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Homogeneous diffusions on the Sierpinski gasket

Matthias K. Heck

FB. 9 - Mathematik, Universitat des Saarlandes, Postfach 151150, Saarbriicken,
Germany

ABSTRACT: We prove that certain diffusions on the Sierpinski gasket may be charac-
terized, up to a multiplicative constant in the time scale, by a parameter a € [0, %] The
diffusions considered have the Feller property and certain natural symmetry proper-
ties, but they are not necessarily scale invariant. The case o = 0 corresponds roughly
speaking to one-dimensional Brownian motion and the case a = 1 corresponds to

1
Brownian motion on the Sierpinski gasket.

1 Introduction

In the last few years diffusions on fractals have emerged as an area of probability
theory in which an intensive research activity has taken place. Diffusions on the
Sierpinski gasket in particular have attracted great attention, perhaps because
of their remarkable accessibility.

The construction of Brownian motion on the Sierpinski gasket is due to
Goldstein (3], Kusuoka [8] and Barlow and Perkins [1] (in the following referred
to as B.-P.). These authors used different methods to obtain their respective
results.

Possibly one of the most remarkable properties of Brownian motion on the
Sierpinski gasket is the invariance under natural symmetries of the gasket, to
be precise under bijective isometries of open subsets of the gasket. Here the
distance between two points in an open subset is the length of a shortest path in
the set which connects the two points, or oo if there is no connecting path. This
property sets Brownian motion apart from all other diffusions on the Sierpinski
gasket. It also implies another important property of Brownian motion, the so
called scale invariance.

Kumagai [7] succeeded in constructing diffusions on the Sierpinski gasket
which fulfill less stringent symmetry requirements than Brownian motion, but
which are still scale invariant. Hattori, K., Hattori, T. and Watanabe [4] on
the other hand constructed interesting diffusions on the Sierpinski gasket which
lack both types of invariance.

Apart from the metric mentioned, there is another natural metric, namely
the one inherited from R2. This metric is fairly natural if one is interested in
forces, such as gravitational forces, which act through the space surrounding
the gasket rather than through the gasket itself.

If ¢ : U — V is a bijective isometry with respect to the second metric, then
for every path in U the image of the path under ¢ is a path in V' of the same
length. Hence ¢ is also an isometry with respect to the first metric.
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Moreover, we shall see that the bijective isometries related to the second
metric form a proper subset of the bijective isometries related to the first metric.

In the present paper we shall construct a class of diffusions, which, though
generally not scale invariant, are invariant under isometries relative to the met-
ric on the gasket inherited from R2.

Our construction follows the pattern of the construction given by B.-P. That
construction is based on the convergence of certain random walks with scaled
time. In that case the choice of the time scaling factors is rather natural be-
cause of an underlying spatial scale invariance. In our construction without -
spatial scale invariance, however, establishing the existence of time scaling fac-
tors presents a major problem. Our way to overcome this problem is to apply a
perturbation result on matrix powers (see [5]). This perturbation result seems
interesting in itself. We shall use it here to obtain convergence results for fairly
general multi-type branching processes with varying environment — convergence
results which play the key role in the construction of our diffusions.

To explain our main result, we need some notations and definitions:

1. We recall the definition of the Sierpinski gasket G as a subset of RZ.
To this end, letFy := {(0,0),(1,0),(},2)}, Fo1 := F, U[(2,0) + F,]U
[(2*1,2""V3) + F,], G := U, F,. We denote by G the union of
G© and G, reflected at the y-axis. The sequence G := 2="G® n € N
is increasing, and if we let G¢* := [J°2,G ™, then the Sierpinski gasket is
G := closure(G (). The Sierpinski gasket is endowed with the metric and the
topology inherited from R2.

For the reader’s convenience, we include an illustration of a section of the

Sierpinski gasket (Figure 1).
2. By a symmetry of the Sierpinski gasket G we understand a bijective isometry,
say ¥ : U — V| between two open subsets of G. We note that obviously ¥ can
be extended uniquely to a bijective isometry (also called 1) between the closures
of U and V.

If we denote by u : R? — R? the reflection at the y-axis and let v : R? & R?
be the affine transformation of R2, with v(0,0) := (4§, 5?), z/(—%,O) = (1,0)
and v(~%, 3@) := (4,0), then the restrictions of v and v oy to sufficiently small
open neighborhoods of (0, 0) are symmetries of the Sierpinski gasket (see figure
1).

In the same way one can easily obtain for all z,y € G two affine trans-
formations of R?, say ¢,y and A;y, with ;4 (z) = Az y(2) = y such that ¢,
preserves the orientation and A;, reverses the orientation and the restrictions
of ¢, and Az, to sufficiently small open neighborhoods of z are symmetries.
It is not very hard to see that conversely every symmetry ¢ : U — V of the
Sierpinski gasket is the restriction to U of such an affine transformation ¢, or
Az,y-

3. A diffusion on G is a family of probability measures (P; ¢ € G) on
C([0,0), G) which are connected by the strong Markov property and satisfy



P{w(0) =z} =1.

4. For every set A C G and a continuous path w in G we denote by T4(w) the
first time w leaves A.

5. We call a diffusion (P;;z € G) homogeneous, if for every symmetry
¥:U = V and every z € U the P,-distribution of ow(- A Ty(w)) equals the
P, (z)-distribution of w(-A Ty (w)). A diffusion on G is thus, roughly speaking,
homogeneous, if it is invariant under the symmetries of G.

The purpose of the
present paper is the descrip-
tion of homogeneous diffu-
sions on G in terms of one
real parameter, which may be
interpreted as a certain exit
probability. We shall explain
briefly how this description is
Figure 1 achieved.

