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In this exposé we present some results from a joint paper
with J. Bourgain P.G. Casazza and L. Tzafriri (in preparation). It
is a continuation of exposé no IV or this seminar 1] in which another
part or this paper was presented.

It is well known that 22, £  and c, are the only Banach

1
spaces which have up to equivalence a unique normalized unconditional
basis. If we consider spaces which have a unique normalized uncondi-

tional basis up to equivalence and a permutation we get a larger class

o spaces whose extent is not clear at present. Edelstein and Wojtaszczyk
proved in [2] that the spaces 21 @ c,0 21 & 22, c, @ 22 and c, @ ﬂj @ 22
belong to this class. We shall present below (crf. Proposition 5) a

simple result concerning unconditional bases in direct sums oI two

Banach spaces which gives in particular a simple proor of the result

ot Edelstein and Wojtaszczyk and allows us to handle also some other

direct sums which cannot be handled by the methods or (2].

The main purpose or this exposé is however to treat inrinite
direct sums. If we consider the most simple inrfinite direct sums of

the three spaces co,l and 12 then there are up to duality three such

1
spaces namely (X @ 12)0, (z & 11)0, and (£ © 21)2. Surprisingly these

three spaces exhibit different behaviour in connection with the problem

ol uniqueness or unconditional bases.

[Theorem 1 : The space (& @ 22) has up to equivalence and permuta-
o

tion a unique normalized unconditional basis. More precisely : if

fe,}

is another normalized unconditional basis oif this space with uncondi-

? is the natural unit vector basis of (£ ® £_) and ir {U_}%
i=1 2°0 iTi=1

tionality constant A then there is a permutation m of the integers
so that
oo [ee]
a; el =12 a, Wli=>tIiZ a el
. 1 1 . 1 1 . 1 1
1:1 ]_:1 1:1

™M 8

(1) ()7

(o]
. . R . n .
for all choices of scalars {ai}, , where 1(A) = ¢cA ftor some ¢ > O
i

=1

and integer n.



[Theorem 2 : The spaces (Z @ co)1 has up to equivalence and permu-
tation a unique normalized unconditional basis. However, in this case
any Tunction f(A) for which (1) holds canno% be of polynomial growth.

cA

[The function r(A) has to satisfy r(A) = e for some c > O,

[Theorem 3 : The space (& @ 11)2 fails to have a unique normalized

unconditional basis up to equivalence and permutation.

Theorem 1 follows by a standard compactness argument from

the following proposition

?roposition 4 : There are constants ¢y o, B > O having the rollowing

property. Let {X }n be a rinite normalized sequence in (Z @ 22)0

=1
with unconditional constant A. Let P be a projection rrom (£ ©® 12)0

onto [Xi]2—1' Then there is a partition of {1,2,---,n} into disjoint

sets {T }t so that for all scalars {a }
s s=1 i=1
1/2 . n ‘ 1/2
(2) K lmax( 2 la.1®) " =<li2 a x| < Kmax( = la.|?)
. i . i i . i
s I&TS i=1 s 1&1‘5

where K = K([P[,2) = cllpl|* AP .

We present now the proof of proposition 4. It is similar

in spirit to the proof of the main result in L4].

We can assume without loss or generallty that each X

has only a finite number of components i.e. Xi Z X i y 1 =i S n
=1
6 Z . .
where Xi,j 5 for every i and j
Consider now the vectors

m 2n
A , N k .
X, =2 L 0fx. € (Z®L) ,15is=n
boj=1 k=1 1rJ 0

where {61,...,6 ], k =1, 2,...,2n are all the possible n-tuples of
signs + 1 and for fixed i each 61 i3 is considered as an element
1

of a dirferent copy or £_ . Obviously {X } is 1-unconditional and

2
. 1n
A equivalent to {Xi}i—l' Indeed



n A n K . ,n K k . n
| = a; xiH = sup || Z a; 8. %, .H2 = sup|l Z a, 6/ xiH S A Z oagXoe
i=1 jrk  i=1 J kK i=1 i=1
Let the projection P be given by
n
PX = X x¥(x) x
. i i
i=1
m
where X% = 2 X% . € (Z® 4 ) . Put
1 . 1, 2°1
j=1
A m 2" Kk
Xk =22 Z 6rxt /ole (o 22)1, 1< i< n.
i j=1 k=1 i Ti,]
Ay D .
Notice that X¥(X,) = 6. since
i "h ih
n
2
(3) n oefeK ooy .
k=1 i h ish
n A A A n
Therefore Q u = £ X¥(u) X. is a projection from (£ ® £_) onto (x.10 ..
j=1 & i 270 i“i=1

