
Statistique et analyse
des données

ZIMING ZHANG

CHANGYU WANG
On entropy optimality of orthogonal design
Statistique et analyse des données, tome 8, no 2 (1983), p. 64-80
<http://www.numdam.org/item?id=SAD_1983__8_2_64_0>

© Association pour la statistique et ses utilisations, 1983, tous droits réservés.

L’accès aux archives de la revue « Statistique et analyse des données » im-
plique l’accord avec les conditions générales d’utilisation (http://www.numdam.org/
conditions). Toute utilisation commerciale ou impression systématique est consti-
tutive d’une infraction pénale. Toute copie ou impression de ce fichier doit
contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=SAD_1983__8_2_64_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


Statistiques et Analyse de données .64. 
1983 - Vol. 8 n° 2 - pp. 64-80 

ON ENTROPY OPTIMALITY OF ORTHOGONAL DESIGN 
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Mathematical Department 

Qu Fu Teacher's Collège 
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P.R. CHINA 

Résumé : Cet article présente une étude de l 'optimalité des plans orthogonaux^ 

et compare les notions de D, A et E optimalité et d'entropie. 

Abstract : This paper présents a study on optimality of orthogonal arrays 

and compares the notions of D3 A and S optimality and of entropy. 

Mots clés : Plans d'expérience orthogonaux 

Note de 1'éditeur : 

Nous avons choisi de publier cet article en témoignage des activités 

de recherche en statistique en République Populaire de Chines malgré un cer

tain nombre d'insuffisances. En particulier nous avons complété la biblio

graphie par quelques références plus accessibles en Europe préparées par 

l'un des rapporteurs qui ont lu le manuscrit. 
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I - INTRODUCTION AND MATHEMATICAL MODEL 

Orthogonal Design is a method of arranging several factor tests by a 

set of orthogonal tables. By using this method better technological condi

tions may be selected with less tests. This method of design is widely used 

in China since 1974. 

The purpose of this paper is to analyse the orthogonal design from the 

theoretical point of view. At first we shall introduce the mathematical 

model of tests design. 

Consider the problem of the index y affected by m factors F1 (S« levels 

in whole), F2 (S2 levels in whole),...F
m (S levels in whole). The theore

tical value (or real value) of the index u is y(xisx2,... ,x ) when F
J* 

takes the levé! x. (j 

theoretical values v{\* 

which exist but can not be observed. We can only observe the test value 

» l,2,...,m). Note that there are altogether ïï S. 

r x 2 xm) (1 <; Xj <s Sj, j = 1,2,...,m)
 jal 

y(X* «Xp»•••»X ) * v(X« ,X 2».. . ,X ) + e(X«>Xp»•••»X ) 

where c(x1,x2>... ,x ) is called test error which is a random variable. 

The purpose of test design is to sélect parts of combinatorics as 

" level combinatorics. Then statistics déduction little as possible from n S. le 

is carried by making useJ of the test values obtained. 

Définition 1 

Assume Sj, S 2 ' " " S m are P o s i t i v e inlégers not smaller than 2. 

Matrix A f x ^ ^ x m is called a design of DR (Sj * S2 x...x Sm) type if 

x,.j e {1,2,...,S.}, ( l s i s n, 1 s j s m) 

Let , . 

ft « - J — a 
6o m 
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where A, runs from 1. to S j , . . . , * ^ runs from 1 to Sm. Obviously e0 is an 

average value of ail the theoretical value. 

Let 

x x £ x x y ( x i " ' ' ' * i - l ' * i ' X i + l ' * " ' ' \ n ' 
H = • • • ••• — g 

jx . m o 
J n S. 

i=l 1 

i « 

e... is called the main effect of factor FJ under the level (effect for brief) , 

Définition 2 

The theoretical value u(x , ,x 2 , . . . ,x ) of factors F1, F2,...,F111 is 

called accordance with addible mode! i f 

m 

•4vv-'V = 9 o + * V t1-1) 
J "" A J 

holds for ail 1 < \. s S, , . . . , 1 < x < S 
m 

From the définition of the main effect we hâve 

îJ e. = 0 (1.2) 
xj- l JXJ 

holds for ail j . 

