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ABSTRACT - Let G, be the relatively free group of rank 7 in the variety generated by a
finite group H. In this paper we determine the minimum positive integer ¢(r) for
which G, is embedded in the direct product of (r) copies of H, when H is a
minimal non-abelian group or a dihedral group D,, (n odd). Moreover the finite
nilpotent groups of class ¢ are characterized as those finite groups for which ¢(r)
is bounded from above by a polynomial of degree c.

1. Introduction.

Let H be a finite group, and let V = Var(H) be the variety generated
by H.Forr > 1,1let G, = F,(V) be the relatively free group in V with r free
generators (see [12, p. 9]). By a result of G. Birkhoff [1, p. 441] and B.H.
Neumann [11, p. 519] (see also [12, Theorem 15. 71]), we have an embed-
ding

G, —HM'

of G, as a subgroup of the direct product of |H|" copies of H.
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In general, much less direct factors of H will suffice to get such an
embedding of G,. For example, let H = Z, be a group of prime order p.
Then V = A, , where A, denotes the variety of all abelian groups of ex-
ponent dividing e. Moreover, G, = ’7; and we have G, = H".

In this paper, we shall consider the function ¢(r) defined as follows. For
every positive integer r, let t(r) be the smallest positive integer ¢ such that
the relatively free group G, of rank » in V can be embedded as a subgroup
of H, the direct product of ¢ copies of H. By the aforementioned result of
Birkhoff-Neumann, #(r) exists, and we have ¢(r) < |H|". If H = 7, for a
prime p, the above shows t(r) = 7.

Note that the function ¢ depends on the group H which generates V,
and it is not a function of V alone. Indeed, we can have Var (H;) = Var(Hy),
but the corresponding functions t;, ty differ (see the example below).

Let H be a finite abelian group of exponent e, and set V = Var(H).
Then V = A, and G, = F,(V) is homocyclic of exponent e and rank ». So

7
tiry=-¢e ( )
the number of invariant factors of H whose order is equal to the exponent
of H (see [3, p. 245]).

In this note we determine the structure of the relatively free groups in
Var(H) and the precise values of #(+) for the minimal non-abelian finite
groups H and the dihedral group D,, (n odd). In the case of the dihedral
group H = D,, p prime and r = 2, this was already done by B. Fine [4].

The following theorem was suggested by an analysis of the material
mentioned above.

) where e(x) denotes the minimum integer > x and A(H) is

THEOREM. Let H be a finite group. Then H is nilpotent of class < ¢ if
and only if t(r) is bounded from above by a polynomial of degree < c in r.

The proof of this, as we will see in Section 5, can be obtained as a
consequence of results of Higman [6].

2. The free groups in Var (H), with H a minimal non-abelian p-group.

In this chapter we study the variety V generated by a finite minimal
non-abelian p-group H, that is a finite non-abelian p-group H such that
every proper subgroup and every proper homomorphic image of H is
abelian.

From [8, p. 309] we can deduce easily the following
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ProrosiTION 1. Let H be a minimal non-abelian p-group. Then one of
the following holds:

i) H = Qg is the quaternion group of order 8.
i) H=H, = (a,bla” =b" =1,a" = a"**"") for some o > 2.
iii) H is of exponent p and order p°.

ProposITION 2. Let H be a minimal non-abelian p-group and let
V =VarH). If exp(H) = p*, then

V = Var@?, [x?,y], [x,y,2)).

Proor. Let W = Var(x?,[x?,y],[x,y,z]). Clearly V C W. Note that
W is nilpotent of finite exponent, so it is locally finite. If the above inclusion
is proper, we can choose a finite group G in W \ V of minimal possible order.
By minimality of G we have that G is critical. Therefore G is a p-group
generated by two elements with cyclic centre (see [12, Theorem 51.35]). By
the laws of the variety W we have that G is of class two, G’ is of exponent p
and ' < Z(G). Also G? < Z(G). So G is of order p and &(G) < Z(G). Since
G is generated by two elements, we have &(G) = Z(G) and the index of Z(G)
in G has to be p?. It follows that Z(G) has index p in every maximal subgroup
of G. So every maximal subgroup of G is abelian. Moreover, since Z(G) is
cyclic and |G’| = p, also every proper homomorphic image of G is abelian.
Thus G is minimal non-abelian of exponent p” with y < a.

