
embedded into a II;-factor N in such a way that the restriction of Ty to M agrees with
7 (cf. [HW, Proof of Theorem 2.6]).

2. Some results on the Brown measure of a bounded operator

Consider a II,-factor M with faithful tracial state . As was mentioned in the
introduction, one can associate to every T € M a probability measure ur on G, the
Brown measure of T.

Remark 2.1, —
(i) Note thatif T € M, and if A € M is invertible, then pr = pata-1.



INVARIANT SUBSPACES FOR OPERATORS IN A GENERAL II,-FACTOR 25

(i1) According to [Br], we have the following generalization of Weil’s Theorem: For
TeMand0 < p< oo,

(2.1) / A dur ) < TN ==t (TP).
o (T)

Fack and Kosaki (cf. [FK]) proved the generalized Holder inequality
(2.2) ISTH, < ISI,ITH,, (S, T e M),

which holds for all 0 < p, ¢, r < oo with % = % + é As a consequence of (2.1) and (2.2) we
have (cf. [Br]):

(2.3) I < ITll;,  (Te M, p>0).
The main result of this section is

Theorem 2.2. — Let T € M, and for n € N, let j1,, € Prob([0, 00)) denote the distribution
of (I")* T w.rt. T, and let v, denote the push-forward measure of |, under the map t +— £ . Moreover,
let v denote the push-forward measure of pr under the map z v~ |z|°, i.e. v is determined by

v([0, #1) = ur(B(0, ), (t>0).

Then v, — v weakly in Prob([0, 00)).
We will obtain Theorem 2.2 as a consequence of

Theorem 2.3. — Let T € M. Then there is a sequence (A)52, in My, the set of invertible
elements in M, such that

@) NALTAM < I'T|| for all k € N,
(i1) A;{TA,C_1 converges i *x-distribution to a normal operator N in an ultrapower of M, M,

Before proving Theorem 2.3 we state and prove some of its additional conse-
quences:

Corollary 2.4. — For every T € M and every p > 0,
: —1yp
2.4) fc A durG = inf [ATA™'].

nv

Proof. — According to Remark 2.1 (i) and (2.1),

: —1yt
L'klpduT(k)SAéﬁn\, IATA™ .
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To see that > holds in (2.4), take (A2, as in Theorem 2.3. Then f ra-1yepmat =
Un+N In moments, and since all of the measures (,LL(AkTA;l)* a2y are supported on
[0, || T||*], this implies weak convergence. In particular,

- )
| AL TA; 1||jZ = / 12 A ma-tyacmast (0
0
— f t dunen ()
0
= (NI
= / A1 dux ()
c
= / A dper (),
c
proving that > holds in (2.4). OJ
Theorem 2.5. — For every T € M and every p > 0,
2
(2.5) / LY dpr(r) = Lim [|T")];.
C n— o n

Progf: — According to [Br], p1 is the push-forward measure of @ under the map
z+— Z". Hence by (2.1), for all n € N,

p V4
(2.6) f Al dper (1) Z/ AT dpera () < 1T
C C

n

Let & > 0. It follows from (2.4) that we may choose A € M,,,, such that
JATA™ [, < fc 1 dpar () + .
With S = ATA™! we then have (cf. (2.3)) that
1871 < ISl
< [ +e

Since T" = A™!S"A, the generalized Holder inequality (2.2) implies that

1Tl < IAT IIANNS L.
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Thus,
" RN /
1T <A II"IIAII"< A duT(k)Jre),
n C

and it follows that

L
2.7) lim sup | "] < f AP (R + €.

" C

n— o0

Combining (2.6) and (2.7) we find that

n

S s

4
l/ﬂchum{x)glnnnﬂuTﬂu < limsup | T"|
C n— o0 n

n n— 00

< [ 1 dus i,
c
and the theorem follows. O
Corollary 2.6. — For 'T' € M define v’ (1), the modified spectral radius of ‘T, by
7 (T) := max{|A| | A € supp(ur)}.
Then

(2.8) ND:hm(MHWWO.
p—>00 n—00 n

Proof. — 7'(1) is the essential supremum (w.r.t. ;1) of the map A — |A|. Hence,

7/(T) = lim ( f A dM'r()»));.
p—>00 C

Now apply Theorem 2.5. UJ

Proof of Theorem 2.5. — If A : [0, 00) = M, is a differentiable map, define X :
[0, 00) = M by

X)) =AWOTAO™, (@>0).
Note that
d
&Am”:—Aw”AMAm”.
Hence, X is differentiable with
d / -1 d -1
$X(t) =A'"O)TAQG) ™ + A(t)T&A(t)

= [A()AD) ™, XO].
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We will choose A(?) to be the solution of the differential equation

2.9)

A'()=BOA®W), t=0
A(0)=1

for a suitable function B : [0, 00) — M,,, chosen in such a way that the identity
d
&X(?f) = [B(®), X(9)]

mmplies that ¢ — || X(¢) ||£ 1s decreasing for all p € N. At first we consider the case p = 2:

SIXOI = S o™X )
— 2B, XOI'X (1) + X B, X))
— 20 BOXOX ()" — XX ().
Hence, if B(2) = [X(5)*, X(1)], then

d 2 *7112
&IIXU)IIQ = =2[[[X(®), X®1ll; = 0.

Therefore, in the following we will try to solve the differential equation

X0 =[X®"XO],X(©®], =0,

(2.10) RO =T

and then solve

A'()=[XO" XOIAD, t=0

(2.11) A0) = 1.

We are going to apply [La, Chapter 14, Theorem 3.1] to (2.10). Assuming that T # 0,
setU = B(0, 2||'T||) € M, and let

JSX) =X X[, X], XeM.
For fixed X € M, /"(X) is a bounded operator on M given by
S X):H [[H*, X], X] + [[X7, H], X] + [[X*, X], H].
For X elU,
I/ XN < 122 TI)* = 48[ T||*.
Hence, K = 48||T||* is a Lipschitz constant for f;;. Also, || (X)|| is bounded on U by
L=4(2||T|)* = 32||T||°.
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With a = [T, B,,(T) CU. Set

[l a ) 1 1
b0:m1n{—,—}:m1n{ -, }
K L 48||'T|1? 96]|'T||2

Then by [La, Chapter 14, Theorem 3.1], for all € (0, 4) there is a unique solution to

X'(1) =f(X(1)),
X(0)=T

defined on the interval (—b, b). In particular, such a solution exists and is unique on
[0, W], where ¢ = ——. Next, with B = [X*, X] we get that for every p € N,

100°

@ X5,
d

_4 X ()
=3 (XOX0))

_ d * * p—1
= (T XOXOXOXO))
= pe(2X@ BOX ) — BOXOXO — X0 XOBOIXO™X @Y

= 2pT(BOIXOX 0 — XO"X®))'D
= 2p T ([X()"X () — XOXO MXOX D) — XOXDOYD.

For fixed 7 € [0, 7] there is a unique compactly supported probability measure i, on

[0, o0) x [0, 00), such that for all /', g € C([0, 00)),

T(f (X" X())gXOX()") = / S (g (v) dpe(u, v)

[0,00[x[0,00[

(cf. [Co, Proposition 1.1]). In particular,

d (
(2.12) 31Xl =2 (= )V — ) du,(u, v) <0,

[0,00[x[0,00[

and it follows that ¢ [|X(?)||, is decreasing for all p € N. Thus, also ¢+ [|X(?)[lc =
lim,, o [|X(#)]|, is decreasing. We can therefore extend the solution to (2.10) to the inter-
val [ 77, ”%ﬁ], and repeating the argument, we find that (2.10) has a solution defined on

all of [0, oo[ and satisfying || X(¢)|| < ||'T||, ¢ > 0. Then with B(¢) = [X(¢)*, X()] we have

(2.13) IBOI <2IT)? =0,
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In order to solve (2.11), we apply the method of proof of [La, Chapter 14, Theorem 3.1]
and define (A,(#)):2,, recursively by

A =1, =0,

t
A,H)=1 —|—/ B(HA,_,()d!, ¢>0.
0

By induction on 7, we find that

@IIT]*)"

n! ’

”An(t) - An—l (t) ” =<

Hence,

L+ Y A0 — AL @)l < &M < 00,

n=1

and it follows that the limit

A() = lim A, ()

exists for all ¢ > 0. Moreover, the convergence is uniform on compact subsets of [0, 00).
Therefore,

t
A =1 +/ B(OHA{) Y, t>0,
0
showing that A(¢) is a C' solution to (2.11). By a similar argument, the problem

(2.14)

C'()=—-COBWO, =0,
CO)=1

has a C! solution defined on [0, 00). Moreover,
d
$(C(t)A(t)) = C' (DA + COA' () =0,

which implies that C(£)A(¢) =1, ¢t > 0. Hence, A(?) is invertible with inverse C(¢) for all
t > 0. Now, observe that both X(¢) and A(#) TA(#)~! are C! solutions to the problem

(2.15) {5(((3 z?(t), Y01, ¢>0,

Then by [La, Chapter 14, Theorem 3.3], X(¢) = A(£) TA(#) "' for all ¢ > 0. That is, A(?),
B(#) and X(#) have all the properties we were asking for in the beginning of this proof.



INVARIANT SUBSPACES FOR OPERATORS IN A GENERAL II,-FACTOR 31

Note that the map # + p- #, t € [0, 00), extends to a map from C'([0, 00)) into
C([0, 00)) given by

d) = t-P'(1).

Let ¢ € C'([0, 00[). Choosing a sequence of polynomials (p,)°,, such that p, = ¢ and
£, — ¢ uniformly on [0, || T[], we get from (2.12) that

d
(2.16) Ef(fﬁ(X(t)*X(lf))) =2 f (u—v) (' () — ve'(v) A, (u, V).
l [0,00[x [0, 00]
We shall need this identity later on.

Next we prove that as t = 00, X(¢) converges in *-moments to a normal opera-
tor N. Recall that

d
(2.17) &le(t)llg = —2|[[X(»)*, XD]I3.
Moreover,
(2.18) X' = [[X®", X1, X(1)]

= X(O)*X(1)* — 2X()X (D)X (1) + X(6)*X(t)*.

Since T(Y[Z, W]) = t(Z[W, Y]) = t(WI[Y, Z]), we have that

d
(2.19) S IXO™ X1,

=9 X(H*. X dX X
= 27(IX()". X @] T[XO". X))

=27 (IX®", XOIIX @ XO1+ X0, X 1))

=27 (X (O [XO), [X@" XOID + 22 (X OIXO", XOL XD
= =27 (X' ()" [[X()", X(O1, X(OD — 27 (X OIX@", X", XOID
= —4IX ()l

Hence, t — ||[X(6)*, X(?)] ||§ is decreasing, and it follows that for all ¢ > 0,
1 t
X%, XO]II; < ;/ X (w)*, X(@)]]l3 du,
0

so by (2.17),

* 2 1 2 2 1 2
X" XI5 = Z(IIX(O)IIQ - IIX(t)IIQ) =< ZIITIIQ-
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This shows that

(2.20) lim [I[IX(@)7, X013 =0.

According to (2.12), ¢ = ||X(?) ||§§ 1s decreasing for every p € N. Therefore,
lim 7 ((X()*X(0))")
t— 00

exists for every p € N. Combining this with (2.20) and the fact that || X(¢)||o < ||T|| for
every ¢t > 0, we get that the trace of any monomial in X(¢) and X(¢)* with the same
number of X(#)’s and X(¢)*’s also converges as ¢t — 00. To prove that this holds for any
monomial, it is, because of (2.20), sufficient to show that for all m, n € Ny, the limit

(2.21) lim 7((X0))"X(0")

exists. To see this, note that for every A € G, X(¢) — A1 satisfies the same differential
equation as X(¢), because

d
$(X(t) —A1D) =[[X®" X1, X(®)]
= [[X()* — A1, X(t) — A1], X(¢) — A1].
Hence, according to the above, the limit

(2.22) lim T((X()" = 21)"(X() = A1)")

exists for all » € N. Expanding 7 ((X()* — AD"(X() — A" in powers of A and A, it is
readily seen that the limit (2.21) exists. Hence, (X(#)),>0 converges in *-moments to an
operator N (N may be realized in the ultrapower M® of M). According to (2.20), N is
normal.

In order to show that puyx = wr, it suffices to show that

(2.23) AT —21)=AN=A1), (LeC).

At first we consider the case A = 0. Since X(¢) = A()TA() !, A(T) = AX(?)) for all
1> 0. Hence,

(2.24) log A(T) =log A(X(2))

1
= ;Eg{ Er(log(X(t)*X(?f) +el)) }
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Applying now (2.16) to ¢ (u) =log(u+ ¢), u > 0, we get that

(2.25) %r(log(X(t)*X(t) + 1))

:—sz/w(u—v)( = ) dp(du () < 0.
o Jo ute v—+e

Now, according to (2.25),

I
log A(T) = E&Eg{ 57 log(X()"X () + 81))}

e>01¢>0

= infinf{ %‘L’ (log(X(1)*X(¢) + €1)) }

— inf lim {ét(log(X(t)*X(t) + el))},

e>0(—00

where the last identity follows from (2.25). But X(¢)*X(#) converges in moments to N*N,
and since sup,_, ||X()*X(?)|| < 0o, it follows from the Weierstrass approximation theo-
rem that

(2.26) V¢ e C([0, 00 : tl_i)rglof(fb(X(t)*X(lf))) = 7,(¢ (N*N)),
where 7, denotes the tracial state on M®. Hence,

log A(T) = 8ir>1£{ éf(log(N*N + 81))} —log A(N).
The same arguments apply to X(¢) — A1, and we obtain that

log ACT — A1) =log AN — A1), (r € C).

Hence, 1t = pn. Theorem 2.3 now follows by taking A, = A(k), £ € N. [

Proof of Theorem 2.2. — Let p € [0, 00). Then, according to Theorem 2.5,

f vy = / A dpr(h)
0 C

= lim ||'T"|]

n— 00

e s

= lim T(((T")*T")%)

= lim [ % dw,®)

n— 00 0

—lim [ ¢ dv, ).

n—0oo 0
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In particular, v, — v in moments. Since ||(T")*T"|| < ||'T||*" and supp(er) € B(O, || T])),
v and the v, are all supported on [0, || T||*]. Hence, v, — v weakly. ]

Corollary 2.7. — Let T € M. Then pr = 8y if and only y‘((T”)*T”)% tends to O wn the
strong operator topology as n — 0.

Proof. — It wr = dy, then with the same notation as in Theorem 2.2, v, — &
weakly as n — o00. In particular,

I
lim t*dv, (1) =0,
=0 Jo
Le.
lim 7([(T")*T"]") = 0.
It follows that for every vector & in the dense subspace M of L*(M, 1),

LT T2 = T([(T")*T']7£€%)
< LT T o €%

— 0,

and hence, ((T")*T")+ tends to 0 in the strong operator topology as n — 00. On the
other hand, if ((T")*T")% — 0 strongly, then ((T")*T™)% — 0 strongly for every p € N.
Hence, with € =1 e M CL*(M, 1),

2
T([(T")*T"]") = |[(TY*T"]" €))% — 0
as n— oo for every p € N, i.e.

1T
lim #dv,(t) =0, (peN).

n— oo 0

It follows then from the Weierstrass approximation theorem that v, — §, weakly as n —
00. That is, v = §y, and therefore put = &y as well. 0

3. Constructing certain hyperinvariant subspaces

Consider a II;-factor M acting on the Hilbert space H and with faithful, tracial
state T.
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Definition 3.1. —

35

(i) For T € M and r > 0, let E(T, r) denote the set of & € H, for which there exists a

sequence (§,)°°, i 'H, such that

(3.1)

lim [|§, —&[|=0 and limsup ||T”§n||% <r.

n—oQo

(i) For T € M and r > 0, let ¥(T,r) denote the set of n € H, for which there exists a

sequence (1,)°2, in H, such that

(3.2)

1
lim | T", —nll=0 and limsup|n.|" < -.
n— 00 ¥

n— 00

Lemma 3.2. — For T € M and r > 0 one has:
(@) E(T,7) and ¥(T, r) are closed subspaces of H.

(b) r > E(T,r) is increasing, and E(T,r) =

and F(T,7) =(,.,, F(T, ).

E(T,s). r+—= F(T,r) ws decreasing,

§S>r

(c) E(T,7) and ¥(T,r) are hyperinvariant for 'T', i.e. for every S € {T}, S(E(T, r)) C

E(T, ), and S(F(T, r)) CF(T, ).

(d) The projections P(T, r) and Q(T,r) onto E(T, r) and ¥(T, r), respectively, belong to
W*(T), and they are independent of the particular representation of M on a Hilbert space.