Obviously i t is sufficient to estimate the parameters e , 

8. (1 < x. s Si , j « 1,2,...,m) in order to study the property of 
J A • J J 

u(x^,x2»...,x ) of the addible model. Since the test values hâve error, it's 

better to hâve more accurate estimate of thèse parameters. Accuracy of esti

mate is closely related to the number of tests and test design. Faculty of 

Division of Probability Theory, Mathematics Department, Beijing University, 

China, hâve proved that accuracy of parameter estimate satisfies to so called 

A-optimality, E-optimality, D-optimality etc. If we apply the orthogonal 

design. On the basis of their work, we prove hère that accuracy of parameter 

estimate satisfies entropy optimality if orthogonal design is applied. We 

hâve known that Shannon entropy is numerical index reflecting uncertainty 

of random variables. The entropy optimality of orthogonal design shows 

that the estimation of effect of various levels of each factor has the 

smallest uncertainty. More significantly, A-optimality, E-optimality, 
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D-optimality etc. of the orthogonal design can be looked as some spécial 

cases of entropy optimality In addition, D-optimality is further streng-

thened in this paper. 

This paper discusses the addible mode! only. 

Suppose that we get n test values from (1.1) under the design 

A • (^,-L m o
f D„($i x S 0 x ... x sm) type. v ij'n * m nv 1 2 m' J 

/ m 
yl = 6 0 + Z XiA + £1 1 ° j=l JAlj 1 

< 

\ 

y, = e„ i e., + e, 
2 ° j-l jX2j 2 

m 
y. = 6 + E 9., + e. 
y i ° j= i J x i j 1 

m 

n ° j-l jxnj n 

(1.3) 

where ci» E2»"" > E
n
 are errors of tests. (1.3) will be denoted by matrices 

in the following. Let 

y2 

L y n j 

9J2 

L9JSj 

(j = l ,2 , . . . ,m) , 

-n J 

* e S row, e = 

*\l)m «<vk)- v ^ * nxS-

X = < %>h Xm> 



.68. 

where 
1 , when u = v 

6 ( u , v ) = 
0, when u ^ v 

Then (1.3) can be written as 

y = Xe + z ( 1 . 4 ) 

where X is determined uniquely by the design A , called the subordinate 

matrix of A and denoted as X(A) (or X for brief). 

We further assume that 

U = 0, D(e) = aln (1-5) 

where E is mathematical expectation, D is covariance and In is n x n unit 

matrix. 

We can eliminate useless parameters through transformation since parameters 

e. satisfy constrained condition (1.2). 
JAJ 

Let r. be S. order orthogonal matrix, having the structure 
J J 

Let nj = Tje- (j = 1,2 m ) , nQ = 8Q. 

Then >0S -Qj 

and 
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and Xe = cGn, x r . . . , x m ) 
r ar 

L9m-I 

Dénote 

i \ . xr...,xm) 

<Hn' X l T l -"W 

'0 
r l ^ l 

• \ - > 

X = CQn'XlTl XmV' " -

Then (1.4) can be written as 

y = Xn + e (1.7) 

The component of n is unconstrained. The design A is restricted as follows 

in order to guarantee that the design can be estimated. 

Définition 3 

The design A = (x..) of D (S-, x S9 x ...x S) type is feasible if the 
• J n i c n ni . 

rank of subordinate matrix X(A) of A is equal to j S. - m +1 i.e. 
j-l J 

m 
R(X(A)) = Z S. - m +1 

J-l J 

It is easy to prove that R(X) = R ( X ( A ) ) from (1.6). According to the 

theory of linear mode!, the components of n can be estimated if and only 

if the columns of X are linear independent i.e. R(X) » 1 + £ (S.-l). 
i+1 ^ 

In other words, the components of A can be estimated if and J only if 

is a feasible design. From now on we shall discuss feasible design only. 

The optimal estimation of n is 

(X1 X ) " 1 X'y (1.8) 
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for feasible design A . 

The optimal estimation of e is 

9 = (1.9) 

The optimal estimation of ii(x1,x2i---iXm) is 

m 

(1.10) 

where n and e are related to the design A . The définition of orthogonal 

design is as follows. 

Définition 4 

A = (x..) is orthogonal design of Dn(S1 x s„ x ... x S ) type if 

it satisfies : 

1°) x.. € {1,2,...,S.} for any j (j = 1,2,....m) and the 
i j J 

number of éléments of the set {i : x.. = K} is J- for any 

K e {1,2,... ,S •}. 

