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_Sémincire JANET 3-01
(liécanique analytique et Mécanique célcste) .
4c année, 1960/61, n° 3 14 janvicr 1961

THE INITIAL VALUE PROBLElN FOR CLOSED UNIVERSES
by Diecter Re BRILL

1. Boundary conditions without boundsry conditionse

In previous papers ([2], [4], [5]), everywhore regular, asymptoticaelly
Schwarzschildisn solutions of thc "vccuwm" Einstein cquetions wore discusscd from
the point of viow of the initial veluc probleme The physical mecaning of tho
boundary condition of asymptotically Schwarzschildiai behavior is not clear from
the point of wviow of Mach"s prineiple ([11], [12]), beceusc it is not clcar how
the preferred "non-rotating" coordinate system is determined. The altcrnative
boundary condition considered hercy thet the universc be closed in spacc, docs not
introducc any such prefcrred coordinatc systeme Thorc is somc hope that a condition

of this typc may be a first stop toward a rigorous formulation of hacht's prineiple
([6], 3rd cdition pe 117).

A discussion of closed universc solutions of the vacuum Einstoin cquations is
olso interesting beccausc only one set of cquations has to bc solved, and no
phonomenological deseription of mattcr is ncedede Problems like that of stability
nay bc most easily troatod in a universc of purc gravitotion, gnd the results for
this casc will throw some light on thc morc complicatcd situntion when other ficlds
arc also presonte

2+ Unlvcerses with throc-gphere ‘topologye

In reforence [4] it was shown that the time-symmetric initial walue cquation
for an axially symmetric metric on an initisgl hyporsurface,

) as® = V[P (ap? + a?) + p? ap?]
’c;é.kes on the form

2

(Re) V" ¥+ AM¥ =0 (3~dimensional SchrBdingcr cquation)

(@v) ® = (62 a/ apz) + (62 q/bzz) (definition of "Schrddinger potontial® @ ).

As shown in refurcncos [4] and [5], by choosing the paramcter A betwoen zero
and & "eritical' value )"c for a fixod ¢ onc can obtain solutions of () for
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¥ which correspond to a concentrotion of gravitationsl waves of various total
magses between zero and infinitye.

Tho velue )\c is the lowest eigenvelue of (Ra)e The corresponding cigenfunction
satisfies the boundary condition Wc -+ 0(l/r) for r = (p2 + 52) 1/2
ovaluating the metric (1) ncor the origin of the now coordinatc »! = 1/r onc can
oagily scc that thc "point at infinity" r! = O can be added to the manifold to
complcetc it smoothly to a closcd spacc with the topology of a thrcc—-spherce

‘-DOOQBy

Physically this result can be interpreted thus ¢ the erbitrory function q
reprosenté a degroe of frecdom of the gravitational waves, end ¥ dis tho "statie
potential" corresponding to the mass~cnery in the wavese (It can be shown that
thoero 1s a onc-to-one corres;ﬁondcnco between q , ¥ end Arnowitt, Descr and
Idisncr!s transvorsc-transverse [2] end "potential" part of the grovitationel ficld,
respectively) o As the "strongth® A of the waves is inercescd, this mass incrcascs

until it is sufficient to curl up spacc into a closcd universce

TAUB [13] has given o class of cxplicit solutions of the vecuum Einstein cquations
which, by proper choice of parameters ond periodicity of coordinztes, deseribe a
‘threo~gphere on coch hypersurface t = Cte o Thoge solutions arc cxplieit
cxomples of the kind of universcs closed up by their content of grevitational
rodietion that we arc herce discussing. Teub's universcs arc homogcheous s so that
it ney scom strange from o physicel point of view to say thot they contain gravita-
tional rodictions However, it should be notcd thot the mull-congruence associated
with the cingenveetors of the Riemonn tonsors of those metrics has non-vanishing
twist [8], so thet no wavefronts or phase-surfaccs could occur - g type of field
thot ds not even undorstood as yot in electromgpnotisme

