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HOMOGENEQUS EXTENSIONS OF RANDOM MEASURES

by M. J. Sharpe

1. Introduction. Let S denote a terminal time for a Markov process
X. 1In questions concerning the decomposition of the process in terms
of the subprocess (X, S), one encounters problems of the following type:
being given some sort of functional of (X, S) which possesses some homo-
geneity relative to the shift operator, find a means of extending that
functional to one which is homogeneous for the entire process. For
examples, one may consult [47 and [7]. The same sort of problem arises
in a different framework in [17.

One of the main results of this paper, Theorem 4, was proved in [47.
A complete discussion of Theorems 1 and 3 may be found in [87].

We suppose that the Markov process X=(Q, %, 3 Xt’ ] Px) takes

t’
values in a separable metric space E. The family (3t) is defined by

the usual completion procedure. It is assumed that X is right continuous
and Markov relative to (Et), and that the family (St) is right continuous.

These conditions are certainly satisfied under the "hypoth&ses droites"

of Meyer, as extended by Getoor [5].
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2. Projections and Shifts. We denote by nh the family of evanescent

processes: Zg¢h 1if and only if E“[sup|zt|]=0 for all probabilities
t
b on (E, ). We write Z=W 1in case {Z#W} e€n . Let M denote the

measurable processes: = (ﬁ+>< P vh , where 8" is the Borel o- field

on RY = 0, ».
We define a semigroup <Gk)t20 of operators on In by setting (@tZ)(s,uD =

Z(s-t, etuol If Z is adapted, so is 0.2 If Z¢h, ckz €nh also.

ft,aﬁ(s)'
Let W(resp. ) denote the o-field of processes generated by h
and the family of adapted processes whose trajectories are a.s. right-
continuous with left limits (resp. left continuous). These will be the
appropriate classes of well measurable (resp. previsible) processes for
the special theory of projections which is developed here. It is clear

that if ZeWw (resp. P) then @tzelb (resp. P). 1t is not a difficult

matter to prove, following ideas from [27, that special versions of the
well measurable and previsible projections can be defined in such a way

as to commute with the operators @ More precisely,

e

Theorem 1. There exist mappings Z-»lz and Z.~3Z of b onto bW
and bR respectively such that

(i) For each initial law y , 1Z(resp. 3Z) is the well

measurable (resp. previsible) projection of Z relative to (Q, Bﬁ, Pu):

that is
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Bh(z T<o) = Bz, T<o) (resp. BCzy T<w)

for all (:#t‘:") stopping times T (resp. previsible (3*:) stopping

times T).

(1) . ('2) = (9,2 (resp. 0.’n) = 2(9,2)), for all 0.

A measurable process Z is called homogeneous on [0, =) (resp. (0, «))

in case for all t >0 , Zu(eto)) = Zu+t(u>) for all u>0 (resp. u>0)

a.s. . This definition is equivalent to requiring that for all t >0 ,

I[t,m) . @tZ = l[t,m) « Z (resp. l(t,m) . @tz = 1(t,m) - Z)

By Theorem 1, if Z is homogeneous and bounded (or positive) then 1Z

and 3Z are also homogeneous.

The most elementary problem of homogeneous extension can now be treated.
Let S denote a perfect terminal time for X. We call a measurable process
Z , which vanishes on [S, =), homogeneous on [0, S) (resp. (0, S))
z) for all

in case Z (resp.

Lre,sy @2 = lre,sy Le,sy "2 = Lee,sy -

t>0. That is to say that for all t=>0, Zu(etw) = Zu+t(m) for all
u€ 0, S(w) -t) (resp. u€ (0, S(w) -t)) a.s.. An obvious example is

z, = foth[O’S)(t) (f €€), which is homogeneous on [0, S).
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Theorem 1 shows that if Z is homogeneous on [0, S) (resp. (0, S))

then so is 1Z.