If we denote by N the
interior in G of the set of all points in G, which lie in one of the two closed trian-
gles A((o,o),(—l,q),(-zl.ézé)) and A((0,0),(1,0).(2,%%)), then the open set N contains
the point. (0,0), and its boundary in G consists of the two collinear bound-

ary points (—1,0), (1,0) and the two non-collinear boundary points (-3 3? ,

(%, ;éi) A continuous path starting at (0, 0) can leave N only through one of
these four points. Excluding the trivial case P.{w(t) =z, forall ¢t >0} =1
for all z € G, we shall see, that for a homogeneous diffusion on G with Feller
property, the exit time from N, i.e. Ty, is finite Pgg)-almost everywhere. In
this case the Pg g)-exit-distribution coincides for the two non-collinear boundary
points of NV as well as for the two collinear boundary points of N, as the reflection
v of R? at the y-axis defines a symmetry v|y : N = N with »((0,0)) = (0, 0).
In particular, the Pg g)-exit-distribution on the boundary of N is uniquely de-
termined by the probability a = Pg g){w leaves N through (%, 3@)}

The following theorem states that this parameter @ characterizes completely
the homogeneous diffusions with Feller property and that the parameter set is
the interval [0, 1].

1.1 Theorem

a) For every non trivial homogeneous diffusion on G, say (Pz;z € G), with
Feller property, the probability a = Pgg){w leaves N through (3 %3-)}
is a number in [0, §].

b) Conversely, for each a € [0, %] there exists a homogeneous
diffusion (FPr; z € G) with Feller property, such that

Po,0){w leaves N through (3 3@)} = a. This diffusion is uniquely de-

termined up to a linear scaling of time.
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Remark a) For a = % the diffusion of Theorem 1.1 is Brownian motion as
constructed by B.-P. and for o = 0 it is a modification of the ordinary one-
dimensional Brownian motion. With the exception of these two values of a, the
diffusions of Theorem 1.1 are not scale-invariant.

b) It should be noted that a diffusion on G is already homogeneous, if it is
invariant under symmetries of G of a certain local nature.

c) If (Py; = € G) is a non trivial diffusion on G with Feller property which not
only is homogeneous, but also is invariant under bijective isometries related
to the metric of the length of a shortest path, then Theorem 1.1 implies that

(P;; ¢ € G) is Brownian motion, as constructed by B.-P.

Indeed, if we denote by r : R? — R? the reflection at the axis through (0, 0)

and (3 3@) and define ¢ : G — G by

47 4

b

é(z) = T : if the first coordinate of = is negative
1 r(z) : otherwise

then obviously ¢ is not a symmetry, but it is an isometry with respect to the
metric of the length of a shortest path. Now the invariance under ¢ and under
the reflection at the y-axis implies that the Pgg)-exit-distribution for the open
set N coincides for all four boundary points and hence o = %, ie. (Pr;z€@G)
is Brownian motion. The corresponding uniqueness result for Brownian motion
in B.-P. is obviously stronger since Barlow and Perkins do not assume that the
diffusion has the Feller property.

2 Multi-type branching processes with varying envi-
ronment

We start with limit results for a class of supercritical multi-type branching
processes with varying environment, which we will present as Theorem 2.1
below.

For d € N we consider a d-type branching process with varying environ-
ment which we shall denote by (Z(; n € Np). This process is completely
described by the distribution of the initial generation Z( and the generat-
ing functions (F{™),enN,, which determine the branching mechanism for each
generation Z ™, n € No.

We shall assume that

(A) the distribution of Z( has finite second moments,

and that the generating functions F ™, n € Ny fulfill the following conditions:

2 pim)
(B) M, := sup 9 s
1<i,j<dneN, 0%;

1,...,1) < oc.

© o = 2

ig 7z, (1,...,1)>0forall 1<%,j<dand né& Ng.
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(D) a;; ==limp, af"}) exists for all 1 < 4, j < d and the matrix
A :=(ai;); ;= 4 is invertible.

(E) There exists a real eigenvalue A4 of A such that:

(@) Aga> 1.
(B) |u| < Aa for all eigenvalues u of A, different from A 4.
(¥) Aa has multiplicity one.

(6) The entries of every non zero eigenvector of A corresponding to Ag
are either all strictly positive or all strictly negative.

If there exists n € N such that all entries of A™ are strictly positive, then
by the Perron-Frobenius Theorem assumption (E) reduces to:

(E") There exists an eigenvalue v of A with |v| > 1.
The probabilistic meaning of afy']'-) is the expected number of j-type descendants
of a i-type individual of the n’th generation and according to (D) this expected
number stabilizes if n tends to oo.. In the case of branching processes with
non varying environment, i.e. if all F{ coincide, our assumption (E-a) just
describes the supercritical case.

In order to formulate Theorem 2.1 we introduce the following notations: For
a matrix A satisfying (E) we denote by c4 the eigenvector of A corresponding
to A4 which has strictly positive entries and Euclidean norm 1. If in addition
there exists n € N such that all entries of A™ are strictly positive, then A!, the
transpose of A, also satisfies (E’) and hence (E) and we let ¢4 := ) iAtcAh

Here the row vector cY; is the transpose of the column vector c4.

2.1 Theorem Let (Z™; n € Np) be a d-type branching process with varying
environment which satisfies conditions (A) to (E).
Then there exists a sequence {a,)neN, of strictly positive numbers converging
to 0 such that:
a) W) := lim a,c4,Z‘™ exists a.e. and in L2.
n-—00

b) 0 < E(W) < oo.

c) For aa. w: W) =0 if ZM(w) = (0,...,0)¢ for all suffi-
ciently large n.

d) If there exists n € N such that all entries of A™ are strictly positive, then

lim_ 0, 2™ =W, ae.
n
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Remark The sequence (a,)neN, in the preceding Theorem 2.1 is obviously

determined up to asymptotic equivalence by a) and b) in Theorem 2.1.
Moreover, any sequence (a5 )neN, of Theorem 2.1 satisfies

1

I 1
nl)ngo an AA :

For the proof of Theorem 2.1 we need two Lemmas.
These two Lemmas are results on convergent sequences of matrices, which apply

in particular to the sequence ((a,-(;));,jﬂmd) N introduced in (C) above.
2 n o

We let R4 := {z € R; 2z > 0} and denote by || || the Euclidean norm on
Re

2.2 Lemma Let A,A"™,n € Ny be invertible d x d-matrices, such that
A = limp40 A™ and there exists an eigenvalue v of A with multiplicity 1
such that |p| < |v| for all eigenvalues p of A different from v.