Proof. — (a) It is easily seen that E(T, r) and F(T, 7) are subspaces of H. To see that
E(T,r) 1s closed, suppose (§ (k)),‘jil is a sequence in E(T, r) converging to some & € H.

We prove that & belongs to E(T, 7) as well. For each £ € N there is a sequence (Sﬂ(k))Oo

'H, such that

p1n

n=

. 3 . 1
lim ||§,fk) — D=0 and lim sup ||T"’§,fk) | <.
n— oo

n— 00

Choose a (strictly) increasing sequence of positive integers (n;);2, such that for all

keN,
|
(3.3) IE" — @) < 7 (n>n),
and
ne (k)L 1
3.4 [T, || <7+ A (n>ny).

Then define a sequence (§,)°°, in H by

-

0,
£
n 9

n < ny for all £,
e << Ny

(3.5)



36 UFFE HAAGERUP, HANNE SCHULTZ

Then

1

||§n_§k|| EZ? (nk§n<nk+l)’

and
n 1 1

IT*E,||" <7r+ e (n < n < mygy).
It follows that

&= klim é(k) = lim &,,
and

limsup || T, ||+ < 7.

n— 00

Thus, & € E(T, r). Modifying the above arguments a bit, one easily sees that F('T, 7) is
closed as well.
(b) Clearly, r = E('T', 7) 1s increasing, and therefore

E(T, r) C ﬂE(T, 5).

To see that the reverse inclusion holds, let & € [
quence (§#)% in H, such that

E(T, s). For each £ € N take a se-

§>7

%ywbm=0mdemm$W<”%

As in the above, choose a (strictly) increasing sequence of positive integers (1),
such that for all £ € N, (3.3) and (3.4) hold. Let &, be given by (3.5), and as in the proof of
(a), note that (§,)72, satisfies (3.1), 1.e. § € E(T, r).

The second statement in (b) is proved in a similar way.

(c) This follows immediately from the definition of E(T, r) and F(T, r) and the fact
that when ST =TS, then ST" ="1"S.

(d) Since E(T, r) and F(T, r) are hyperinvariant for T, P('T, ) and Q(T, r) belong
to W*(T) = {T, T*}". The independence of the representation of M follows exactly as
in [DHI, Lemmas 2.3 and 2.4]. U

Remark 3.3. — If T € M is invertible, then E(T, ) = F(T™!, %). Indeed “C” fol-
lows by choosing (§,)°2, as in Definition 3.1 (i) and setting 1, = '1"&,. Then (3.2) holds
for n = & and with T replaced by T~ and r replaced by +. The reverse inclusion follows
by choosing (1,)2°, as in Definition 3.1 (ii) (with T replaced by T~! and r replaced by %)
and setting §, = T™"n,.
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Lemma 3.4. — Let T € M, and let r > 0. Then

(i) supp(ur) € B, r) ffE(T, ) ="H.
(i) supp(ur) € C\B(0,7) ff F(T,r) ="H.

Proof- — According to Lemma 3.2 (d) we may assume that M acts on the Hilbert
space H = L*(M, 7). For a € M we let [a] denote the corresponding element in H.
Throughout the proof we let @, = pern = Wrnern+, and we let v, denote the

push-forward measure of , under the map ¢ +— tv. Then, according to Theorem 2.2,
v, — v weakly in Prob([0, 00)), where v is determined by

v([0, £]) = (B0, D), (> 0).

(1) Suppose that supp(ur) € B(0, r). Consider a fixed s > 7. Since supp(ur) <
B(0, 7), v is supported on [0, 7],

1,15, 00)) = p,(Is*, 00)) = 0 as n — oo.
Define a sequence of projections in M, (E,)%,, by

By = Lo, (T T,
Note that for all « € M,

1A = E)ldll; = (@ (1 ~E,)a)
lal*z (1 —E,)

= llall*1.((s*, 00))

— 0 asn— oo.

IA

Since {[a] | a € M} is dense in H, this shows that E, — 1 in the strong operator topology,
ie forall &€ e H,

lim |[E,€ — &) =0.
Moreover, since E,(T")*T"E, < s*1,

(IT'EEDT < (ITE,IENT < sE]"

for all £ € H, and hence E(T, s) = H. Since s > r was arbitrary, Lemma 3.2 (b) now
implies that E(T, ) = H.

Next assume that E(T, 7) = H. Let § =[1] € 'H, and take a sequence (§,)°2, in H
such that

lim ||§,—&||=0 and limsup ||T"§,,||% <r.

n— 00



38 UFFE HAAGERUP, HANNE SCHULTZ

Since ||&,|| = [1€]]| = | as n — 00, we may as well assume that [|§,]| = | for all » € N. Let
w, € Prob([0, 00)) denote the distribution of (T")*T" w.r.t. the vector state x = (x&,, §,).
Let s > r, and take 5, € (7, 5). Then ||T",|| < s] eventually as n — o0o. Hence for all large
n)

f (i () = (1) T7,.6,) < ™
0

and therefore

e ¢]

p oo =57 [ rawo = ()
S

§2n

It follows that with E, = 1 2:;((T")*T") as before,

B - &1 < (L)
s

for all large n € N, and hence

lim |[E,§, — &, =0.
Since &, — & as n — 00, it follows that

lim [[E,&,—£[l =0
as well. That 1s,

t(1—E)=|1—-E)E|I*’ =0 asn— oo,
which is equivalent to saying that

w,(1s*, 00)) = 0 asn— oo.

We now have that for every ¢ € CF(R) with supp(¢) < (5%, 00),

o0

/oo¢(t) dv()=lim [ ¢ () dv,()
0

n—0oo 0

< [|¢ |00 lim sup v, (], o0[)

n— 00

=0.

Hence, supp(v) C [0, s*], i.e. supp(ur) € B(0,s) for all s > r, and we conclude that
supp(ut) € B(0, 7).
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(i) At first assume that supp(ur) € G\ B(0, 7). Let 0 < s < r, and define F, € M
by

F, = 1o 00, (T"(T")").

By an argument similar to the one given in the proof of (i), we find that for all £ € H,
IF.§ —&|| = 0 asn— oo.

Now, consider a fixed & € H, and with

0, 0<t<s™,
gﬂ(t) - { %’ (> J‘Qﬂ

let

n, = (T%)"g,(T"(T")")§.
Then, since £g,(£) = 12 00 (2),

T'n,=F&.
Thus,

IT'n, —&|| -0 asn— oo.

Moreover, since ¢g,({)? = g,(f) < A%,

1
ImlI* = (gu(T"(T")*&, §) < sl

Thus,

1
lim sup ||, < =,
n— 00 A
and this shows that F('T, s) = H. It now follows from Lemma 3.2 (b) that F(T, r) =H.
On the other hand, suppose that F(T, r) = H, and let £ = [1]. Choose a sequence
(1,22, in ‘H such that

1
lim || T"n, — & =0 and limsup ||17,Z||le <-.
e n—00 r

Since ||| = 1, we may assume that ||'T"n,|| =1 for all » € N.
Put §, =1"n,, and let u/, € Prob([0, 00)) denote the distribution of T"(1")* w.r.t.
the vector state x — (x&,, §,). Since for every ¢ > 0,

1T (T 4+ 1) 2T < 1,



40 UFFE HAAGERUP, HANNE SCHULTZ

we have that

/OOld 0! /Oo : dp, ()
— =su R
0 / /’Ln £>I0) 0 [+¢& I’Ln

* -1 p
= sup [|(T"(T")* + e1) 72§, |1?

e>0

= sup [|(T"(T"* 4 1) "2 T"7, |°

e>0

2
= lInall.

Now, let s € (0, r), and choose s € (s, 7). Then ||n,l||% < % eventually as n — 00,
and hence

<1 1
—du, () < —,
0 ¢ 51
eventually as n — 0o. With F, = 121 o, (T"(T")*) as above we then have that

IF.6, = &% = w,([0, )

2" In
s /
f —du,(?)
0o ¢

s 2n
S J—
51

— 0 asn— oo.

A

Since &, — &, it follows that

I1=F,l5=1§ —E&lI>—> 0 asn— oo,
Le.

lim v,([0, 5)) = lim w,([0, ) =0.

Since v, — v weakly, it follows that supp(v) C [s%, 00), and hence supp(r) € G\ B(0, s)
for all s € (0, r). We thus conclude that supp(ur) € G\ B(0, r). ]

Corollary 3.5. — Let T € M, let A € C, and let r > 0. Then

(@) If E s any closed, T-invariant subspace affiliated with M, such that supp () S
B(A,r), then ECE(T — A1, 7).

(b) If ¥ us any closed, 'T-invariant subspace affiliated with M, such that supp(pr),) € G\
BA,r), then F CF(T — A1, 7).
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Proof. — (a) Suppose that E is a closed, T-invariant subspace affiliated with M,
such that supp(ury,) € B(A, 7). Then E is invariant for T — A1 as well, and

supp(ir—z1;) S B(0, 7).
According to Lemma 3.4, this implies that
E(T — Allg, ) =E.
It is easily seen that E(T — A1, ) € E(T — A1, r), and hence,
ECE(T —A1,r).
(b) follows in a similar way, so we leave out the proof of it. 0
Lemma 3.6. — For T € M and s > r > 0 one has that E(T, r) LF(T*, s).

Proof. — Let § € E(T, ), and n € F(T*, 5). Take sequences (§,)72, and (n,):2, in
H, such that §, — &, (T%)"n, — 1,

limsup [|'T", || <7,

n— o0

and

lim sup [[n,[| < —.
n—>00 S

Choose positive numbers 7" and 5" such that s > s > 7 > r. Eventually as n — o0,

I'T"&,|| < (+')" and ||n,]| < whence

L

(A./)u >

(€ = lim |, (T)"n,)]
= lim |(T,, 1,)|

< limsup [ T"&, [l |7,

n— o0

. ”\"
< limsup( -

n—o00 5
=0.

That is, £ Ln. U
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4. Some results from free probability theory

In order to proceed, we will need a number of results which are based on free
probability theory. Recall from [VDN] that a C*-probability space is a pair (A, ¢) where
A is a unital C*-algebra and ¢ is a state on A. We say that (A, ¢) is a W*-probability
space if A is a von Neumann algebra and if ¢ is a normal state on A.

Let H be a Hilbert space. The full Foch-space over H, 7 (H), is the Hilbert space

o0

T(H) =ceo (PH®).

n=1

where €2, the vacuum vector, is a unit vector in the one-dimensional Hilbert space CS2.
Q induces the vector state w on B(7 (H)).
To a given orthonormal set (¢;);c1 in H we associate the creation operators (¢;);c

in B(7 (H)) given by
£;2=¢ and Els =¢Q®E&, &€ H®"
Then ETE] = 8y1 and

mepE\Y __ I, (m,n)=1(0,0),
4.1) o (fz-))_{ o o

Moreover, the x-algebras A; = alg(¢;, £f), ¢ € I, are free in B(7 (H)) w.rt. @ (cf. [VDN]).
A family of creation operators (¢;),c; obtained from an orthonormal set (¢,);c1 as
above 1s called a free family of creation operators.

Lemma 4.1. — Let (A, @) be a C*-probability space, and let (s;);c1 be operators in A which
satisfy

1) 575 =9;1, 1,5 €1,
(i) @(ss7)=0,1€L

Then (s;)ic1 has the same x-distribution as a_free_ famuly of creation operators (£;)c1.
Proof: — Let B, = alg(s;, s¥) € A, i € L. Since sfs; =1,
(4.2) B: = span{s’(s")" | (m, n) € N}
By (ii) and the Schwarz inequality
l0(ab)] < p(aa”) 9B, abe A,

we have that

my NI 19 (m’ n) = (09 O);
4.3) P = {O, o .0
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Let (¢,);c1 be the set of creation operators coming from an orthonormal set ()1 as
described above. Then by (4.1), £; and 5; have the same *-distribution for all z € I. Hence,
in order to show that the families (¢;);c; and (s;);c1 have the same *-distributions, it suffices
to show that (13;);c; are free subalgebras in (A, ¢).

Put

B’ = (b e B p(b) = 0}.
It follows from (4.2) and (4.3) that
Bl-o = span{s;(s))" | (m, n) € Ng \ {(0,0)}}.
Thus, in order to prove that (I3;) are free, it suffices to show that
(4.4) @i (57)" sy (s7)™ -+ 53 (57)"™) = 0
for all k€ N, all (my, ny), ..., (mp, ) € N2\ {(0,0)} and all 4, ..., 4 €I such that i, #
7 F Yol F e
Given k€N, (my,n)), ..., (m, n) € Ng \ {(0,0)} and 71, ..., 4 €1 such that 3 #
o # -+ F# 4 # 1, assume that
PO SR ™) 0.

By (1) and the Schwarz inequality,

(4.5) p(as’) =0, acA, i€l

Hence n, = 0, which implies that m; # 0. By (), 5271512 = 0, and therefore n;_; must
be zero. Then m;_; # 0, and continuing this way we find that ny =ny =--- =n, =0,
my, mo, ..., ny > 1 and

(,0(5;'1”5;;12 .. -SZ-Zk) #0.

However, by (4.5), ¢(s;ia) = ¢(a*sf) =0 for i € I and a € A. Thus, since m > 1,

@(s;)'s;, -+ -5;") = 0 and we have reached a contradiction. This proves (4.4) and com-
pletes the proof of the lemma. U

Next we will apply the following result due to Shlyakhtenko:

Lemma 4.2 [Sh, Corollary 2.5]. — Let (A, @) be a C*~probability space, B € A a C*-
subalgebra of A with 1 € B, and let £+, . .., £, € A. Suppose the following three conditions hold:

(1) £y, ..., L, have the same x-distribution w.r.t. ¢ as a_free family of n creation operators.
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(2) Forallpl,glzow?'t/zp+q>O,ﬁrallbl,...,bp,b’l,...,b’qH € B and for all 1 <
Zla"'azpvjl""’\]qin)

Q(biLiby B LBy L70 ) =0,

(8) The GNS representation of C*(B, £y, ..., £,) associated with ¢ is_faithful.
Then the following two conditions are equivalent:

(@) Band C*(Ly,...,1L,) arefree in (A, @)
(b) €xbl; =8;0(b)1 forbe B, 1 <i,j <n.

Combining Lemma 4.1 and Lemma 4.2, we get:

Lemma 4.3. — Let (A, @) be a C*~probability space, B € A a C*-subalgebra of A with
1eB,andlet €,,..., L, € A. Suppose the GNS representation of C*(B, £, ..., £,) associated to
@ is_faithful.

(1) 1If the following two conditions hold:
(al) £y, ..., L, have the same x-distribution w.r.t. ¢ as a free family of n creation operators
(a2) Band CG*(Ly, ..., L,) arefree in (A, ¢).
Then the following two conditions also hold:
(bl) €:bt; =6;0(0)1 forbe B, 1 <i,j<n
(b2) ("L Ly =0forbeB,1<i<n
(1) Conversely, (b1) together with (b2) implies (al) and (a2).

Proof: — (1) Suppose (al) and (a2) hold. Then (1) and (a) in Lemma 4.2 are fulfilled.
Moreover, by assumption, (3) in Lemma 4.2 also holds. We prove that (b2) holds: Let
C=C*"{y,..., ¢, and let

B'={beBlekh)=0} and C’={ceC|p(c)=0}.
For b € B, let 1° = b — @(b)1. Then for 1 <i <n,

QL) = p((5)° + @0 DEL (B + (b))
= ((6")"€:€;0") + p(b)(E:L7h")
+o@)p(()°L]) + 1) P LiL)).

According to (al), (£:£7) =0, that is £;£* € C°. Moreover, 4°, (b*)" € B° so by the free-
ness assumption (a2),

QB 6L D) = (L") = (") LiL)) = p(E:t]) = 0.
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This proves (b2). We will now show that (2) of Lemma 4.2 holds: By the Schwarz inequal-
ity and by (b2),

(4.6) p(blia)=0, bebB,acA,
because

@(bia)] < @(bL(bL)")? p(a"a)? = 0.
Moreover, by complex conjugation of (4.6), it follows that
(4.7) p(alb)y=0, bebB,ac A

This proves that (2) (in addition to (1), (3) and (a)) of Lemma 4.2 holds, and thus (b1) =
(b) holds. This proves (i).

(i1) Assume now that (b1) and (b2) hold. Then (b) of Lemma 4.2 holds. Moreover,
by assumption, condition (3) of Lemma 4.2 holds. From the proof of (i) we know that (b2)
implies (4.6) and (4.7), and the latter two imply (2) of Lemma 4.2.