3. Universes with othor topologicse

To construct solutions of the timcesymmctric initial valuc cquation 3R =0 ono
con again uso Lichnerowiez!s method (sce, for oxamplo, [5]) ¢ Represont tho
solution as dsz = "1’4 dc:2 s choosc d02 arbitrorily, and solve the equation
(3) viqu (1/8) R ¥=0
for ¥ . For d02 onc mey choosc, for cxomplc, a closed, rmultiply~comnccted spacCe
(3) will then ia senoral heove solutions only for a cliss of mepsure zero of
Tbose metricsh d02 , typicclly for onc metric out of cach ono-perameter classe
This follows from thc thoorem of XODAIRA gnd SPENCER [$], that the cigonvelucs of
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o continuous onc-peramcter fomily of strongly elliptic operetors arc continuous
functions of the parcmeters

Explicit cxomplos of solutions of the timo-symmotrie initial velue equotions for
"wormholce universes" of topology Sl x 32 heve been given by Re LINDQUIST (107
Somo of these solutions hove o high degree of symmetry, so thot vorious identifie-
cations con bo made to obtain initial solutions with other topologicse In porticular,
onc cen obtain in this way a solution with the non-orientablc topology S1 x P2 o«

4o Non-trivicl solutions cxcluded for ccrtain topologicss

In genorel, closcd spaccs will not admit the trivicl fl-t spoce as o solution
for oxrmple, thore is mo wey of defining o flat motric on o topologiczl threc-
spheros. The class of closed spacoes that do odmit e flat ictric is well known as
the Clifford-Klein spaces [7]. It is interegting that thc flat spacc scoms to be
the only solution of the initinl valuc cquoations for thesc topologiese For oxample,
by generclizing the tethod of ARAKI [1] onc can show that the "total moss" containe
cd in o throc~torus must venish, gt loast for smell deporturcs from flatness
therofore the motric must be exretly the flat motric.

5« Dyncmics of closed universcse

The detailed dynamies of closed universes can be very complicated, perticulerly
if thoy contcin "wormholes" or (grovitationnl) goonse It has been possible to
gein some insight into tho lorge-scele time dovelopment of closed universce from
the momont of tim-symmotry by studying the totel volume V = / (3g)l/ 28 x of
the subscquont spaco-like hypersurfaccs. If coordinctes arce choscn such that

=-1, gy =0, ono finds

V/ot = 52 V/b'bz = 53 V/a'hB =0
o* viout = - (1/12) / rH Ry Ca?2 B x<o0 .
Therefore ~ tlmc-symmetric universe will always controct, nover oxpond, from tho

momcnt of time-symmotiye This rosulb confirms the theorcn of AVEZ [3] about non=

oxiatenee of poriodic solutions for compact spoeces ¢ a closed universe connot
have morc then onc surfece of time—-gymmotrye

Toubts oxplicit solution montioncd in scetion 2 in foet coatracts until the
volumc vanishos, indiccting o geometric:l singulerity. The following table compercs
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the dimensionless life-time <T/R (0) of the Taub universc with that of two
homogencous and isotropic universe solutions (Here R(0) is the maximum redius,
defined from tho moximum volume) ¢

Taubt!s timc—symmetric universe ©/R(0) = 0.49 n
Dust=~filled Fricdmann universo 0.50 nt
Radiation-filled universc 1 .

The two latter univorscs arc not solutions of tho vocuum Einstein cquations, but
thoy can be considered approximntiors to such solutions : universes filled with
randomly distributed gravitetional geons, and universcs filled with randomly
oricnted gravitational radiation. This approximation will only hold for times
small comperod to the total lifotime, for originally smell doviations from
isotropy and homogeneity may bocome important in the latc stages of contraction.
Proliminary perturbation calculations on Teub's solution to first order in on
inhomogeneity paramcter indicate thet the inhomogencity will increasc in timc cs
log(t - t) o This result would confirm Wheelerts conjecture ([14] , pe 128) that
closcd upivcrso solutions will gencrglly dévelop o singulerity after a finitc propor
time.
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