2°) The number of élément of the set 

{i : x.. = u, x„ = v} 

is s-i- for any j J4 1, u,v e {1,2,...,S-} 
Sj5l J 

(Note : the orthogonal design of Dn(S1 x ... x S J type may not exists for 

any given positive integers n, Sj, s 2 ' - - " s
m ) ' 

Définition 5 (A-optimality) 

The feasible design Â of DR(S1 x S2 x ... x Sm) type is A-optimal if 



D[eQ(A)] * D[eo(,\)] 

Sj S • -
£ D[ê (A) 1 £ J Dt3..(À)] 
k-1 JK k=l JK ,. . . g-; > ji (1 < J < m) (1.11) 

holds for any feasible design A of D„ (S. x S- x ... x S ) type. 

(Note (1.11) is équivalent to tr [D 9j(A'H> tr D[9.(A)] where tr 

dénote the trace of matrix). 

Définition 6 (E-optimality) 

The feasible design A 0f the D (S. * S„ * ... x s ) type is called E 3 nN 1 c m 
optimality if 

D[eQ(A)] >- D[eQ(A)] 

max 
M a j 3 j ( A ) ] 

max 
D[a ;ê. (A)] 
— ^ _ J 

. j fcjUSj.o - j ' - j - j î - jUS j -o °?i 

(1 * j s m) 

hold for any feasible design of the D (S, x. 

nents of 

o. = 
J 

Jl 

3SjJ 

are not ail zéro. 

Définition 7 (D-optimality) 

The feasible design A of the D (S, x 

if 
D[e (A)] * D[e (A)] 

0 0 

lD[n.(A)]| ^ loin (A)]| 
J J 

x S ) type, where the compo-

x S ) type is called D optimality 

(1 * J * m) 
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where n- (A) = T Ï 9 . ( A ) , T. i s any matr ix s a t i s f y i n g ( 1 . 6 ) , "| !" dénotes
J J J J

detenni nation.

2 - A-, E-, D-OPTIMALITY OF ORTHOGONAL DESIGN

We présent briefly the results obtained by the Division of Probability,
Department of Mathematics, Beijing University in this section [2].

LEMMA :
Any orthogonal design is feasible design of Dn(S1 x S 2 x ... x Sm) type-

THEOREM 2.1
Let A be a feasible design of the Dn(S1

 x ••• x s m )

S.(S.-l)
tr[D 9.(A)] > a 2 J

 n'

J n
The necessary and sufficient condition for ail the equality to hold is
that A is an orthogonal design.

THEOREM 2.2
For any feasible design A of Dn(S1 x . . . x Sm) type, a i l the following

hold :

(1) 0[5o(A)] * 4

D[a' .9.(A
(2) max a\ ^ " > —jj - i ( 1 s j s m)

where S .

«-• = { ( a - 1 , - - . , a . q ) ' : Z a . . = 0 , but
J 31 J^j i = 1 J i

a . . (1 < i s S.) are not a i l zéro}.

The necessary and suff icient condition for a i l the equality in (1) and (2)
to hold is that A is an orthogonal design.
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THEOREM 2.3 

For any feasible design A of D (Sx * ... x SJ type, ail the following 

hold : 

( i ) D t 9 o ( A ) ] - - i r 

a2S. S -1 
(2) |D[Tj9.j(A)]| > (-^) J (1 < j < n) 

The necessary and sufficient condition for the equality in (1) and (2) 

to hold is that A is an orthogonal design. 

The following theorem further strengthens Theorem 2.3. 

THEOREM 2.4 

For any feasible design A of Dn(S1 * S2 x ... x Sm) type, 

2
 m a 2 sî S.-l 

|D[n(A)]| ^ n ( n ) 

n j=l n 

holds and the necessary and sufficient condition for the equality to hold 

is that A is an orthogonal design, where n(A) is determined by (1.9). 

THEOREM 2.5 

For any feasible design A of Dp(S1 x . . . x SJ type 

± t r [ D Û(A)] > £ o 2 

holds and the necessary and sufficient condition for the equality to hold 

is that A is an orthogonal design, where 

m m 
N = n S., P = 1+ z (S.-l), 

j-l J j-l J 

u(A) is estimation of engineering mean value (See Définition 8 and (1.10)). 
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3 - ENTROPY OPTIMALITY OF ORTHOGONAL DESIGN

We shai1 gêneraiize and strengthen D-optimality of orthogonal design

by using the property of normal distribution and unifying A-optimaiity,

E-optimality and D-optimality by establishing entropy optimality.

Theorem 2.3 and 2.4 are only the spécial case of the following Theorem

3.1, which shows that orthogonal design has more strong D-optimality.