By (b1)and (b2), £,, ..., £, satisfy the conditions in Lemma 4.1. Hence, (¢4, ..., £,)
has the same *-distribution as a set of n free creation operators. This proves (al) as well as
(1) in Lemma 4.2. Thus, (1), (2), (3) and (b) of Lemma 4.2 hold, and then by Lemma 4.2,
(a2)=(a) holds. This completes the proof of (1). U

Recall from [VDN] that when (A, ¢;) and (A,, o) are two W*-probability
spaces, one can define a reduced free product,

(A9 (P) = (Ala ng) * (A27 §02)7

which is a von Neumann algebra A realized on the free product of Hilbert spaces with
distinguished unit vector,

(Hv S) - (H(m ’ éw]) * (H(pgv S(,OQ)v

where H,, with distinguished unit vector &, is the GNS Hilbert space in the representa-
tion 1, of A,. ¢ is the vector state on A induced by the unit vector & € H which is cyclic
for A. In particular, the GNS representation m, of A is one-to-one and can be identified
with the inclusion map A < B(H). If 7, and 7, are one-to-one, then A, and Aj are
naturally embedded in A as a free pair of subalgebras w.r.t. ¢, and ¢, = ¢| 4, 1= 1, 2.

Let (A, ¢) be a C*-probability space. Following the notation of [V1] (or [VDN]),
we say that s, ...,s, in (A, @) form a semicircular family in (A, @) if s1,...,s, are free
self-adjoint elements with

1 2
</)(5’f):2—n /Vi—2di, peN.
—2
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Elements xi, ..., x, in (A, ¢) are said to form a circular family if there is a semicircular
family (s1, ..., $,) in (A, ¢) such that

5 + is:—‘r;' .
N=—— 1=7=<n
g NG
Proposition 4.4. — Let (N, T) be a finite von Neumann algebra with a faithful, normal, tracial
state T, and let M C N be a von Neumann subalgebra of N'. Let n € N, and let u = ()} =1 €
UM, (M)). Moreover, suppose that (xy, .. ., x,) is a circular family in N which is xfree from M.
Then with yy, . . .,9, € N given by

(4.8) =Y g, (1<i<n),

1y« « s 00) 15 a curcular family which is *-free from M.

Proof: — We may without loss of generality assume that
N =M« W*(xq, ..., x,).

By [V1] (or [VDN]), W*(xy, ..., x,) = L(Fy,), the von Neumann algebra of the free
group on 2n generators. Moreover, we can realize the circular family as follows:

Take an orthonormal set ¢, ¢, ..., ¢, ¢, in a Hilbert space H, and let £, = £(¢;)
and £. = £(¢)) be the corresponding creation operators on 7 (H). Moreover, let @ be the
state on B(7 (H)) given by the vacuum vector 2. Then

=4+ )", 1<i<n,

is a circular family in (B(7 (H)), w) and the restriction @’ of @ to W*(xy,...,x,) is a
faithful, normal, tracial state. Furthermore, €2 is cyclic for W*(x, ..., x,) and we can
therefore identify the GINS representation ., with the inclusion map W*(xy, ..., x,) <

B(7 (H)). The GNS vector &,/ then corresponds to 2. Hence, the reduced free products
W, 1) =M, t|pm) * W (x1, ..., 1), @)

and
W\ 9) = (M. Tl * BT (H)), )

are both realized on the free product of Hilbert spaces,
(H, &) = XM, t|pm), D) * (T (H), Q).

We may therefore regard N as a subalgebra of N such that @y = 7. We will
now apply Lemma 4.3 (i) to A= N, B =M and the family of creation operators
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Uy, ..., 8,0, ..., £). Since & 1s cyclic for/\7=W*(M, .. 0,0, ..., L), the GNS
representation of N associated to ¢ is one-to-one, which implies that the GNS represen-
tation of the restriction of ¢ to C*(M, £y,...,£,, €|, ..., ¢) is also one-to-one. Hence,
the assumptions of Lemma 4.3 and (al) and (a2) in Lemma 4.3 are fulfilled. It then follows
that (b1l) and (b2) hold, that is

() Vee MVijell,....n):
Cxl =5, - T(W)1,
()~ =8; - T(D1,
et = (€)*xt; = 0.
(i) Ve MVie{l,... n):
P00 x) = (A" Li(L)*x) = 0.

Put

(4.9) s=Y wity, (1<i<n)
J=1

and

(4.10) S=Y tus, (1<i<n).
j=1

Then

(4.11) yi=s+G), (1<i<n).

We will now apply Lemma 4.3 (i) to A =N, B =M and the family of operators
(S1svves S S)sents8)). Since u = (ug)zjz1 is unitary, (4.9) and (4.10) imply that

n

. .
¢ = E uzs;, 1 <j=<mn,
=1

n

/_ /% N
Ej_ E suz, 1<j=<n.

i=1
Hence,
C M, sty ey suy Spy s ) =CY (M, Ly, o, €, 0, ..., L),

and the conditions of Lemma 4.3 are fulfilled by s, ..., s,, s}, ..., s, as well. We will now
make sure that (b1) and (b2) in Lemma 4.3 are fulfilled, i.e. that
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i) Vxe MVi,je{l,....n}:

siasi =6 - T(0)1,
(sg)*xuf/’- =38; - T(x)1,
sl*xs]/ = (s))"x5; = 0.

(i) Vxe MVie{l,... n}:
P(x"sisx) = (A" $i(s1)*x) = 0.

If () and (it') hold, then according to Lemma 4.3 (ii), (s, ..., S S, ..., 5.) has the same
x-distribution w.r.t. ¢ as free creation operators, and M and C*(sy, ..., 5,5, ...,5)
are free in (./\~/' ,¢). Hence, y; = 5; + (s})*, 1 <7 < n, is a circular family which is *-free
from M.

To prove (1) and (ii'), let x € M, and let 1 < 7,7 < n. Then (i) implies that

n
* _ * %k
X8y = E Eljuipxujqﬁq
pq=1

= Z Spgp (g xuig) 1

prg=1

= @)1

p=1
=5, - T(01,

and similarly,
(sg)*xs]’. =38; - t(x)1.

Moreover, according to (1),

n

n
* /_ ko k / *
5 X5 = Zgﬁuiﬁx ¢%ig =

* —
0- Wy, = 0,
pg=1 prg=1

and hence
(s))*xs; = (sj’-"x*s;)* =0.

This proves (1'). Next we prove that (ii') holds, making use of (i) and (ii):
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Let x € M. Then

(4.12) POsisT) = ) @(uply i),
b=l
and
(4.13) PUSD 0 = D (e ()" x).
prg=1

Since (i1) holds, we get, using the Schwarz inequality, that
(4.14) 0w(Oia) =9 lia)=0

forye M, ae Nandl<i<n Applying this to y = x*u;, and a = £Ju; x, we get, using
(4.12), that

(3 si51x) = 0.

Similarly, applying (4.14) to y = x and @ = wju; (€})*x, we get from (4.13) that
P(x"si(s)*x) = 0.

This proves (it'). O

Let M be a II;-factor, and let T € M. We regard M as a subfactor of N' =
M x L(F,) with tracial state T, and we choose a circular system {x, y} that generates
L(F,) and which therefore is free from M. Then by [HS, Theorem 5.2], the unbounded
operator z = xy~ ! isin I/(N, 1), 0 < p < 1. Thus, for all a € (0, 00), T + az € [/(N, 1),
0 < p < 1, and therefore T + az has a well-defined Fuglede—Kadison determinant and a
well-defined Brown measure (cf. [HS, Section 2]).

Proposition 4.5. — Let T € M, and let z = xy™" as above. Then for each a > 0,
(4.15) A(T+az):A(T*T+a21)%, (a>0).

Proof. — Take a unitary u € M such that T = |T|, and for fixed a > 0 put

w= (T*T + 1) 2 (|T]y + au*x).

Then

T+ az=u(T*T + 1) 2wy,
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and hence
A(T + a2) = A@A(TT + D) Aw) A
= A(T*T + 1) A(w) A(y) ™.

It follows that if w is circular, then A(T + az) = A(T*T + agl)%. To see that w is
circular, define v € Y (My(M)) by

. (T*T + 2D 2T|  a(T*T+ 1)t
“\ «(T'T+a2D 2 —(T*T+ D) 2T )

and define ¥, )’ € M by

Then, according to Proposition 4.4, {«’, '} is a circular system (which is *-free from M).
Since w =)', w is then circular, and hence A(w) = A(y). ]

Corollary 4.6. — The Brown measure of 'T' + az is given by
2
(4.16) ditriae(X) = a—r((T(A)*T(A) + 1) (TAW)TR)* +a*1)7") dA; dhs,
b4
where .y = Re A, Ao =ImA, and T(L) =T — A1.

Proof: — By [HS, Definition 2.13] and Proposition 4.5,
1 _.
dptrie:(A) = Q—VZ(IOgA(T +az— A1) dAr, da,
b4

| 1

_ —V2<— log A((T — A1)*(T — A1) + a21)) iy dis,
2w 2

where the Laplacian V? = % + aa_;ng

[HS, Lemma 2.8],

is taken in the distribution sense. By the proof of

L,(A) == élogA((T —AD*(T — A1) +4°1)

is a C?-function in (A1, A9) and its Laplacian is given by
(VL) (A) = 2T (TR T() + &) (T TR)* +a) ™)

(replace (a, b, &) by (T, 1, a*) in the function g, in the proof of [HS, Lemma 2.8]). This
proves (4.16). O
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Remark 4.7. — In [HS, Theorem 5.2] it was shown that the Brown measure of z is
given by

1
du,(A) = —————-dA; dAs.
- (A) T+ A0 1 dAg
Note that this can also be obtained as a special case of (4.16) with T =0 and a = 1.

Corollary 4.8. — Let T and 'T + az be as in Proposition 4.5. Then

*

;,LTﬂzg,uT as a— 0+.

Proof. — It suffices to show that for all ¢ € C*(C),

(4.17) /(pduT+a5—>/(pd/LT as a— 0+.
c c

As in the proof of Corollary 4.6, put
(4.18) L,(X) =log A(T + az — A1)

1 ‘
= 5 log A((T = A1)(T = A1) + a21),

and let
1
(4.19) L&) =logA(T — A1) = §logA((T —AD*(T —A1)).
Then
1 _.
diria:(A) = == V7L, (3) di; dis,
2
and

1
dpr (L) = — VL) dA, dhs.
21

Hence, for all ¢ € C>(C),

1 )
(4.20) f‘PdMT+az: —/(szp)(X)La(k) dA, dA,,
C 27 Je
and
1
(4.21) / pdur= o / (V29) Q)LL) i, .
c T Jao

By (4.18) and (4.19), L,(A) N\ L(}) as a \( 0. Since L. and L, are subharmonic and hence
locally integrable, (4.17) then follows from (4.20), (4.21) and Lebesgue’s dominated con-
vergence theorem. O
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5. A certain Lipschitz condition

Consider a von Neumann algebra N equipped with a faithful normal tracial
state 7, and assume that A contains the von Neumann algebra M as a sub-algebra and
a circular system {x, y} which is *-free from M. We let z ="' € I/(N, 1), (0 <p < 1).
By [HS, Theorem 5.2 and Theorem 5.4],

(5.1 27 el!(N,t) forallpe (0, 1).

Moreover, if p € (0, %) and A € C, then 22, 272, (2 — A1)~ e /(N 1), and
(9.2) 12 =AD", < 2720, = 112°1], < oe.

As an application of (5.1), (5.2), and Proposition 4.4, in this section we prove:

Theorem 5.1. — For every T € M and every p € (0, 1), T + z has an inverse (T +2)~" €
/(N t). Moreover, for each p € (0, 2) there is a constant C[(,l) > 0 such that

(5.3) VS, TeM: S+ = (T+2 ", <C"IS=TI.

Theorem 5.1 1s a consequence of the following three results, which we prove later
on.

Lemma5.2. — Let S, T € M. Then

5
(5.4) I(1+8"8)788" — (A +TD) 4T < S = T,
and
*Qy— 5 *r — & 2

(9.3) IA+575)7 = A+ T2l = — IS =T

Proposition 5.3. — For T € M define u(T) € UMy (M) by

(A+TDT —(14TT)
(5-6) ”(T)_( 1+TTH2 (1 +TT*)-%T)'

Then for all S, T € M,
(5.7) u(S) —u(D)|| < 2|IS =T

According to Proposition 4.4, if u = (uy»)z;-:l € UMy(M)), then uj x + uj9y and
Ug1 X + ugyy are *-free circular elements in N, and they are *-free from M. In particular,
we may define g,(z) € I/(N, 1), (0 <p< 1), by

(5.8 8(2) = (uyix + ui9p) (ug ¥ + U22)’)71 = (12 + w9) (ug1 2 + ug9) "
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Proposition 5.4. —
(i) Letp € (0, 1). Then for every u € U(My(M)),
(5.9) g (Dl = l1zll, < o0.
(i) Let p € (0, 5) Then there is a constant Cf) > 0 such that for all u, v € U(My(M)),

(5.10) lg.(2) = (Dl < CP lu— vl

Proof of Theorem 5.1. — Let T € M, and let u(T) € U(My(M)) be given by (5.6).
Moreover define (a circular system) {v, w} C N by

STV (T —
(5.11) (;’)) = u(T) (;‘) — <:1++TT2)§($CiT£) .
Then
T+z=(Ty+xy"!
=1 +TTHw ',
so for each p € (0, 1), T + z has an inverse (T 4 2)~' € I/(NV, 1) given by
(5.12) (T+2) " =yw ' A+TT*) .

Moreover,

() (2

_(TA+TT)> (14TT** v
“\ -+ TFA+TTH ) \w

_((A4+TTH 2T A+TT* 2 v
a4+ a4+ ) \w )

In particular,
(5.13) y=1+TT) *(T"w —v),
and hence by (5.12),
(T+2) " =yw ' 1+ TT*)
—(1+TT) (Trw — v)w ' (1 + TT*) 2
=T*A+TT) ™ — 1+ T Tvw ™ (1 +TT")
=T*A+TT) " = A+ TT) 2gm () (1 + TT* 2.
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Recall (cf. [FK]) thatif 0 < p < 1, then for a, b € I/(M),
lla =+ BIIj < llally + 61}

It follows that for S, T € M and 0 < p < 2,

(5.14) IS +27" = (T+ 27"l < 1Al + IBI,

where

(5.15) A=S*A+SSH ' —T*A+TTH !,

and

(5.16) B=(1+5S) g6 (@)1 +858)7T — 1+ TT) Zgm () (1 +TT) 2.

According to (5.4),
JAIL < JAI = (1 +SS974S — (1 4+ TT%) 4T
5w oy D

To get an estimate of ||BJ|,, we write B as a sum, B = B, + By + B3, where B, By
and Bj are given by

B =[(145")"? — (1 +T*T) *]g,s () (1 +SS7) %,

By = (1 4+ T"T) 2 (g5 (2) — umy (D)) (1 +SS*) 71,

By = (1 +T*T) 2g,n) (2)[(1 + 577 — (1 +TT* 7).
According to (5.5),

1 1 2
[A+5"S)"2 =@ +TD) 7| < —IS=Th =15 =TI,

and
- b < 2 ek _ e
I +S8) ™ = A+TIH 2| = 8" =T = IS =T
Moreover, by Proposition 5.4 and Proposition 5.3,
lgus) (2) = gury (Dl < CP1u(S) — u(DY || < 2G2S = T,
and

llgus) Ml = Nl 2l-
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It follows that

(5.17) 1B 1l, < l120,IS — T,
(5.18) IB,ll, < 2C2|IS — T
and

(5.19) IBsll, < 2, IS = TII.

Altogether we have shown that
IAI -+ IBIG < IANL + 1By 115 + IBall + 1Bs 5
5\?
= ((3) +20a+ cy ) is =TI,
: (M) _ cr5\p b (D1
so by (5.14), (5.3) holds with G, = ((3)" + 2||zl[, + 2"C, ") 7.

Proof of Lemma 5.2. — Yor all x > 0 we have:

1
1 1 ® g2
X ?=— da.
T Jo x+a

Therefore every R € M satisfies

1 o0
(1+R*R)"? = —/ (R*R + (a+ D1)"'a"? da,
T Jo

(as a Banach space valued integral).
For a > 1 define

A@) = (al + S*S)7'S* — (al + T*T)' T,
B(a) = (a1 + S*S)™! — (al + T*T)"",
C(a) = (al +SS*) ™" — (a1 +TTH .

Then

Aa) = (al + S*S)7'S* — T*(al + TT*)"!

= (al +S*S) "' [S*(al + TT*) — (al + S*S)T*|(al + TT*) "

=a(al + S*S)"1(S* — T*)(al + TT) !
+ (al + S*S)7'S*(T — S)T*(al + TT*) .