Then there exists a sequence (¢x)neN, of vectors in R, satisfying:

a) ¢t = A™c+) forall n € N.

b) All limit points of (”z(:)“)nGNo are contained in the eigenspace of A cor-
responding to v.

The sequence (c‘™)neN, is unique up to a multiplicative constant.

Lemma 2.2 is an immediate consequence of Theorem 1.1 in [5]. 0O

2.3 Lemma Let A™ := (ai(,;))i,jzl,...,d, n € Ng be matrices with strictly posi-
tive entries, satisfying (D) and (E). Then there exists a sequence (c™)nen, of
vectors in Rﬁi,_ satisfying:

c™ =AM . ¢+ for all n € Np. (2.1a)

Jim ”z::) = <4 where c4 is the eigenvector of the limit matrix A
introduced previously.
(2.1b)
The sequence (c‘™)neN, is unique up to a strictly positive multiplicative con-
stant.

Remark It is easy to see that under the assumptions of Lemma 2.3 we obtain
Jim [e™ |7 =L (2.1c)

from (2.1a) and (2.1b). Moreover, Theorem 1.1 in [5] implies that any sequence
(c*)neN, of vectors in R4 satisfying (2.1a) and (2.1c) also satisfies (2.1b).
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Proof of Lemma 2.3: By (D) there exists ng € Ng, such that A (™ is invertible for
all n > ng. Using (D) and (E), Lemma 2.2 implies that there exists ¢(™;n > ng
which satisfy the equation in (2.1a) for all n > ny and for which ¢4 and —c4
are the only possible limit points of (II e{n) )n>no Lemma 2.2 also implies, that

this sequence is unique up to a multlphca.tlve constant. It follows that c4 is a

limit point of (I| et )")n>no or of (—cm—)n>n0 Without loss of generality we

may assume that the former is true
If all entries of ¢‘*) are strictly positive for a k > ng then all entries of ¢‘™
are strictly positive for np < n < k by (2.1a) and the fact that all entries of

R . s : e (n)

A are strictly positive. Since cy is a limit point of ("z o ”)nzno and ¢4 has
strictly positive entries, we conclude that all entries of c¢(® are strictly positive
for infinitely many n > no and hence for all n > ng. This implies (2.1b), since

c4 and —c4 are the only possible limit points of (”ﬁ(;;ﬁ)nzno- For n < ng we
define ¢™ by (2.1a). - o
Proof of Theorem 2.1: Let (¢‘™)neN, be a sequence of vectors in R4 which sat-
isfies (2.1a) and (2.1b) and let p € (yl;, 1). Furthermore, let W ™ := ¢tz ™
for n € Np.

Obviously (2.1a) implies for n,l € N

n ! n ! . -
e 0 _ oy He™ MU _ |l gemes-n € '
et ] e+ =] | et+8 ]l
This together with (D) and (2.1b) implies
(n+1)
He™ 2 _ 3=t foranie N (2.2)

n—r00 "|| e

and for sufficiently large n € N: |(|:¢(:'(.:’)|| <p' forallleN.

cin )
Observing that inf == > 0 by (2.1b), we conclude that there exists
n€Ny,1<i<d [etmy|

M, > 0, such that

()
sup < Myp' forall I € No. (2.3)

(")
n€Np,1<14,7<d CJ

Obviously (W; n € Np) is a positive martingale. A simple but lengthy
computation using (B), (C), (2.1a) and (2.3) shows L? boundedness of this
martingale, to be more precise that

2
E[(W™)?] < d* (My + 1) M2 || || E(W ©) TPTp + E[(W®)2].
Hence the martingale convergence theorem implies:

W) = lim W™ exists a.e. and in L. (2.4a)

n—o0o
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E(W ) = E(W®). (2.4b)
BIOV )] < & (My-+1) M7 || BOW ) 12— + B ). (2.40

Letting a,, := ||c‘™)||, we obtain by (2.1b) lancAZ(") - W™ < eW™ for
€ > 0 and n sufficiently large. Thus part a) and b) of Theorem 2.1 are easy
consequences of (2.4a) to (2.4c).

For the proof of part c) of Theorem 2.1 let (X (i,7,r); n € No),
1 < j < d,i,r € N be independent branching processes with generating func-
tions (F"+7) N, such that X ©)(i, j, 7)., equals 1 for m = j and 0 otherwise.
Letting W™ (3, 4, r) := -(—;c<"+')tX ")(4, j,r), we conclude from equations

(2.42) to (2.4c) that W(°°)(z Jyr) = ll)rgloW‘")(i,j, r) exists a.e. and that

E(W®(4,5,r)) = 1and E[W)(i,j,r) < d®(M; + 1)M231_]p +1=:p. By
Hoélder’s inequality we conclude that

1 = (EW™Ni,4,m)? < E[WS(i, j, r))P{W (i, j,r) > 0}
< pP{W (i, j,r) > 0}

and that hence P{W ((4,j,r)=0} <1-1 sfor1<j<d,i,reN.
Since (Z; n € Np) is a branching process we have

4 2\7@)
P{W =0127,...,ZN@) =Py S W, 4,r)=0

d Zj(r)(“.’) (r)

=11 II PWijr)= 0}<(1-—)Z— ae.

=1 1i=1

Since 1 {w ()=} is measurable with respect to o(Z ‘™, n € Ny), the well known
martingale convergence theorem implies

i (o0) — (r) )] — (o0) — (n) —
Jlim PAW ) =0[Z®,..., 29} = PIW ) = 0]1Z™, n € No} = L3y (ygy-

hmsupz _ zn
Hence 1y (o0)0y < (1 - l) rveo T g e

Thus, for a.a. w: W) (w) = 0 implies Iim 1sup E‘? Z{M(w) = 0.

The converse implication is obvious. Since 1—1 Z; (™ € Ny, we conclude part
c).