We let St = t+Soet, noting that Taking account

1 =@.1 .
5.1 B
of perfection of S we see that for all u>0, t>0 and weQ,

SH_u(u)) = Su(m) if Su(w) >u+t. This means that for all ¢, if

0 <t <u then either (t, St(w)) N (u, Su(w)) is empty, or St(u)) = Su(u)).
We define M to be the random set whose w- section is the closure in (0, «)
of {St(o)): t>0} N (0, ®). The complement in (0, ) of this w- section
is y(t, St(w)), where the union may be taken over @ , the positive
rationals. It is easy to see that the indicator of M 1is homogeneous on

(0, =), and it belongs to |y . We let M denote the complement of M
in (0, «.
We shall say that a measurable process Z 1is perfectly homogeneous

on (0, S) in case Zt(w) = 0 whenever t>S(w) and for all w , for

all t>0 and u>0,

Zt-!-u(w) = Zu(etw) whenever t+u<S(w) .
One knows [67 that if Z is homogeneous on (0, S) and Z is a.s.
right continuous, there exists a perfect Z’ which is indistinguishable

from 2Z.
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Theorem 2. Let Z be perfectly homogeneous on (0, S). There exists a

unique process Z which is perfectly homogeneous on (0, «), vanishes

on My {0}, and is such that l(O,S) e 7= 1(0,S) * Z. Moreover, if 2

is bounded or positive and 1Z can be chosen to be perfectly homogeneous

on (0, 8) then “(Z) = (z)".

Proof. For uniqueness, it will suffice to show that if W is homogeneous
on (0, ») and W vanishes on both (0, S) and M then W=0. However,

we know that M* = U (&, 8), so

A 1(0’3)-w=0 implies 0=®t(1(0’s)-W) =

1 e W=1 *W and consequently W=0. To show existence, we
(£.80) " & 7 T(e,8) auenty ’

may suppose Z>0 and that Z vanishes on (0, S)c. We define Es(w) =
sup{(@,2) (s, w): t€6}. Obviously ZeM and Z vanishes on M {0}.
From the definition of perfect homogeneity on (0, S), we have, for all

t, ux0,
®“(1(t’s) * ®tZ) = ®u(1(t,S) * Z) ’

from which we obtain

Z =

1(t-m,su) Ot 1(t+u,Su) 19,2 -

From the remarks preceding the definition of M we may conclude that
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® , Z and @uz are identical on (t+u, Su) = (u, Su) Nn(t+u, S

t+u ).

t+u
Since @uz vanishes off (u, Su) it follows that Z = @uZ on (u, Su)
for all real u=20. The homogeneity of M shows that ®t§ vanishes off

(t, N

U {(u, Su): uz2t} and so @tz = @t_mz on ®t(u’ Su) = (u+t, S_, ).

u+t

Hence @ti = 1((: ) i/
’

Since M 1is well measurable, 1(E) may be assumed to vanish identically
on M. In order to show that 1(.2) = (1Z)- it is sufficient, because of
the uniqueness result, to show them equal on (0, S). Since (0, S) 1is

well measurable, we have

- 1 .3 1 Y
Lo,s)t® = (o5 2 = 2215 €D

completing the proof.

3. Random Measures.

A random measure # 1is defined to be a positive kernel from

(IR+, ﬁ+) to (O, & satisfying

(1) o - n(w, B)EF for all Be@

(3.1) (ii) B-ou(w, B) 1is a positive measure on (R+, B+)
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(iii) There exists a strictly positive previsible

process Y such that

(o]
Exf Yt(-)n(-, dt) <o for all x¢E .
0

* *
We denote by M  the class of all random measures, and by nb the
subclass of those which do not charge {0}. For any zZem,, Z*n is

defined by

(Z*n) (w, B) =f 1,(6)Z (e)n(w, dt)
0

* *

If Z 1is bounded or previsible then Z*ué€m if x€N . We denote by
* *
Ww (resp. P ) the class of random measures u such that for some strictly
positive previsible Y, (t, w)-Y*u(w, [0, t]) belongs to W (resp. P)

