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IX.1

In this seminar we present some new notions in the operator ideals
theory. These are dimensional gradations and cogradations of operator ideals
which give some approximations of a given operator ideal by auxiliary sequences
of ideal norms. We recall known important examples of the natural dimensional
gradations of the ideals of (q,r) - summing operators and of type p and co-
type q operators. We also investigate other interesting examples of dimen-—
sional cogradations of the ideals of (t,s) - nuclear operators and Lp -

factorable operators.

Our considerations on the dimensional co-gradation of the ideal of
Lp-factorable operators lead to the definition of the weakﬁéistance aYE,F)
between Banach spaces. The weak distance has the property d(E,F) < d(E,F),
where d(E,F) is the classical Banach-Mazur distance from E to F. Still, it
separates spaces with respect to ideal norms : we have u(idE)=< E(E,F) a(idF)

for every operator ideal (N ,a).

The definition of the dimensional gradation has been precised in
many discussions between Prof. A. Petczynskiand the author. It can be also
found in the Pe*czynski Notes [15] . All the materiai of this seminar will
be contained in notes prepared by the author for the lecture notes series of

Springer Verlag [20] .

1 - GENERAL DEFINITIONS

. *
Throughout this text E,F denote real or complex Banach spaces, E ,

F* their duals ; the action of a functional e* G'E* on an element e €E
is denoted By (e, e*). By L. (E,F) we denote the space of all linear
bounded opeartors from E to F and by ‘|.|| - the usual operator norm on
L (E,F). By/U(E,F) we denote the space of all nuclear operators from

E to F and by v(.) - the nuclear norm on 4 (E,F). For é* G'E* and £ €F
the operator e*® f €L (E,F) is defined by (e*® f)(e) = (e,e*) f for

e €E. Fgf u €L (E,F), by uf 61,(F*,E*) we denotemthe adjoint operator.

* *k Kk *  *k

If u = Z . ®ek €L (E,E ), we put traceu = z (ek,ek )
k=1 k=1

well-known that trace u does not depend on a particular representation

it 1s

of u.
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For Banach spaces E,F, by d(E,F) we denote the Banach-Mazur dis-
1 v, -1 .
tance from E to F, i.e. we put d(E,F) = inf {!|T o T [l T an iso-
morfirm from E onto F , if E and F are isomorphic, and d(E,F) =

*
otherwise. Finally, for 1 <p <% ye put p = p/(p-1).

Let us recall some fundamental definitions from the operator

ideals theory. A normed operator ideal (0l,a) is a class UL of linear

bounded operators between Banach spaces and a function a from Ot to [R+

~which satisfy the following conditions for all Banach spaces EO,E,FO,F

(0) if u € L(E,F), rank u = 1, then u €0L(E,F) and a(u) = ” u H :

(1) (L(E,F), o) is a Banach space ;

(2) if v CL(EO,E),u €edL (E,F), w€E L(F,FO), then wuv CUL(EO,FO) and
a(wuv) < || w]] a)]] vl -

This definition is equivalent to the definition given by
A. Pietsch in [16] (definitions 1.1.1 and 6.2.2). In case when we res-
trict our attention only to the category of finite - dimensional Banach
spaces, a function a from the class b of all linear operators in the R +
satisfying the conditions (1) and (2) (for all finite - dimensional

Banach spaces EO,E,FO,F) is called a finite - dimensional ideal norm.

We recall now the notion of duality for operator ideals. Let (0Ui,na)
be a normed operator ideal. We say that u € L(E,F) (E,F Banach spaces)

*x *
belongs to the dual operator ideal (OU , o ), if

*
(1) a (u) = sup [trace w B u A[

is finite, where the suprenum is taken over all finite-dimensional

Banach spaces E_,F and operators A¢ L(E ,E), B€ JL(F,F ), w ¢ IL(F_,E )
o’ o o o'y T, o’ o

with || A]] = || B|l = a(w) = 1. It is easy to see taht (0L ,a ) is a

normed operator ideal too. If E,F are finite - dimensional Banach spaces,

we obviously have for u € L(E,F)

*
(2) a (u) = sup {;|trace wu |

w € L(F,BE), n(w) < I}

In this case the symmetric formula

(3) a(w) = sup .{!trace wu|| u € L(E,F), W*(U) Sél;}
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is valid for all w € L(F,E). Moreover it is well-known and easy to see
*
that the space (L(E,F), o ) can be identified with the dual space
*
(L (F,E), a) ; this identification is given by the trace formula : for

u €L(E,F) and w ¢ L(F,E) we have
(w,u) = trace wu.
To emphasize the symmetry between formulas (2) and (3), we say, in the

finite - dimensional setting, that finite - dimensional ideal norms a

*
and o are in trace duality.

We introduce now notions of dimensional gradations and cogradations
which give some approximations of a given normed operator ideal by an

auxiliary sequence of normed operator ideals.

Given a normed operator ideal (Ol ,a), a sequence ,{(Cﬂk,ak)}, of

normed operator ideals is a dimensional gradation of (0L ,a) provided

for all Banach spaces E,F the following conditions are satisfied :

(Grad 0) O'Lk(E,F) = LL(E,F) (k = 1,2,...) 3
(Grad 1) al(u)=< az(u)‘< - for u € L(E,F) and
a(u) = lim ak(u) for u € L(E,F) ;

k ~
(Grad 2) ak(u) = sup ak(u ] E

E <E, dim E<k}
for u € L(E,F) (k = 1,2,...).

Similarly, a sequence of normed operator ideals {:(éekBki} is

a dimension cogradation of a normed operator ideal (&£ ,B8) if for all

Banach spaces E,F the following conditions hold

(Cograd 0) &£ k(E,F) = Yt (E,F) (k = 1,2,...)
(Cograd 1) B, (u) = By (W for u € 1 (ESF) (k = 1,2,...)
and B(u) = lim Bk(u) for u €g, (E,F) ;
k ko
(Cograd 2) B = conv 9° s
where B_ is the unit ball in (&£ , (E,F), B8,) and
Bk k k

ger = {:u Eﬁﬁk(E,F) | there exist G CF, dim G = k
and wed“jk(E,G) =1L (E,G)
such that Bk(w) < | and ux = wx
for x € E }..
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For a large class of normed operator ideals a dimension gradation
can be obtained as follows. Given a normed operator ideal ((1,a) we put
for u € L(E,F) (E,F Banach spaces)

(4) ak(u) = sup ‘{a(ulﬁs | EC E, dim E <§kj-

Clearly, if for every u €UUE,F) one has a(u) = I&m ak(u), we obtain in

this way a dimension gradation of (Ot,n).

Dimensional gradations and cogradations of finite - dimensional
ideal norms are defined by the obvious modification of the previous
definitions (just as sequences of ideal norms satisfying the conditions

(Grad 1), (Grad 2) or (Cograd 1), (Cograd 2) respectively).