35
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Now, for every R € M,
* -1 1
[(al +R*R) IISE,

and

(a1 + R*R)"'R*|| = ||(al + R*R)'R*R(al + R*R)""||7

(5.20) < (S;g (ajit)Q)%

1

5.21 _
(5.21) NG
Hence
1 * * 1 da
(5.22) 1A < =[|S* = T + — T — S|l = =S = T].
a 4q 4
It follows that
1 o0
(5.23) I(1+S%8) 728" — (1 +T*T) I T < — / IAGa+ 1)]la”? da
T Jo

5 o |
§—||S—T||/ (a4 1)a 2 da
4m 0

5
=7 I5="TI.

which is (5.4).
Also, since

B(a) = (al + S*S)"'(T*T — S*S)(al + T*T) !
= (al +S*S) " (T* — ST (al +T*T)~!
+ (a1 +S*S)7'S*(T — S)(al + T*T) 7!,

where
1
|| (al + S*S)_I(T* —SHT(al + T*T) ! | < =T —=S|T(l+T*D)7"
a

1
= —IT =Sl + 1)~

11
<-——|T =8|,
—a2ﬁ|| |
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and
1
I(al 4 S8*S)™'S*(T = S)(al + T*T)~'|| < ;ll(dl +S*S)7ISIT S|
<1 IT =S|
J— aQ\/a b
we find that
1
5.24 B <—=|IS-"T],
(5.24) IB(@)|l = aﬁ” [
whence
1 o
(5.25) IA+5°)7F = A+ T D) H < f 1B+ 1)lla* da
0
1 [~ 3 1
<IS=Tl= [ (a+1)72a ?da
T Jo
2
=—lIS="TI,
b4
and this 1s (5.5). O

Proof of Proposition 5.3. — With
A=(145"9)778" — 14+ T*T) 2 T%,
B=(145S)"% — (1+TT)*,
C=(1+S8)"7—(14+TTH*

aw-uan=(3 %),

and hence by Lemma 5.2,

||u<S)—u<T>||5H(f;‘ _%>H+H<g g)H

= [IA[l 4+ max{||BJ|, [|C|}

one has that

5 2
= IS=Th+ IS =TI
T
<2|IS="T. O

Next we want to prove Proposition 5.4. To this end we need a series of lemmas
which we state and prove in the following.
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Lemma5.5. — Letu € UMy (M) with ||lu— 1| < 1. Then there exist w, wy € U(M)
and £ € M such that

(5.26) u=wv,
where
[ W 0
(5.27) w_( 0 wg)’
and
(A —ee): !
(5.28) v-( o (l—ﬁ*ﬁ)%)'

Wy, Wy and £ are uniquely determined by (5.26), (5.27) and (5.28). Moreover, ||£]| < 1, |Jlv — 1] <
20w — 1| and |Jw; = 1| < 3flu — 1|, 2=1, 2.

Proof: — u= (uﬁ)i/-:l with u; € M, where |lu; — 1|| < 1, ¢=1,2. Thus, u;, and
uy9 are invertible and have unique polar decompositions u; = w;|u;|, where w; € U (M),
1=1,2. Put £ = wju9, m = wjuy and

V= « JU= .
0 w, m |u22|

Since v is unitary, |u;;|* + €€* = 1, £0* + |ugy|* = 1 and m|uy;| + |ugs|€* = 0. Hence

(5.29) lun| = (1 — €6%)?,

(5.30) o] = (1= £°0)

and

(5.31) m=—|ug |*|uy;| " = —L£*.

Thus, v 1s given by (5.28). Moreover, due to the uniqueness of the polar decompositions
of uy; and ug9, wy, wy and £ are uniquely determined by (5.26), (5.27) and (5.28).
Since ||u — 1]| < I, we find that

(5.32) 1€l = llweall < lJlu—1]| <1.

Also, when ¢ € [0, 1], then 0 < 1 — /1 < 1 — ¢, and hence
11— @ =€) < |11 — 1 —ee)] =€),

and

11— (1= €0 < 11— A= e0)]| = |le]™



INVARIANT SUBSPACES FOR OPERATORS IN A GENERAL II,-FACTOR 39

I S B¢ BT 0 0 —¢
1 ”_( 0 1—(1—@*£)%)+(£* o)’

we may use the estimates obtained above to see that

Since

(5.33) lv— 1] < max{|[1— (1 — €€, |1 — (1 — €O} + |i¢]
<llel? + el
<2|]
< 2lu—1].

Finally, w given by (5.27) satisfies

lw — 1] = [luw” — 1|
= ll(u— )"
= |lu— ]

< llu—1+lv—-1]
< 3fju— 1],

and hence ||w; — 1] <3|lu—1],:=1, 2. ]

Lemma 5.6. — Let £ € M with ||£|| < 1. Then there exists ws € U (M) such that
(1 — £6%)2 ¢
3.34) ( — 0 (1—£*0)2

C(wy 0\ (A=) €] wi 0
—\lo 1 —e] a—pe:)\o 1)

Proof. — Since M is finite, we may take a unitary ws € U (M) such that £ = ws|£].
Letm = wj;(1 — M*)%wg and my = (1 — E*E)%. Then

wi 0 ((1—ee): ¢ ws 0\ _ [ m ]
0 1 — a-eco:)J\o 1)7\ =g m)

In particular, ( "), liI) is unitary, and hence m? + |£|> = 1,s0 m; = (1 — 1€)2)2. This proves

(5.34). O
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Lemma 5.7. — Let m € M with ||m|| < 1. Then there exist unitaries w4, ws € M and
0 € R such that

LA =m) m
(5.35) v = ( o 1 mg)%)

_fw; O cosf1  sinfws
L0 1 —sinfw? cosf1
y cosf1 sinw? wy O
—sinfws; cosf1 0o 1)°
0<6<|v—1f and |[wy — 1] < 2|[v" — 1.

Proof. — It m =0, then v' =1, and (5.35) holds with 8 = 0, w, = ws. Now, assume
that m # 0. Then we may choose 6 € (0, T) such that sin(20) = ||m||. Let

1 1
= — m= " m
sin(260) 2cosfsinf

Then m' = (m')*, ||| = 1, and with

(5.37) ws = +iy'1— (m)? €UM)

one has that

(5.36) n

1
m = §(w5 + w;).

Let
v”:( cosf1 sin0w5)< cos61 sin@w;‘):( k m)
—sinfw? cosfl —sinfws; cosf1 -m k)’
where
(5.38) k=cos’ 01 — sin” Qw?.

Since v” is unitary, kk* = k*k = 1 — m*. Then let
(5.39) k=w, (1 —m?)?

be the polar decomposition of k. sin”@ < cos’@, when 0 < 6 < T, 80 k is invertible, and
w, must be unitary. Moreover, w, belongs to the abelian von Neumann algebra W*(£),
and therefore it commutes with m = (1 — £*k) 2 It follows that

wi 0\ ( & m\(w, 0\ _[((1—md): m
(5.40) (04 l)(—m k*)(O 1)_( —m (1_m2)%>’
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that is, (5.35) holds. Also, since 26 € (0, %), ||m|| = sin(26) > % 20, and we get that

7 !/
(5.41) 0 =7 llmll = llmll = flv = 1.
w? is unitary, and hence by (5.38) and the spectral mapping theorem, the spectrum of &

must be contained in the boundary of the closed ball B(cos?#, sin?f) € C. As cos’ 0 >
sin”#, this ball is contained in {z € C/|Re z > 0}, so there is a continuous determination
of arg z in o (k) taking values in (—%, %). In particular,

(5.42) wy = '@

and we get that

(5.43) [ws — 1] < [larg(A) |l
<max{|arg(z)||z € 9B(cos* 6, sin” )}
= arcsin(tan’ 6).

Making use of the estimates

/4 4
and
. b4
0 <arcsint < gt, 0=<t<),
we finally find that
lwy — 1] < arcsin(tan® 6)
. (16 ,
< arcsm(—@ )
n’Q
716 ,
<——0
~2m?
<20
<2|v" —1]. O
Definition 5.8. — For p € (0, 1) define d, : U (Mo (M) x UMy(M)) — [0, oo[ by
(9.44) dy(u,v) = llg(2) — &5, (v €UM(M)).

Clearly, for all u, v, w € U(My(M)), we have:
(5.45) A, w) < dy (1, v) + dy(v, w).
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Proposition 5.9. — Let 0 < p < % Then

(i) d, is right-invariant on U (My(M)).
(1) d, is lefl-invariant w.r.t. multiplication by diagonal unitaries.
(iil) For all wy, wy € U(M) one has that w = (%) 0 ) satisfies

0 wo
(5.46) dy(w, 1) < ([wy — 1" + [lws — 1|°)[|z]l)-

Proof- — (i) Let u, v, w € U (My(M)). Then with

(7)==()
, =W

J J
and 7 = ¥/(y') "' we have that

G (2) — gow(2) = g.(2) — g (2).

According to Proposition 4.4, {x', y'} is a circular system which is *-free from M, so

dy(uw, vw) = [|gu (2) — 2w (D,
= l2.(2) = g,
= [lg.(2) — g (DIl
= d,(u, v).
(if) Let u = ()] ), v = (v)} =) € UMy(M)), and let w = (' ) € UMy (M)).

ij=1 0wy

Then w;, wy € U(M), and hence
dy(wu, wv)
= llguu(2) — gun (D1l
= [lw (ui1x + w199) (o1 x + u99) ~ ' wi — w (V112 + v199) (Vo1 + Vagp) ! w;”ﬁ
= [[(ui1x + w199) (o1 x + u999) ™" — (V110 + v199) (Vo1 + Vagp) ||£
= llg.(2) — &l
= d,(u, ).
(iii) Let w, wy, € U(M), and let w = (% ) ). Then

0 wo
dy(w, 1) = [wix(wy) ™ — v~
= wip™ =™ wll)
< wi =Dy 5+ o™ @ —wy) )
< (Ilwi = DI + [[(wy — D) 1215- O
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Corollary 5.10. — Let n € N, let u, uy, ..., u, € U Mo(M)), and let w € UMy (M)
be diagonal. Then

<1V) dp(“l © Uy, 1) = Z?:l dp(ui’ 1))
V) dy(wuw*, 1) = dy(u, 1).

Progf: — (iv) follows from (5.45) and from Proposition 5.9 (1). Indeed, if u;, uy €
U(My(M)), then
dﬁ(ulu29 1) = d[)(ula u;)
=dy(ur, 1) + dy(uy, 1).

Then (iv) follows for general » € N by induction.
(v) 1s a consequence of Proposition 5.9 (1) and (ii). UJ

Proof of Proposition 5.4. — (1) Let u = (“y)i;'=1 € U(My(M)). Then, as already men-
tioned, u;1x 4+ w19y and wug x + ugyy are *-free circular elements. In particular, g,(z) =
(1% + u199) (U1 x + u99») ™" has the same *-distribution as z (in the sense of [HS, Defini-
tion 3.2]), whence ||lg,(2) [, = l|zll, < oo for p € (0, 1).

(i1) Now assume that p € (0, 2). At first we consider u € U(My(M)) with [Ju — 1| < 1.

w; 0
Take w = ( 0 wy) and v as in Lemma 5.5. Then, according to Corollary 5.10 (iv),
g ry

(5.47) dy(u, 1) < dy(w, 1) + d,(v, 1),
where
(5.48) dy(w, 1) < (Jwy — 1|1 + lwy — 1) ||z1l}

<23 lu— 1|2}

(cf. Proposition 5.9 and Lemma 5.5).
As in Lemma 5.6, take m = |[£| € M an w3 € U (M) such that

s (ws 0 (1 —m?)? m wi 0
“\o 1 —m 1—md)? 0 1)’
and put

(A=)t m
(5.49) v_( o (l_mQ);).

Then
(9.50) v =1l =[v = 1| <2[Ju—1],



64 UFFE HAAGERUP, HANNE SCHULTZ

and because of Corollary 5.10 (v), d,(v", 1) = d,(v, 1), so
(5.51) dy(u, 1) <2 3u— 1| |I2lly + d,(v', 1).

As in Lemma 5.7 we may take wy, w; € U(M) and 0 € R such that 0 <6 <
[v" — 1], lws, — 1] <2||v" — 1] and

, _(w; O cosf1  sinOw;
(3-32) v _( 0 1) (—sinew;; cos61
o cosf1 sin Qw? wy O
—sinfws; cosf1 0o 1)

Then, according to Proposition 5.9 (iii) and Corollary 5.10 (iv), with

y cos61 sin Qws cosf1 sin@w?
(5.33) v= (—sin@wg‘ cosO1 ) (—sin9w5 cosO1 )

we have that

dy(v', 1) < 2]y — 1)1 ll) + 4, (v", 1)
<22V = 1|Pl|zlly + d,(v", 1)
(5.54) <2-4Nu—1P)zl5 + 4,0, 1).

Altogether we have shown that

(5.55) dy(u, 1) <2 (3 + P)|lu—1"|12Il, + d,(v", 1).
ws; 0 cosf  sinf w: 0
0 1 —sinf cosé 0o 1)’
wi: 0 cosf  sinf ws; 0
0 1 —sinf cosé o 1)/’

Since

cosf1 sinQws
—sinfw; cosfl

and

cosf1  smOw}
—sinfws; cosfl
Corollary 5.10 implies that with

(5.56) u(0) = < cosb sin@),

—sin® cosf
one has that

(5.57) d,(v", 1) < 2d,(u(6), 1).
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Thus, when |lu —1]| < 1,
(5.58) dy(u, 1) <4 u— 17| 2ll5 + 24,(u(6), 1),

where 0 <0 < max{2|u — 1|, T}.
If ||u — 1| = 1, then

dy(u, 1) = || g,(2) — 2l
< lg@ I} + 12115
= 2]l
<4 u—1)P) 2115,

so (5.58) still holds in this case.
To get an estimate of @,(u(0), 1), where 0 < 0 < max{2[ju — 1], 7}, let ¢ = g.
Then u(0) = u(¢h)?, so by the right-invariance of dy and the inequality

1 +tan’¢ <2, 05(155%,

we get that

dy(u(©), 1) = dy(u(¢), u(@)™")

=dp<u<¢><? é),u«m—l(? é))

sing z+cos¢p —singz+cose |?

- cosd)z—sin(l)_ cos¢ z+ sing H,;
2tan¢ (22 + 1) ?
722 —tan’ ¢

¥4

t 1 +tan’ @) |?
= |[2tan¢ + 2 an?ﬁ( + tan’¢) H
Z2 —tang »

1 P
< (2tan¢)’ + Mtand)y” 2 —tang Hp

Hence, by (5.2) and the fact that
tan¢g < 2¢ =96, Offl)S%,

dy(u(®),1) < (2tan ¢y’ + (4tan7 ) [| 2’}
< (20Y + (40)|12°1I;
<20(1 + 2|21
<4-2llu— 1P+ 2012°15).
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Finally, by insertion of the above estimate into (5.58), we find that with
(5.59) CE = (W2l + 272 (1 + 212 15) 7

one has that

(5.60) dy(u, 1)7 < Cyllu— 1.

Then for all u, v € U (My(M)),

llg.(2) — g (DI, = dy(u, v)/]7

=d,(w™', 1)7
<CPw™" —1]
— (2
- C/; ”u - U”,
and this 1s (5.10). O

6. Integration in L?(M, 1) for0 <p <1

In this section we consider a II,-factor M with faithful tracial state T and a fixed
p € (0,1). In this case

JAlL, = (A7, AeM,
does not define a norm on M but only a quasi-norm satisfying
6.1) IA+BI) < IIAll) + IBIl;, A, BeM
(cf. [FK]). I7(M, 1) is complete w.r.t. the metric

4 (A, B)=||A—B|), A,BeM.

Although I/(M, 1) is not a locally convex vector space, one can define a Riemann
type integral of a vector valued function

f:la, b] > L/(M, 1),

provided f fulfills the condition that for some o > % and for some positive constant C,

6.2) Vipeladl: ()=S0, < Clx—y*.

This is a special case of an integral introduced by Turpin and Waelbroeck in 1968-71 (cf.
[TuWa], [Wa]) and further developed by Kalton in 1985 (cf. [Ka, Section 3]). We shall
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only need the properties of the Turpin-Waelbroeck integral stated in Definition 6.1 and
Theorem 6.2 below. For the convenience of the reader we have enclosed a self-contained
proof of Theorem 6.2 in the Appendix A).

Suppose (6.2) is fulfilled. Then for each n € Ny define S, € I/(M, ) by

b—a a b—a
(6.3) S,= "5 ;f(a + /f7), (e Ny).
Then for every n> 2,

Sy —

where

T,, =f<a+ (2 — 1)%) f(a+2jb2_na).