A direct verification shows that HQH = KHP . Put, for 1 = i < n,

- + ! > !
o, = {j s Hxl,jhz 1/2 llali}
and
n
2
v, = & z ek X. . o
i jedi k=1 i Miyj
The sequence {Vi}2=1 is 1-unconditional and
n A
|l 2 a, X,/ = supll £ a ok x. . =
i=1 1 k,j i=1 + F 1232
n k | n |
2 sup | = a, ei X .“2 Iz a; v .
K,j i=1 *J i=1
j€o,

On the other hand by (3) %?(vh) = 0 for i # h and

A Av A b il A N < 1
3 — - 0} - = - ] — 2 —
xE(v.)= 1 XECx - vy) =1 =y - vl 5
and thus
n A n A A n n
|l 2 a, x.l <2l 2a, X(v.)x.l = 2| Z 4, (v ii=2llallil £ a, v.il.
i=1 1 i=g + vt i=1 1! 1 i=1 i



A an . Al . n
Hence {Xi}izl is 2/lQll equivalent to {Vi]i=1 and

is a projection onto [vi]? with [[R] = 2 [lQ

i=1

All these considerations show us that we could assume
from the beginning that for every i we have HXi jH =1 if j € di and
9

“Xi j” = 0 if j ¢ di,that the {Xi}g—l are exchangeable, and that A = 1.
’ =
We do this and return to the original notation of the vectors {xi}?—l

and the projection P. We put p = HP

In order to obtain the partition required in Proposition 4

we introduce a notion of '"friendship'" between integers :
The integers i and h are friends if

R Og]g ) = 00 and (X > 9 (u)

hlo.)
1

where ?(p) is a function of u to be determined later and Xilc denotes

h
z X. .o
s€ 1,]
J Gh
We partition now the integers {1,2,...n} into disjoint -
subsets {Ts}z~1 so that in each TS there is a representative i(s)

satisfying :

(a) Every i € t is a friend of i(s)
s

(b) For sS4 £ Sq9 1(si) is not a friend of 1(82)-

We claim that with this partition (2) holds.
Fix some 1 = s = t. Bince {Xi}iﬁr are unconditional and

their span complemented we get for some constant A

1/2
(4) AW s A x s lcs Ja x 1% | s Al Z oa, x,
]'_E’L' 1 1 1tT 1 1 1LT 1 1
S S

Hence, ir we put 6j = {i;j S di} we get that



X.5

1/
A2” z a, Xi“2 2 sup“(E:::::.lai X4 .|2 = sup E:::::.la |2.

i€t i i€t Ne, *J 2 it Mo
IS s J

Since

w2 el - E s, e

we deduce that

m
2z e x 22 LB,
j=1 iersﬂéj J

i€t
s

l

= Z la |12 = IPS;

i€1 j€a. i(s),j'2 = x la l ”X*(s)lc
i

2 i€t

Since every iETs is a friend of i(s) it follows that

(5) 12 a, x 12222 u T o@ z |al?
i€r * 7 i€t *t
s S
and hence
n
12 a, %l = maxl| 2 a %]l =4 V2 oy V2 (s lai|2)]/2

i=1 s i€t s i€t
s s

which is the left half of (2)

In order to prove the second inequality of (2) we put
for i€t , 1 < g <4, y. = x.l . By the definition of the notion
s i il o,
i(s)
of friends we have x?(yi) 2 ¢(p) and by the assumption that the {Xi}
are exchangeable in signs we get that X?(yh) = 0 for i # h. Hence

n n n n
“.Z a, XiH@(u) < H.Z a; Xﬁ(yi)XiH=H_Z P aiyiH < u“.z a; yi“
i=1 i=1 i=1 i=1
Consequently,
n L
H z a, X.H < u @(u)?1sup H = E:::::.a. X, .“2
i=1 1t j s=1 i€t 11
€% (s)

S I sup SUM12:::: a, xi,jﬂz < w0 M supll = a, Xl

s i€t
s

S
395 (s)
Where

M = max cardinality {1 <sg<12; j < Gi(s)}
J
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2/9

We shall show that if @(p) = n~ then M < 1/2 @(p) and this (in

view also of (4)) will establish the second part or (2).

