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a. Summary

We investigate the behaviour of a continuous local martingale (Mt)tZO in the
M

neighbourhood of t = 0. We prove that under suitable conditions \—/-tI tends in law to a

normal variable as t = 0. A convergence theorem to Brownian motion as well as an
application to continuous Markov processes are also given.

b._The main result
In this paragraph we suppose that (Mt)tzo is a continuous d-dimensional local martingale

with M0= 0. The filtration (ft)tZO satisfies the usual conditions and :FO is degenerate. The

process (wt)tzo is a standard d-dimensional Wiener process defined on some probability

d
space. The + denotes the obvious Euclidean inproduct between vectors in R . Ifuisa

vector in R then |u| denotes the Euclidean norm of u. We use the results and the
notation of [2 ] and [3].

Theorem:
If the continuous local martingale (Mt)t 50" MO =0 satisfies
-tl- <M1,M] > —a, aeast-— 0.

j

then for all 0=so<s1...<s =1 we have

M M
S S,
(—‘— ............. —“] - | AY%w
s1

Here A"? is the symmetric positive definite square root of the positive definite symmetric
matrix A=(a,) and W is a standard d-dimensional Wiener process.
i

o, AV inlaw ast — 0.
Sn

Proof :

We will work with complex valued martingales and we will show that for
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(u1 yoes un)e (Rd)rl

i
E Fiu(M )+ M -M Forreasnans +u{M -M
[exp \ﬂ [ul ¢ s1t) uz( sot sltJ n( Spt sn_lt}}]

1
— exp (— 5 (slul-Aul +(s2 - sl) uy-Auy +..+ (sn- Sn-l) unAunD
Let ¢ = inf {t | trace (KMM>)> t (trace (A)+1) }
1
Since { <MM> — A as t » o we certainly have ¢ >o0 ae.
Stopping M at time o, the difference between

explu { M wiM oM tetu{M -M "
\ﬁ 1| sitac) 1 2] sptho sitao) 2 n| sytAG s qtAd) n

and

E expl— ui{M +u{M -M +..+tu|M -M u
t] 1 Slt 1 2 Szt Slt 2 snt Sn_lt n
is clearly bounded by 2P[o<t],

ly
and hence we only have to prove the theorem for M instead of M. From now on we
therefore suppose w.1.o.g. that <MM >, < t (trace (A)+1).

leth=u 1 +u 1 +wt+ul .
1 [0s,1] 2 s t,s,t] n Js qt,s,tl

h is a deterministic process and we have to calculate

t

E | exp ifh(s)-dM
s
0

Since the martingale M is continuous we know from Itd's lemma that the process (indexed
by v):
v v

1
exp | i J h(s)-dM |+3 J-h(s)- d<M,M>_ h(s)
s
0 0

is a martingale.

d
Therefore for all (u1 PR i1 )€(R )n

n

E[exp iluM +u-M -M |+.+u-M -M
1 st 2| st st n| st s 4t
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1 1
+5 ur<MM>  u; +.. 4+ 3 Uy | <MM> - <MM> ]=1 .
st syt syt

u
Replacing u b o
P g ; y \ﬁ gives

M M M
st ( sot sltJ

M M
. e AN Snt  Sp-1t
E Jexpi [ul.\ﬁ +u2~ ‘\/E - '\ﬁ +...+un-( \ﬁ -TJ]

1
+ plu <MM> u + ..+u {<MM> -<MM> u ]=1.
1 51t 1 n spt Spqt) n

We will use this equality to prove the theorem. Let K denote the quantity

1
K=exp (i (s 1ul'Aul +(s ~ sl) uyAu, +.+ (sn- Sn-l) unAun)) .

o]
2
aei
ks
—
- Z
Bv-r
4 :
[y
N

m=1

u

=E[exp i 2.iM -M e u {<MM> -<MM > .
\ﬁ Smt  Smat 2t m St Spmat | m

m=1 m=1
e 12 (s -s ) u A 1 u {<MM> <MM  >ju ]
P 2t m ml Umtm ” 2¢ m § Smt § Spqt | m
m=1 m=1

1
The integrand is bounded since v SMM>_ < (trace (A)+1) for all v. We therefore can
apply Lebesgue's theorem

IK-1] £

u
1
Elep<i ) 2 (M -M +3c u {<MM> -<MM >u ;.
I';" [exp 2 \/E ¢ smt Sm-‘lt) 2t 2 m{ smt sm—lt ] m

- [h=1 m=1
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1 1
— - . - > -< > -1
expy ¢ S ,(sm s _1) uAu, 2t um[<M,M oot M,Ms r ]u ] |

m=1 m=1

n
1
<E [exp Z 2t um{<M,M> -<MM m-1t>}.1 .

st
m=1 m=1 "
1
exXpy 2t 2 ,[ (Sm-sm_ 1) um-Aum-um[<M,M>smt- <M'Msm_1t>]um] -1 ] .
=1

1
i - . - > - > — — 0
Since (sm sm_l)umAum t um[<M,M .t <M,Ms o Ju 0 as t
weobtain K - 1 as t— 0. qed.
Remarks

M
1. If the 1-dimensional martingale (M) _is such that (——t) is bounded in P and
Ye0 Veso
%<M,M>t — ¢ thenwefindforall r<p

Mt |F
'{ Vi
M

Indeed 7: tends to a normal variable with mean zero and variance c¢. The theorem now

f r -x /2
follows with y(r) =

Theorem.