Hence, by (6.2)
b—a\® : n—1
||Tnz,-||p§c<7) , l=j=2),

and then by (6.1),

gn=1 b — a\tetp Cﬂ(b — a)/’
— b Z o = v
6.4 15, =811 = 5 (557) = 5 grgeer
Since o > ,p + pa — 1 > 0, and hence
> IS = Sl < o0
n=2

It follows that (S,)52, is a Cauchy sequence in I/(M, 7) w.rt. the metric ), and therefore
lim,_, « S, exists in I/(M, 1).

Definition 6.1. — For f : R — 1/(M, t) as above we define fabf(x) dve (M, 1) by

b
6.5) | S@dii= lm S,

n— o0
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Theorem 6.2. — Suppose [ : [a, b] — 1/ (M, 1) satisfies (6.2) for some o > % — 1. Let
I=(a=x <x <+ <x_1 <x,=0) be an arbitrary partition of [a, b], and for arbitrary
;€ [xi_1, %] dgﬁne

(6.6) M= "f(t) (5 — xi1).
=1

Then with §(1) = max;<;j<,(x; — x;_1),

C’(b— a)s(D)rrer—!
ptpa—1
1t follows that of (1,)22, s a sequence of partitions of [a, b], such that the fineness 5(1,) of the n’th

n=

partition 1, tends to zero as n tends to infinity, and if for each n € N we associate to 1, a finite sum
. b
M, € I/(M, ) as in (6.6), then |M, — faf(x) dx|l, = 0 as n — oo.

6.7) HM— /abf(x) dxHZ <

Proof. — See Appendix A. OJ

By [HS, Section 2], the definition of the Fuglede-Kadison determinant A(T) and
the Brown measure p can be extended to all unbounded operators in M#, where

MA = {T e M| /oolog+ tdpn (1) < oo}.
0
Note that I/(M, 1) € M* for all p € (0, 00).
Definition 6.3. — For T € M? define v (T), the modified spectral radius of T, by
(6.8) Y (T) = sup{|2| | z € supp()}.
Proposition 6.4. — For each T € M* and each p € (0, 00) we have that
|

6.9) 7(T) < limsup | T"|| "

m— 00

Proof- — /(1) is the essential supremum of [A| w.r.t. wr. Hence by application of
[HS, Proposition 2.15] and [HS, Theorem 2.19],

1
/(T) = lim ( / IzlquT(z))q
7~ \ Jq
— i ( / " ()
m— o0 C

1
= lim ( / 2"} dm(a)”
m—0oQ C
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1
— lim ( f |z|”d;,LTm(,z)>ﬁ
m— 00 C

1
=< limsup(|[T" )
m—> 00

1
= limsup | "], -

m—> 00

O

Proposition 6.5. — Let T € M* and let P € M be a non-trivial projection such that PTP =
TP. Then

(6.10) A(T) = Appip(PTP) ™ Api ypr (PHTPH) 7,
and
(6.11) wr =T P)uprp + (1 — t(P))prrpe,

where the Brown measures juprp and ppirpL are computed relative to the II,-factors PMP and
P-MPL, respectively.

Progf: — Equation (6.10) was proven in [HS, Proposition 2.24]. Since PTP ="TP,
we have that for all A € G, P(T — A1)P = (T — A1)P, and thus by (6.10), we have for all
r e,

(6.12) log A(T — A1)
= 17(P)log Appp(P(T — A1)P)
+ (1 — 7(P)) log Aps ygpr (PH(T — A1)PH).

Equation (6.11) now follows by taking the Laplacian (in the Schwartz distribution sense)
on both sides of (6.12) (cf. [HS, Definition 2.13]). U

Theorem 6.6. — Suppose T € M* and that T has empty point spectrum.> Moreover, assume
that for some p € (%, 1) there exist a € ( /1; — 1, 1] and a positive constant C. such that

@) (T—AD"' e L/ (M, 1) forall € C,
(i) (T =AD" — (T — pul)'|l, < Clr — p|* forall ., u € C.

Then there is a 'T-invariant subspace K affiliated with M such that when P € M denotes the

projection onto IC, and when we write
_ (T To

2 The point spectrum of T is the set of eigenvalues of T.
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according to the_decomposition H = K & K*, then T1, € I/(PMP), Ty, € I/(PLMPY),
supp(it,,) € B(0, 1) and supp(ur,,) € {z € C|[z] = 1}.
Progf- — Define f : R —> I/(M, 7) by
fO)=(@E"1-=T)"e", (eR).

Then f 1s Holder continuous with exponent «. Indeed,

(6.13) @& =Gl
= ("1 =D)e" = (1 =T) e[}
ST =)™ = @1 =D e'll; + ("1 = T) ™ (" — e
< e — eI+ () ls — o

< Cls— 1" 4+ (CY|s — 1,
where
C' =max{|A1 —=T)7"||,||A| = 1} < oo.

It follows that f is Holder continuous with exponent min{a, 1} = o and that we
may define E € I/(M, t) by

1 2

1
(6.14) E=— (A1 —T)_ldA = — S de.
21 aB(0,1) 21 Jo

We are going to prove that the range projection P of E has the properties stated in
Theorem 6.6.
At first we prove that E* = E. To see this, note that with

ok
=2 (i <k<a),
n
o (k— 1
L‘é")=¥, (1<k<n)
n
I ¢ is™ -1 i
<6.15) E”:—Z(e‘k 1-T) e
n
k=1

and

(n)

1< o .
(6.16) F,=- Y (@1 -T)"¢l
n k=1
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one has that

lim |[E — E,|l, = lim ||[E —F,||, =0.

Moreover,

1 - (n) O]
EF, =Y el @'1-1) (1 - 1)
L
(n) (n)
1 n 1 eltl . W
== E : -~ ) ((emk 1-— T)_l — (Clt’ 1- T)_1>
{ 5)

7’l2 1 el — el%

:lz (n) “k ( “A 1— T)fl Zb(n) n‘/' ( n‘(”) T)fl’
n k=1

where

pety ol

foo =1 Cit‘(”) - e”i") o ("> i£"> )
and

PISL S L S

Z Gy e’ — e’ m e O

It follows that
o = " = 1 - 1
1-6,’

- @m—Dm .
where 6, =e'~+ ,m=1,...,n, are the roots of the polynomial

p=7+1, (z€0Q).

Consequently,

p('z) = H(z - em)’
m=1

and

PR 1
P 2_1:

z_em.

71
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This implies that

and we have thus shown that
1
(6.17) EF, = §(En +F,).

Now, E,F, = %(En +F,) —» Ewrt. || - ||, and hence w.r.t. || - |

‘. Moreover,

IE,F, — EX|I

g ‘
= IE, = E)EI; +I1EEF, - B)|

oS oS
[NCTRSANCTRSY

L L
= (IE, = ElIHEM ) 4 AEN I, = Efl,)

— 0 asn— o0,

and it follows that E = E?.
Clearly, E, and T commute for every n € N. Since the map (a, b) = ab is continu-
ous w.r.t the measure topology, this implies that

(6.18) ET=TE in M.

In particular, ker(E) and R(E) (the range of E) are T-invariant.

Let P denote the projection onto R(E). Then P € M, and PTP agrees with TP on
R(E) 4+ P(H)* which is a dense subset of H. Hence PTP = TP in M, Le. C=R(E) is
T-mvariant.

Next take a fixed m € N. As above we find that the map

[N (eill _ T)—lei(m-i-l)l
is Holder continuous with exponent o, and thus we may define G € I/(M, 1) by

1
(6.19) G=— (A1 —T)fl)\”'d)».
21 aB(0,1)

We know that G = lim,_, ., G, in p-norm, where

(n)

n
GZEEX&H—TWJ“W
n )
n
k=1

(m)
k

with 5, = % With E, as in (6.15) we want to prove that for fixed n > m,

(6.20) G,=T"E,
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1.e. that
o) l <~ .o . ()
6.21 - 51 =T i(m+1)s; — 551 =T 71Tm isy .
(6.21) - Z_l}e ) e - ;(e )T
Note that (6.21) holds if

<6.22) _ Z(eh"k Z) 1 1(m+1)3}(£n) _ Z(e“/(cﬂ) m m;)

as rational functions of z € C.
Now, with

(=2"-1, (z€0),

(n)

e’ ,k=1,...,nare the roots of ¢, and therefore
L@
1 .o 1 1 el
Res(—‘ isg ) = = = .
)T @) e

It follows that
(n) (n)

6.23 - __ ”A 1 ”k .
(6.23) q(z) nZ(z )e

; A
Also, im0 o= 0 and

(n)

RCS( & ej/(c”)) = em“k() — lel(m-i-l)rl(i")'
q(2)’ PSR
Hence
(n)
(6.24) = — (5 ”A ) e1(m-i-1)5k .
‘](Z) n Z

Comparing (6.23) with (6.24) we find that (6.22) holds when n > m, that is G, =
T"E,. Take the limit as # — 00 on both sides of (6.20) (w.r.t. the measure topology) and
conclude that

(6.25) G=T"E.
(6.25) enables us to make an estimate of || T"El|,: As in (6.13) one can show that
”(eisl _ T)flei(m+1)s _ (eitl _ T)flei(m+l)t”5j
< Cpleis _ eit op + (C/)p|ei(m+l)s _ ei(m+l)t|,b

S Cpls o t|(xp + (C/)plei(m-ﬁ—l)s _ ei(m+l)t|/7,
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and since o < 1 and |e!™ D¢ — lm+DI| <9
i(m+1)s _ ei(m+1)l o

2

— 21—oz|€i(m+l)s _ ei(m-i—l)llot

|ei(m+l).r _ ei(n1+1)t| <9

< 2"7%(m 4 1)%|s — ¢|*
< 2%(m 4 )]s — 4%

It follows that ¢ = (el — T)~'ei™+D! is Holder continuous with exponent o and
constant

(C” + (C’)”(m + 1)/'2/2(1—04)),%.

Since 0 <p <1,

(32) 2 5+,

whence
Wy <2 ) < 2 (),

because p > % Consequently, ¢ > (¢1 —T)~'e!™ D! is Holder continuous with exponent
a and constant

(6.26) C"=2(C+C'(m+ 1)2').
Then according to Lemma A.4,

(CP2m)™

p
6.27) 161 =

+ 1@ =1)""j,

and combining (6.26) with (6.27) we find that there exist positive constants £;, &, (which
are independent of m) such that

”TmE”pfkl-i‘ka, (m € N).

In particular,

1
lim (f(P)—%nT'"En,,)’" <1.

Since K is T-invariant, with T}, = T|,., we have that T}, = T7.. Moreover, TE
and T agree on R(E), and hence they must agree as operators in (PMP). It follows
that

T =T) =T"E,,
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and then, by Proposition 6.4,

1
7(Ty) < "}E}o T, I,

. 1
= lim <1(P)7||T’"E||p>
<1.

Thus supp(ur,,) € B(0, 1).

Finally, to prove that supp(ur,,) € {z € G||z| > 1}, define for fixed m € N H €
[/(M, 1) by

1
(6.28) H=-——~ (A1 —T)fl)f’"d)».
21 3B(0,1)

As above one may prove that the right-hand side makes sense as a Riemann integral in
1/(M, 1). Moreover, H = lim,_, ., H, in p-norm, where

n
H =1 > (1 -1yt
n - 9
n
k=1

(n) 2nk‘ We are going to prove that

with s,
(6.29) H,=T"(1-E,), G>m),

and as in the above, (6.29) holds, as soon as

. (n 1 - . (n . (n
(6.30) __Z(em/l _ el(lfm)s/i) :zfm<1__Z(eu](c)l_z)fleu}(())’ (zEC)_
n
k=1
According to (6.23),
) ) 1 zﬂ*?ﬂ
6.31 ( —— Y1y ) = (14 —) = .
631 Z )/ =1
Since £— = 0 as |z|] = o0 and
n—m (n—m)i&@
ReS< . ei‘iﬂ)> T laem,
=1 g’y n

n m

- has the following partial fraction decomposition:

(n) @)
(6.32) = Z e 15<n) = __Z s O
k
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Combining (6.31) with (6.32) we find that (6.30) holds, and hence H, =T""(1 —
E,) when n > m. Taking the limit as n = 00 on both sides of (6.29) (w.r.t. the measure
topology) we arrive at the identity

(6.33) H=T"(1-E).
As in the above this implies that there are constants 43, &4 > 0 such that
T = E)ll, <k +kim, (meN),
whence
I(TH ™A = ED I, = 1A = EYT™"|l, = IT™" (1 = E)ll, <k + kum,

because T and F. commute.
Clearly, (1 — EN?=1—E", and (T~ commutes with 1 — E". As in the above
this implies that R(1 — E) is (T")~'-invariant and that

(6.34) (T ™" QU < ks + kum,
where Q € M denotes the projection onto R(1 — E*). Now

RA-—EF) =kar(l—E)=xe DE) [Ex=1 =R(E) = K,
and hence
(6.35) (TH™"Q=Q(T")™"Q = (Q(T")'Q)" = (T3,) ™"
As above it follows from (6.34) and (6.35) that

1 1
/ —1 . —m|| m . * \—m|| m
r(T < lim ||T "= lim ||(T n <]
( 22) = ” 29 ”p " ”( 22) ”p s

i.e. supp(tey-1) € {z € Clz] < 1}. Since T € M?, it follows that Ty, € (P*MPH)?, and
thus, by [HS, Proposition 2.16], supp(ur,,) € {z€ CG||z| > 1}. 0J

7. The invariant subspace problem relative to a II,-factor

The purpose of the present section is to combine the results of the previous sections
to give a proof of our main theorem:

Theorem 7.1. — For every T € M and every Borel set B C G there is a largest closed
T-invariant subspace K = KCv(B) affiliated with M, such that the Brown measure of Tlxc, .
is concentrated on B.> Moreover, IC is hyperinvariant' for T, and if P = Pr(B) € M denotes the
projection onto IC, then

3 If K = {0}, then we define wre = 0. If K # {0}, then ), is computed relative to the II;-factor PMP, where
P € M denotes the projection onto K.
* KC is said to be hyperinvariant for T if it is invariant under every operator S € {T}'.
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(1) 7(P) = ur(B),
(ii) the Brown measure of PL'TPY, considered as an element of P~ MP*, is concentrated on

C\B.

Corollary 7.2. — Let'T' € M, and suppose that pur is not concentrated on a singleton. Then
there is a non-trivial subspace affiliated with M which s hyperinvariant for T

Progf: — Take a Borel set B € G such that ur(B) > 0 and pur(B9) > 0. Then
with P = Pr(B) € M as in Theorem 7.1, one has that P is hyperinvariant for T, and
T(P) = ur(B) € (0, 1). Since 7 is faithful, P must be non-trivial. [

7.1. First case: Spectral subspaces associated with the set B(0, 1)). — Consider a fixed
operator T' € M. As in Sections 4 and 5, we can choose a circular system {x, y} in L(F})
and embed M and L(F,) into the free product N' = M * L(F,). This way {x, y} becomes
a circular system in the II,-factor A/ such that M is free from {x, y}. We will denote the
trace on \ by  as well. For each n € N we define an operator T, € [/(N, 1), (0 < p < 1),
by

1
(7.1) T,=T+-w".
n

Note that |T —T,|l, = 0 as n — 00. According to Theorem 6.6 and Theorem 5.1
we have:

Theorem 7.3. — For each n € N there exists a projection P, € N such that

(i> PflTﬂPﬂ = TnPn; -
(i) pp,1,p, (computed relative to P, N'P,) is concentrated on B(0, 1),
(i) ppir,pL (computed relative to PEN'PY) is concentrated on C. \ B(0, 1).

Progf. — We will show that T, satisfies the assumptions of Theorem 6.6 with o =1
and p € (%, %). Clearly, T, € N4, and by Theorem 5.1 (i),

(T, =AD" =n(T —nAl4+2) "' e VN, 1)
for p € (0, 1), A € C. Moreover, by Theorem 5.1 (ii),

”(Tn - )"1)_1 - (Tn - Ml)_l ”p
=n|(nT —nAl 4+ 2" — T — nul + 2)~! I,
<G — pl

for p € (0, %) and A, u € G. Thus, Theorem 7.3 follows from Theorem 6.6. O
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Proposition 7.4. — Let n € N, and let P, be as in Theorem 7.3. Then

(7.2) 0<t(P,) <1,
(7.3) ur,(9B(0, 1)) =0,
(7.4) wr, (B0, 1)) =t(P,).