THEOREM 3.1

2 - a 2Sj n S. -1
|D[njl(A)',nj2(A)',...,njr(A)-]| * i- ^ ( _ E ) ^P

holds for any feasible design and any subset (j\ ijp»--• »Jr)
 c (l»2,...,m).

The necessary and sufficient condition for the equality to hold is that A

is an orthogonal design.

The following Lemma is first proved in order to prove this theorem.

LEMMA 3.1

Assume that k-dimension random veccor ^s,,^»*••»^|J suoordinate normal

distribution N(a,B), where a = (a* ,a2,... ,a. ), B is k order positive definite

symmetrical matrix, then any sub-vector (ç. ,ç. ,...,£. )» (t < k) of
1 2 "* * t

(ç, ,ç2»---iCk) subordinates normal distribution N(a,B) too, where

a = (a^ , a. ,...,a.. ), B is at order submatrix of B containing i^i^»---»^

columns and rows.

The proof is in [1], In addition, we need two well-known inequaiities

in matrix theory.

LEMMA 3.2

Let A be a positive definite matrix and

All A12 '" Alt

A21 A22 '" A2t
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where A., is square matrix (i = 1, 2,...t), let

then A11 > AT* (i =1 ,2,...,t)

and the necessary and sufficient condition for the equality to hold is that

A^- = 0 (i i j, i,j = 1,2,....t)

LEMMA 3.3.

Let
All A12 ••• Alt
A A A
M21 rt22 "** 2t

A A A
Mtl Ht2 "• *tt

be positive definite matrix, where A., is square matrix (i = 1,2,...,t)

then

t

" i=l U

LEMMA 3.4

If A is p order non-negative definite matrix, then |A| < (--j tr A ) p ,

and the necessary and sufficient condition for the equality to hold is that

A = x Ip ( x is a non-negative number).

The proof of Theorem 3.1 : From (1.8) we can get

D[n(A}] =a 2(X',X)" 1.
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where X'X = ( * f l , X .T . , . . . , X T ) " ( 0 B . X 1 T 1 , . . . , X m T ) 
x n 1 1 m m7 n l 1 mm 

n H ^ ... fl;xjTj ... t ; v . 

T î X i H n T i X î X l T l ••• T i X i X j T j ••• TîXiXmTm 

m m m m 

Divide D[n(A)] into submatrices according to submatrices of 

Dtn(A)]« 

D00 D01 

D10 Dll 

% 
Dlj 

"Om 

Dlm 

Dm0 Dml 0 < mj mm 

Rearrange D[n(A)] by moving i,, ip....iit row blocks and i., i_,...,i 

column blocks into 1, 2,...,t row blocks and l,2,...,t column blocks. 

D[-I(A)] is changed into 

D[n(A)] 

DQ X 

(3.1) 

the inverse of D n(A) will be 

where 

D[n(A)] 

X 

X 

T! X'. X. T. T] X! X, T 
ni h h h h "h 'z h 

T: X: X, T. 
l 2 i2 h ij 

T: X: X T 
yz i2 ^2 -iz 

(3.2) 

T' XI X T 
i i i i h 1 H H 

T! X! X T. 
^^ iz <it ^t 

T! X! X T 

\ *t 7i h 
T; X; X T 
\ h h yz 

v. V Xi T 
\ h t V 

(3.3) 
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(Let X. T. = H when i = 0) , 

V V n 

From Lemma 3 . 1 , we hâve 

D[n. ( A ) ' , n, (A)" n. (A ) ' ] = D . 

If Lemma 3.2 is applied to (3.1) and (3.2), 

(3.4) 

-1 a2D[n: , ni ni l"1 s R 

holds. If Lemma 3.3 is applied to (3.3) 

T: X;. X T ... T; X: X T 
h h ni h h h \ h 

T: x: x T ... T: x: x T 
\ H h ni 't t H H 

holds. From (3.3),(3.5) and (3.6) 

(3.5) 

* n |T; X: x T | 

r=l r V V Y 

(3.6) 

0[n, . n, n. f 1 s (S. -1) n |T' X! X T. | (3.7) 
\ 2̂ t̂ V r=l V V V V 

holds for any subset {i. .ig».••»im}
 c (0,1,...,m} . 

