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NUIBER OF MODELS OF THEORIES WITH MANY TYPES

by Anand PILLAY (7)

[Université Paris-7 ]

1. Introduction.

Let T be a complete theory in a language L . We are interested in the value
of T(A » T) , the number of models of T which have cardinality » (By the
number of models in a class we always mean the number of equivalence classes modulo

isomorphism, in the class).

For a language L1 containing L 5 and a theory T1 in L1 , with T C T1

are also sometimes interested in I(\ T1 s+ T) , the number of models of T of

cardinality )\ which can be expanded to models of T

y We

1 L]

Clearly, if T1 C:T2 s then

I(h»T) =I(A » T, T) >I(A » T ,T);I(}\,TZ,T).

1
So if we want to prove that () » T) is large we can prove it for I(A,Tl,T)
where T c:T1 and quite strong assumptions are made on T1 . The usual assumption

made on ’I‘1 s is that it has Skolem functions,

SHELAH has proved the following theorems.

THROREM A. - If T is unstable, and A 3 [T | +w, » then IG, 7, 4 1T) = oM,
THEOREM B, - If T is not superstable, and A > [T + 1 » then I(x , 7) = oM,
THEORLH C.
(i) If T is not p, stable, T<T , T, is countable and 1y < A € 280 ,
then
I()\’T )T)=2)\’

1
I8
(ii).gg T is not gb—stable, T c Tl countable, and A > 2QO s then

0
I()\yT rT);ZZ .

1

Note that 2h is the maximum number of models that exist (for a language L ) in

cardinality A\ o

Here we will prove some cases of theorem B (e. g. where A\ > ITI and )\ 1is

regular).

(*) Anand PILLAY, UER Mathématiques, Aile 45-55, Université Paris-T7, 2 place
Jussieu, 75251 PARIS CEDEX 05.
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Let A denote a subset of a model of T , and S(4) denote the complete 1~
types over A . Then recall that T unstable means, for every infinite ) , there
is |Al ¢ 2 with [s(a)]| > .

T not superstable means that there are arbitrarily large )\ such that there is
lal s & and [s(W)] >

For countable T , T not gb—stable means that there is |A £ 1y with
s(a)] >, .

830 the idea behind the above theorems is that many types give rise to many

models.

The first result along these lines was by Ehrenfeucht where he takes the case

where T is countable and has uncountably many types (over the empty set).

THEOREM 1.1, ~ Let T ©be countable and suppose that T has uncountably many

5
tmes (one Qf ). Then for each )\ >/§\>O ’ I()\ ’ T) 221‘0 .

Proof. - As T has uncountably many types, then T has uncountably many ne—
types for some n < @ . It can be easily shown that T has 2NO n-types, say
@ifi) s i< 2ﬁb} . Pick i< QNb and consider the theory T u pi(E) where the
¢ are new constants. Let T' be a Skolemisation of this theory. Then T! is
still countable. Let M be a countable model of T containing a countable set
{am : m< @} of order indiscernibles, As T' has Skolem functions, the sub-
structure of M generated by the a, is an elementary substructure, so we may
assume that M is generated by the {am : m< @} .Nowlet A >w s and I an
ordered set of cardinality )\ . Then we can find a model N of cardinality 3
which is generated by {bm ¢ me€ I}, in which the set {bm : me€ I} is a set of
order indiscernibles, and such that the type of (bml ? eee 9 bmr) in N for all
m1 < m, < eee < m. s T<uy is the same as the type of ap 2 eee 2By in M,
Clearly the types realised in N are the same as the types realised in M ., But M
is countable and so realises countably many types. Let qo be the reduct of N to
a model of T , Thus we have shown that for every i < 20 , there is a model of T
of cardinality )\ which realises pi(E) and realises only countably many types
(so in particular og;y countably many of the pj ). It follows easily that there
must be at least 253O pairwise nonisomorphic models of T of power ) , and the

proof is finished,

Note that for the case )\ = Ry the above theorem is trivial. However, then we
notice that if T is the theory of dense linear orderings, then I() , T) = 2K
for all ) > Ry but T has only countably many types, in fact T is ¥y~
categorical and has finitely many n-types for each n . But if we add names for
the elements in the countable model, we get 2NO types, corresponding to the
Dedekind cuts. Thus, may be by looking at types over subsets, we can get sharper

results,
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The above proof uses directly the fact that many types exist, to give (together
with techniques concerning indiscernibles and Ehrenfeucht Mostowski models) many

models of the theory.