The proof of part d) of Theorem 2.1 is similar to that of Lemma 8.2 in [10].
For the reader’s convenience we shall sketch the proof.

Let A := A4, ¢ 1= c4q and ¢ := é4. If we define B := A — Acé', then
A¥ = \*cét4 BF for k € N. Moreover, it can be shown that for some g € (0, A)
and M3 >0

i k
lgl'a]wédl( *)ijl < Msg®  fork € N. (2.5)
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For details — under somewhat weaker assumptions — we refer to Karlin [6],
Appendix 2.

Let 1 < j < d. Fore > 0let [ € N such that M3 (;‘(-)I < £. Considering
|lc™||Z ™ — W {=)¢ for n > I, we obtain for its j’th entry the estimate

el 2 - W =g;) 25)
< [l iz e a; - W]+ e (20 - (zo-ay)
Substituting A = Mcé* + B' we have

n n-— t
e 1(Z " A"); o
2.7

- n— ~ C(") n n—
= (e 12 "e) & (A'—-——””c(n_,)”">+(llc"II(Z‘ "BY);).

The first summand on the right sight of (2.7) tends to W (*!¢; a.e. by part
a) of Theorem 2.1 and (2.2). For the second summand on the right sight of
(2.7) we obtain the asymptotic estimate

: n n—1)t
llmsupl||c( "z« Bl)jl
n—oo

<(“ e || Z (n=tt (HE))J-

by (2.2), (2.5) and part a) of Theorem 2.1. We therefore obtain from (2.7) for
the first summand on the right sight of (2.6) the estimate

< max (l) W=k ae.,

= limsup <
n—00 1<i<d \ ¢;

. n n=1)t 41 ) % 1 oo
h:ln_)solip“lc( NI(Z&AY; = W | < jax (0—1) W )k ae.

Thus it remains to prove that the second summand of the right sight of (2.6)
tends to zero. Indeed, using (D) and part a) of Theorem 2.1 we see that

lim sup [l (28 - (245

IN

lim sup ||| ™ (Zj(") —(ZDtpD .A(n—l))].)l
n—o0o d
li (n) Zn=h Am=D L A=) (AN
+ 1;“_}50‘:)1’“6 Il kl?l k lg}c?;’éd‘( Jki = (A)k,l
= limsup ||| ™| (Zj(") —(Zt gt ~-A("'l))j)‘ a.e.
n—0oo

We obtain for n > [

n n— t n— n=1 2 n
E [(Zj( )_(Z( DtAC=D AL ))j) ]”c( )"2

I /i-1 )
< E l(Z(Z‘"—_')‘A("-’) A Z(n-r_l)tA(n-r-x) __,A(n_l))j) ] ”c(,,)llz

r=0
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-1

2
< 1 E Z(n-r)l_Z(n-r-x)tA(n-r—x) A= gD ]c(n) 2
> ([ ] ). [t
2
< I(1+ sup‘)(A"‘"--A‘**r’),-,j)

re{o,...,
k€N ,1<4,5<d

r=0 k=1

-1 d d 2
x ZE [(Z [Zk(n—r) _ Z ngn—r-l)a’(nn';r—l)]> J ”c(n) ”2
m=1

Here we used the convention (A%)-.. 40)) =: Id for i > j.

Keeping in mind that (Z; n € No) is a branching process for which the
matrices A(™ are the matrices of the first moments, a lengthy but standard
computation using (B) and (2.3) shows that the last term is majorized by

n
1+ sup (AW A% )0, 4 1)MZ) |]E(W<°>)1p—.
ke A Sirke -F

Since the supremum in the last majorant is finite by (D) it follows that the
last majorant is summable. The fact that the second summand on the right
sight of (2.6) tends to 0 a.e. now follows by Chebyshev’s inequality and the
Borel-Cantelli Lemma. a

With a, and W as in the preceding proof, we conclude from (2.1b) that
lancyZ™ — W™ < eanct Z™ for e > 0 and n sufficiently large. Hence,
Theorem 2.1 implies the following corollary.

2.4 Corollary Under the assumptions of Theorem 2.1, a) to c) in Theorem
2.1 hold with ancyZ ‘™ replaced by ¢‘™'Z ™ where (™) nen, is any sequence
in RY satisfying (2.1a) and (2.1 b).

3 Consistent random walks

For every k € Np and z € G there are exactly four points in G (*) which
have distance 27* from z. We call the two points, whose connecting line con-
tains z collinear k-neighbors of z and the remaining two points non-collinear
k-neighbors of z.

For k£ € Ng let

Q® :={w:No = G®; with [lwiss — wil] < 27* for all § € No}.

Given « € [0, 1], a Markov process (P*; z ¢ G®) on Q® is an (e, k)-random
walk if

o 7 if y is an non-collinear k-neighbor of z
P wr =y} = L-a ;if yis a collinear k-neighbor of z
0 ; otherwise

In the following let k,! € Ny such that k > 1.
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For w € Q) let T{"™*(w) be the first time w hits G and let T “*)(w) be the
first time w hits G ")\{wo} Starting with the stopping time Ty"*)(w) we define
inductively for ¢ € Ng the stopping times T,(+f Nw)

TR () = { T (wpan, )+ T @) 5 T (W) <oo
i+1 = t .

00 ; otherwise
For w € Q) and i € No we define ¥*(w); by

TR (). = Wr (k) s if T (w) < 00
(w)z o ‘Il(l k)( ) -1 ; if Ti(l,k)(w) = 00

Here we use the convention ¥ ¥ (w)_; := O := (0,0).

Obviously || ¥ ¢* (w); — ¥ ¥ (w);_1|| < 27! for i € N, so that ¥*) maps Q)
into Q.

For w € C([0,0),G) we obtain in an analogous way stopping times T and
T" and functions ¥ .

Let (‘™) nen, be a sequence of real numbers in [0, 7] and for each n € No let
(P$™; z € G™) be an (a‘™, n)-random walk.