X * %k
and E (Y*#(-, [0, ®))) <= for all x¢E. We set u)0=lh nmo and
* * %
Py = P NMy -

One defines a semigroup O of operators on I by (@tu) (w, B) =
u(etw, B-t), where it is supposed that u(w, ) is extended to a
measure on R which doesn't charge (-o, 0). It is easy to see that @t

* Kk Kk * *
preserves mo, w, P, u;o and PO. One has the identity
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(3.2) B (Z¥w) = B.2* Bon

%*
(3.3) Definition. Let S be a perfect terminal time and let » €M .
We say that # is homogeneous on [0, S) (resp. (0, S)) 1if a.s.

(i) #(w, *) doesn't charge [O, S(u)))c (resp. (O, S(ug)c)

(ii) for all t >0
Lre,s) * 6 = e gy * 7

(resp. l(t,s) *@tn’ = l(t,S) * 1)
We say that u 1is perfectly homogeneous on [0, S) or (0, S) if
(1) and (ii) are identities in ®w and t.

The simplest case arises when n(yw, dt) = dAt(m) where A 1is a
finite increasing process with A0 = 0. One may check then that 4 is
homogeneous on (0, S) if and only if A 1is a not necessarily adapted
additive functional of (X, S). In the case where AO is not necessarily
zero, one obtains that u 1is homogeneous on [0, S) if and only if A

is a left additive functional of (X, S) in the sense of Azéma.

The same sort of method used in proving Theorem 1 can be applied

to give the following dual result.
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* *
Theorem 3. There exist mappings n-anl and n-aué of M onto Y
%
and { respectively such that

(i) For each initial measure y , ul(resp. u3) is the
dual well measurable (resp. previsible) projection of #u relative to

«Q, 33;‘, P*): that is,
E“f z, (n(-, de) = E“f Zt(-)nl(', dt)
0 0

for all ZGUJ_+ (resp. P+).
.. i ~oNi R
(if) 6, (n) = (8m)~ if t20, (i=1, 3)
One obtains, in particular, that if » is homogeneous on [0, S)
(resp. (0, S)) then so is nl. If S 1is previsible, the same is true
3

for wn .

The result which is dual to Theorem 2, and is perhaps more

interesting is

*
Theorem 4., Let nelno be perfectly homogeneous on (0, S). There exists
a unique Ze;mg which is homogeneous on (0, «) and carried by M®  such
that n==1(0 S):k; . If %1 may be chosen to be perfectly homogeneous on
b

(0, 8), then () = G)'. In particular, if xely then Hewy
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*
Proof. Suppose Y and \)Emo are homogeneous on (0, « and are both

carried by Mc. If Y *y then for all t=20,

Lo,s)* Y= 10,5)

d ~

= * = \Y i
®t(1(0,S)*Y) 8 (10,59 v) so L) " T hes T Sinee

M = u (t, St) it follows that Y=v. This proves uniqueness of .

tes

We define % by

where V means supremum in the sense of measures. Properties (i) and
(ii) of (3.1) are then satisfied by %. Leaving aside (iii) for the

moment, we observe, as in the proof of Theorem 2, that we have (identically)

~ ~

8t s *7) = 6, * 6
hence, using (3.2)
1(u+t,St) *On = 1(t+u,St) I

From this fact we obtain that ét+u%(w’ *) and é'tn(w, ) are identical
on (t+u, § (w) = (t, S (W) N(t+u, St+u(u)))- Consequently we have

n(w, *) =ét%(w, ) on (t, St(w)) for all t=0. Since y is carried
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c . - . , .
by M , the homogeneity of u is evident. We turn now to proving that

condition (iii) of (3.1) is satisfied by % . Let YEP+ be strictly

(oo}
positive and satisfy Ex/ Yt(')n(-, dt) <o for all x€E. We set
0

t
At(w) =.{ Ys(w)n3(w, ds). We have ExAm<oo for all x€E, and A
is previsible. But