Shelah's methods involue first deducing from the existence of many types, facts
about the structure of some models of the theory (e. g. they contain orderings or
trees), and then to use indiscernibility techniques on such models to give many
nonisomorphic models, by choosing these models to realise different sets of types,
or by more refined methods. One observation is the following. Let M bhe a model
of T and A<M, Then T(aA) denotes Th(M , a)

elements of A . Then.

ach We add names for the

LEMHA 1.2. - Let A 3 [T,] 5 [a] = p.

I 50, T(a) » T(A) 3K and K >aM,

Then I(A » T, » T) K.

1

Proof. - Every model M' of T(A) (of card ) which is a reduct of a model
of T1 uT(A) » has a reduct to M &= T which is a reduct of a model of Tl .
However I will have at most AM expansions to a model of T(A) (We can inter-
pret the constants a € A in M in at most M different ways). But there are at
least K such models M! (up to isomorphism), so there will be at least K such

M , up to isomorphism, as K > A\M .

Thus in some cases it will be enough to show that many models exist over a given

subset.

2. Indiscernibles and Ehrenfeucht-liostowski models.

Let I be a structure in some language L(I) . Let M be a model of T , and

let us index some t-uples of M by I . So we have for each i € I , some a; » a

t-uple in M .

f e 2 in) will denote the

set of quantifier free formulae @(xl 9 eee 3 xn) in the language L(I) which are

? cee 3 in) in I . We will then say that the set {Ei : 1 €I} is

For (i1 9 sen 9 in) a sequence from I , atp(i

true of (il

I-indiscernible in M , if for every =n , and formla y(X, » +uo » §) of L(T) ,

fora.nz ilpouo,in,jlyeoo’jn_i_r_]:]:.

o0 in) = atp(jl 2e0 ,jn) j-mglies M ’= \b‘(gilyqnc’_a«-in) é"ﬁ\' \!’(.a-jl,.."ajn) L]

# :I.2==.*,_e;i1 # aj . Also for the above to make

atp(ll

Usuelly we will also have i1

sense, we must have that whenever atp(il) = atp(iz) then the lengths of the

sequences a, and a, are the same,
11 ta
Remember that T1 is assumed to have Skolem functions, i. e. for every formula
Q(X ’ y1 e yn) of L(Tl) s there is a term (or function symbol) TQ such that
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T1 )-(v yl e yn)(ﬂ X Q(X ’ yl e yn) ""’Q(TQ(yl LI yn) ’ yl 2000 yn)) .

Thus if M is a model of Tl and A &M, then the substructure of M , genera-
ted by A is an elementary substructure of M , and so a model »f T1 (called
Skolem hull of 4 ) . If M, = Ml(I) is a model of T, in which {Ei : i€ I}
is I-discernible, then EMl(I) denotes the Skolem hull of A = {?a'i : ie I}

in M and EM(I) denotes the L-reduct of EMl(I) to a model of T .

3. The case T not superstable,

Definition 3.1. - We say that T has a A\-tree if there is a model M of T ,
formulae ‘gn(x ’ yn) for n < g , and sequences & for g € AS® ) such that

w

(i) For each 7 A and n<y s M b-gn(gn y a ‘n)

n

(ii) If g€ AP, and v € xn , then a_ realises at most one of the formulae

3n+1(x rya, i)) s 1 <A (So note in particular that Qn+1(an ’ a(ﬂlnyai) holds

if and only if’ i = 7(n) ).
The tree is called strong if we have the additional property that

(iii) For any n<g s v € Xn s there is no b € M such that for infinitely
many i1 <) s M h:gn+1(f', Eg:(i)) . (This terminology is not exactly the same as
in Shelah.)

Note that by compactness, if T has a A~tree for some )\ > ¥y 2 then it has a
A tree for all )\ > Ky e

PROPOSITION 3.2, = Suppose that T is not superstable., Then T has an y-tree,

Proof. — If T is stable then from Shelah [1], T is not superstable if and
only if Deg(x = x) = » , And it follows that T has an g~tree (in fact something

stronger).