We call the sequence (P{™; = € G )nen, consistent, if

P(’) PR ow  forallz € GY, k1€ Nowith k > 1, (3.8)
where P o W 7! denotes the image of P,* under ¥ *.

We shall remark, that this condition is very natural in the following sense:

Remark We shall see later, that for a non trivial homogeneous
diffusion (P;; = € G) with Feller property, we obtain random walks
(Pro v~ 2 € G™) for all n € No. Since

PO o gk = g (3.9)
the sequence (P o ymlope G ™) ,en, Is consistent.
In the following we shall use the indicator functions x1 and X2 on G x Gt

1 j;ifi=1landyisa non-collinear k-neighbor of z for some k
xi(z,y) == orif i = 2 and y is a collinear k-neighbor of z for some k.
0 ; otherwise
R *) ) TR (w)
or m € {1,2},i € Noand w € Q¥ let R;""'(m,w) —23_1 Xm (Wj-1,w;)
denote the number of ‘steps to non- collmea.r nenghbors (m = 1), respectively
the number of ‘steps to collinear nelghbors = 2), up to the time T (w).
Forke N,z € G¥*™, i€ {1,2},a€ [0, ]anda b > 0 we denote by

—1,k) (k=1,
0% (a,b) = B [T RITI O @, w0 () = LT < o]

where E{* denotes the expectation relative to P* for the (a, k)-random walk
(PR z e GR).
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3.1 Lemma For all a,b € [0,1) we have

(k)

_ - 2baa(l - 2a)[(1 - 20)b + 1]
Goi” (@) = gan(a,b) := 2(1 - 2aa)(1+ aa) — b(1 - 2a)[20a + (1 - 2a)b]’

b(1 — 20)[(1 — 20)b + 4a%a?]
(1 -20a)(1+ aa) - b(1 - 2a)[20a + (1 - 2a)b]’

(k)T

90,2 (@,0) = ga2(a,b) := 5

In the case a # %, the equations are valid for all a,b € [0, 1].

The proof is similar to the proof of Lemma 2.2 in B.-P. O
Since R*™"* — R*7"" i € N have the same distribution by Lemma 3.1 and the
strong Markov property, Lemma 3.1 implies for a < %, k,i€ Nand z € G*-1
that the random variables

R{*™"*) and hence T.*~"*) are P*)-square integrable. (3.10)

Let f(a) := 2—"1’(:2—_;31 By the strong Markov property and Lemma 3.1 we obtain:

3.2 Lemma For k € N let (P{*) ; € G)) be an (a, k)-random walk and let

<k

a)Fora# {: (PRoWtM™l 2 cGW)jsa (fo---o f(a),l)-random walk.
. N e

k-1 times
b) Fora=3: U'H(w)=wy, PM-as. forallze GO,

a
3.3 Proposition For k € No let a® € [0,1] and let (P{®; ¢ € G™) be an

(a*), k)-random walk. The sequence (P52 € G™)ken, is consistent, iff
a® € [0,1] and .

a®t =§(a®a™ for all k € Ny (3.11)
with §(@) := (1 - a+ /(1= a)2=2a)~1. In this case
o) = al® jifa® =0or 3.

27ka® < a® < §(a®)kq©® with6(a®) <1 ;ifa® € (0,1).

Remark We remark that for a‘® € [0, 1] equation (3.11) defines a sequence
of real numbers in [0, 1].

Proof: Let (P*); z € G™)en, be consistent. By Lemma 3.2 b) a® £ 2
for all k € N. By Lemma 3.2 a) consistency is then equivalent to
fa®*D) = a® for k € No, i.e. a®+) € f~1{a(}. The set on the right sight
consists of the (possibly complex) points 1 (1 —a® 4+ /(1—a®)ZZ 2«1("))‘

and 1 (1 —a® - T=am)Z= 2a(")).
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We shall prove that consistency is equivalent to
1
(k+1) — —a'® - - 2 _
a =3 (1 a V(1 —a®) 201(*)) for k € No.

Since a*+! has to be real, consistency is equivalent to a*+" € f~!{a‘*'} and
a® €[0,2— V3] for all k € No.
But fora® € [0,2-3}, (1 —a®+/(1-a™)? - 201(")) > 2—+/3. Hence
consistency is equivalent to
ot =1 (1 —a® - /(1-a®)? - 201(")) = §(a®)a® for k € No.

Using strict monotony of 8|, ,_ /3 and 6(0) = 1,8(3) = 1 the remaining
part of the Proposition follows now easily. o

4 Consistent velocities

For the following we fix a consistent sequence (P ; 2 € G *)en, of (a®, k)-
random walks on G ®, where (a*)en, is a sequence of real numbers in [0, %]
which satisfies equation (3.11).

In order to embed the sample spaces Q) of the random walks into
C([0,00),G) we fix velocities ¢ € R2 and define for w € 2 the func-
tion YC((';))(w) e (([0,»),G) by Yc((';))(w)t = w; for t = ¢PRFF(1Lw) +
cé"’Ri(k"‘)(Zw),i € No, and by linear interpolation for all other times ¢.

For k € No, z € G let the measure P{* on (([0,0),G) be the image
measure of P! on Q) under the embedding Ycﬂt)).

In turns of this measures (P ; z € G®)ken, the previously discussed
consistency of the random walks (P{*); ¢ € G *))ken, translates into

P Xpg-y €} = PR Xpwx-) € -}

for k € Nand z € G*), where X;(w) = w;. )
The sequence of velocities (c*)xen, underlying the measures P* z €
Gk € Ny is called consistent if

E@(T* V| Xpw-y) = EF(T* V| Xpw-n) forkeNandz€ G &1,

where E{*) denotes integration with respect to P,

4.1 Proposition For every consistent sequence of random walks (P{*); z €
G ®)ien, there exists a consistent sequence of velocities (¢*?)keN,. For two
consistent sequences of velocities (¢*?)xen, and (™) ken, the resulting mea-
sures B/ and P are related in a simple way: There exists ¢ > 0 such that
Pw(-) € x} = P#{w(c-) € x} fork € No, z € G®.