Moreover, for every Borel set A € B(C),
(7.5) pur, ANBQ, 1)) =7 (P)up,1,p,(A),
(7.6) wr, (A\ B(0, 1)) = t(P)) uprr,pe (A),

where the Brown measures of P, TP, and PnLT,,Pnl are computed relative to P,NP, and Pj./\/’ Pnl,
respectively.

Progf: — According to Corollary 4.6, pr, has a density ¢, w.r.t. Lebesgue measure
on G, and ¢,(z) > 0 for all z € C. Therefore supp(ur,) = G. Moreover,

(7.7) pr, = T(P)pp,1,p, + T(Py) ot bt

(cf. Proposition 6.5). It then follows from (i1) and (ii1) of Theorem 7.3 that (7.2) holds.
Moreover, since dB(0, 1) is a nullset w.r.t. Lebesgue measure on G, (7.3) holds. Then by
(i1) of Theorem 7.3,

T(Pn) = T(Pn):uP,,'l‘nP,, (B(O, 1))
= pr, (B0, 1)) — 7(P)) puprr,pr (B(O, 1))
Theorem:7.3 (iii) ,LLT” (B(O, 1))

(7.5) and (7.6) now follow from (7.7) and the fact that ptp,1,p, and pupsr,pt are concentrated
on B(0, 1) and G\ B(0, 1), respectively. ]

Now, take a free ultrafilter @ on N, and let
Jo ={(x);2, € LN | lim [|x, |, = O},
N =t2N)/To-

Moreover, let p : £°(N) = N denote the quotient mapping, let T= p (1))
denote the copy of T in N, and define a projection P € N by

P=p(P)2).
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Recall that the ultrapower N is a II;-factor equipped with a faithful tracial state
7, given by

T(p(¥) =lim t(x), x=(x)2, € LZN).
For 0 < p < o0,
oGl = lim [, x= ()2, € LN,
where the p-norm on the left-hand side is computed w.r.t. the trace 7,,.
Proposition 7.5. — With P and T as defined above, PTP = TP.
Proof. — Yor all p € (0, 1),
|PTP —TP|jj = lim P, TP, — TP,|}
= lim || (T = T,)P, + T,P, = P,T,P, = P,(T = T,)P,II,
where

I(T —T,)P,+T,P,—P,T,P,—P(T —T)P,I, < 2|T—"T,I,

— 0 asn— oo.

Since w is a free ultrafilter, any convergent sequence converges along w as well. Hence,

IPTP — TP||, = lim |P, TP, — TP,||,=0, 0<p<1,

and therefore TP = PTP. O

Lemma 7.6. — Let ., Ly, Lo, ... € Prob(Q), and suppose that (v, — [ weakly as n —
0. Then

(1) For every open set U < G,
nwU) <liminfp,(U).
(1) For every closed set ¥ < G,

w(F) > limsup u,(F).

n— 00

(i11) For every Borel set B C G with n(0B) =0,

n(B) = lim w,(B).
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Proof. — This 1s standard. In order to prove (i), write 13, as the pointwise limit of an
increasing sequence of non-negative functions ¢, € C,(C). To prove (ii), use (i) and the
fact that u(F) = 1 — u(F°), where F* is open. (iii) follows from (i) and (i1) with &/ = intB

(the interior of B) and F = B. Note that u(F) = u(U) = n(B). O

Proposition 7.7. — If wr(0B(0, 1)) = 0, then the sequence (T (P,))S2, converges as n —
00. Moreover,

(7.8) (B0, 1)) = lim 7(P,) = 7,(P).

Proof: — According to Corollary 4.6, wr,converges weakly to pur as n tends to
infinity. Then by Proposition 7.4 and Lemma 7.6,

nr(B(O0, D) = lim pr, (B(O, 1))
= lim ©(P,),

n—0o0

and since o is a free ultrafilter on N, 7(P,) converges along w to ur(B(0, 1)) as well.
Thus,

o(P) = lim 7(P,) = ur(B(0, 1)). O
Lemma 7.8, —
(i) Consider a (classical) probability space (X, E, ). For every f € U,/ (X, €, ) one
has that

log f|du} = inf /1], = I ,
exp { [ toglf1due} =inf 11, = tim 171,

where exp(—00) := 0.
(ii) For every S € U, /N, 1),

A(S) =1nf[|S], = Lim [|S]],.
(S) = infSl}, = lim JSI|,

Progf- — (1) follows from [Ru, Section 3, exercise 5(d)]. (i) now follows by applica-
tion of (i) to (R, B, us) and / = idg. 0J

Lemma7.9. — Suppose 11 (0B(0, 1)) = 0 and that T,,(P) € (0, 1). Then for every complex
number A,

(7.9) lim Ap prp, (P, T,P, — AP, < Appop(PTP — AP),

and

(7.10) lim Apsnps (PET,PE — APY) < Apspops (PHTPE — APY).
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Proof. — We consider the case A = 0 only. The general case can be taken care of in
the same way. According to Lemma 7.8

APﬂNPn (PnTnPn) = lnf ”PnTnPn”L/’(Pn./\/'Pﬂ)’
O<p<l
where

1
Vs _ b

It follows that

(7.11) App,(PT,P) = inf ((P) 7 [P, T,P,l,),
<p<

and by the same argument,

(7.12) ARMq(PTP):OggﬁnAPyﬁ”PTPWL
where

(7.13) ‘%@Yizkgrwgﬁ,

and

IPTP|, = lim [P, TP,|,, O0<p<1.

Now,

1P, TP, =P,/ T.P[l, < IT =T, >0 asn— o,
and hence
(7.14) IWTHM=£$HETHM=£QJET£mp

Combining now (7.12), (7.13) and (7.14), we obtain:
Aryr(PTP) = inf, (1im =(P,) 7P, TP, ).
According to (7.11), for every p € (0, 1),
lim (¢ (P,) [P, T, P, l,) = lim Ap,xe, (P, T,P,),
and it follows that

Appnop(PTP) > lim Ap wrp, (P,T,P,).

By similar arguments one can prove that (7.10) holds. O
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Lemma 7.10. — Let (a,)22, and (b,)2 | be sequences in RU {—00} and let a, b € R.

= n=

W I
limsupa, <a,
limsup b, < b,
liminf(a, +4,) > a+ b,
then
nll)nolo a,=a and nll)rrolo b, =b.

(1) (1) holds for convergence along a free ultrafilter w on N as well.

Progf: — (1) Let € > 0. Then, eventually as n — 00, a, <a+ ¢, b, < b+ ¢, and
a,+ b,> a+ b— ¢e. Hence,

a,= (a,+ b,) —b,>a—2¢
and
bn: (an+bn) — ay 2 b_ 287

eventually as n — oo. It follows that lim,_, @, = @ and lim,_, , b, = b. (i1) follows in a
similar way. UJ

Proposition 7.11. — Suppose pr(dB(0, 1)) =0 and 7,(P) € (0,1). Let 1 € G with
A(T — A1) > 0. Then

(7.15) lim Ap nrp, (P, T,P, — AP,) = Appop(PTP — AP),
and
(7.16) lim Apsprpr (PrT,PE — APY) = Apspropr (PETPH — APY).

Proof: — We will apply Lemma 7.10 with
a, = T(Pn) log AP”NPn (PnTnPn - )"Pn)a
b, =t(Py)log Apnpr (PrT,Pr — APY),
a = 7,(P)log Appop(PTP — AP),
b= 1,(P1)log Apipwpr (PLTPE — APY).



INVARIANT SUBSPACES FOR OPERATORS IN A GENERAL II,-FACTOR 83

Since 7 (P,) converges to 7,,(P) as n — w, we get from Lemma 7.9 that

lima,<a and limb, <b.

n—w n—w

Moreover, by Proposition 6.5,

a,+ b, =log AT, — A1) and a+b=1logA(T —Al).
Hence, by the proof of Corollary 4.8,

lim(a, +4,) = a+b.
a, b € R because A(T — A1) > 0. Then by Lemma 7.10 (i),

lima,=a and limb,=>0.
n—w n—w

Since lim,_,,t(P,) = 7,(P) > 0 and limn_,wt(Pnl) = 1,(Pt) > 0, this completes the
proof. O

We will now prove that under the assumptions u(dB(0, 1)) =0and 0 < 7,(P) < 1,
;P—rilu Up,T,P, = UpTp
and
%1_{2) Mplr,pl = UpLipl
(weak convergence in Prop(C)).

Lemma 7.12. — Suppose pr(0B(0, 1)) =0 and 0 < 7,(P) < 1. Define maps p, o :
B(C) — [0, ool by

1
(7.17) p(A) = %—(P)MT(AQ B(0, 1)),
1

Then p, o € Prob(Q), and
lim pp,rp,=p and lLim upippr =0
n— oo n— oo

(weak convergence in Prob(Q)).
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Proof. — p,o € Prob(C) because 7,(P) = ur(B(0, 1)) and 7,(P+) = ur(C \
B(0, 1)) (cf. Proposition 7.7). Put

Pn=Mp,T,p, and o0,= MpiT,pl-

Then by (7.5) and (7.6),

pu(A) = ———pr, (ANB(0, 1) and p,(A) = ———pur,(A\ B0, 1)).

T(P) t(P))

Hence, for every continuous function ¢ : G — [0, 1],

|
pdp,= ——— pdur,,
/c T(P,) B(0,1)

and by the definition of p,

1
pdp = pdur.
./c 7,(P) B(0,1) !

Choose f; € C.(C), 0 </, < 1, such that f; /' Ip(.1) as k — o0. Since pr, — pr weakly
as n— 00,

1
imint [ g, = tim (—p= [ 9w,
oo Je n—oo\ T (Pn) C

1
7, (P)

/(pﬂdﬂTV kEN.
C

Letting £ — 00, we get that

1
(7.19) liminf/god,onz ‘/gad,urr:/god,o.
=00 Ja 7,(P) Jc C

The same argument applied to the function 1 — ¢ gives

hminf/(l —o)dp, = f(l — ) dp,
C C

and hence
(7.20) limsup/ pdp, < / pdp.
n— 00 C C

Combining (7.19) and (7.20), we find that for every continuous function ¢ : G — [0, 1],

lim <pdm=f<pdp,
C C

n—oQ

proving that p, — p weakly as n — o0. Since wr,(0B(0, 1)) = pur(dB(0, 1)) =0, a simi-
lar proof gives that o, — o weakly as n — 0o: Simply replace /; in the above by g, € C.(C)
such that 0 < g < l and g /" l¢\ppy as £ — 00. 0J
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Proposition 7.13. — Suppose 1 (0B(0, 1)) =0 and 0 < 7,(P) < 1, and let p, o be as
in Lemma 7.12. Then for all . € G,

(7.21) lim sup log Ap pp, (P, T, P, — AP,) < / log|z —Aldp(2),
n—00 C
and
(7.22) limsup log Aps nps (PrT, Py — AP)) < / log|z — Aldo(2).
n—00 C
Moreover, if A(T — A1) > 0, then
(7.23) lim log Ap rp, (P, TP, — AP,) = / log |z — Al dp(2),
n—00 C
and
(7.24) lim log Apsprps (P T, Py — APY) = / log|z — A|do (2).
n—>00 C

Progf- — At first note that by (7.17) and (7.18), supp(p), supp(c) < supp(ur) S
o (T), whence supp(p) and supp(o) are compact. Therefore, the right-hand sides
of (7.21) and (7.22) are well-defined. Let p, = wp,1,p, and o, = upir,pi. Then by
Lemma 7.12,

(7.25) nll)rglo pn=p and ﬂlirgo 0, =0

(weak convergence in Prob(C)). Note that (7.21) and (7.22) are equivalent to
(7.26) lirrigp/(:bglz—/\ldpn(z) < /Cloglz—Kldp(z)

and |

(7.27) 1im5up/010g|z— Aldo,(2) < /Cloglz — Al do (2),

respectively. Let p € (0, 1). By [HS, Theorem 2.19],

1
T(P)

IP, T, P,

<

(k)
1

<

(k)

1T+ 07"l

(TG + o™ 1),
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and since p has compact support,

/Izlpdp(z) < 00.

Now, 7(P,) — 7,(P) as n — 00, and we can therefore choose a constant C, depending
only on p such that

/Izl” dp(z) <C, and / 21 dp,(2) < C,, neN.
Then since |z — AP < |z|’ + |A|7,
/ lz— A dp(2) <C,(2) and f |z — Al dp.(2) <C,(A),

where C,(A) := C, + |A|". We will prove (7.26) and (7.27) in the case A = 0 only. For
general A the proof is essentially the same. For I < R < 0o define

0, 12| <1,
Pr(2) = {IOgIzI, I <]zl <R,
logR, |z] > R.
Then
(7.28) log* 2] = ¢ (2) + log’L(%).

@R 1s continuous and bounded. Hence, (7.25) implies that

(7.29) lim f ¢r(2) dp,(2) = / er(2) dp(2).
=00 Ja C

Moreover, for 0 < p < 1,

[ (R) e =5 () an

RC,

/e

|z] R_”Cp
logt (=) dp,(2) < .
/Cog (R> Pn(2) 5

Then by (7.28) and (7.29),

Similarly,

9R'C,
p

lim sup
n— 00

flogﬂd dﬁn(z)—fbg*lzl dp(2)| <
C c
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for all R > 1, implying that

(7.30) lim [ log" |z dp.(2) = / log® |z|dp(2).
C C

n— o0

Now choose a sequence ()72, of compactly supported continuous functions on G such
that f; > 0 and f; /" log™ |z| as k — oo. Then as in the proof of Lemma 7.12,

liminff log™ |z|dp,(2) > lim /ﬂ dp,

=/(}ﬂd,o.

(7.31) 1iminf/ log™ [2] dpn(z)zflog_lzldp(z)-
© Jc c

n—

Letting £ — 00, we find that

Since log |z| = log™ |z] —log™ |z], (7.26) (with A = 0) now follows from (7.30) and (7.31).
(7.27) follows from a similar proof. This finishes the proof of (7.21) and (7.22).
Now, assume that A(T — A1) > 0. We will apply Lemma 7.10 with

ay =T (Pn) log AP,,./\/Pn (PnTrzPrz - )\'Pn)v
by =T (P log Apinp: (PET,PX — APH),

a=1,(P) / log|z —Aldp(2),
C

bzrw@i)/logk—xma(z).
C

Then by (7.21), (7.22) and Proposition 7.7,

limsupa, <a and limsupb, <b,
n— oo n— o0

and by Proposition 6.5,
a,+ b, =log AT, — A1).
Since pr = 7,(P)p + 7,(PY)o, we also have
itb= f log | — 4] dja(2) = log AT — A1),
c
Hence,

lim (a,+ b,) = a+ b > —o0.
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In particular, @, b € R. Then by Lemma 7.10,

lima,=a and Lim b, =b.
n— 00 n— o0

Since lim,_, o T(P,) = 7,(P) € (0, 1), (7.23) now follows. A similar argument shows that
(7.24) holds. O

Proposition 7.14. — If pr(0B(0, 1)) =0 and 0 < t,,(P) < 1, then w.r.t. weak convergence
wn Prob(C),

(7.32) Lim pep,r,p, = Hpip,
and

(7.33) Hm pepir,pr = Upiipe-
Moreover,

supp(upip) € B(0, 1)
and
supp(ipripr) € G\ B(O, 1).

Progf: — Combining (7.23), (7.24), and Proposition 7.11, we find that when A € C
and A(T — A1) > 0, then

(7.34) log Apprep(PTP — AP) = / log|z —Aldp(2),
c
and
(7.35) log ApLpsept (PlTPl —APhH = / log|z — Al do (2).
c

The map A +— log A('T — A1) is subharmonic, and hence A(T — A1) > 0 for a.e. A € C
w.r.t. Lebesgue measure. Both sides of (7.34) and (7.35) are subharmonic functions of A,

and since two subharmonic functions which agree almost everywhere are identical, (7.34)
and (7.35) hold for all A € G, showing that

p=Hpip and O = UpijpL.

Then (7.32) and (7.33) follow from Lemma 7.12. Moreover, by the definition of p and o
in Lemma 7.12, it is clear that

supp(p) € B(0,1) and supp(c) € C\B(0, 1). ]
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Proposition 7.15. — Let T € M, and suppose that for some r > 0, ur(3B(0, 7)) = 0. Then
there is a T-invariant projection P, € N, such that supp(pip ip) S B(0, 7), supp(ip Lipr) ©
C\ B(0, r), and

7 (P)) = pr(B(0, 7).