If T is unstable, then we first define an ordering < on I = dgw x {0, 1}

as follows,

(v »3)<{n,yi) if (a) m#v s 7 4is an initial segment of y and i =0 ,
or (b) m=v, 1i=0 and j =1, or (c) neither of 7 or v is an initial
segment of the other, and 1 is less than y in the lexicographic order. Then,
as T is unstable there is a formula EKE', y) and Eé for s € I such that
F:Qfaé ’ E%) if and only;}f E.< ﬁ—. Let us put a_ to be .g(ﬂ:05ﬁ5{3’1> » and
put the formla Q' (El » Xy 0 Y y2) to be g(El , ?1) -—a-,g('iz , y2) . Then it

can be checked that with gn(i’ ,.§'> = 9'(51 ves x2 ,'51 cee y2) for each n < g »

we have an g~tree.

We now wish to show that T has a ) tree which is indiscernible (over the
tree). To talk about indiscernibility in terms of the indexing tree, we must have

some structure on the tree. The structure will be the following, for each n < w »
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a unany predicate Pn » which will hold of i if and only if i is at level n
in the tree. Also a function: h(n ’ \)) which gives the greatest common initial

segment of N and v .

Also a relation < , where 1)<y means 7 is aninitial segment of 7 » and

another relation < to represent the lexicographic ordering.
. -, . <w . ar — s <w
So if we have {ai : 1 €)™} in a model M , then to say that {ai : 1e )™}
is indiscernible, means that it is I-indiscernible, where I is
<w
<)\. ’{Pn}n<w,h34’<>.

To this avail, SHELAH proves the following partition theorem for trees which we

shall quote without proof.

THEOREM 3.3, - For every n , m < ¢y there is k = k(n , m) < @ , such that for
any y » if x:h‘k(x)"' then <+ if f 1is an m-placed function from )\<n into a

set of cardinality < % » then there is J < }\gn such that
(i) the empty sequence is in J , and if g€ J ﬂn>)\ s then
lfo: a<as 1 ed}] =x"
(1) If My o wee s Ty 2 vy 2 eee 2 vy, €7 5 and
atp(Tb ? eee 3 Tb—l) = aip(vo ? see Vm-l)
(in }\sn with the structure mentioned above), then

f(’no ? eee 9 Tlm—l) = f(\)o ? eee 3 \)m—l) .

PROPOSITION 3.4, — Let T be not superstable. Then for any A > ¥y ? T has a

A tree which is indiscernible.

Proof., - By compactness, it suffices to prove it for some > ‘ego « Let )\ = 'Jw P
and let {_a{ ¢ 7 € )\S(”} be a tree in some model M of T (by proposition 3,2)

(with formulae Qn s n< ). We can assume that ET] # —a.'r for 1 £ 7.

Now let fc,_: 7€ )\Sw} be new constants, where g(g,n) = E(En) and let 3 De
the following set of sentences
{Q(_e-g) c--)@_(—g-i-) : s,t are sequences from A and atp(s) = atp(¥) , and Q € L}

— - n

{gn(cs,ct):n<w, s e \%, te)\,t<s}

— — w n — —

{ﬂg}l(cs,ct): n<ws, SEA » te) and M‘=ﬁgn(as,at)}

{Csiéct, S;é't(—_:.}\\},

To get a )-tree of indiscernibles, we must show that T uy¥ 1is consistent. Let
$!' be a finite subset of ¥ . Only a finite number of s € )ng will occur as
indexes of constants in ' . Sa these s will come from only a finite number of
levels of )\Sw . Thus we can find a subtree En of )\S(” which contains all s
occuring in ' 4, and I is isomorphic to )\\ 0 for some nO < w (cﬁ we ignore

the "level" predicates P_ ).
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£! will contain say r sentences of the form "Q(Eé) - Q(EF)" y T <y o Llet

t t o ve ] = Iy Yy
us enumerate these 3_ as ‘31 3 N Qr where N' Qr(c01 ? eee 3 gsn )+ saye.
Let ki = k(nO N mi) for i =1 yeeey * y from theorem 3,3. Let 1 j%k . Let
< i
I1 be a subtree of I which is isomorphic to (X( )) "o .
e o
Note that x(l) A (4 )+ o« Let f be the m, argument function on

1 O 1 k2+.aa+k 1
(x ) such that f(% 9 eee sql) = 0 if and only if f(s ? eee 3 Sml) £ 1
if and only if M h:Q (_ 9 eee aS ) « By theorem 3.3 there is a subtree <3b

mi
I, s I1 satlsfylng (1) and (ii) of theorem 3.3. So I, is isomorphic to (X(Z))
where x t1k2+...+k o In particular, we have that if Sl""’sml’t1°"tm1 I
and atp(s, ... s )=atp(t eee tp ) then MEQ(a, ... a. ) if and only if
1 o4 ~1"78¢ Sm