The notions of dimensional gradation and dimensional cogradation

are in the natural duality. Namely | we have

— * *
Theorem 1| : Let (OL,0) be a normed operator ideal and (0L ,oa ) the
dual ideal. A sequence of normed operator ideals S{}OLk,uk)}' is a
dimensional cogradation of (UL,a) if and only if the sequence

* * * %
{falk,aki} of dual ideals is a dimensional gradation of (UL ,a ).

We omit the proof of this theorem which is standard. Let us only
k o YTU(E,F) satisfies
on JL(F,E) satisfies (Grad 2), we show the for-

mention that in order to prove that a norm a

*
(Cograd 2), if a norm o

mula.

*
ak(w) = sup {‘trace wu| | u Ecj‘qk} |

for w € L(F,E). This yields (Cograd 2) by the general separation theorem

argument.

BASTC EXAMPLES

As the first example we introduce the natural dimensional gradation

of the ideal of (q,r) - summing operators. Let | S r < q <o, [et E,F be
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Banach spaces and let u € L(E,F). For a positive integer k we put

70 () = sup (D I uxg 1252,
"q,r g

where the supremum is taken over all XiseeesXy € E such that

z:l(xj,x*)lr <§||x*|lr for all ike_ £ . We say that u € L(E,F) is

ing. i : () \ < oo
(q,r) - summing, in symbols u€ Hq,r(E’F)’ if spp ﬂq’r(u) . For
= (k) . _
u € Hq,r(E’F) we put ﬂq r(u) = spp T r(u). It is well-known and easy

to see that (Hq " q ) is a normed operator ideal. A sequence
b b

-{(H(k) (k)i} (where we simply put H( )(E F) = IL(E,F) ) is a dimen-

sional gradation of (I ). It can be easily checked that this

q,r’ Qar
gradation has a submultiplicative property

k k

(5) M ) <7y 7w,
q,r q,r

for w € L(E,F), u € L(F,G) (E,F,G Banach spaces) and positive integers

n, k.

In the last few years several theorems about a behaviour of a
sequence {:ﬂéfi(u)}- for finite rank operators were proven. They can be
found e.g. in [18] , [7] , [8] , [10] , the detailed proofs of some of
them were presented also in [15] (lectures 17-23). Most of results
concern the case q = r = 2 or 2 = r < q <%, which seem to be the most

important.

The first result says that for a rank n operator u the sequence

{;ﬂék)(ui> stabilizes at the N — the place, with N = L n(n+l) in the

2
real case and N = n in the complex case.

Proposition 1 : Let u € L(E,F) be a rank n operator (E,F Banach spaces).
Then 7, (u) = ﬂéN)(u), with N defined above.

This result is essentially due to T. Figiel ; its proof is a modi-

fication of the argument used in [3] (Lemma 6.1).

The next theorem is due to the author.
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Theorem 2 : Let ué JL(E,F) be a rank n operator (E,F Banach spaces).
Then ﬂz(u) <§2W§n)(u).

The proof of this theorem can be found in [18] and we omit it.

Finally, let us recall the result of H. Kénig ([7] , cf. also [8]
and [10]) which says

Theorem 3 : Let 2 < q <, There is a constant c such that for every

rank n operator u € IL(E,F) (E,F Banach spaces), ﬂq 2(u)< cq ﬂén;(u).

Let us formulate two problems related to theorem 3 and Proposi-

tion 1.

Problems 1 : (a) Let 2 < q <o Does there exist a function N = N(n)
such that for every positive integer n and every rank n operator u one

has nq,z(u) = W;T%(u) ?

(b) Does there exist a constant c such that for every
2 < q <o, every positive integer n and every rank n operator u one has

T2t < C,,((lr:;-(u) ?

Theorems 2 and 3 provide a useful tool in investigations of finite -
rank operators. Many of its important applications will be shown in our
further considerations. As a first application of Theorem 2 we show a
sharper version of the inequality between different (q,2) - summing
norms of a finite-rank operator, which was originally obtained in [ 9]

(cf. also [17] , Théoreme 3.1 and Remarques 3.1, 3.2 and 3.3).
Corollary 1 : Let 2 < q <9, let u be a rank n operator. Then
1/2-1/q _(n)
<
ﬂz(u) <2n ﬂq’z(u).

Moreover, for every 2 Sr < q <o ye have

where 0 < 0 < 1 is chosen so that 1/r = 0/2 + (1-°)/q.
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Proof : The first inequality is obvious. To get the second one we inter-
polate between two extreme cases : r = 2, established in the first ine-

quality and r = q, when the respective inequality is trivial.

We pass now to the duality theory for the dimensional gradation
{ﬂél:i_ ,» which is fully analogous to that for the ideal of (q,r) -
summing operators. We begin with the definition. Let 1 <t < s < and
let k be a positive integer. For Banach spaces E,F and u ¢ L(E,F) with

rank u < k we put

k *
(k) . * 0t 1/t > PR
(6) v () = inf {il e 1D sup (1 1G5y 1) } :
1= y E&F
I

where the infimum extends over all representations u = j=| xj © yj
* *
(x. € E, yj €F, j=1,...,k). We use the notation \)é 30 (for 1| <t <)
k P o . >
and \)0(0,20 for the usual modifications of (5). Next, for u ¢ 4L (E,F) we put
o0
7 3Oy = inf 3 vy,
t,s mel t,s m

where the infimum is taken over all representations u = Z U with
u € L(E,F), rank u <k (m=1,2,...). Obviously, for u e_nt (E,F) we
,S

have ’\}S:?; () < vy () <oo,

The definition (6) should be compared with the well-known definition

of (t,s)-nuclear operators. We say that u € IL(E,F) is (t,s)-nuclear, in

symbols u E”Zt’s(E,F), if u admits a representation

* * * . L
u =j°§_] X, ®yj with x. € E , v; € F (j=1,2,...) such that Jogl I x.Ht < o

* * * *
and sup{ﬁ] l(yj,y)|s y €F, |yl <1 )<= Forue [ (£,

b

we put x
oo oo l/t haad * I/S
(8) Ct S(u) = inf 2, ( E i X;m I 5 sup (Z I(yjm,y*)ls )
? M=t J=1 * eF* Jd=1
Iyl s

where the infimum is taken over all representations u =

28

(S8

o0
T o, ®
= ij yjrn

b

. * * .
with ij €E, yjm EF (j m=1,2,...).

It is well-known (cf. [16] , Theorems 18.2.5, 18.4.5), that for

*
1 <t <s <o, (IR 4 = (1

*  *x *
t,s’ t,s) t ,s ? Ty

&) . The fillowing result
b
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is a graded version of this duality. (In the sequel we denote '\)'[(k) (E,F) =
YL (E,F) and Tr( ) * (E,F) = L(E,F), for E,F - Banach spaces).