If « =1, then G is of exponent p. Proposition 1 implies G =H €V, a
contradiction.

If H = H,, one of the following holds:

a) G=H, with2 <y<a.

b) G is of exponent p.
c) G= Qg.

For a) we shall prove that all the groups G = H,, with 2 < y < «, belong
to the variety generated by H,. For this it is sufficient to show that
H, 1 € Var(H,) for o > 3. In fact H, ; is isomorphic to a subgroup of
L = (H, x (¢))/4, where ¢ is of order p* and 4 = (a?" "¢~V .c ") For
this note that the elements x = @¢, y = b with @ = a4, b = b4, ¢ = ¢4 sa-
tisfy the following relations:

o—1 -1 _mo—2_ po—2 —_mo—1 —
P =@ =@ e Y =@" Y =a" =1,
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For b) we can repeat the above construction to show that G is isomorphic to
a subgroup of

= (Hz x {c))/ 4,
where c is of order p? and 4 = (aPcP), and x, y as above.

For ¢) an analogous argument shows that G is isomorphic to a subgroup
of L = (Hz x (c))/4, where c is of order 4, 4= (a?c?) and x =@, y = bC.
Thus G € Var(H,) = V, a contradiction.

Finally, let H = Qs. If G = Qg, then G € V, and we have a contradiction
as above. Otherwise G = Hy is the dihedral group of order 8. In this case
we can repeat the above construction with L = (Qg x (c))/4, where c is of
order 4, 4 = (a®c?), x = ac and y = bc. So we arrive at the same contra-
diction G € V. O

PropoSITION 3. Let H be a minimal non-abelian p-group of exponent
p*, say, and V = Var(H). Let G, = F,(V) be the free group of rank r in V.
Then we have

a) Gy/ G/,. 1s homocyclic of exponent p* and rank r.

b) G, is elementary abelian of rank = 1 7”(7' -1).
C) |G | _pzr(1+2zx 1)

Proor. Let G = G,. Part a) follows from [12, Theorem 13.52]. For b),
note that G is of class two, and hence, in the case exp(H) = p*, we have
[e,y]’ = [xP,y] =1 for all x,y € G. So, G’ is elementary abelian. As

d(G) = r, we have that G’ is of rank ( ) = %r(r —1). Part ¢) now follows
from a) and b). O

THEOREM 4. Let H be a minimal non-abelian p-group, let V=Var(H),
and let G, = F,(V) the free group of rank r > 2 V.

a) Ifexp(H) = p*, o > 1, then G, = [N]L where
N = (ni,mg, ..., ) 2 Zipe X Zip X ... X Zip,
—_—— —
r—1

and L s isomorphic to the free group F,._1(V) of rank r —1in V.

b) [N,L']=1.

¢) If L = (x1,...,%_1) with free generators xy,...,%,_1, then the
action of x; on N is given by

n‘ff = MNjy1 (’L':].,...,T'fl)

njm = (t=1,...,r—1;2<j<7).
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d) Let x, = ny. Then the elements x1,...,x, are free generators
of Gy.

Proor. Let G =[N]L with N and L as described in the statement of
the theorem. We show that G € V and d(G) < r. Then G is an epimorphic
image of F.(V). On the other hand it follows from Proposition 3c) and from
the definition of G that |F,(V)| = |G|. From this we then can conclude
G F,.(V).