-M
thl(_a:tl cse atml) . 1

2

Now apply theorem 3.3 again to I2 y to get subtree I3 isomorphic to

(Jk ...+k) such that if Sl 9 ses 3 S ] tl ? eve 9 tm2 € 13 and

oo
atp(s, ... S, ) = atp(t tm2) then M ;:g_z(?a‘sl Esm2) if and only if

N#:Q(—t ’ooo,at)o

After % steps, we Wlll be left with a subtree I of I, such that I
- r+1 r+1

is isomorphic to (‘;xg)‘ 0
.A.nd fOI‘ eaCh i [} if Sl 9 eeoe ? smi ¥ ] t L) tni € I and

1 r+1
atp(s1 e sm ) = atp(t oo tmi) s then
(%) nlr:Ql(" ...EZS ) if and only if Mr:g_i(?;t ...Etm) .

m, .
1 1 1

Now let s1 ! oees 3 8 be all the indexes occuring in X' . We can easily find

sl s «es s sl €I . such that atp(sl ? eee 3 sk) = atp(si ? eos 3 sﬁ) . Now we
just interpret Egi by Egi for i =1 ... k and from (%) we have the consistency
of %' . Thus T Uy 1is consistent and we are finished.

Now remember that T C:T1 and T1 has Skolem function, and T is complete, If T
has a )~-tree, then so does ’I‘1 (by compactness), with the same formulae Qn « 30 by
by the above proof, T1 has an indiscernible )=tree in a model N say. Let
EMI(ASkﬁ be the Skolem hull of the tree in M1 s and EM(A w) be its L reduct

to a model of T

PROPOSITION 3.5.

(i) I T is not superstable, then there is a model EM(xgw) as above G. e, L=

reduct of Skolem closure of )~tree of indiscernibles in M1 t::T1 )

(ii) We may assume that the M-tree in EM(xsm) is strong (see definition 3.1).

Proof, (i) follows from the remarks above., For (ii) we first take the model
X ! Py} !
EM(HS¥) as in (i), and replace Q, by Q) and a_ by a! , where gn(x ’ ¥y y2)

is &1(—}; ’ —3;1) A - Qin(-}z ’ -3;2) and -—,;]
“a

= E%] for 7 €AY and

- - <
al = a for 1 €\ w

AN PVZ B PR
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It is quite easy to see that the QQ and a' give a A~tree in EM(XSW) and,
that EMl(xsw) is the closure of the {al @ ne sz} « Also note that if
atp(n, (1)) 5 e 5 M (1)) = atp(v, (3,0 5 eee 5 v (3))  then
atP(T‘,l (11> > My (11 + 1) s eee s LNRCSVEF (i, + 1))
= atp(viq(jl> ’ viﬁle + 1) ees v?ﬁ(jr> ’ v?ﬁxjr + 1)) .
Thus the &' are indiscernible in the model., To prove that the mew tree is

strong, we must show that for any b e M = Em(xsw) and n < , there are
only finitely many i < )\ such that

' |
megQl (B, Bi~(iy) *
Note that T ='¥(56) in M = EMl(x$w) » and the old tree is indiscernible in

M1 .

It is clear that there can be only finitely many i < )\ such that
atp(y, » ﬁﬂ(i)) # atp(;', ﬁﬁ(i + 1)) . Thus for only finitely many i < )\ can we

have M :.9n+1(T(aG) ’ aﬁﬁki>) A "'9n+1(T(a;) ’ aﬁﬂ(i+1)) o Looking at the defini-
tion of 3ﬂ+1 and ah » this shows that the new tree is strong.

We are now in a position to begin proving some cases of theorem B from the intro-

duction.

PROPOSITION 3.7. - Suppose T is not superstable, ) ;_ITII » and there is
)
A

5!
such that p<AL MNO and 2M < ZK . Then I(k s T, T) = 2" .

1

Proof, -~ Let p be as given, and by 3.5 let M1 be a model of Tl containing

the strong )—tree {a,n o e st} as a set of indiscernibles.

Let A = U{Eﬁ s e Y.