Theorem 4 : Let 1 <t < s S and let k be a positive integer. Then

(k) /‘(k) (k) (k) ~(k) (k) .
('U'lt 5 ) (H g ¥ ‘”t*,s*)' Moreover, \)t,s and LN X g% considered as
finlte - dlmen51ona1 1dea1 norms are in trace duality.
Proof : The second assertion is just a reformulation of the first one

in the finite - dimensional case. The proof of the first assertion is a
slight modification of the usual proof of the duality (M . S)* = Ht* g
We give here only a sketch of it.

Let E,F be Banach spaces, let ue L(E,F). It is easy to see that
for all finite - dimensional Banach spaces E s Fy and all operators

A EIL(E ,E), BE lL(F,F ), w ejL(F ,E ),

k k
|[trace w B u A| < ( )’w) I B]| = é*zs*(u)H Al .
A(k) \* (k)
Therefore, (Vt,s) (u) <7rt*’s*(u).
On the other hand, given € > 0 pick a sequence X E_ E

k * *
such that = l(xj,x"r)lS < ” x*H ® for all X*QE and ( 2 ” ux ”

780 ) +el For = 1, L,k pick v e F wita ||y - " such that

S %
uXx.,y.) = u X. .PutE=sanxkCEandletJ'E—’Ebethe -
( i YJ) I J” o pan( J)J= o cé
) * 1 ‘ .
nonical embedding. Put F, = (Span(yj)1§=]) = {fEF,(f,g’J!‘) =0 for j=1,...k}JC F
and Fo = F/F1 , let Q : F_____> F/F be the quotient map. Finally define

k
wEJL (FO,EO) by w = jz] £. y ® xJ where E >0 ( =1,...,k) such that
k k ¢ 1/t*
= £ =1and S I UX.|| E. = ( 2 || ux.|]t ) . Then
J=l ] j:l J J
SR g 5 < L s
trace w Q u J = ( 2 uxj ) S Tk ok u) €,

-
-

while

k k
/\\)Ek) (w)/< ( Z €.l y’_‘” )t)l/t sup (= |(X_,X*)]s*)l/s* X* c Ei:
> j=1 373 j=1 7 *
x| <
< 1.

(k) (k)

Since € > 0 is arbitrary, it follows that ﬂt*,s*(u) < (\) *) (u). This

completes the proof.
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As an immediate consequence of Theorems | and 4 we get

Corollary 2 : The sequence {[(Ml.(k), C(k)) is a dimensional cogra-

dation of the ideal (Ml ) of (t, s) - nuclear operators.

t
The next corollary is a formal consequence of Theorem 4 and the

fact that Ty, as a finite-dimensional ideal norm, is "trace self-dual”.

Corollary 3 : Let E,F be finite-dimensional Banach spaces, let ¢ = 1

and let k be a positive interger. The following conditions are equivalent
. (k)
(1) ﬂz(u) < c T, (u) for all u € L(F,E)

(ii) if v € L(E,F) with ﬂz(v) < 1, then v € conv (c wk), where Wk is a

set of all operators w € L(E,F) which admit a factorization

E —» lk e ﬁ£ ——»F ,
o 2
A A B
where A € L(E,Rﬁ), A€ L(&i, QS) is diagonal operator, B € l(lg,F)
and || All [ afl || B|

Proof : Observe that for every v € L{E,F) the condition v € conv ( ¢ W )

is equivalent to v(k)(v) e. Next recall that on the (finite dlmen31ona1)

space L(E F) the norms ”g and v 2 (usually denoted by vz) coincide, hence
Ty = ﬂz . Moreover, L (k5 , by Theorem 4. Therefore (i) = (ii)
easily follows from the formula (3) s similarly, (ii) = (i) follows from

the formula (2).

Combining Corollary 3, Theorem 2 and Proposition 1 we get

-

Proposition 2 : Let E,F be Banach spaces, v € L(E,F) has rank n and
ﬂz(v) < 1. Then

v € c(conv WN) N 2 cf(conv wn),

1 . 2,
where N = 7n(n+l) in the real case and N = n~ in the complex case ; "ci"
denotes the "norm closure of", if E and F are finite-dimensional, the

symbols "cg" in (9) can be omitted.

L
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-

Proposition 3 : Let E be an n-dimensional Banach space. Then for the

identity operator, idE, we have

(1) idE € Jn W

N,
k
ii) id_ = w. A, v., where
(i) idy > J 3 ]
J=
n n
V. A. w.
] J ]

vj € L(E,&g), Aj € L(&z,ﬁg) is a diagonal operator, wj € L(QQ,E)
2 k
(3=1,...,k) k<n” + 1 and S

[ v. A. < 2 vm.
= vl el vl <2 vm

In the proof of this proposition we shall use the well-known
theorem of F. John ([6]) . Let us mention that the original John's argu-
ment works only in the real case. Another proof and interesting and
fruitful generalization of this theorem is due to Lewis ([ 12]) , whose

argument can be extended also to the complex case (cf. also[15] ,

Lectures 15, 16).

 Theorem (F. John) : Let E be an n-dimensional (real or complex) Banach

space. There exist an inner product [ .,.] on E, vectors x .,X,. in E

1°°° N
and positive scalars A],...,AN (where N is the same as in Proposition 10)

such that
1°. ||xl|2<[x,x] for x € E

2. x| = Dxgo ] =sup{|[x,xj]|| I x|l < §=1 GelyeooM)

N
A. [x,x.] x. for x € E, => A. = n.
| J ] J j_l J

denote the euclidean norm on E induced by the inner pro-

3°, x =

M=

Let H .H 2

duct [ .,.] , let E, = (E, || .[|2) and let T : E, > E denote the formal

identy operator. From 1° it follows that H IH = 1. Another important

property of the operator I is
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Lemma ! : The operator I_] : E - E2 admits a factorization
N N
E —» 4 %22 —>E2,
v, A Lo

where v € L(E,% ), A GJL(Q ,Z ) is a dlagonal operator, w, € m(z ,E )
and H WIH || all || w H = Jn. Therefore, m (I ) = Jm.

Proof : Define v € E(E,QN) by w,ox = {[x,xj]} §=] for x € E and

N N N N N
(S R S € .
A € L(&,8%,) by A( {tj} j—l {f } for {t } _; € %, Put

X = Aw](E) C QN and let P : 2 - X be the orthogonal projection onto X.

2 2
N N
. = S
Define Wy EIL(X,EZ) by w3(,{7fij[x,xj]}, j=1) X for.{%/&}[x,xj] i=1 X.
From 2° and 3° it follows that || Wl” = max sup.{w[x,xj]l | x|] < l} =
1< j<N
ol = <2 Viah!? -,
N

| w3<{f[xx Lo = {1} 5L

Put w, = wy P € L(Qg,Ez), then || w2” < | w3“ || P|| =1 and the condition

3° yields that - v, Aw, .
Before we pass to the proof of Proposition 3 let us formulate an

immediate consequence of Lemma ! and the '"trace self-duality" of the norm

Lo

Corollary 4 : For every n-dimensional Banach space E, ﬂz(idE) = Jm.