Assume that M = 1/2 ¢(n). Then there is a j, so that e.g.

HX. =1 tor 1 <k < 1/2 ¢(p). Put ror each such k

1(k),jo”2

Te = %500~ Y loga) 3 154 = 172 05 %) )< @ ()}

(k) *it) o) 4

and z, = ~ X,

Kk €T i), By condition (b) of the choice of the T, it
k

follows that the sets ﬂk’ 1 <k < 1/2 ¢(p) are mutually disjoint and

hence || £ zk” = 1. On the other hand
k

x*’Jf(k)(zk) =21 - @) (1/2 9(p)) = 1/2
and by exchangeability X?(k)(zz) = 0 for k#Z4. Hence
Hi X ol = 2l E X ) (2 %0l = 2P i 2 ll < 2n .

On the olher hand

I1/2<P(u)
i k§1 X3 o) =jf§i+1“ i o Xi(k),jnz
= sup [I2 6,%; ) 5 Iy = (2 2w)™2
ekz_-i_-'l ,Jo

-1/2 and this contradicts our choice of 9P(u).

ice. 21 2 (2 @(p))
From Proposition 4 we get actually the following stronger

version of Theorem 1.

[Theorem 1' : Every normalized unconditional basic sequence in (2@22)1
whose span is complemented is equivalent to a permutation of the unit

vector basis of one of the following 6 spaces

™M 8

! eor Far o O gy (2 @A)

® LN @4 L@ 4
et 2’0, )o 2’ ( 2)0

n=1 2
A similar statement is clearly true ror the dual space

(Z®L), .
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Corollary : The six spaces appearing in the statement or theorem 1'
and their duals have up to equivalence and permutation a unique nor-

malized unconditional basis.

The first statement in Theorem 2 is proved by showing an

analogue of Proposition 4. Inequality (2) takes now the form

n
(6) K = max X ]a.l <l 2 a. x.l|l £ Kmax <% la.l
s iETS 1 i=1 * 1 s iGTS 1

where K = K(K,HPH) is a more complicated function of A and HP” than

the one appearing in Proposition 4.

The proof of the right halr of (6) is identical to the
proof we presented of the right half of (2). The proof of the left

halt of (2) shows also in the case of (& ©® £1)0 that
5 1/2 n
sup( £ |a.|9) <K || Za, x.l| -
E 1 (0] . 1 1
s 1 Ts i=1

The fact that actually the stronger statement, appearing in the left
half of (6), holds is the contents of the exposé [1]. Of course also
in this case we get stronger statements namely the exact analogues

of Theorem 1' and its corollary.

The second statement of Theorem 2 follows immediately
from the fact, proved in [3], that for every n there is a subspace
D 4 zn < . . .
X, ©of (z 1)0 s, that d(Xn, 2) 2 and so that there is a projection

on X with norm =< % l1gn.

We pass to the proof of Theorem 3. It depends only on
the following trivial remark. Let {3i}2-1 be n independent rinite
algebras of subsets of {0,1] (i-e. p(A N B) = n(A) n(B) tor every

A€ 3i, B € Ej’ i#j). Let {Ei}?4 be the conditional expectation operators

1

corresponding to {Si}?- . Then for every choice of functions fi we

1
have n
. 1/2 . n .
(7) 1|i§1|EiIi|“2 < 275z«
Indeed,
2 2 .
H?IEiI |i12=>~f|E T IIE]L Iil |E IJ,
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=2 fle, % vz Jlec Ifles.] <2 le 2« 2 ||e.il e
O 7S I S NP R O
TS . 2 - 2 < a2
s 12 deg G« Izl N = 2llzle 15