Proof: — It ur(B(0, 7)) = 1, take P, = 1 and define MpLipL tO be 0. If ur(B(0, r)) =
0, take P, = 0 and define up jp, to be 0. If 0 < up(B(0, 7)) < 1, then 0 < p1(B(0, 1)) <

1, and we can take P, € N to be the %T—invariant projection found in the above with

supp(up,17p,) S B(0,1) and  supp(upsiipr) S C\B(0,1)
and with
7 (P) = 1o(B(0, 1) = 1, (B0, ).

Clearly, P, satisfies the conditions listed in Proposition 7.15. O

7.2. The T-invariant subspaces (E(T,7)),~0 and (F(T,7)),~0. — Recall from Sec-
tion 3 that for each > 0 one can define T-hyperinvariant subspaces E(T, ) and F(T, r),
for which the projections Pgr,) and Pgr ) are independent of the representation of M
on a Hilbert space. In particular, we may regard E(T, r) and F(T, r) as subspaces of the

Hilbert space H = L*(N®, 1,,), on which N acts.

Lemma7.16. — Let T € M and let r > 0. If ;ur(dB(0, 7)) = 0, then

(i) supp(rie,,) S B(0,7),

(1) supp(irip,,,) S G\ B(O, 1),
(1) 7(Pger.y) = pur(B(O, 7)),
(v) T(Prer.n) = pr(G\ B(O, 7)),

(v) E(T,n) =F(T*, n*,
(vi) F(T,r) = E(T*, nt.

Progf. — In the proof of (i}-(vi) we will consider M as a von Neumann algebra
acting on L2 (NV*, 7)) and thus identify T € M with T € . Let P, denote the projection
from Proposition 7.15. Then

supp(up,tp,) € B(0, 1),
supp(upitrt) € G\ B(0,7),
and

7, (P,) = ur(B(0, 1) = wr (B0, ).
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For ACC,let A*={z|z€ A}. Then

supp(iprrept) S (C\ B(0, 7)) = C\ B(0, 7).

Since P,(H) is T-invariant and P,(H)* is T*-invariant, it follows from Corollary 3.5 that

(7.36) P.(H) CE(T,7) and P,(H)" CF(T*, 0.
Hence,

(7.37) T(Picr.n) = 7 (P,) = ur(B(0, n),

(7.38) T (Ppere) = 1 — 7,(P,) = (G \ B(O, ).

Now choose a sequence (s,)2, from ], oo[ such that ur(9B(0, s,)) =0 for all n € N and

n=

S, N\ 7 as n — 00. Applying (7.38) to s,, we find that
t(F(1%,5)) = ur(CG\ B(0,s,)), neN.
Moreover, E(T, r) LF(T*, s,) (cf. Lemma 3.6). Hence,
T(Peery) < 1 — 7 (Prer+s,) < ur(G\ B(O, 5,)).
Letting n — 00, we see that
T(Pger) < wr(G\ B(O, ).

o0

Thus the inequality (7.37) is an equality. Next, choose a sequence (7,)72, from (0, r) such
that ¢, /" r as n — oo and with 1 (9B(0, £,)) = 0 for all n. Arguing as above, we find that

T(Preren) < 1 —17(Peer,y) < wr(G\ B0, 2,)).
Letting n — 00, we obtain
T(Prer+,y) < ur(G\ B(0, ).

Hence, (7.38) is an equality too. With (7.37) and (7.38) being equalities it follows from
(7.36) that

P,(H)=E(T,r) and P,(H)* =F(T* ).

Altogether, we have proven (i), (i1), and (v) for T and (i1), (iv), and (vi) with T replaced
by T*. Since wr+(9B(0, 7)) = wr(dB(0, r)) =0, and since T was arbitrary, this finishes
the proof. 0J
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Remark 71.17. — If T € M, and if E; and E, are closed, T-invariant subspaces
affiliated with M with E; C E, # {0}, then supp (i, ) < supp(MT|E2). Indeed, E; is
mnvariant under T/|g,, and if P; denotes the projection onto E;, then E, is affiliated with
Py MP,, whence

Mg, = T(Py) - M(’l‘\EQ)\El) + To(Py — Py) - M (Py—P)) Ty (Py—P))
= 19(Py) - poryy, + 7Py = Pr) - ey iy, 021

where 7o, = ﬁr denotes the trace on Py MPs. It follows that SUPP(MTml) C supp(MT|E2 ).

Lemma 71.18. — For T € M and for arbitrary r > 0, (i), (ii), (iii), and (iv) of Lemma 7.16
hold. Moreover,

) E(T,r) =N, F(T*, 5)* DF(T* nt,
i) F(T,n =, E(T*, 9= D E(T*, n*.

Proof. — Choose sequences (s,)°2, from (r, 00) and (%,)°2, from (0, r) such that
S N\ 7, & /' r, and with ur(9B(0,s,)) = wr(0B(0, #)) = 0 for all n. According to Re-
mark 7.17 and Lemma 7.16 (i) and (i1),

o]

Supp(MThi('l‘,r)) = m Supp(luT\r:('r.;n))

n=1

c ﬁB(o, )

n=1

= B(0, r).
Similarly, with the aid of the sequence (£,)°2, we find that

Supp(MTlp(T,)) g C \ B(O’ 7).
According to Lemma 7.16 (11) and (iv),

T (Prersy) = pr(B(0, 5,)),

T(Prery) = pmr(G\ B(O, 4,)).

Letting n — 00 and applying Lemma 3.2 (b) we then have

T(Prery) = wr(B(O, 1)),
T(Pyer,n) = ur(G\ B0, 0)).
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By application of Lemma 7.16 (v),

E(T, ) = ﬁ E(T,s,) = ﬁF(T*, st 2 (T, 9"
n=1

n=1 s>r

and then by Lemma 3.6,

E(T,r) = ﬂ F(T*, 5)*.
Since F(T*,s) € F(T*,7), s > r (cf. Lemma 3.2 (b)), this proves (v'). (vi') is proven in a
similar way using the sequence (£,)°2,. 0J

Corollary 7.19. — For every T € M, every ). € G and every r > 0 one has:

(i) E:=E(T — A1, 7) s the largest, closed T-invariant subspace affiliated with M, such
that supp () € B(A, 7).

i) F:=F(T = A1, 1) is the largest, closed T -invariant subspace affiliated with M, such that
supp(rer) € GA B, 7).

Proof. — It suffices to consider the case A = 0, because pr_s1, and pr_sq, are
the push-forward measures of pwr, and pr),, respectively, under the map z+— z — A.
Moreover, because of Corollary 3.5 we only have to prove that supp(ury,) € B(0, r) and
supp(ury) € G\ B(0, ), and these properties follow from Lemma 7.18. 0J

7.3. Spectral subspaces corresponding to closed sets. —

Proposition 7.20. — For every T € M and every closed set ¥ C G there is a largest, closed
T-invariant subspace IC = Kr(¥) affiliated with M, such that supp(ur,.) S F. Moreover, IC is
hypermvariant for T

Proof. — We may write G\ I as a union of countably many open balls (B(A;, 7.))72 ;:

C\F=|JB(.n).

k=1
With
(7.39) K= ()F(T = &1, 1),
k=1

KC is hyperinvariant for T, and according to Remark 7.17,

supp(prie) € G\ B(A, 1)
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for every £ € N. Hence, supp(ur,) CF.

In order to prove that K is the largest closed subspace of H having this prop-
erty, assume that K is a closed T-invariant subspace affiliated with M, such that
supp(ury,,) € F. Then, for every £ € N, supp(ur,) S G\ B(A;, 7). Therefore, by Corol-
lary 3.5, K' C F(T — A1, 1), and it follows that ' C K. O

Definition 71.21. — For T € M and ¥ a closed subset of C we denote by Pr(F) € W*(T)
the projection onto the subspace ICr(F) found in Proposition 7.20.

The following proposition is a trivial consequence of Proposition 7.20 and Re-
mark 7.17:

Proposition 7.22. — For every T € M one has that

(i) Pr(@) =0 and Pr(C) =1
(1) IfFy and ¥y are closed subsets of G with ¥y C ¥y, then Pr(F)) < Pr(F9)
(iil) 2 (F))ier &5 a family of closed subsets of ., then Pr( (", Fi) = At Pr(F)

Lemma 7.23. — For every T € M and every closed subset ¥ of C,
(7.40) T (Pr(F)) < wr(F).
Proof. — This is an easy consequence of the fact that
wr =1 (Pr(F)) - MUpra@yTPr(F) + T(PT(F)l) * Upr@)LTPr ()L
with wp,@yreem @) = 1. U

Proposition 7.24. — Let T € M. Then for every closed subset ¥ of G with pr(3F) =0,

1) T(Pr(¥)) = pr),
(i) KCp(F) = K (C\ FF)L.

Proof. — As in the proof of Proposition 7.20, write G \ I as a union of countably
many open balls (B(Az, 7:))72,:

C\F= B n).

k=1

Then Ky (F) is given by

Kr(F) = F(T = 11, 7).

k=1



94 UFFE HAAGERUP, HANNE SCHULTZ

By Proposition 7.22 (i),

Ko (C\F*) 2 KCr« By, 7)) = E(T* — A1, 1),
and then by Lemma 7.16 (v/),

K (C\F*) DF(T — A1, )"

It follows that

(7.41) Kr(F) = [ JF(T = 41, 1) 2 Ko (C\FH ™.

k=1

Then for the corresponding projections we have:
(7.42) T(Pr(F) > 1 — 1(Pp-(C\ ).
According to Lemma 7.23,
(7.43) T(Pr(F)) = pur (),
and since pur(dF) =0,
(7.44) 1= 7(Pr(C\F)) = 1 — e (C\ F9) = 1 — (€ \ F) = pup(B).
We deduce from (7.42), (7.43), and (7.44) that
T(Pr(F) = ur(®) = 7(1 = Pr«(C\ ).
Then by (7.41),
Kr(F) = K- (CG\ FH)™. u

Proposition 7.25. — For every T € M and every closed subset ¥ of G, T (Pr(F)) = pr(F),
and hence fLp,.qryLpy )L 15 concentrated on G\ F.

Progf: — Yor ¢t > 0 define
. 1
F, = {ze C|dist(z, F) < ;}

The map ¢ +— ur(F,) € [0, 1] is decreasing, and therefore it has at most countably many
points of discontinuity. This entails that pup(9F,) = 0 for all but countably many ¢ > 0.
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Choose ¢, > &, > 5 > -+, such that ¢, \( 0 as n — o0 and u(0F,) =0 for all » € N.
Since F, \( (., F,, = F, we have that Pr(F,) \( Pr(F), and hence

T(Pr(F)) = nlir& T(Pr(F,))
= lim puy(F,)
— (P,
as claimed. Finally, since
wr =T (Pr(F)) - wp @yrerm + T(PT(F)l) * Upp(F)LTPr ()L
where wp, e (F) = 1, we conclude that
T(PT(F)l) * W)L TP (F)L (F) =0.

Hence, if Pr(F) # 1, then pp it mrF) = 0. If Pp(F) = 1, then, by definition,
WppmLrerrL = 0, and this measure is trivially concentrated on G\ F. U

Lemma 7.26. — Let T € M, and let P € M be a T-invariant projection. Then for every
closed subset ¥ of G,

(7.45) Ko t1p0r0, (F) = K (F) N P(H).

Progf. — Let Q € PMP denote the projection onto Kry,,, (F), and let R =
Pr(F) A P. We will prove that ) <R and R < Q.

Clearly, Q < P. In order to see that Q < Pp(F), recall that Pr(F) is the largest
projection with the properties

(1) Pr(E)TPy(F) = TPr(F),

(i) ip @ reear) (computed relative to Pr(F) MPy(F)) is concentrated on F.

Since

(7.46) QTQ = QTPQ = TPQ =TQ,

and puqgro = Mareg (computed relative to QMQ) is concentrated on F, we get that Q <
Pr(F), and hence Q <R.
Similarly, to prove that R < Q), prove that

(i) RTPR =TPR,ie. RTR =TR,
(i) mrrpr = UrTR (computed relative to RMR) is concentrated on F.
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Note that if Pp(F) = 0, then R < Q, so we may assume that Pp(F) # 0. (') holds,
because R(H) = P(H) N Pr(F)(H) is T-invariant when P(H) and Pr(F)(H) are T-

invariant. In order to prove (i), at first note that R(H) is TPy (F)-invariant. Hence

(7.47) wrppr = T1(R) - trrr + 7 (RL) * URLTRL,

where 7 = m - Tlprympp)- It follows that

(7.48) 1 (R) - purrr (F) < wrppany(F) =0,

and thus, if R # 0, then prrr(F) =0, and (i’) holds. If R = 0, then R < Q) is trivially
fulfilled. ]

7.4. The general case. — Proof of Theorem 7.1. — Define

(7.49) Py (B) := \/ P (K)
K compact, KEB
and

(7.50) KCr(B) = Pr(B)(H).

Then Kr(B) is T-hyperinvariant. Since prjc 4 is a regular measure (cf. [Fo, Theo-
rem 7.8]),

MT“CT(B) (B) = Sup{/’LThCT(B) (K) | K CompaCt9 K g B}'
For every compact set K € B, C(K) € Kr(B) is T|jc )-invariant, so with P = Pr(B),
HTcrm = e (Pr(K)) - KTl k)
+ e (P — Pr(K)) - hp—prxy)rp—prx))-

Therefore, by Proposition 7.25,

1

1
Ml s (K)= TP) -T(Pr(K)) - M) K)+0= ﬁ -7 (Pr(K)).

(P (K))K compact, ke 18 an increasing net of projections with SO-limit Pr(B). Therefore,
1
Wiy (B) = sup {ﬁ 7(P1(K)) | K compact, K S B} =1.

This shows that e Ko@) is concentrated on B. Moreover, by similar arguments,
pr(B) = sup{pr(K) | K compact, K  B)
= sup{7 (Pr(K)) | K compact, K C B}
=7 (Pr(B)),
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proving that (i) of Theorem 7.1 holds. (ii) then follows as in the foregoing proof.
Finally, suppose that Q € M is a T-invariant projection and that f1y,,, is con-
centrated on B. Then by Lemma 7.26 and Proposition 7.25,

Toma (P A Q) = sup{tomo(Pr(K) A Q) | K compact, K C B}
= sup{tmq (P44, (K)) [ K compact, K € B}
= sup{ g, (K) | K compact, K € B}
= KTlgm) (B)
=1.
Hence, P A Q = Q), and we get that Q) <P. 0J

Corollary 7.27. — For every Borel set B C G,
Pr(G\B") =1—-P¢(B),
where B* = {Z| z € B}.

Proof. — Let K = K1(B) and P = P1(B) be as in Theorem 7.1. Then by Theo-
rem 7.1 (i), Kt is a closed T*-invariant subspace, and the Brown measure of P-T*P+ =
(P+TP4)* is concentrated on B*. Hence,

(7.51) Pr(G\B*) > P* =Pr(B)".
But
7 (Pr(C\ BY)) = (G \ BY)
= ur(G\ B)
=1—pur(B)
=7 (Pr(B)").
Hence, equality must hold in (7.51). O
Corollary 7.28. — Let T € M, let B C C be a Borel set, and let IC be a closed, T-invariant
subspace of H which is affiliated with M. Then the following two conditions are equivalent:
i) K=K (B),

(i) WpTpy 1S concentrated on B and MpLpk is concentrated on G \ B.

Proof. — That (i) implies (i1) is a consequence of Theorem 7.1. Now, suppose that
(i) holds. Then K C K(B). Moreover, K is T*-invariant, and MpLrspL s concentrated
on (C\ B)* = C\ B*. Therefore, K+ C K+(C\ B*) = K1(B)*. Hence, K = K(B). O



98 UFFE HAAGERUP, HANNE SCHULTZ

8. Realizing Pg(t,,) and Py ,) as spectral projections

Recall from Section 3 that for every T € M and every r > 0 we defined T-
hyperinvariant subspaces E(T, r) and F(T, r). The aim of the present section is to show
that the corresponding projections, Pgr ,) and Pyt ,), have the following properties:

Theorem 8.1. — For every T € M we have:

() There is a unique operator A € M, such that for every r > 0,

(8.1) Pecry = Lo (A).
Moreover,
(8.2) A=SO- lim ((T*)"T")%.

(b) There is a unique operator B € M, such that for every r > 0,

(8.3) Prcrn = Lo (B).
Moreover,
8.4) B = SO- lim (T"(T*)") .

In the proof of Theorem 8.1 we shall need the following two lemmas. The first one
of them is elementary, and we omit the proof of it.

Lemma 8.2. — Let P, Py, Py, ... be projections in BCH). Then the following are equivalent:

(1) P, = P n the strong operator topology,
(i) |P.& — & — O for every & € P(H) and ||Pn+n — 1|l = 0 for every n € P(H)* .