@ @
X A X A
E Yte w(dt) = E e dAt <1,

0 0

o
showing that we may assume that Ex/ Yt(w)n(', dt) <1 for all x€E.
0

. . _ -n .
Let {rn] be an enumeration of @ , and define z, = 1M + 2 2 l(r s ) e, Y.
n= n’r n

Obviously, ZEP+ is strictly positive, and

Exf Zt(.)ﬂ(-, dt) < Z 27 Exf (@r Y)t @r n(, dt)
0

0 n n
-n _X|- +
< E 2 " E [®r X*uw(, fR)]
n
X(r.)
< Y 2T E T r@rn(, &)]
< 1
—~.1 1,- .
To complete the proof we must show that (x) = (n) . In view of

uniqueness, it is sufficient to show that their restriction to (0, S)
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are equal. This holds since (0, S) €W implies that

-1 -1 1 1,-
Lo, = Qo)W =% = lo,e* ()

Remark. The requirement in (3.1)(iii) that Y be previsible may be
weakened to the condition that Y€W if one is interested only in well
measurable projections. For sufficient conditions under which perfect
versions of a homogeneous random measure exist, the reader should

consult [97.

4. The Previsible Case.

If S 1is not previsible, the results of Theorems 2 and 4 are not
valid for previsible projections. After a slight modification of the
notion of projection, though, we can obtain essentially the same results.

Suppose )\ 1is a measurable set in IR+><Q which satisfies the
condition

(4.1) {31 >0}DA up to evanescence.

A

Let mA, PA and u;A denote the traces of M, P and W on A .

We interpret YEPA , for example, to mean that Y=Z-1A where ZEP.
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%
Similarly, PA denotes the class of random measures of the form

*
lA*n , MEP , etc. We define, for ZebmA the previsible projection

of Z on A by

3

o /343
(2= (71

*
and the dual previsible projection of u ¢ nrA by

3 3 3
= (1 /71 ) %y
N ( A/ A) "
In each case we set 0/0=0. The following assertions are then routine,

making use of (4.1):

(4.2) Proposition.

(a) For ZEbmA, ?\Z is the unique member of P, with the property

A

that for every initial measure  , E”{?\Z(T); T<°°}=E“‘{Z(T); T < ©}
for every previsible stopping time T.

(b) For nemi, M./3\

[+<] ©
3
p" = u’
Ef W uA(dt) Ef W n(dt)
0

0

*
is the unique member of PA satisfying

for all WE€ (PA)+ and every initial measure | .
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The cases of interest here are those in which A = (0, S) and

(4.3) Lemma. The sets (0, S) and M*  both satisfy the condition (4.1).

3

3 = -
Yo,8) “to,s77 sy *°

Proof. We have

3 3

Clio,5y =03 = 01U 61 @ U {1 g 9= “1pgqh Simee Pligy>0} cu Ix,]

where {Tn} is a sequence of previsible stopping times which englobe the
. =3 -
accessible part of S , the set {1(0,8] = IESJ} =y [Rn], where {Rn}

is a sequence of previsible stopping times. For all n,

= pH 3 =11 = - -
PR <} =P[R <S5, 1[S](Rn) =1} =pP*R <S, R =5 <a}=

_ MR - m _ _3
=P {Rn S<w} , hence P {Rn<S} 0. It follows that {I(O,S] 1[8]}

c [S, ®, and this shows that (0, S) satisfies (4.1). We know, on
the other hand, that M = U {(t, St): t €6} and each (t, St) satisfies

(4.1) by the above argument. Then {31 e > 0} o {31 >0}>o (t, St)
M

(£,5,)

for all t€6G , and so Mc satisfies (4.1).