We will be interested in subsets 8 ¢ Hw » such that |S| = )\ « There are clearly
ZA such subsets. For each such 8 , let EMl(S) be the Skolem hull of
AU {Eﬁ : n €8} in M, , and let M(8) be the I~reduct of EMl(S) . For
7 € Mw » let p_ be the type {gn(E )y o, rn) ! n<aw}. pﬂ is clearly a type
H(s)| = a .

over A . Also A < M(S) for each 8 , and

We will show that for 7 € ¥ , H(S) realises P, if and only if fes.
Clearly if m € 8 , then 'En € M(S) realises p_ . Conversely suppose that 1 £35S,
where N € Mw . If p.n was realised in M(S) » then it would be realised by
.;(E; ) cee 9 g; ) » where vy € u<w usS y and '; is some seq of terms of L1 .
Now ln £S , so there must be n < g such that nin # virh for i =1 ,.a 1T

(if virh is defined). Thus, clearly for each j <

atp(V » qf(n + 1)) = atp(S » (nf0)7G))

As we assumed that ;(Ei? realised p_ , we haji M(SZ’=-QH+1CFG;:) ,'Enr(n+1))a
Thus, by indiscernibility, we have M(S) h‘gn+1CF(a;) ’ a(nrny~j) for every j < We
This however contradicts the fact that the tree is strong (in Ml > M(S) ).
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So M(S) realises p if and only if 7 € 3 . Thus as there are 2K such S
and the p_ are types over A , the M(8) are pairwise nonisomorphic over A .
Thus I() ,'Tl uT(a) , m(a)) = 2* . But as 2M <2 and < pﬁb s it follows
that AM < 2A  and thus by lemma 1.2.

A

I(?\vT 9T)=2 .

1
We will now look at the case where A\ > |Tll and ) dis regular., We first need
some facts about subsets of )\ . Remember that a subset A of ) is said to be

stationary if for every closed unbounded subset B of X , A NDB % z .

PROPOSITION 3.8, Let )\ be regular and > %. . Then if A is a stationary sub-
)

set of )\ s then there are Ai for i < ) » such that A = |,

i< Ai s each Ai is

a stationary subset of A , and for i #£ j , A, N Aj S

PROPOSITION 3.9e =~ For each i < ZK there is a subset Si 3£ A such that, ii
i # J » then Si - Sj £ ¢ and Sj - Si D .

THEOREM 3,10. = Suppose that ) 1is regular and \ > |T1| . Then I(A,TI,T) = 2k.

)]

Proof. — Again, let M, be a model of Tl containing {a_: 7€ AS }] as a A=

1
tree of indiscernibles (We don't here require it to be a strong x—tree). Let
A= Ufzn ¢t M€ A<w} « Let X={sg< A cf, = gb} . For each g € X , let

ﬂ5 € xw s Where né is strictly increasing with limit g .

For WC X 5 let Ml(w) be the Skolem hull of A u {a NEREN W} in M, , and
let M(W) be the L~reduct of Ml(w) to a model of T ., Now X is clearly a
stationary subset of ) . Then by proposition 3.8 there are pairwise disjoint
X S X for o<\ ,where cach X, is stabionary in . Tet {8 : 1< M) e
as in proposition 3.9. Now for each 1 < ZK » let Wi = Uges. Xa . Our proposed
models of T of cardinality A will be (M(W,) : i< 2A} L Clearly each MN(W,)
is of cardinality ) . We will actually show that if i # j s then neither M(Wi)
and M(Wj) can be clementary embedded in the other. The key point is that if
1gdd W - Wyooor Wy are both statinnary (as both contain a nonempty
union of stationary sets in ) ). So let us put Wi =y and W, =u , where
i # j . We assume that there is an elementary embedding f : M(w) - M(u) y and
we try to get a contradiction.

For each 1 € A ® (s ¢ 8 € w} » fix a tern T of L., and finite sequence

:%‘ of elements from ¥ L;{ns : § €u} such that M(u) & f(Zn) ='?ﬂCEgn) .

Let us put
S .
I,=x" vV {ﬂa : 5 € W}
and
<w .
L, =A v {né t sg€u}.
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LEMIiA. - We can define a function o : )\ = A which is strictly increasing and

continuous such that :

<w n Iw s then every member of :%‘ is in UB<a(i) Bﬁw

(1) 22 neug, 8

(2) I qea(1)¥n I s and if B > ofi) , then there is vy < a(i + 1) such
that

(a) * _ =7_ and
n<B  nLw
(b) ;A and :’_,\ have the same quantifier-free type over o(i)S® (in
n (B n )
the tree I )e

Proof. - «o is defined by induction on i < ) . At limit ordinals it is O. K.