We first show d(G) < r. Clearly G = (ny,...,%,,%1,...,2%,_1). The re-
lations of Part c) yield:

[n1,21] = ng, [n1,22] = ns, ..., [n1,2,_1] = ;.
Song,...,ny € (N1,%1,%2,...,%—1), and we get G = (n1,21,22,...,%-1).
Now we check that G satisfies the identities of V. First, we show that G

is of class two. Write automorphisms of N as 7 x r-matrices in the obvious
way. Note that L acts on N as the subgroup

1 ax ... a,

0 1 0 ,
A:{ —_— ag,...,CLTEZp}

0 0 ... 1

of Aut(N). Hence A is abelian, and so L' centralizes N. Since G = [N]L, we
have G’ = [N, L]L'. By the definition of the action of L on N, we have that
[N, L] < Cg(L). Since N is abelian and [N,L] < N, we get [N, L] < Z(G).
Therefore G' < Z(G) and so G is nilpotent of class two.

We now check the law x?* = 1. First, note that [N, L] = (ng,...,n,) is
elementary abelian. As G is of class two, for all n € N, x € L we have
(mc)p“ — np“xp“[x,n]p”(ptl)/z -1

It remains to show that [x?,y] = 1is a law in G. Since G is nilpotent of
class two, the law is equivalent to [x, %]’ = 1. Therefore it is sufficient to
show that G’ is elementary abelian. We have G’ = [N, L] ¢ L', where [N, L]
is elementary abelian by a previous observation and L’ is elementary
abelian by Proposition 3b).

For d) observe that, since G is the free group of rank » in V and G is
finite, then the generators x1,...,x, 1, x, freely generate G. O

LEMMA 5. Let H and V be as tn Theorem 4. Then we have
ay) If exp(H) = p, then t(r) > %r(r —1).
az) If exp(H) = p* with o > 2, then t(r) > %7"(1” +1).
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ProOF. LetG = G, and D = H'™. By Proposition 3b), we have that G’
is elementary abelian of order pz"—. As D’ =~ 7" we have that

(1) 0< mnkaT,D < t(r) — %7”(7” - 1.
So in both cases

t(r) > %7"(7" —1).

Suppose now that exp(H) = p* with « > 2. Note that
A (G/GH<(GnD)/G.
As G/G' = 7,,, this yields that (G N D')/G" is of rank greater or equal to 7.
Using (1), this implies
t(r) — %r(r —1) > rank(GND'/G) > r,

so that
tr) > %7"(7' +1). O

LEmMMA 6. Let H be a minimal non-abelian p-group.

ay) If exp(H) = p, then t(2) = 1.
ag) If exp(H) = p* o > 2 then t(2) = 3.

Proor. Let G = Fao(V). If exp(H) = p, we have G = H by Proposi-
tion 3. Suppose exp(H) = p* with « > 2. By Lemma 5 it suffices to show
that G— H x H x H. For this we observe that by Proposition 3a) we have
G/G' = 7y x Zp.S0G /G — H x H. Now we consider a normal subgroup
K of G such that G/K = H and K NG’ = 1. Indeed, using the notation of
Theorem 4 we choose K = (n%ng, a3ns) if H is the quaternion group, and we
set K = (af, ny ln{ﬂq) otherwise. Since G' = (ng) is of order p and ny ¢ K,
we have KNG' =1. Hence G = G/(KNG')—H x H x H. O

THEOREM 7. Let H and V be as in Theorem 4 and set G, = F,(V).
ay) If exp(H) = p, then t(r) = %T(T -1).
ag) If exp(H) = p*, o > 2, then t(r) = %r(r +1).

Proor. Let G =G, and a1, %z, ..., be free generators of G,, as in
Theorem 4d). Set y; ; = [x;, ;] for ¢ > j. Observe that, with the notation of
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Theorem 4, we have
Ny = Xy
and
i =Yrict @=2,...,7).

Then the elements x; (i =1,...,7) and the y;; satisfy the following
conditions:
o) =y =l yl =1

where 2 <1 <7, 1<k <[—1,in the case of exp(H) = p; and
o =yl =Tyl =1

where 2 <1 <7, 1 <k <Il-—1,inthe case of exp (H) = p*, o« > 2.
By Theorem 4, we have that G is a split extension G = [N]L where
L =G, is the free group of rank r—1 in the free generators
21, %2,...,%_1 and
N = (xr) X (Yr1) X . X Yrr-1)-

Moreover we have that L’ centralizes N.