Remark. The ideas above permit one to explain the difference between the
previsible AF, A, generated by a natural potential u of (X, S) and
the '"natural" AF, B, generated by that potential. The Meyer decomposition
gives the existence of the previsible AF A , which may charge S . The

procedure explained in [3] determines a natural AF, B, of (X, S) which
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does not change S. It is not hard to check that A must be carried by

3

>0} and that B=(1 1(0,S))*A'

3
0,9 /

(0,8)
We shall give only the dual projection version of the extension

theorem, the projection version being entirely analogous.

Theorem 5. Let # be a random measure which is homogeneous on (0, S).
Then vy = %:zo $) is homogeneous on (0, S). If perfect versions of

w and vy can be found, then ¥y = (Z)3 . In particular, if %EP*
MC (O:S)

- %
then nePc .
M

Proof. We start by showing that for all ¢t >0,

3

3 "Lo,8) = e,y T 0,8)

1
(t,5,)

For each | and for each previsible stopping time T,

3 3
) Less) @3 10,9 >0 = E”'U(c,st)“—"); > 0.5 (D >07

.3
=Pl M 5 TLg,5) (M >0]

since §_ =85 on {T>t}. This last expression is equal to
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E“[31 (m; 21 (T) > o]
(t,s) ’ (0,s)

3

and so l(t,St) = l(t,S) on

31 >0} , hence on (0,S), by (4.3).
(0,8)

We then have

. n o - . 3
tes eellos M o0) e Le,s ) % (1 0,5)
= le,s) " Le,s )/31(1:5)
( bl b t I’ t
. 3
=L, 10,5 Lo,8) -

That is, /31(0 $) is homogeneous on (0, S). Observe now that if

L0.9)
# 1is any random measure carried by (0, S) then étn(w, {S(wﬁ)==%(9tw,{s(u9-t}).
If S(w) >t, this last term equals n(etw, {S(Otw)}) = 0. Thus, if yu

i % a = %

is homogeneous on (0, S), 1(t,S] @tn 1(t,S] » for all t>0.

A 3 3
~e %* = v
3ince (t, S] € P, we have l(t,S] (@tn) 1(t,S]k’% , and from

Theorem 3, one concludes that

A3 3
Lie,s7* @) = 1(t,S]*“

3ince {31(t $) >0} c (t, S], we have then
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3 ~ .3 3 3
1 <11 /71 ] *a. (M) =1 . [1 1 ]*
@9 0.5 0.5 & = 1es  Ho.s o5 ) *
. . . 3
and hence, in view of the homogeneity of l(O,S)/ l(O,S) on (0, S),
and formula (3.2), we obtain
*Q v = *
Le,s) “ 0 = Lie,s) ™Y -
We show next that 31 = 31 on (0, S) We have 1 -1
c (0,8) > (0,8) c
M M
1 so 3(1 1 = 31 But (0, ST ep and we obtain
(0,8) ° (0,57 e ©0,8) * ’ ’
therefore 1 31 = 31 from which the above assertion is
0,87 e (0,8

obvious. Since M° 1is homogeneous on (0, «), 1 c/31 c is homogeneous
M M

on (0, »), using Theorem 1. By construction, x is homogeneous on
(0, « and it is carried by M°. Thus (2)3' is homogeneous on (0, «),
thanks to Theorem 3. Since » is carried by the previsible set

{31 e > 0}, the same is true of (;)3. We now see that

') = (1 /31 )*'(;)3 is homogeneous on (0, x»), and it is carried
M VRl Vi

by Me. In order to show that Y = (7t)3c , it will suffice to show that
M

their restrictions to (0, S) are equal. See the proof of Theorem 4.
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-3
1 * (n =
©,s7* ¢ )Mc
. 3 ., , 3
Since x~ 1is carried by {1

-3

0,9 " 09 T

M

completing the proof.

J., Azdma and P.A. Meyer
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*;3

n

)3

]

(0 S) > O} C (0, S] we have

(Lo,sy 1

3
Lo,s)

~

/

*u

(10,59
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