For the proof of the Proposition we shall use Lemma 4.2 below. This Lemma
will again be used later on and is therefore formulated slightly more general
than would be necessary in the present context. To formulate this Lemma we
introduce the variables V,* := R — R®}, i € Nand k,l € No,k > L.



4.2 Lemma Forz € G*-V, k,i€ N
P(k){v(k 1k} € *IX (k 1k} '7(.."()k—1,k)+_}
-1 [}
= P:(k){‘/i(k—l'k) € *I‘/i(k -1,k=1) O‘I’(k_l'k)}
where X*'(w) = w; forw € Q. Furthermore,
Eék)(avi(k_l'k)(l) bV‘-(k—l'k)(Z) I‘/i(k—l,k—l) o q’(k-l,k))

ga("),l(a’ b) V_(k_n,k—l)(l) o W (k=1k) + Yo (">v2(a’ b) V.(k-!.k—l)(2) o P (k=1.k)
Ioter1(1,1) 9o 2(1,1) °
,b
for a,b € [0,1], where Z—zf-(('l’—'l-% =1.
As the proof of Lemma 4.2 is similar to the proof of Lemma 2.5 in B.-P. we

omit the proof. Notation: G,(a,b) := (;—"'%;’—))) L2
a,i i=

Proof of Proposition 4.1: We observe, that T'*~V(Y i, Bw)) = WY (W)
for w € Q& with wg € G*-1),

Hence, if ¢ =0, i.e. af? = 0, Lemma 4.2 implies that consistency of the
sequence of velocities (¢‘*))ien, is equivalent to

o = 0Go,2
2 8102

(1,1) e+ = 4ef, (4.12)

which in turn is equivalent to ¢ " = (3)%cs”, for all k € No. This implies in
particular for two consistent sequences of velocxtles (c*)ken, and (c*)ken,
that there exists ¢ > 0 such that cc(") = c(") for all £ € Np.

Moreover, since the assumption a( )= O implies that R**'(1) = 0 P{»-ass.,
we conclude that

YY:?)( )y =YY% Ry )(w)ee  for PMaa. w

which implies the statement in the Proposition regarding the measures P*’ and
B,

In the case o € (0, %] Lemma 4.2 implies that consistency of the sequence
of velocities (c*)ken, is equivalent to

oG
ct® = __"i'i‘_)_i(l 1) okt (4.13)
0z ; =12

Since the conditions (D) and (E) hold for a(") = —"—(-"—:—Qli (1,1) > 0, Lemma
2.3 implies the existence of a sequence (c"‘))keNo which satisfies (2.1a) and
(2.1b) and hence (4.13).

For the remaining part of Proposition 4.1 it suffices to prove, that the se-
quence (¢*)en, is uniquely determined by (4.13) up to a multiplicative con-
stant ¢ > 0. In the case that a® = } this is easily seen by Corollary 1.1 in [5]
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and in the case that a® € (0, §) it follows from Lemma 2.3 and Lemma 4.3
below. a

4.3 Lemma For a® € (0,1) define (a®)ken, by (3.11) and let ¢, k € No
be vectors in R, satisfying (4.13) for all k € No. Then the sequence (c*))ken,

3G (n41) .
satisfies (2.1b) with A := (—_ué(z,;l)i (1,1))ij=1,2-

Proof: (%—;&i (1, ))

is invertible for & € (0, %) and

,J=1,2
oG -1 2—-3a+4a? _ (1-6a—40?)(1+2a+4a?)
et (1,1) = 2(1+a)(1-2a-20%) 8(1+a)(1-20—207)(1—a)
da; ii=1,2 a(1-a)(1+2a+40?) _(1+40)(1-2a+40?)

T 2(1+a)(1-20-20%)(1=20)  4(1+a)(1-2a—2a%)(1—2a)

-1

Let (b ), J=1, 2 = (—é’—(-"—)'l (1 1))
4,j=1,2
Since a*) — 0 by Proposition 3.3, there exists ko € N such that for all k£ > kg

1 9 a(") 1
b b L 3 (L .
Another way of saying that the sequence (c¢*))xen, satisfies (4.13) is to say
that it satisfies (2.1a).
We assume now, that the sequence did not satisfy (2.1b). We know by
n (n)
Proposition 2.3 in [5] that W%)r — (1,0)! or equivalently v := ET(;; — 0.
Obviously ¢ € R2 implies v > 0.
If k > ko and ¥* < L then by (4.14)
7(k+1> _ pik+D) + b2(’2c+1)7(k) bé;“) _0_
Ty ® S T g S 7

Inductively we obtain for [ € N and some k; > ko

!
D) < 110 (10> . (4.16)

As by (4.14) and Proposition 3.3 b} < "( )2 ~k for k > ko we conclude from
(4.14) and (4.16) that bék1+l+l)+b2(§‘+'+‘)'y("1‘”) < 0 for ! sufficiently large. Using
this inequality in combination with (4.14) and (4.15) we obtain that y*1+9 < 0
for I sufficiently large. This contradicts ¢™ € R2 for all n € No. o

5 Proof of Theorem 1.1

In this section we shall conclude the proof of Theorem 1.1, of which part b) is
by far more delicate than part a). The essential tools for the proof of part b)



101

have already been developed in sections 2, 3 and 4 and for the conclusion of
the proof of part b) we may follow arguments used in B.-P. Thus we shall only
sketch this part of the proof.

We remind the reader that we shall refer to isometries of open subsets of
G, relative to the Euclidean metric, simply as symmetries. We introduce first
a special class of symmetries. For £k € Ng and z € G consider the two
closed equilateral triangles, which have as vertices z, one collinear and one
non-collinear k-neighbor of z. We denote by N *)(z) the interior (relative to
the topology of G) of the set of all points in G, which lie in one of those two
triangles. It is not hard to see that {N *)(z);z € G®, k € Np} is a base for the
topology of G. For z,y € G* there exist exactly two isometries of R?, which
map z onto y and N *'(z) onto N *)(y). One of these isometries, say ¢z,
preserves the orientation the other isometry, say Ay, reverses the orientation.
The restrictions of ¢, and A;, to N *)(z) are symmetries of the gasket and
shall be denoted by #*) and A{%)..