By Lemma 6, the claim is true for » = 2. So let > 3. First consider the
case in which H is of exponent p.

Fork=1,...,7»—1set

Sk = <L/7 Xka Yk>7
where
X ={wr,..oxr )\ {on s Ye={yy |1 <7<\ {yrr}

Observe that S, is normal in G. In fact

N<Col); X5 CLX,(i=1,...,r —1); X C XY}

Moreover G/S;; is a non-abelian group of class 2 and exponent p on two
generators. So G/S; =~ H.
Now

r—1 r—1
(NS) NN =S N)
k=1 k=1

Since (L', X) C L and L normalizes (Y)) we have

r—1

r—1
(SN N) =) (¥;) =1
k=1

k=1
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By induction, G/N=L is embeddable in the direct product of
w copies of H. Hence G is embeddable in the direct product

(r—Dr-2) _rir—1)
of#Jr(r—l)— 5

For the other cases we can proceed in a similar way. If H is a minimal
non-abelian p-group of order p**! and exponent p* other than quaternion
group, for k=1,...,7 — 1 we choose

copies of H.

Xk = {xla s ,.’)Ck,l,xkp,x]wrl, s 7%‘7'71};
-1 o—1
Yk = {yT,lv e 7?/7‘7]6717 ?/nk '%470‘ 7?/7',k+17 e 7?/7'.7‘71}
Moreover we set
_ . — [ 1,07
X?" - {xZa s 7'%.7'717%?;}’ YI - {yrﬁl Xy s Yr2,--- 7y7”,?'71}~
If H is the quaternion group, for k =1,...,7 — 1 we put
2,2 .
Xk = {xla oy Bp—1, Xk~ Xy Lhet 15 - - - 7901"—1}7
2
Yk = {yT,la . 7y7‘,k717 ?/r,k '%"y') y’r‘,k+la s 72/’/‘,7‘—1}
and we set
X, = 2 .27, Y. = 2
r — {xla e 7'%7'717961 '%.fr}v r {.7/7",1 xlay’r‘Za e 7?/7‘,7'71}'

In both cases we obtain as above

P

r r—1
(ﬂsk) AN =[S nNN(Y,) =¥ =1
k=1 k=1

k=1

Hence G is embeddable in the direct product of rr 2_ D +7r= uG ; 2

copies of H. O

3. The free groups in the variety generated by a minimal non-nilpotent
group.

In this section we will use the following well known results:
LEmMA 8. Let H be a minimal non-nilpotent group (that is a finite

group H such that every proper subgroup and every proper homomorphic
mmage of H is nilpotent). Then H = [N]Q is a Frobenius group in which @
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ts cyclic of prime order q and N is an trreducible Z,Q-module, for some
prime p # q, on which Q acts faithfully.

LEMMA 9. Let H be as in Lemma 8. We have V = Var(H) = A,A,. If
G, = F.(V) then |G,| = p*—D7¢".

Proor. See [7, p. 175 f.] and [12, 21.13].

THEOREM 10. Let H = [N]Q be a Frobenius group as in the beginning

of this section, and assume that N is elementary abelion of order p™. Let G,
. D@ -1) _
be the free group of rank v in Var(H). Then t(r) = W +e ( " ),

where e ( %) denotes the smallest integer > s

ProoF. Let t=t(r). Clearly |G,| must divide |H|" =p"q'. As
|G,| = p*"~D7q", comparing exponents, the latter condition implies

(2) 1+ —-1¢" <nt and r <t
Now

" _1 r
r<ligtgt=1 q

but, by Fermat’s Theorem, n divides ¢ — 1, so
q

q—1

It turns out that, for » > 2 the following holds:

,
<L
n

r _ T
qu_glJr(T Dg"
n n

Therefore the two conditions (2) for » > 2 are equivalent to:

21+(r—1)qT:(r—1)(q’“—l)+z.
n n n

t

Now, since n divides ¢ — 1, n divides also (r — 1)(¢" — 1). Thus ¢ and
(r—1(¢" -1

are integers, so
n

> D@ D 1)7(;1? - 1)+é(%>.