*
Proof : Since My = 2 , as a finite-dimensional ideal norm, it follows
that n = trace idE <7 (1d ) . Hence (1d ) Jn. On the other hand, by
Lemma 1, ﬂz(idE) < ﬂz(I y Il = Jﬁﬂ

Proof of Proposition 3 : A factorization of idE, required in (i), is

given by idE =w, Aw], where wl € L(E,2 ), A€ L(&i,lg) are the same as

in Lemma 1 and w, = I W, € L(Q ,E) .
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By Corollary 4 one has ﬂz(idE) = Jn. Therefore, by Proposition 2,
idE € 2 Vyn conv W - This shows the existence of a representation required
in (i1). The estimate for the number K follows from the Caratheodory's

theorem.

Remark : It would be interesting to give a proof of Proposition 11 (ii)

which does not use the duality argument.

e
pP»q
let us stress the fact that there are (p,q)-summing norms for which any

At the end of the discussion of the dimensional gradation -{

analogue of Theorems 2 and 3 is false. The following theorem is due to

Figiel and Pe%czynski ([ 15] , Lecture 21).

Theorem 5 : (i) Let u be a rank n operator.
Then 0
m <37 .
2" n
(i1) Let R € L2 ,22) be the Rademacher projection defined

by

&
R, = {er T =0 Z xn G p, € 5
j=1

n n
for x ={x(j)} §=] € 2020 , where ri(j) is the value of the i-th Rademacher
function on the interval((j—l)Z—n,jZ_n) (j=1,.;.,2n). Then Rn is a rank n

operator such that

m R < cN—— 7. (R for k = 2,3
( n) ]( n) b 3 * e

1 n

where ¢ 1is a universal constant.

Another important examples of dimensional gradations are natural
dimensional gradations of the type p and cotype q norms of operators
(1 <p<2<q<=). We recall the definitions. Let &s89>--- be a sequence
of (real or complex) independent standard Gaussian random variables on a
probability space (Q,u). Let 1 < p <2< g <> and let k be a positive
integer. For Banach spaces E,F and u € L(E,F) we define @p,k(u) (resp.
{% k(u) ) as the smallest number c (resp. Cl) such that

k k 1/p

( Jg‘zH = gi(w) u x. szu(w))l/zéC (2 H xi“p) ,

i=1 i=1
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g; (w)x, || 2 du(w)) 12 )

*ﬁM"“

k
resp. (= | uxiuq) f
i=1 Q

holds for arbitrary vectors K seeesXy € E. We say that u is of Gaussian

type p, in xymbols u € Cr-p(E,F), (resp. Gaussian cotype q, in symbols
€ E,F 1f = su < o (resp B (u) = sup B (u) < @),
u 'Cq( sF),) 1 ocp(u) kp ap’k(u) (resp q ) kp 4,k

It is well-known that (:rﬁ,ap) and (C:q,B ) are normed operator
ideals. It can be easily shown that the sequences {(CT' k,a k) and
{(j’ k’Bq K } (where we put T (E F) =IL(E,F) = [ k(E F) ) are

dimensional gradations of (ﬂb,ap) and (I:q Bq) respectlvely.

In a similar way, using the Rademacher functions instead of
Gaussian random variables, we can define the dimensional gradations of
the ideals of Rademacher type p and Rademacher cotype q operators. These
gradations, which were introduced by Maurey and Pisier in [ 14] , and their
relations to the gradations of Gaussian norms were investigated by
Konig and Tzafriri ([10] and [8] ). Let us also mention that the gra-
dations of Rademacher norms are equivalent to the gradations which

have the submultiplicative property, analogous to (5) (cf. [14] ).

We pass now to an investigation of behaviour of the natural grada-
tions of Gaussian type p and cotype q norms for finite-rank operators.
The obtained results answer questions raised by many authors and already

have many applications in the Banach spaces theory.
Our considerations are based upon the relations between the grada-
tions of Gaussian type p and cotype q norms and the cogradation (resp.

gradation) of the ideal of (p,2)-nuclear (resp.(q,2)-summing) operators.

Proposition 4 : Let 1 <p <2< q <= and let k be a positive integer.

Let E,F be Banach spaces and let u € L(E,F). Then

k 1/2 .
ap k(u) = sup { (.[ '| :E g (w)uv(e )H du(w) ) v € L(JL2 ,E)
e  j=I \)I(Jlj;(v) < } ,
g = sup { 1) () Iw € (2, {ll 2] 5 e ) U Zau(w) <1},
k . . . k
where ej)j=1 is the unit vector basis in 22 .
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The proof of this proposition can be found in [ 18] (for the case
p =2 =q, the generalization to the case 1 <p <2 < q <> is easy)
(cf. also [15] or [17] , Propositions 2.2 and 2.4).

Combining Proposition 4 with Proposition ! and Theorems 2 and 3

we get
Theorem 6 : Let us be an operator of rank n. Then
= <
OLZ(U) O(«z,N(u) 2 az’n(u)g
= <
where N = %—n(n+l) in the real case and N = n2 in the complex case. If
1 <p<2<q<e, then
< c o u
ay(w) < o (W),
u) < c
B (W < e B (W,

LYiere Cp and Cq are constants depending only on p and q respectively.

Let us formulate two typical applications of the obtained results,
which strengthen earlier results from [9] and [4] (cf. also[17] , Pro-
position 3.2 and Théoréme 4.1). The second result is a generalization of

the Mourey's extension theorem ([ 13] ).

Corollary 5 : Let 1 < r<p<2<q<s <%, Let u be an operator of

rank n. Then

1/r=1/p

C]
<
up(u) 27 n ar(u),

8 (w < 2%l /9718 g,

where 0 S <1 and 0 < 0' < 1 are chosen to satisfy 1/p = 0/r + (1-0)/2
and 1/q = 0'/s + (1-0")/2.

This corollary easily follows from Proposition 4 and Corollary 1.
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Corollary 6 : Let 1 <p <2< q <%=, Let E,F,G be Banach spaces and
let Fo C F be a subspace. Let u € L(E,F), w € L(FO,G), rank w = n.
Let EO = u—l(FO) and let ug = u|EO be the restriction of u. Then there

exists an extension T € L(E,G) of the operator w U such that
1/p-1/q
<
(10) Y2(T) 4 ap’n(u) Bq,n(W) n ,

where yz(.) is the norm of factorization through L,-space. In particular,

2
if E is a Banach space with type p and EO C E its n-dimensional subspace

then
oy o . . 1/p-1/q
d(EO,QZ) 4 ap’n(ldE) Bq(n(ldE) n .
Proof : The following lemma is a consequence of the Hahn-Banach theorem
*
and the characterization of the ideal F2 , dual to the ideal (Tz,yz) of

L2—factorab1e operators, due to Kwapieri ([11] ) (cf. [4] , Lemma 10.1).