For A C G let T4 be the first exit time from A. It is not hard to see, that for
w € ([0, 00),G) with wp € G* we have T, (w) = T®(w) = T (5 (wg) (W)

In the following two lemmas (Q;; z € G) will denote a non trivial, homoge-
neous diffusion on G with Feller property.

5.1 Lemma There exists kg € No, such that

a) Sup,eg ko) SUPy e N (ko) (z) Qy{TN(ko)(x) >1} <1,

b) T () is Qz-square integrable for all z € G, k > ko.

Proof: Homogeneity of the diffusion (Q,; z € G) implies for all z € G*),k €
No and y € N ¥)(z)

Qui{tr,0W(- ATy k() € %} = Qo, o {W(- ATN ) 0) €%} (5.17)

The invariance identity (5.17) and the fact that the diffusion is non trivial
imply that Qo is non trivial, i.e. Qo{w(t) = O forallt > 0} < 1. Indeed, if
Qo were trivial the invariance identity (5.17) would imply that @, is trivial for
all z € G, and since G\G (™ is totally disconnected this would imply that
the diffusion (Q;; = € G) is trivial.

The invariance identity (5.17) also implies that for all y € N*)(z), z €
G(k), k € No:

Qu{Tn () € -} = Q¢z(fg(y){TN(k)(0) €} (5.18)

As Qo is non trivial and {N *)(O); k € No} is a base for the neighborhood
system of O, the strong Markov property implies, that there exists k; € Ng with

QO{TN(kl)(o) >1} < 1. (5.19)

Let ¢ : G — [0, 1] be a continuous function which vanishes on the closed set
N *=1+1)(0) and is strictly positive on its complement. By the Feller property
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the function H : G — [0, 1] defined by

0 = [ [ ot dq,

is continuous. Moreover, H(O) > 0 by (5.19).
If assertion a) did not hold, (5.18) would imply, that for all k¥ € N there
exists yx € N *)(Q) such that kli’m Qu{Tn o) > 1} = 1. Hence we would

have 11m H(yx) =0.

On the other hand y; € N *)(0) implies ||yk|| < 2% and by the continuity
of H 11m H(yx) = H(O) > 0.

As for assertion b) we observe first that T)y *)(z) decreases in k. By a
standard argument involving the strong Markov property we conclude from
assertion a) that

sup Qx{Tyoorsy > K} < (sup  sup ~ Qu{Tyoor > 1"
z€G (ko) .’L‘EG(kO) yeN ("0)(1‘)

This implies immediately assertion b). ]

5.2 Lemma

a) For each k € No (Qz 0 wml g e GW) s a (B9, k)-random walk on
G™®, where ) := 1Qo{x1(0,wrx) = 1}.
Moreover, (Q 0¥ W=l 2 ¢ G *)keN, is a consistent sequence of random
walks.

b) For all k € Ny we have that

T.*) is Q,-square integrable for all z € G**" and i € N. (5:20)

Proof: Fix ko € Np according to Lemma 5.1. Then the invariance identity (5.17),
Lemma 5.1 part b) and the strong Markov property imply that (Qzo¥ ® ™' ; z €
G ™) is a (B, k)-random walk on G, for indices k > ko. For indices k < ko'
this follows from (3.9), Lemma 3.2 and the fact that 8¢} = f(B¢*+) € [0,1).

In order to conclude part a) we observe that consistency of the sequence of
random walks is an easy consequence of (3.9).

As for part b) we observe that for indices k > ko assertion (5.20) follows by
(5.17), Lemma 5.1 and the strong Markov property.

It remains to verify (5.20) for indices k¥ < ko. To this end we shall prove
that if (5.20) holds for some k € N, it also holds for £ — 1.

Arguments similar to those in the proof of B.-P. Lemma 8.2 a) show that
fori€ Nand z € G*-1

Qz{Ti(") - T,Sfi € *| X‘AT'_(-kl), XTi(k>+'}

5.21
= QAT — T € x| x; (¥R ()imy, ¥R()), 5 = 1,2} (5.21)
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and that for j € {1,2}

QAT = T € x| x; (¥ W ()ict, UH()s) =1}
= Qo{T™ =T € x| x; (T ()0, ¥®(-)1) = 1}.

(5.22)
Moreover, for w € C([0,0),G) with wg € G*
TR (0 B w))
T4 M) = > T (W) - T (w). (5.23)

i=1

Now Q,-square integrability of T;*),i € No implies Q;-square integrability of
T i € No by (3.10), (5.21) and (5.22). o

Remark Lemma 5.2 part a) and Proposition 3.3 imply 8 € [0,1]. More-

over, as B¢ = Qo{w leaves N through (3, 3@)} we have proved part a) of
Theorem 1.1.

For the proof of part b) of Theorem 1.1 fix & € [0, 7] and define the sequence
(@M ken, by (3.11) with a® = a. Let (P{*; £ € G™)ren, be the sequence
of (a‘®, k)-random walks. By Proposition 3.3 this sequence is consistent. By
Bochner’s version of Kolomogorov’s Extension Theorem (Theorem 5.1.1. in [2])
it is possible to show that there exist a probability space (€2, §, P) and random
functions X (k,z) : Q@ = Q% k € N, £ € G®, such that for all k,1 € No, I > &
and z € G*:

a) PoX(k,z)"t = P,
b) X(k,z)=U*" o X(l,z).

c) The o-algebras §, := U{X(k,y);k € No with y € G}, y € G are
independent.

The consistency of our (a*, k)-random walks is just the consistency condition
in Bochner’s Version of Kolmogorov’s Theorem.