By [2, p. 129], we have G, = Z, x (A;)‘lwrég) Splitting off the center of
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the wreath product, we arrive at a decomposition G, = £ x Wy, where
E =7, and Wy by [13, Theorem 6.1] is directly indecomposable. Ob-
viously, E is isomorphic to a subgroup of H°®. So it suffices to show that

W, is embeddable in H', where | = w. Indeed, in this case, G,

n
is isomorphic to a subgroup of H*¢®. That is

)

and, comparing with the above relation for ¢, we obtain the theorem.
Now Wy = [M1Q", where M is elementary abelian of order p® D@D,

—1)(g" -1
Thus M is decomposable into [ = w irreducible Q"-modules M;
a<i<i. "

Let K; be the kernel of the action of Q" on M;, then |K;| = ¢ L.

Moreover the subgroup

Ri= (@%)&

J#i

is normal in Wy, and we have W, /R; = H for all indices . We claim that

!
D=(Ri=1
i=1
consequently W is isomorphic to a subgroup of H'. For this we first show
that D is a g-group. Let « € D be a p-element. Then x € R; for all ¢, and so
x € @@ M;. But the intersection of these groups is trivial, hence x = 1. So D
J#
is a normal g-subgroup of Wy and, since W is indecomposable, we arrive at
D =1 as claimed. O

4. The free groups in Var (,), » odd.

Let G, = F.(Var(D,,)) be the relatively free group of rank » > 1 in the
variety generated by the dihedral group D, where n is odd. Then
Var(D,) = A,As (see [9]). We have G, = [N]Q where, by the theorem of
Nielsen-Schreier, a minimal set of generators of N consists of + =
= (r—1)2" + 1 elements and @ is an elementary abelian group of rank r.
By [12, 21.13] we have that |G,| =2"%2""V2*1 and in particular N is
homocyeclic.
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Lemma 11.  Let G, = F,(Var(D,,)). Then N 1is the direct product of r Q-
modules each of which is homocyclic, v — 1 are reqular modules (i.e. Q acts
reqularly on a minimal set of generators) and one is a trivial Q-module.

PRrROOF. By the preliminaries we have that N is homocyeclic of order 7"
(using the above notation). Let {p1,...,ps} be the set of all distinct prime
divisors of n with n = p{'py* - - - pZ and P; € Syl,,(N) where 1 <7 < s. Then
Q acts on each P;. let P; = P;/®(P;). By [5] P; is the direct sum of » — 1
regular F, Q-modules and a trivial F,,@-module. Let P;; a regular direct
factor of P; with 1 <j <r —1 and P;,, the trivial direct factor. Denote by
(@i, ..., 5} abasis of P;; on which Q acts regularly, such that 7 =5a,
witha, € Q,1<r<2"and a; = 1. Letv e P; Wlthvj¢(P)—1)1m and
v =vlla, with 1 <7<2" Moreover let P;; = (/|1 <r < 2"). Then

’L.]/é(PZ.]) = 1,,7 and Py,,] = <U1 > <?)2r> For,
P”@(PT)/(D(Pl) = Pi,j/(Pi,i n CD(Pl)) and ¢(Pi,j) S Pi,i n @(PZ) Then
B P;;/D(P;j)

P;j = P;;j/D(P;; h i ion less th
i P 0 P, ))/(D(P”) and P; ;/®(P; ;) cannot have dimension less than

P;;
2" which is the dimension of P; ; j» It follows that P = i =% P 5

hand, since {¥%/|1 < r < 2"} is a basis for P;;, we have that {v IIN<r<2y

is a minimal set of generators of P;;. Moreover P; = P;1P;s...P;,. Then
|Pi| = |Pi1Piz ... Piy| = (pf) P D GQinee |P;j| < (;o"’)2 we must have
PynP;, =1 for all indices 1<l<m<r and [Pyl = (]077)2 for
1<j<r—1. In particular P;; is homocyclic for all j with 1 <j < r and
P;=P;y x...xPip_1y xP;,. Let ¢; be an element of P; such that
¢ = ¢;D(P;)/D(P;) is a generator of P;, which is centralized by @. Then P;
is fixed by Q. The elements