Lemma 2 : Let E,G be Banach spaces, let E0 C E be a subspace and let
J : EO - E be the canonical embedding. Let vy € L(EO,G) rank v, =n and

let ¢ > 0. The following conditions are equivalent

(a) there exists T € Tz(E,G) such that T|Eo~= vy and YZ(T) < c

]

* *
(b) 1r2(vO v) < ¢ T, (v J ) for every v € m(%g,E).

|

It follows from Lemma 2 that the existence of an extension satisfying

(10) is an obvious consequence of _the inequality.

A m@e V) Sha, W) 8, ) T, T

valid for all v € L(zg,E).

Let v E.L(QQ,E). By theorem 2 and Propositions 4 and 2 we have

ﬂz(w uov) < ﬂz(n)(w uov)

n 9 1/2
<2 Bz,n(W)(.f i ;%i' g;(w) uOV(ej)ll du(w))
Q
n 1/2
2
<2 BZ’H(W)(Vf H 3%% gj(w) qu(ej)H du(w))
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<28, W) o, (w vz(n) v T

b

* %
< 4 82 n(w) a, n(u) ﬂz(v J ).

b

This cimpletes the proof of (11).

Remark : An alternative proof of Corollary 6 can be obtained by an easy

modification of an argument from [ 17] , Théoréme 4.1.

Finally let us introduce some dimensional gradations and cogradations

of ideals Fp of L _—-factorable operators (I < p < ). We begin with the

— O

definitions. Let < p <, Let E,T be Banach spaces and let u € L(E,F).

We say that u is L —-factorables, in symbols u € I' (E,F), if J_ u = vw, wherc

-p ‘ *k P *k F . oa
wE E(E,Lp(Q,u) ), v € L(Lp(Q,u), F ) and JF : T - F is the canoni~al
embedding. For u € FP(E,F) we put yp(u) = inf |l vl] I w|| , with the infimum

taken over all factorizations JF u = vw as above. This motion was intro-
R . 7 . . " .
duced by Kwapien in [i]] , where it was also proven that (Fp,yp) is a

normed operator ideal.

For 1 S ps = v. ivfine the sequence {Yp k‘} by the general formula
(4), i.e.
(u) = su { ulE ' E C E, dim E <k } ,
Yo,k ) p Yp( |E)

for u € L(E,F) (E,T Banach spaces) and k = 1,2,.... Using the ultraproduct
technique cne can show that {'(Fp k’Yp k)} is actually a dimensional gra-
dation of (Fp,yp). This gradation has very clear geometric interpretation ;
for p = 2 and u-the identity operator on a Banach space E, the condition
(idE) < ¢ 1is equivalent to d(E,Qg) < ¢ for all k-dimensional subspaces

Yo,k
ECE.

The next proposition gives a solution for an operator version of a
problem discussed by Figiel, Lindenstrauss and MMilman in [ 3] , Section 6.
As a particular case we get an essential improvement of Theorem 6.2 in

[3] (for k ~vn/2).
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Proposition 5 : Let E,F be Banach spaces, let u € L(E,F). Let k,m be

positive integers. Then

< 2
Y2,km(u) 2 Jym YZ,k(u)°

In particular, if dim E = n and d(E,Qk) < ¢ for all k-dimensional sub-

L.s_gaces EC E, with k = [E%l] , then d(E,ln) < 2V7Z.c.

Proof : Let E C E be a km—dimensional subspace and let u, =u E. From

Lemma 2 it follows that the inequality
<

(12) Yo(u ) <2 Vm Yz’k(u)
is equivalent to

I <24 *
(13) 772(uO v) S m Yz,k(u) ﬂz(v )

km

for all v € L(Qz ,E).

~ *
To show (13) fix v € L(ng,E) with ﬂz(v ) < 1. Since rank v < km, then,

by Proposition 2, v € conv W o’ where W consists of all operators

Km ~ k km
w € lL(SZ,2 ,E) which admit a factorization

i

(14) 2 » > 2

where w' € L(Q?m,lgm), A€ L(ng,lﬁm) is a diagonal operator, w'" € L(Q%m,f)

and || w'|| || o]l || w"|] < 2. Since m,(u  v) is a convex function of v, one may

assume, without loss of generality, that v itself admits a factorization

(14), say v = w" Aw'. Define subspaces Xj - Rgm by Xj = span (e(j—l)k+l""’
ejk)’ for j = 1,...,m, where (ei)ifl is the unit vector basis in Q%m. Let

Pj € m(zzm,zgm) be the orthogonal projection onto Xj ; put Yj = A(Xj) Cc R%m

Aj € m(Xj,Yj) be the restriction of A ; put Ej = w"(Yj) CE and let

w'" € L(Y.,E.) be the restriction of w" (j=1,...,m). Since dim E. < k, then
] 1’73 ]

ﬂz(uo w"' A PJ) 172( (uOlEJ) W'::; AJ)

(u |E) 7 (8% v
YorUol®g) T2t B5 Yy )

_ ( I A*\l‘ o
- Yz’k uO) j | \WJ ‘x

Vo) sl sl
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for all j=1l,...,m (in the first inequality we use the easy estimate
* * * ok
m,(TS) < v, (T) 7,(S"), valid for all § : F = F, such that § & I,(F),F))

1 2
and T € F2(F2,F3)(F F., Banach spaces) ). Therefore,

EAPILE!

I

m,(u_ V)

" 1 < " 1
2( o 7T2(u0 w' A w") "2(u0 w' A) H w “

T, (.
J
n | (R
SRANCRED S P N
b j=l

< 2
< vy (ug) Vm (Zl Ias )
J:
m 9\ 1/2
Now it is enough to observe that (Z I AJH ) = || A|| to get
=1

m

; uow’/\Pj)Hw'H

]

"

1/2
Il IR

Ty v < vy Ca) I [ all ][] |

This completes the proof of (16). Since the inequality (12) holds for all

km—-dimensional subspaces E C E we infer that
<
completing the proof.

Proposition 5 suggests the following problems

Problems 2 : (a) Does the gradation {yz 0

} have the submultiplicative

property, analogous to (6) and (12) ?