Let (Mt)tZO be a d-dimensional continuous local martingale as in the previous theorem.

] v cr/2

Let A be as in the previous theorem.
Put B = —\/3?5 for s € [0,1].

2
Then B - A Wast— 0,

where W is a standard d-dimensional Wiener process.
Proof.
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Since the finite dimensional distributions converge we only need to prove that the image
laws on (10,1] , the space of d-dimensional continuous functions on [0,1], form a tight
family as t — 0. We will use the Aldous' criterion [1).

As in the previous theorem we may suppose that the martingale is bounded and satisfies
¢ M
P [sup Ile > k] - P[SUP

1 inf
|t<Ml,M >t|5c
ot >k}
s € [0,1] s € [0,1] \/E

for a fixed constant c.
2-1
> k\ﬁ} < (tk) E[trace <M,M>t] < d—zc

(a) We first verify the uniform boundedness
k

= P |sup M
se[01)! st

this quantity tends to zero uniformly in t.

(b) For fixed stopping times S < T < S+6, (with respect to the filtration (F ) ) we have

st 0<s<1
t t
P [ BS - BT 2 E]
=P|M -M 2 eNt
[, - ¥ > o]
< (t 2)'1 (M -M |’
€ -
[ M ]
2-1 [ ]
< (te) E |trace (<M,M >pp - <MM >St)
2-1
< (te) E [trace(<M,M> - <M,M> >)]
(S+0)t St
- % trace (A)
€
as t—0.
Aldous' criterion is therefore satisfied and the theorem is proved. qed.
Application to continuous Markov processes

Let E be a locally compact space on which a strongly continuous Feller semi group (Pt)
t2o

is given. We suppose that the domain DA of the infinitesimal generator A is an algebra

andwe denoteby I'(f.g) =A(fg) -fAg - g Af the carré du champ operator. The semi-
group (Pt) is supposed to generate a continuous Markov process with values in E. For
t2o

x € E we denote by E the corresponding expectation operator. Clearly X =x P ae.
X o X

Theorem
Let fl U 3 CDA and let a is the n x n matrix consisting of the elements o ij=r(f' , £)(%).
n 1)



403

1
Let ( B; B; n) denote the n-dimensional process
0<s<1
st
£(X)-£0)- jAf.(x ) du
i ts i i u
ti 0
B = viewed under P
s \/E x

t 1/2
Then B - a W in distribution, where W is a standard n-dimensional Wiener

process.

Proof
t

i
Let My = £ (X) - £ () - J-Afi X ) du

0
t

This is a martingale and <M1,M)>t = J I'¢f) (X ) du .
ij u

0
t

L
Clearly ¢ <M’,M’>t -3 J T(E£) (X ) du— T ,£) (x).
ij u it

0
We now can apply the main theorem.

Corollary.
If fe Q)A then

£(X) - £(%)
Ell—t—
5

2
2 x“/2
wherey(p)='\/; fxpex dx.
0

Proof.

P p/2
} = v(p) TEHX) as t—o

t

Putting M = f(X) - f(x) - JAf(X ) du ,
t t u
0
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t

we have <MM > = J T¢EH(X ) du
u

0
t
Clearly _|' AMX)du=|| =0 as t— 0
t ’
R
f(Xt) - £(x)|P] Mt P
so that E T and E —\I—-t_l have the same limit
[ t
. Mt 1 2 . .
Since _\F p <c s F(f,f)(Xu) du by the Burkholder inequality, we
\ 0 P
. Mt 1/2) 1/2
obtain |[—F|| < c|max T'({f)(y) t .
W P €E

We can therefore apply a previous remark for all p between o and . qed.

Acknowledgement: 1 thank Prof.dr.Van Casteren (U.LA. Antwerp) for suggesting the
problem solved in the previous corollary and Prof.dr. T. Bruss (Vesalius College, V.U.B,,
Brussels) for discussions and valuable suggestions.

References:

[1] Aldous,D. : Weak convergence of stochastic processes viewed in the Strasbourg manner.
Preprint 1978.

[2] Dellacherie, C. - Meyer,P.A. : Probabilités et Potentiel, tome ii : Chapitres V a VIII:
Théorie des martingales. Hermann, Paris, 1980

[3] Dellacherie, C. - Meyer,P.A. : Probabilités et Potentiel, tome iv : Chapitres XII a XVI:
Théorie des processus de Markov. Hermann, Paris, 1987