From the définition of feasible design, (1.6) and Lemma 3.4 we hâve 

n K'1 

r r r r v 
r 

From (3.7) we hâve 

t a 2 si s- -i t i =>ir-i 
D[n, ,n, n. ] * n (——) 

M 2̂ h r=l n 

From Theorem 2.3 we know that the necessary and sufficient condition for 

the equality above to hold is that A is an orthogonal design. 
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Définition 3.1

Let C(A) be a non-zero non-negative definite matrix and Abe a feasible

design of D (S, x S« * . . . * Sm) type. The feasible design is called entropy

optimality under transformation C, i f the inequality

H[C(A)n(A)] * H[C(À)n(À)]

holds for any feasible design A .
Where H(ç) dénotes Shonnon entropy of random vector ç.

THEOREM 3.2
Let C(A) be a non-negative def ini te matrix satisfying

m
|C(A)| = D[e ( A ) ] n t r D[e-(A)]

Then the necessary and sufficient condition for A to be an orthogonal design
is that A is entropy optimal under transformation C i.e.

H[C(A)n(A)] > H[C(Â)n(Â)l

Proof : Let P(XltX2>...,X ) be distribution density of n(A). When
P(X1«X2>...9X ) is normal distribution it is easy to compute

H[C(A)n(A)] = H[n(A)]+

+ J ^ - - . j P ( x r x 2 , . . . , x p ) Log|C(A)|dx1 dxp

Log y(2ne)p.|Dh(A)]| +Log|C(A)|

= Log V( 2 n e) P'l DCn(A)]| +Log|D[ên(A)]| + z Log tr D [ B . ( A ) ]
1 ° j=l J

From Theorem 2.1 and Theorem 2.4, the necessary and sufficient condition
for A to be an orthogonal design is that A is entropy optimal under trans-
formation C.
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THEOREM 3.3 

Let C(A) be non-negative definite matrix satisfying 

m D[a;ê.(A)] 
| C ( A ) | - D[9 (A)1 ïï max — - M 

J-l « J 0 J V j 

where 

are not ail zéro} 

then the necessary and sufficfentcondition for A to be an orthogonal design 

is that À is entropy optimal under transformation C. 

Proof : We can imitate the proof of Theorem 3.2 by using Theorem 2.2 and 2.4. 

THEOREM 3.4 

Let 

C(A) = C. 
J1J2...Jt 

(A) 

where 

V 
'V1 

° o 
J i 

0 
m -i 

J £ i J i i J o » • • • i J*. J 

J £ { Ji >Jp * • • • '^t 

(Let SQ = 1, IQ s i), Then the necessary and sufficient condition for A to 

be an orthogonal design is that A is entropy optimal under transformation C. 

Proof 

H[C. , (A)n(A)] = H[n, (A)',n, (A)' n, (A)'] 
Jl*" Jt Jl J2 Jt 

= Log J ( 2 n e ) P I D[n, . n, ,..., n,]| 
Jl J2 Jt 

From Theorem 3.1, the results is followed. 

Finally we point out that Theorem 2.5 can be looked as entropy optimal under 

some transformation C. 



.80.

BIBLIOGRAPHIE

(1) H. Cramer, Mathematical Methods of statistics.
Princeton 1946

(2) Division of Probability, Department of Mathematics, Beijing University.
"On optimality of orthogonal design (I), (II)".
Acta Mathematicae Applicatae Sinica n°l, n°2 (1977).

BIBLIOGRAPHIE COMPLEMENTAIRE

(1) Raktoe B.L., Hedayat A., Fédérer W.T. (1981)
Factorial Designs, Jonh Wiley & Sons, N.Y., 209 p.

(2) Rao C.R. (1973)
Some combinatorial problems of arrays and applications to design of

experiments. In A Survey of Combinatorial Theory (J.N. Srivastava Ed).

p. 349-359 North Holland, Amsterdam.

(3) Seber G.A.F. (1964)

Orthogonality in Analysis of Variance. Ann. Math. S ta t is t .» 35, p.705-710

(4) Mukerjee R. (1980)
Orthogonal fractional factorial plans. Calcutta Stat Ass. Bull.,
29, p. 143-160.

(5) Cheng C.S. (1980)
Orthogonal arrays with variable number of synbols.
Annals. Statist., 8, p. 447-453.

(6) Mukerjee R. (1982)
Universal optimality of fractional factor ia l plans derivable trough

orthogonal arrays. Calcutta Stat. Ass. B u l l . , 3 1 , p. 63-68

(7) Stone M. (1959)

Application of a measure of information to the design and comparison
of régression experiments. Ann. Math. Statist. 30, p. 55-70.

(8) Pazman A. (1980)

Some features of the optimal design theory - A survey. Math. Opérations
forsch. Statist., Ser Statistics, II, p. 415-446.