(b) In particular, is it true that YZ,km(idE) < yz,k(idE)
Y2,m(idE) for positive integers k/ m and any Banach space E ?
Remark : The affirmative answer to Problem 2(b) would imply that for any
Banach space E of type p > | there is an a < 1/2 such that d(E,Qn) < o
for all n~dimensional subspaces ECE and n = 1,2,.... This would give the
affirmative answer to the problem raised by many specialists (cf. eg. [17],

Probléme (i)).
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At the end of this section, we define, as a particularly interesting
example, a sequence {ng)} of ideal norms (1 < p < ), which forms a
dimensional cogradation of Vo considered as a finite-dimensional ideal
norm. Our definition is analogous to the definition of the cogradation

{’v‘(k)} (cf. (6) and (7).

t,s

Let 1 < p < = and let k be a positive integer. For Banach spaces

E,F and u € VI(E,F) we put

oo
A(k) =
(15) (0w = ane T gl
o0
where the infimum is taken over all representations u = Y vV with
m=1

v € L(E,Qﬁ), v S L(Zi,F) (m=1,2,...). Clearly, for u € Y (E,F) we
have ?ék)(u) < vl(u) < oo,

Obviously,‘?;k)

is a finite-dimensional ideal norm (k = 1,2,...) ;

it is not difficult to show that the sequence -{Qék)} is a dimensional cogra-
dation of the ideal norm Yp' Let us notice that the sequence {(ﬂn,?ék))}

of normed operator ideals is not a cogradation of the normed operator ideal
(Tp,yp). It is easy to see, however, that this sequence forms a dimensional
cogradation of the normed operator ideal (Kp,Kp) of, so-called, p-compact
operators. The ideal (Kp,Kp) is defined by Pietsch ([ 16] , Section 18.3) in
the following way : for Banach spaces E,F, Kp(E,F) is a linear space of

all operator form E to F which admit a factorization through £&_, endowed

inf || v|| || w|| , where

vw with w € L(E,lp),

with the norm defined for u € KP(E,F) by Kp(u)

the infimum is taken over all factorizations u

v € L(L_,F).
(p)

For further convenience we also introduce the following notation :
for 1 < p <, a positive integer k and u €IL (E,F) (E,F Banach spaces)

with rank u < k, we put

Y;k)(u) inf~{||v” H WH Iw € L(E,Qi), v € L(QE,F), u = vw } .

A
obviously, for 1 < p < =  we have yék)(u) = y(k)(u) for every finite-rank
=

operator u and k rank u. Also, yp(u) = lim ygk)(u) for every finite-

rank operator u. k
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. . . . . A(k),.
Particularly interesting is behaviour of the sequences Yp (1dE)

and Y;k)(idE) for E-a finite—dimensional Banach space. It is due to
the obvious fact that Y;n)(idE) = d(E,QE) for n = dim E. Unfortunately,

relatively little is known on this topic.

Let us recall first the well-known fact that for
1 < p < * ye have Yp(idE) < Vn for every n-dimensional Banach-

1

space E. Actually, Y;N)(idE) < Jn, where N =5 (n+1) in the

real case and N = n2 in the complex case. For 2 < p < « this
follows directly from Proposition 3(i) (see the argument below).

. m,. N .
< <
For 1 P 2 we just observe that vy (1dE) = Y x (1dE*).

In a similar way, as an application of Proposition 3(ii), we have

| Proposition 6 : Let 1 < p <% p # 2. Then &;n) (idE) < 2 Jn for every
[Efdimensional Banach space.

Proof : Without loss generality we may assume that 2 < p < *, By Propo-

k
. n n n .
sition 3(1i1i), id_ = w. A. v, with f. €EL(E,2 ), A. € L(L_,2 a dia-
()EJE]JJJ j k°°)J w0 %5)
gonal opeartor, v € L(R;,E) (j=1,...,k) and }E ||ij I AjH I ij < 2 Vn.
i=1
Without loss of generality we may assume that || Aj“ = 1. For j=1,...,k

let {dj(i)}v ?=] be a sequence of scalars corresponding to Aj, i.e.

. . n . . .
Aj e; = dj(l) e for i=1,...,n (here (ei)i=1 is the unit vector basis).
Puc 4} (i) = Idj(i)iZ/p ldj(i) and d (i) = idj(l"' 2/P (i=1,...n,

j=l,...,k). Let A3 € L(&:,lg) be the diagonal operator corresponding to
1

{ d.(i)} and Ag € L(RE, 22) be the diagonal operator corresponding to

A
~
e
'
N

j=1,...,k). Th . =AY Al and o= 0 all = o= 1
(; ). Then a5 = a2 ot and || 1]l = [l a3ll = | »;]

J

k
Therefore id, = Y wi vj is the representation of idE such that
2
Y |l wj” I Véﬂ < 2 vyn. This completes the proof.
j=1

vee,k). Put v! = A, v. €EL E,Qn and w! = w. A" € L(2",E i=1,...,k).
> ) ;Y3 (p) ; 505 p,)(J )

Obviously, Y2(u) = ygn)(u) = ?gn)(u) for any operator u with rank

A . .
u= n. However, for 1 < p <o p # 2, Y;n)(ldE) (dim E = n) no longer

has to be equivalent, up to a constant factor. to Yp(idE). This can be
n

seen e.g. for E = 12.
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Proposition 7 : Let 2 < p <= and let n be a positive integer. Let

I =1d . Then

n 22
() p/?_]

- = = < = d i
(1) yp*(In) Yp(In) Yp (In) Cp’ where mp [n an cp is
a constant depending only on p ;

.. A A - 1/2
(i1) for every k 2 n, ygi)(ln) = Y;k)(ln) = ck 1/p n / where ¢ > 0

is an absolute constant.

Proof : By the result of Bennet, Dor, Goodman, Johnson and Newman ([ 1] )

m
there exists a constant céﬁepending only on p and T € L(QE,QPP) such that
-1 n . . e
H T“ “ (T]) ll < Cé, where T1 € L(Zz, T(ZZ)) is the restriction of T. By the

Maurey's extension theorem ([ 13] ) there exists S € L(R;p,ln) such that

1

s|T(2)) = (17" and || 8| < v,(8) < 4y(id m) I ()"l . Therefore, I_ = sT

is the required factorization of In. P

The proof of (ii) is based upon the well-known lemma.

Lemma 3 : Let 2 < p < and let n be a positive integer. Then

(16) x!'’P <y id ) <y®ga .y <x!/P,
2 2
P p

where ¢ > 0 is an absolute constant.

Assuming the truth of Lemma 3 we complete the proof of (ii) as follows.

It is easy to see that

A(k) .
Yool I)) < Y5 (1) Ym(ldlk)-
2

Therefore, by Lemma 3,

790 > ol 1114 ) > /P 12

P

what concludes (ii).
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It remains to prove Lemma 3. First write id K = I_lo° I_ ., where
2 p’ p,
k k o P
Ip w € L(QP,&x) denotes the formal identity operator. Therefore,

k), . -1 1/p
id < || I I =k .
R ENR Y E
P
To show the left-hand side inequality in (16) fix a L _-factorization
. . k k k k
id = vw withw€ L(2 ,L ) vE€L(L ,% ) and by I € L(% ,%.) denote the
P

formal intensity operator. Recall that ﬂz(idE) = Vk for every k-dimensional
space E (Corollary &), and that, by the Grothendieck theorem, ﬂz(u) < c' ull

for every u € L(Lw,zz) (¢' is a universal constant). Therefore,

1/2 . -1
W12 ﬂz(ldgk) < ||1p’2H ™y (T, o¥) || wl
p
-1
<o vl sl
<c' ®MEVR ) ll.
Thus, || v||]|| w|] = ¢ kl/p. Since this estimate is valid for all L -

factorizations of id K? it follows that y_(id k) = c k‘/p. This completes
2

the proof. p 2P

Let us state some problems related to Propositions 6 and 7.