For (1) it is enough to note that Uses g I has cardinality < |i] < .
For as ) 1is regular and uncountable, there is j < ) such that for every
<W . - . .
"n € UB<1 B\ N IW s if v 18 \)1 9 eee ¥ \)r » then \)S(‘Y) < J for all vy < A e

Then choosing «(i + 1) > J » will give (1).

For (2) we first note that Iu is " y-atomically stable" for each infinite X%
i. e. if X ¢ Iu and ‘X|.$ x » then at most ¥ quantifie free m~types are
realised in Iu over X . In fact, all we will need is that if IXI < A » then
there are < )\ gq.f mn-types over X realised in Iu (For example if we were able
to distinguish ) elements of Iu by means of initial segments in X , then we
would have elements in X of arbitrarily large length < A , and thus le =

Now let N € a(i)<w n IW . Look at all the possible pairs (7 , p) where
and p is the q.f type of y

8> (8>

B>« ) « As IT | < A s and as by the above remarks, there are

A< .
over a(l)\w in Iu y» for some

la(l)sw N I | |1| < A such types p , there are thus < ) such possible pairs
(; ’ D) o For each such pair choose a B > (i) which it represents and by regula—
rity of )\ we can define a(i + 1) larger than all these @3 . Then clearly (2) is

satisfied,

Now let S
subset of )\

fi<arz:forall j<i, ofj +a < i} + 8 1is a closed unbounded

Thus as w - u 1is stationary, (w - u) NS is nonempty. So choose

s€(w-u) nsS.8 gew, so M, € I, » and Eﬁé e M(w) . So f(E%w) = Tﬂ5(;tﬁ;
in M(u) .

Suppose vﬂ& is Vy ot osee s Vr o« Now g ¢ U s SO né é Iu s SO né # vy

L =119 e 3 T o How if vy e A%, then vy is increasing and tending to §! % § o
So whether &' <g§ or §' > 4§ s there is az < § such that for all n < ¢ »

w(n) < g if and only if  (n) < @,  Clearly also if v, € A there is @, <8
such that Vz(n) < § if and only if vz(n) < a, . Choose

ozm=max{oz£: =119 ves 5 T} W
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So o < § and for each f =1y vee s T » v;& has no value between oz% and
8 o
Recall now that § € 8 , and so for all i< g , o:(1+w) < § o But ’Q is
strictly increasing and tending towards 6 » Now pick j such that o < J< s
(and Q’(J) > some 1) (m) ). Then cw(j + ) < § « Let n be least possible such
that m (n) >o(j + w) . Then M (n=1) <alj +s) for some s<gy (as o« and

'\]6 are strldzly 1ncrea81ng) Put i=J+ s . 30 we have

Q/*<'n(n-1)<a/(i)<cz(i+ 1)<n(n)<5.

Let , = rn and B = 'n (n) » then by (2) of the lemma, there is vy with
a(l) < a?l + 1 such that =y _ and have the same quan—-
tifi : t ) (1)Sw ! rI+1 vg © > A< ) '

ifier free e over oli in an i i

P ' "By T T
Remember that each member of -, takes values either < oz or > § o Thus it

is not difficult to see that atp(‘\)‘ , ‘{;A<B>) = atp(vnB ’ va(W) in I, (%),

Remember that 'ﬂé fn+ 1= P  (BY . Thus M(w) & Q‘n+1 ’ Ep"(B)> (by def of the
A tree). So M(w) kQ 1(f(5 ) f(-ﬁw))
M(u)l (a— )’T,\ (_ )) .
Qnﬂ 16 (B Vo (B)
So
M(u) E= (-'— (E" ) ’ s (_ ))
1 g s B SRR
and by (*) and indiscernibility] i. e.

Las T~y = Te~p)
M(u) tggnﬂ(f(am) , f(‘a'pAW)))
So M(w) hgmcam ’ EPAW))) . But o= 'nﬁrn and vy # 'né(n) .

But this contradicts (ii) of definition 3,1 of a j)~tree. This contradiction

therefore shows that there is no elementary embedding of M(w) into M(u) .

Thus we have shown that the models {M(wi) : 1< 2>‘} are mutually non elementa-

rily embeddable. So in particular they are pairwise nonisomorphic. So

I(A » 2, ,T) = 2M .,

1
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