1

For each integer n let now {31}2_ be independent algebras of subsets

with u(Ai J,) = 1/n for all i and
9

1
of [0,1] each having n atoms {A, .]?
i,j7j=1

j. Let {ei}2~ denote the unit vectors in 32 and put

1

z, .=%n % 9 e €L,l0,1],2]).
i,
Clearly {zi j}g j=1 is a normalized l1-unconditional basic sequence
9 rJd-
. n . . . . | V‘
in L2([O,1],ﬁ1) and by (7) there is a projection P with ||P|| <¥2 onto

x_ =Lz, .19 . .. Indeed put
n i, 1y3=1

n
f.(t) ¥e.) =2 (E. 17.) ® e..
. 1 1 . 1 1 1
i=1 i=1

™MB

P(

Clearly we may consider Xn also as subspace of a space isometric to

a finite direct sum or the rorm (£ ® 12)2 in L2([O,1],£?)- The sequence
n

n_1/2 z

j=1

z. . 91 =< 1i=<nis 1 isometric to the unite vector

y;, = i,3

1

basis in 22 and there is a projection of norm 1 from xn onto [yijg—l .

(o]
Hence, by the decomposition method ( £ & Xn)2 is isomorphic to (X & £2)2-
n=1 n

The natural unit vector basis in (g ® Xn)2 is however not equivalent

to the unit vector basis in (£ © 2?)23 This rollows immediately from
n

the following observation. For n large the sets {Ai ; 2 j=1 are mutually
k) 1dJ~
almost disjoint in a sense that given k and € > O then for n 2 n(k,¢)
every k of the vectors {zi j}2 j=1 are 1 + € equivalent to the unit
k] 2J-

vector basis of ﬂg-

We turn now to the proposition on unconditional bases

in direct sums of two spaces mentioned in the beginning.

Proposition 5 : Let X and Y be Banach spaces and let 1 < p, r < » .

Assume that {zi}?_l is a A unconditional basic sequence in X ® Y on

whose span there is a projection P. Then there exists a subset
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s < {1,2,...,n} so that {Zi}ied is M = M(J|Pl[,2) equivalent to an M
complemented 1 - unconditional sequence in (X & x 3 u-GBX)P and {zi}iﬂo

is M-equivalent to a similar sequence in (Y& Y® ".an)r.

The proof is similar to the first step of the proof or
Proposition 4. Put z; = X; * Y4 and

n
Pz = 2 z¥(z) z. Z% = X o+ yiIt O D YR
. i ) i? “i ] Y& X

N N
Let X be the ﬂp sum of 2" copies of X and Y the ﬁr sum or 2" copies

or Y. Put

x>

1]

1 n/p o n/p ¢ A
i (ei xi/2 ,-~-,9i xi/2 ) X s

1 . n/p' 2“ n/p' € Ay
(ei x*# /2 ,---,ei xi/z ) XA

A
X
1

.
where {9?}% is the collection of all n-tuples of signs, and p' is
i’ j=1 p p

the adjoint exponent of p. The vectors §i and y? are defined similarly

with p replaced by r.

A an A 1n A 2 A 1n ey .
Then {Xi}izl ’ {yi}izl and {.zi-—xi + yi}i:1 are all 1-unconditional,
n . = {is % > .
", - Puto {i; 2 PX; 1/2}
A simple computation similar to that done in the beginning of the

the latter one being A-equivalent to {zi}

proof of Proposition 4 shows that {%i}itd is 2 A HPH equivalent to
(%}, and that

X .
X.

(-’x‘i) .

Bty

A
QX =

x

z 3
i€o Q

[

N A '
is a projection from X onto [xi]ied of norm < 2 A HPH.

It follows e.g. from Theorems 1 and 2 and Proposition 5
that (2 © co)1 @ (2O £2)1 has up to equivalence and permutation a
unique normalized unconditional basis. (The methods of (2] do not

apply here since (& @ 00)1 and (2 @ 1"2)1 are not totally incomparable).

The methods or this exposé and (1] seem to enable a complete
classification or those spaces obtainable from R by taking iterated
direct sums in the 21 12 and c, sense, which have up to equivalence
and permutation a unique normalized unconditional basis. It is however

unclear at present whether there exist completely dirfferent spaces
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(from those obtainable as ¢, 4, or 4_ direct sums) which have a

1 2

unique normalized unconditional basis up to equivalence and permutation.
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