Problems 3 : (a) Let 1 < p <, p # 2. Does here exist a constant cp such

)(u) < c

A
that an y;n)(u) for every operator u of rank n ?
(b) Does here exist a constant c¢ such that minzu) < ¢ vy (u)
for every u € L(E,F), where E,F are Banach spaces, dim E = n ?. In particu-
lar, does here exist a constant c such that min)(idE) < c mw(idy) for any

n—-dimensional Banach space E ?

(c) Let 1 S p <o, p# 2. What is the order of growth as

n >, of the sequence
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Gn(p)

*
n } ?

In particular, does there .ekist.a constant Cp guch that én(p) < Cp Jn ?

sup { Y;n)(idE) ’ dim E

sup {d(E,QE) ' dim E

Remarks : (1) The second part of Problem 3(b) and Problem 3(c) are just

reformulations of well-known classical questions.

(2) In connection with Problem 3(b) let us mention an example
given by W.B. Johnson (unpublished) which shows that the analogous inequa-
lity is not true for all operators of rank n. Namely, for the Rademacher

n
projection Rn € L(&s ,22), considered in Theorem 5(ii), we have

(k) N _
Yoo (Rn) Z C m for k = 2,3,...,

where ¢ > 0 is an absolute constant, while obviously mx(Rn) =1,

E-FACTORABLE OPERATORS AND THE WEAK DISTANCE BETWEEN BANACH SPACES

The definitions of Lp-—factorable operators and of the norms y(n)
(1 < p < ) guggest the following uniform approach. Let E be a fixed Banach
space. Let X,Y be Banach spaces and let u € L(X,Y). We say that u is
E-factorable, in symbols u € FE(X,Y), if u = E W vy with Vi € L(X,E),
w € L(E,Y) (k=1,2,...) and ) || wkH | ka <>, For u € FE(X,Y) we define

/ytE(u) = inf Zk I wkH | ka > 1évhere the infimum is taken over all represen-
tations of u as above. For further convenience we also introduce the
notation YE(u) = inf || w|| || v|]| , where the infimum is taken over all fac-
torizations u = wv with v € L(X,E), w € L(E,Y) (we put YE(u) =  jif such
factorization does not exist).

Obviously, (T ;%ﬁ) is a normed operator ideal. For E = Lp we have

(r.,%) = (T )?E—z have (. .5.) = ( ) - the ideal of
E,YE p,'Yp N or = p we ave E,YE = Kp,K'p e ldea (0]

A
p—compact operators and, finally, for E = 28 we have Yp = y(n)
%
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(1<ps<eo,n=1,2,...). If X,Y are finite-dimensional then FE(X,Y) = L(X,Y)
and { u € L(X,Y) Q}(u) <1 } = conv { u € L(E,F) i yE(u) < } . If E is

also finite-dimensional, the Caratheodory's theorem and the standard com-

pactness argument show that given u € IL(X,Y) there exist Vi € L(X,E),

N N
R A

W € L(E,Y) (k=1,...,N) such taht u = Z Wi Vi and yE(u) = Z H wkH H ka
k=1 k=1

(here N < l-m(m+1) for real spaces and N < m2 for complex spaces, where

2
m = max (dim X, dim Y) dim E).

For a Banach space E the function YE(.) is directly related to the
notion of the Banach-Mazur distance d(E,F) (F any Banach space). We have

d(E,F) = YE(idF) (= yF(idE)). This cbservation suggest the following

definition of the weak distance d(E,F). For Banach spaces E,F we put
,\ A . A .
(17) d(E,F) = max (YE(ldF). YF(ldE)),
A
if idF € FE(F,F) and idE € FF(E,E), and d(E,F) = ° otherwise.
3 3 A 3
The definition of d(E,F) is very natural in the context of the theory
N
of normed operator ideals. The value of d(E,F) shows how well one can
distinguish the spaces E and F by means of normed operator ideals. More

precisely, we have

Proposition 8 : Let E,F be Banach spaces. Then

a(idE) u(idF) a
a(idF) . u(idE) (Q,0) a normed operator ideal }

N
(18) d(E,F) = sup { max
(In (18) we put a(u) = = for any operator u € L(X,Y), u ¢ Q,(X,Y).
(X,Y - Banach spaces)).

A
Proof : It is eady to see that (18) holds if d(E,F) = *°. Assume now that

d(E,F) <. Let (N ,a) be a normed operator ideal and let idE = Z W Vi
k

with Vi € L(E,F), Wi € L(F,E)(k=1,2,...). Then
a(idy) <§ alw, v, ) < ; w1 aidp) (v |l

< a(idy) ZZ s v I
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Since the estimate holds for all representations of idE as above, we

infer that

a(idE) ~

az;a;j- < vy (idE).

F

The similar argument shows that

a(idF) N

ETTHES- <y (idF)-

E

It follows that

a(idE) a(idF)
u(idF) ’(a(idE)

g(E,F) = sup { max( ) (N ,a a normed operator ideal } .
The converse inequality can be obtained by evaluating the right-hand side
expression on the ideals (FE’?E) and (FF,$F).
N A ~

For Banach spaces E,F,G we obviously have d(E,G) < d(E,F) d(F,G). If
dim E = dim F = n < and Q(E,F) = 1, then it is easy to show, using the
observation that the norm VF(idE) is attained that there exist v € IL(E,F),
w € L(F,E) such that |[wv|| = || w| || v|] =1 and |trace wv| = n. This
yields (cf. eg. [21] ,[22] ) that wv = a idE for some scalar a with |al =1,
Thus yF(idE) = || w| || v]] = L, hence E = F. Therefore, for every positive
integer n, the function log d(.,.) is a metric on the space 9?5 of all
n-dimensional Banach spaces. Obviously, the induced topology on an is
weaker than the classical topology defined by the Banach-Mazur distance.
Since the latter topology is compact, it follows that on th both topo-

logies are equivalent. This suggest the following problems.

Problems 4 : (a) What is the order of growth, as n = *«, of the sequence

A

5 = sup { g(E,F) ! E,F Egn }?

ey
In particular, is it true that 8, = cn for some ¢ > 0 ?