Starting from the functions X {n, ) we construct inductively for each k£ € Np
random functions X (k+1,z): Q= Q% € No and z € G*:
For z € G let X(I,z) := X(I,z) for all I € Np.
If X(k,z),X(k+ 1,2),... are defined for all z € G, we define for ¢ € No,
z€GEHN\GH® and I > k+1

X2} = X(,z)i if i < TO(X (1, 2))

T XGX G D) en),_renEagy 12 TENXA )

We remark that the strong Markov property implies that X (k,z) is PS*-
distributed.
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Let (c*)ren, be a consistent sequence of velocities for the consistent se-
quence of random walks under consideration, whose existence is assured by
Proposition 4.1, and define Y (k, z) := Yc(<';<)) (X (k,z)). Furthermore, we denote

by L°(C([0,0),G)) the space of C([0,00),G)-valued measurable functions on
(2 endowed with the topology of convergence in probability.

5.3 Proposition

a) Y(z) := kl—i-{lgo Y (k,z) exists P-a.e. in (([0,00),G) for all z € G ().

b) The function Y : G — LO((([0,c),G)) is uniformly continuous on
bounded subsets of G (=), and hence there exists a unique continuous
extension of Y to all of G (also called Y ).

¢) (PoY(z)™Y; z € G) is a diffusion with Feller property and

P oY (0)!w leaves N through (1,2)} = a® = a.

Proposition 5.3 corresponds to Theorem 2.8, Proposition 2.13 and Theorem
2.15 in B.-P. and the proofs can easily be adapted, with one exception.

For the proof of part a) we have to show that limg_, Ti(')(Y(k, r)) exists
and that this limit is strictly increasing as'a function of 7 P-a.e. for € Ny
and z € GO

In B.-P. the corresponding result is derived from the classical limit the-
orem for single-type branching processes with constant environment. In the
present case we may apply our limit result on multi-type branching processes
with varying environment. Indeed, using Lemma 4.2 it is not hard to see, that
{(V.* (X (14 k,z)); k € No} is a two-type branching process with vary-
ing environment with generating functions F*) = G_ (x4141) and that this
process does not die out a.s. Since T, (Y (I + k,z)) - T (Y (I + k,2)) =
YR (X (14 &, 2)) and TS (Y (I + k,z)) = 0 P-a.e. we may conclude
that limy—0o T, (Y (k, 7)) exists and is strictly increasing as a function of 7 a.e.,
by Corollary 2.4.

Next we will show that the diffusion of Proposition 5.3 part c¢) is homoge-
neous. In the following we shall use the notation P, = Po Y (z)~!.

We remark first that the operator © 4 mapping the path w into the stopped
path ©4(w) := w.at, is continuous in P,-a.a. paths w € C([0,00),G), for
A C G open with A C G finite. This follows from an argument which is
essentially the same as that for Lemma 2.16 in B.-P. and shall be omitted here.

Applying this result to the sets A = N *}(z) we conclude by Proposition
5.3, part a) and the corresponding properties of (P{"; z € G") that for [ > k

Pr{¢sy0ON ()(2) (W) € -} = Pe{Azy 0 On ()(5) (W) € -} = P {Opn iy(y(w) € })
(5.24
forz,y e G* k€ No. If n: U = V is a symmetry with domain

U=UL, N (z:) (5.25)
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(k)

or '\re.ﬂ(rs)

for some k € No, n € Nand z; € G, then 7|y (1) ) equals ¢$,)n(ze)

and thus by the strong Markov property and (5.24) we obtain
P:{no®y(w) € -} = Py){Ov(w) € -} (5.26)

for z € {z1,...,2n}.

Now for U of the form (5.25) we have U = U egmayN (y) and GNU is
finite for all | > k. Therefore (5.26) holds for all z € G NU, | > k and hence
all z € G¢'NU. By the continuity of Oy Proposition 5.3 b) implies (5.26) for
alzeU. ’

Finally let n : U = V be a symmetry with an arbitrary open set U C G
as domain. There exists a sequence U, C G, increasing to U, such that each
U, is of the form (5.25). Since (5.26) holds for 7|y, : Un = n(Uy) and z € Uy,
it follows by a continuity argument that (5.26) also holds for  : U — V and
z € U. This proves that the diffusion (P;; 2 € G) is homogeneous. ’

In order to verify uniqueness of the diffusion we assume that (Q; z € G)
is another homogeneous diffusion with Feller property, for which

a = Qo{w leaves N through (%, ?)}

Lemma 5.2 a) and Proposition 3.3 imply
Qe o¥U® = P® forall z € G*,k € No. (5.27)

If we denote by E9= integration with respect to Q, we obtain by Lemma 5.2
b) that EQo(T,*") < oo for k € Ny. Therefore

di(") = EQO[Tl(k)]Xi(O’ XTl(k)) =1 =12,

are finite. In the case a = 0 we have Qo{x1(0, X;.») = 1} = 0 and we let
1

d¥ =1
We now conclude from (5.21), (5.22) and (5.23) that forz € G*~" k€ N

B9 (T (Y, (9) [ €471 ()1)
2
= E%(Q_RITNVEEW)EN w0 ()y)
i=1

9 Tl("""‘)('ll("))
= B 3 lxtpme, = BT = TEEW) [¥42())
i=1 j=1 J =1

Tl(*-l,“)(q, (k))
= EQ“( E T:j(") _ TJ(:)1 RESSTON

ij=1
— EQ‘(T("") |‘I’(k_1)(~)1)~
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In view of (5.27) this implies that (d‘*")ken, is a consistent sequence of velocities
for the consistent sequence of (a*, k)-random walks (P{*;z € G¥). By
Proposition 4.1, Proposition 5.3, a) and (5.27) there exists ¢ > 0 such that

lim Q0¥ ™ oY ¥ = Po X! forallz € G, (5.28)
k—o0
Moreover,
kll’ngo Yd((';))('ll MNMw))=w Qs-a.e. forall z e G, (5.29)

The proof of (5.29) uses Lemma 5.1 and 5.2 and is similar to the proof of
Theorem 8.1 in B.-P. Details shall be omitted.

Now, (5.28) and (5.29) imply that Q, = P, 0 X..~! for all z € G¢*). Hence
Q: = P, o X, ! for all z € G by the Feller property. o.
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