Lemma 8.3. — Let A, A, Ag, . .. be operators from B(H)™, and assume that

M= mas{ Al suplla, 1} < oo.
neN

If
(8.5) Lio,n(Ay) = 1,0 (A)

in the strong operator topology for all but countably many r € [0, M], then A, — A 1w the strong
operator topology.



INVARIANT SUBSPACES FOR OPERATORS IN A GENERAL II,-FACTOR 99

Proof. — We prove this, approximating A, and A with linear combinations of pro-
jections of the form 1y ,;(A,) and I ,1(A), respectively. Choose o > 0 such that (8.5)
holds for all » € Q.; N [0, M]. For each £ € N define

[AMa~1]

o
B=— ) lereo(),
k=1

[AMa—1

o
Bi=— ; L ooy (A).

Then, by the Borel functional calculus for normal operators,
o
1A= Bell =

and

o
”An - Bn,k” f Z

By assumption, for fixed £ € N, B, = SO-lim,_, . B, 4, and it follows that A, — A in the
strong operator topology. ]

Proof of Theorem 8.1. — According to Lemma 3.2 (b), if we define E(T,0) :=
(),.o E(T,7), then r = Pg(r, is increasing and SO-continuous from the right. More-
over, according to Lemma 3.4, Pgr,) = 1 for every » > //(T). [KR, Theorem 5.2.4] then
implies that there is one and only one operator A € M™*, such that (8.1) holds. Moreover,
IANl = (T) < I'Tl.

Now, take r > 0 such that w1 (9B(0, r)) = 0. Then by Lemma 7.16 (v),

(i) E(T,r) =F(T*, n*t.
Moreover, we claim that

i) Uy, E(T,s) =E(T,n),

(i) U, o F(T*, t) =F(T*, r).
The one inclusion C in (ii) is obvious. On the other hand, since w1 (0B(0,7)) =0, we get
by Lemma 7.16 (ii1),

t(Pywy) = lim T(Pyer,y)
= lim pr(B(0, )

= pr(B(0, 1))
= T (Pg(r,n).



100 UFFE HAAGERUP, HANNE SCHULTZ

Hence, “=" holds in (i1). Similarly, “C” in (ii1) is obvious. On the other hand, by
Lemma 7.16 (v),

TPy ) = tl_lfrr}r T(Prer+,s))

= lim T(l — PE(T,t))

t—r+
= lirri ur(G\ B(0, 1))
=7
= pr(G\ B(0, 1))
=7(1 — Pg(r,p)
= T(PF(T*,;'))-

Thus, (iii) holds.

Now, let & € E(T, ) and n € E(T, 7)* = F(T*, r) with ||€]| = |||l = 1. Let € > 0.
According to (i1) and (ii1), we may take s € (0,7), t € (r,00), &’ € E(T, 5) and ' € F(T*, ¢)
with [|§' = [In'[l =1, [IE —&’ll < § and [[n — 1’|l < § . Next choose &, and 1, in ‘H such
that

lim ”én/ - 5,” =0 and limsup ||T"§n/||% <s,

and
1
lim [|(T*)", — 7' =0 and limsup ||£/]" < -
We can, without loss of generality, assume that [|§/|| = ||(T*)"n/|| = 1 for all . € N. Then

let p, (respectively o) denote the distribution of (T*)"I" w.r.t the vector state on M
induced by &/ (respectively (1T%)"n). Arguing as in the proof of Lemma 3.4, we get that

0. (7", 00)) = 0 as n— oo,
and
0,([0,7°"]) = 0 as n— oo.
Put A, = ((T*)"T")%. Then
IM10.1(ADE, — &7 = pu((*,00)) = 0 as n— o0,
and
I .00) (AD (T, = (T 1* = 0,([0,7*]) = 0 as n — oo.
Since [|§, — &'l > 0 and [[n — n'|| < §, we get that

[T (ADE =&l <e,
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eventually as n — 00, and similarly one argues that

I yrcor (A =0l <&,

eventually as n — oo. Thus, with P, = 1 ,;(A,) and P = Pyt ;) = 1j0,1(A) we have shown
that

lim [P.€ — &) =0

for all unit vectors & € P(H) and hence for all £ € P(H). Similarly,
lim [(1=P)n—n] =0

for all n € P(H)*. It then follows from Lemma 8.2 that
SO- nlgglo Li0,1(A) = Lo, 1 (A)

for all » > 0 with ur(dB(0,r)) = 0. Then by Lemma 8.3 (with M = ||T||), A, — A as
n — 00 In strong operator topology. This proves (a).

(b) According to (a) applied to T*, the limit
B =SO- lim ((T")*T") %
exists and is uniquely determined by
lionB) =Pgersy,  (r>0).
Moreover, for all but countably many » > 0,
1r.00)(B) = 1.00)(B),
and
F(T, )" =E(T* ).
Hence, for these r’s,
looyB)=1—=11,1(B) =1 — Pger+,y = Prcr.y.
Since 7 = 1,5 (B) and 7 = Pyt ) are both SO-continuous from the left, it follows that
1,000 (B) = Prcrp)

for all r > 0.
Conversely, if B € M* and 1|,.o,(B’) = Pgr,) for all r > 0, then the argument
above may be reversed to show that

lio.a(B) =Pgersy,  (r>0),

and hence, by the uniqueness in (a), B=1B'. UJ
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Example 8.4. — According to Theorem 8.1, for every T € M, the sequence
(((T"‘)’T”)ﬁ)gil converges in strong operator topology. The following example due

to Voiculescu (personal communication, 2004) shows that this is not the case for all
T € B(H) when dimH = 0o . Indeed, let T € B(/*(N)) be the weighted shift given by

Ten = Cplpt1, ne N,

where (¢,)°2 | is the standard basis for 2(N), and (¢,)>°

— n—=

| 1s given by

1 if2k <n < 281 keven,
"2 2 <n< 2 kodd.

Then
n 2
(T)"T" = < Ci) 1,
=1
and thus
" 1
(T T e, = ( ) a.
i=1
Since
i 1
limsup(l_[ c,-) =97,
n— oo i=1
and

" 1
lim inf(l_[ cl-) — 93,
=1

it follows that (((T*)"T")2)>

n=

, 1s not SO-convergent in B(Z(N)).

9. Local spectral theory and decomposability

A bounded operator T on a Hilbert space H 1is said to be decomposable (cf. [LN,
Definition 1.1.1]), if for every open cover G = U UV of the complex plane, there are
T-invariant closed subspaces H' and H” of H, such that the spectra of the restrictions of
T satisty o (T]) € U and o (T|3) €V, and such that H ="H' + H".

Given T € B(H), a spectral capacity for T is a mapping E from the set of closed
subsets of G into the set of all closed, T-invariant subspaces of H, such that
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(i) E@) ={0} and E(C) =H,
(i) E(U;) 4+ ---+ E(U,) ="H for every (finite) open cover {Uy, ..., U,} of C,
(i) E() 2, F) =2, E(F,) for every countable family (F,)>°, of closed subsets

of C,
(iv) o(T|gw) € F for every closed subset I of G (with the convention that
U(T|{0}) = Qj)

Finally, given T € B(H) and & € 'H, the local resolvent set, pr(§), of T at & is the union
of all open subsets U of G, for which there exist holomorphic vector-valued functions f; :
U — H, such that (T — A1)f;(A) =& for all A € U. Note that according to Neumann’s

lemma,

{ze Cllzl > ITI} € pr (&),

and therefore, o1 (§) := G\ pr (&), the local spectrum of T at &, 1s compact. For any subset
A of G, the corresponding local spectral subspace of 'T is

(9.1) Hr(A) ={§ e Hlor(§) S A}.

It is not hard to see that Hy(A) is T-hyperinvariant.

Now, the three definitions given above, 1.e. that of decomposability, that of a spec-
tral capacity and that of a local spectral subspace, are closely related, as the following
theorem indicates:

Theorem 9.1 [LN, Proposition 1.2.23]. — Let T be a bounded operator on a Hilbert space
H. Then the following are equivalent:

(1) T s decomposable,
(1) T has a spectral capacity,
(iti) for every closed subset ¥ of G, Hr(F) s closed and

o (X = prE)N Tl ) CSo(D\F,

where pr(F) denotes the projection onto H(F).
Moreover, if T is decomposable, then the map ¥ +— Hr(¥) is the unique spectral capacity for T
Now, if the operator T appearing in our generalized version of Theorem 1.1 is de-

composable, how is the local spectral subspace Hy(B) related to the T-invariant subspace
K+ (B) for B € B(C)?

Proposition 9.2. — If T is a decomposable operator in the II,~factor M., then for every B €
B(C), Kr(B) =Hr(B).
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Progf. — Since o () is compact for every & € H, we have that

Hi® = J He®).

KCB,K compact

Moreover, by definition

Ke®= ] KK

KCB,K compact

Hence, it suffices to prove that for every compact set K € G, Kr(K) = Hy(K). Since T
is decomposable, Theorem 9.1 implies that for every closed subset I of G,

o (Tlem) € F,
and
o (1= Qr(F) Tlyye) So (DT,
where Qr(F) € W*(T) denotes the projection onto Hr(F). In particular,
supp (Wi, i) € F,
and
SUPP (11, ) SO (D \F.

It follows that Qr(F) < Py (F), where Pr(F) € W*(T) denotes the projection onto Kr(F).
Now,

T(Pr(F)) = pr(F)
= T(QT(F))MTWT(F) &) + T(QT(F)L)M(I—le(F))TIHT(F)L @),

and since FNo (T) \ I C 9F, we get that
T(Pr(F)) < 7(Qr(F)) + T(Q:r(F)L)M(l—c,lT(F»T\HT(F)l (9F).

Hence, if ur(0F) =0, then t(Pr(F)) < t(Qr(F)), and it follows that Pr(F) = Q(F).
For a general closed subset I of G, define

|
F,= {ze C | dist(z, F) < ;}, (t>0).
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Then F,\(Fas¢ 700. Take 0 < t; < <---, such that , = o0 and such that for all
neN, ur(0F,) =0. Then, since F = Q(F) is a spectral capacity for T, we have:

Qr(F) = Qx(F,)
n=1

=) Pr(F,)

n=1

= Pr(F). [
Corollary 9.3. — If 'T' € M is decomposable, then supp(pur) = o (T).

Progf- — We know from [Br] that supp(ur) C o ('T) always holds. Now, let T € M
be decomposable, and let F = supp(ur). Then K1 (F) = H. Hence, by Proposition 9.2
and Theorem 9.1,

Hr(F) = Hr(F) = Kr(F) =H.
Therefore, by condition (iv) in the definition of a spectral capacity,

o (T) = o (Tlryw) S F = supp(per). O

Corollary 9.4. — Every 11, -factor M contains a non—decomposable operator.

Proof. — According to [DH1, Example 6.6], N' = @,-, B(C*) contains an opera-
tor T for which o (T) =D and pr = 8. Since N embeds into the hyperfinite II,-factor
R, and since every II;-factor contains R as a von Neumann subalgebra, M contains a
copy of T. According to Corollary 9.3, T is not decomposable. 0

Remark 9.5. — By [DH2], Voiculescu’s circular operator is decomposable. More
generally, every D'T-operator is decomposable.

Appendix A: Proof of Theorem 6.2

Let 0 < p < 1 and consider a fixed map f : [a, b] — 1/(M, ) which is Hélder continuous

with exponent o > lf%p. That 1s, f satisfies (6.2) for some positive constant C. For every

closed subinterval [¢, d] of [a, b] we let f[ ! J (x) dx be given by Definition 6.1.

LemmaAl. —Leta=xy <x < <Xy <xp=banda=y, <y <-+- <91 <
u = b be partitions of the interval [a, b, and define

T,= ) — %),
=1
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T,=)_ SO)0; ).
J=1
Then with §, = max, <j<, (x; — Xi—) and 8, = max,j<,(yj — yj—1) one has that

(A.1) I'T, — Tyl|§ < C/(m+ n) max({8,, §,}/ .

Proof: — Let a= 2y <2z < -+ < z-1 <z = b be the partition of the interval
[a, b] containing all of the points x4, ..., x,-, and p;, ..., 9. For 1 <k <7, let i(k) €
{1,...,m}and j(k) € {1, ..., n} be those indices for which

[zr—15 2] € [Xigwy—15 Xiw ]

and
[zi=15 2] € Djw—1>05m1-
Then
<A~2) T, = 27: f (xi(k))(zk — Zi—1)s
k=1
and
(A.3) Ty = i f()/j(k))(zk — Zj—1)-

k=1

Since z; € [Xi—1, Xiw] N Djw-1,0m 1, both of the points x;,) and y;) must belong
to the interval [z;, 2 + max{d,, §,}], and it follows that

<A.4) ||f(xl-(k)) _f(,yj(k))”p < Cmax{&(, (Sy}a.

Combining (A.2), (A.3) and (A.4) we find that

IT, =T, <> (2 — 2-1)'C max{s,., §,}*
k=1

< (m+ n)C’ max{§,, 8),}“7’“’. ]

Lemma A.2. — For every ¢ € (a, b),

b ¢ b
(A.5) f Fo)de= / Fo)de+ f F(x) dx.
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Proof: — Let (S,)52,, (S,(Zl))<>Q and (Sff))iil be the sequences defining fabf(x) dx,

n=1

fa ‘f(x) dx and fc ’ f (x) dx, respectively (cf. Definition 6.1). That 1s, with
b—a

on

X, =a-+1

c—a

':a+ 9
) J o

bh—
y,-=c+u—2”)76’ U=2"+1,...,2.29,

(j=0,...,2",

one has:
271

Su= Y f) (6 —xi),

i=1
2.9

NN Z JONs —=0-1)-
J’:l

. bh— bh—
Then with §, = max;<;<on(x; — x,_1) = Q—fl and §, = max;<; <001 (), —yj-1) < 2—,“ we

get from Lemma A.1 that

— prop
18, = S\ + S8l < 3 Q”C”(b .

=3C(h— a)f)+af)2*n(ﬁ+aﬁ*1)’

and since p+ ap — 1 > 0, we conclude that ||S, — (S + Sff))Hp — 0 asn— oo. O
Lemma A3, —
—a b
(A.6) / f(=x)dx= f J(x) du.
—b a

Proof. — [ f(—=x) dx = lim, .« S/, where

g = b;aif(b_kb;na>
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Hence

IS, = S,ll, =

— 0 asn— 00,

and it follows that
—a b
/ S(=x)dx=lim S, = lim S, = / S (x) dx.
—b n— 00 n— oo a
Lemma A.4. — For every ¢ € [a, b],

Qb — ayrter
< —.
ap+p—1

A7) Hﬂw———ffmx

Y4

Proof: — At first we consider the case ¢ = b. Taking (6.4) into account we obtain:

: J4
= lim [|So — S, |I)
n— oo

(o.¢]
<Y IS, =Sl
n=1

Cﬁ(b - a)p+ap Z 9 n(p+po— l)

Hw—wm—l?mm:

where

ZQ n(p+pa—1) _ 1
Op+po— optpa—1 _ | —1

1
= elog2(p+pa—1) _ |
1
=<
log2(p + pox — 1)
2
< —\
p+po—1

Hence

Ct(h — a)P

Hwﬂww—lywmﬁs?;ajr,
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and then by Lemma A.3,
b p —a P
[o-ar@- [ soa] =Jo-ar-co- [ el
a —b
_Co—at
T pHpoa—1
It follows now that for arbitrary ¢ € (a, b),
‘ b Clc—a)tt™
(A.8) (c—a)f(c) — ]; S () dx , < m
and
A9 It o d | < ooyt
A9 O T
whence
b )
|- a0~ [roaf
¢ b p
=|e-aro+ a0~ [ rwa- [ o]
guw—wyuyi/funup+ @—ayuyi/fuﬁmp
- Clc—ayft™  Cl(b— )t
T ptpae—1 p+pou—1"
Since p+ap > 1,
(c—a)™ + (b= o)™ < (b—a)*™,
and (A.7) follows. U

Proof Theorem 6.2. — According to Lemma A.2,

= Hé[f(z-)(xi v [ @l
= Z‘V(é‘)(%‘ — Xi-1) — /le(x) dx
=1 il

HM—/abf(x)dx

b
b

Vs
b
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and by Lemma A 4,
N r GG — x )
J@ i —xm) — [ SO dx| <
Xi—1 b p + ap — 1
-1
_ CF (o — %) (4 — 2w YT
ptap—1
—1
< G (x; — %) (P
- ptroap—1
Consequently,
' ! c - +ap—1
M- [ @] = ———— 3 xopsaye
a i lb + ap - 1 =1
Cl (b — a)(T)r+or~!
ptap—1 O
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