A
(b) Does thre exist a constant c¢' such that d(E,F) < c¢' d(E,F)
for all Banach spaces E,F ? In particular, is it true that d(E,Qn)
A P
< ¢! d(E,Qg) for allE€EF , 1 <p <, p#22



IX.26

Remarks : (1) E.D. Gluskin recently has shown in [ 5] that for every

. . . n
positive integer n there exist subspaces En’Fn C &i

with dim En =

| D where ¢ > 0 is a universal constant.
N

it seems to be quite likely that for these spaces we also have d(En,Fn) = cn.

dim Fn = n such that d(E,F) = ¢

A
(2) Let us observe that, since YE(id n) < d (E,Q;). then
2

A

" n n
= (S
d(E,RZ) d(E,Q/z) for all E 9n.

The next theorem should be compared with Problems 3(c) and 4(b).

Theorem 7 : Let | < p <%, p# 2. Then
" n
d(E,ﬂp) < avvn for all E € 9fn,
-2, -1
Lzhere a = 20(1-3.10 7)) .
. A . A(n) ,.
Proof : The estimate an(ldE) = Yp (1dE) < 2 Vo has been shown, for

p ¥ 2, in Proposition 6.Fgr p = 2, we obviously have §;(idE) = yz(idE) <
ﬂz(idE) = Jn, by Corollary 4.

~ Ak *
Since d(F],F?) = d(Fl’FZ) for all Banach spaces F then without

1°F2o
loss of generality we may assume that 2 < p < %, To estimate yE(id n), we

L
p

need the proposition, which is a slight modification of Theorem 3 in [ 2]

Proposition 9 : Let E be an n-dimensional Banach space and let 2 < p < oo,

n n n
1= €
m(zp,zz), v L(QZ,E),

1 2
. | -2, -1
% = idg, [wl |l vl I v, Il <20-3.1057" 7

Then there exist X C Qg with dim X 2 n/10 and v

w € L(E,Rn) such that wv, v
P 2 71

and v, WY, = 0, as an operator acting in the Hilbert space 2%

n
5
eemmmnmer
Assuming the truth of Proposition 9 we complete the proof of Theorem 7
as follows. Let G be the symmetry group of 22 and let duy be the Haar
measure on G. It is well-known and easy to see that QS has enough symmetries,
i.e. for any u € L(QE,QE), if ug = gu for all g € G then u = iid . for

some » € C. Mp
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Let X C 23 and Vs Vo, W be as in Proposition 9. Put

u = .fg—l WU,V g du(g). Then, by the translation invariance of the Haar

measure, ug = g u for all g € G. Therefore,

-1 .
.rg WV, V8 du(g) = x id 0’

G lp

with some M € C. It follows that

n

. 1 -1
id =5 fg WV, Vg du(g) .
QP G

Moreover,

1 -1
A S ey sl e -

2, -1

1 1 -
=7 el vy vyl < 5p 20-3.007%

va.

Thus,

N~ 1 -2, -1
Yo(id ) < 2(1-3.10 7) Jn.
E Qg A

To estimate || observe that, because v, w vy = 0.

1

-

trace g W V,v, g

trace v

1 w v

2

= trace v

| v VZIVI(X)

1 = 1 =
trace ldv](X) dim X = n/10.

Therefore,

An = trace X id. = trace u
n
2
P
= trace ./.g_] WV, V8 du(g) = n/10.
It follows that TTI =1 <10, Thus 75.(id ) < a V&, with a = 20(1-3.10"%)"!
b )\' A . E Q/n b . b
as derived. P

It remains to prove Proposition 9.
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Proof of Proposition 9 : Let|[.,.] be the inner product on E defined

by F. John's theorem. Let I| be the induced euclidean norm on E, let

E, = (E,|

1,
2) and let T : E2 - E be the formal identity operator. By

.

Lemma 1 we have NZ(I—I) = Jn. Therefore, by Proposition 2 and Theorem 2,

k
it follows that I : admits a representation I_1 = }E cj Bj Aj Aj s
j=1

with Aj € L(E,&z), Aj € L(&:,Q;) a diagonal operatif, Bj € L(QE,EZ),
I AJ.H I AJ.|| I BJ.H < 2 Vm, ¢ >0 (j=1,...,k) and 2 c.=1.

j=1

It is easy to see that there is a jo’ 1 < < k, such that

\\/ ou.

trace A, A. I B. . AL . v e (g on
| ~ Tjo Tjo jo jo %o I |>n. Let U IE(RZ,RZ) be an

unitary operator such that UAjO A. 1 B.. = 0. Let A > Ay > AL =0

| = |trace B. A
jo

jo
be the sequence of eigenvalues of U A. A. I B. and let (¢.)" ., be the
jo jo jo 171i=1
orthonormal basis in 22 of corresponding eigenvectors. Then
n
(19) ]E A. = trace U A. A. IB. > |trace A. A. IB. > n.
=1 jo jo jJo jo jo jo

On the other hand

=]

e 2 1/2
0 X af Mmoot < 0l el I ag Il el eyl < 2w

Let Jo = {'i[ Ai < 1—3.10-2 } . It follows from (19) and (20) that card

> ‘ _ & c o0 . n n
é?o n/10. Put Y span(soi)i € Jo 22 and define T € L(22,22) by
1 P c e s o -2, -1
Te m X;—wi if i € Jo and T ¢, = v, if i & Jo. Then || T|| < (1-3.10 %),
TUA. A. IB. |Y =1id, and T U A. A. IB. =0,
jo Jo jo Y Jo jo " jo
Let Ajb = A"A" be a diagonal factorization of Ajo such that
A' € u,(zf:,z;), A" € L(zg,sag) and || AJ.OH = || a"|| || a"|] (cf. the proof of
. n n n
. = "e = . € = A" A,
Proposition 6). Put v, TUA L(EP,QZ), v, IBJO L(QZ,E), w=A AJO
€ m(E,Qn) and X = w v, (Y) C Qn. Obviously, v, w v, 2 0. Since v, w v |Y = id
p 2 p ) 1YV Y

it follows that dim X = dim Y > n/10 and w v, vy X = idy. Finally,
sl Fo [ vy I < ar ]l | Al Tl B Il Tl ol fFarl <
il Fag e I Tarll [fan< (1-3.107%) 7" 2/%. This completes the

proof of Proposition 9.
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Remark : It is easy to observe that the conclusion of Proposition 9
holds if we replace the space lg by any n-dimensional Banach space F

which has the property

(A) every diagonal operator A € L(&:,QZ), admits a factorization

A= A" A" with A" € L(42,F), A" € L(F,SLIZI) and || al] = || a"]| || 2"

Therefore, S(E,F) < a vyn for every n-dimensional Banach spaces E,F such
that F has enough symmetries and F or F* have (A). It is known (cf. eg.
[19] , or [15] , Proposition 3.2) that every symmetric space which is

2-convex or 2-concave (with corresponding constants equal to 1) may be

taken as a space F above.
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