{v}Jm(vﬁj)mviﬂl <j<r—-1and 1<r<2"}
and the element c; - - - ¢; are generators of N, and @) acts regularly on the set
of elements
ol el 1<j<r—1. O
LEMMA 12. Let G, = [N]Q the relatively free group of rank r in the
variety Var(D,) with n odd. Then ;here is a base B = {v1,vs,...,v7} of N

sych that every element of Q fixes r ;
¥ —

elements of B and inverts the other

elements.

2

Proor. By the previous lemma, we can restrict attention to a module N
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on which @ acts regularly. We have |@| = 2". We proceed by induction on r.
First of all we see that the result is true for » = 1. For, let B = {v1,v2} a
base of N on which @ = (a) (|Q| =2) acts regularly. So v1a = v, and
vea = v1. Consider the elements v1v2 and v1v; 1. Then (vivs, V1V, I =N.
We have (v1v2)a = vev; and (05 = v207! = (019;1) L. Now let @ be an
elementary abelian group of order 2" (» > 1) which acts regularly on a base
B of a homocyeclic group N. Let B = {v1,...,v2-}. We can assume v; = v10;
with a; € Q and a; = 1. Moreover, we can order the elements of @ so that
the set of elements {ai,...,as1} is a subgroup Qo of . Then
[N]Q = Nowrg,Q, is the twisted wreath product of the group Ny generated
by the elements vy, . .., v5-1 by the group @. By induction, we have that N,
possesses a base By = wy, . . ., w1 such that every element of @ fixes half
of the elements of B, and inverts all the others. Now let {1, b} be a trans-
versal of @y in Q. We can identify a base of N with the set of ordered pair
(w;,d) where d can be either 1 or b. Consider the set C of elements
{(w;, D(wy;, b), (w;, 1)(w;, b)fl} with 1 <7 < 2"1, Then C is a base of N. If
a € Qo then (w;, 1)(w;, b)’a = (w;a, 1)(w;a, b)° where ¢ is either 1 or —1. If
a € Q\Qo then a = hbwith i € Q. Then (w;, 1)(w;, b)°hb = (w;h, b)(w;h, 1)°.
So any element of @ fixes half of the elements of B and inverts the others. O

THEOREM 13. Let H = D,, with n odd and let G, be the free group of
rank r in Var (H). Then t(r) = (r — 1)2" + 1.

Proor. Let t =t(r) and ' = (r — 1)2" + 1. Clearly |G,| must divide
|H|' = 2!nt. As |G,| = %"'2" and r < +' we have, comparing exponents r’ < ¢.
By Lemma 12 we have G, = [N]Q < [N]Q where

Q%"ZzXXZz
—_———
7;/

acts on N as the group of all diagonal matrices with entries +1. It is easy to
see that [N]Q = (H)". Sot <#'. Hence t =+ = (r — 1)2" 4 1. O

5. On the growth of the function ¢(r).

We end this note with the proof of the theorem stated in the introduction.

ProoF oF THE THEOREM (!) Let G, be the free group in the variety

() We thank an unknown referee for greatly improving upon our original result.
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Var(H), and let |G,| = p{' - - - p& be the prime decomposition of its order.
Assume that we have an embedding  : G — H'™. Let n; : H' — H be the
i-th projection. Set ¢, = 7;7, and let K; := Ker(¢;). As 5 is an embedding,
the intersection of all the K; is the trivial group. By Lagrange’s Theorem,
already the intersection of at most e; + ... + e, of these kernels is trivial.
We have

f) :=10g,|Gy| =logop] -+ p% > €1+ ... +es,

and hence we get t(r) < f(r).

On the other hand |G,| < |[H|"", so f(r) < t(r)log,|H|. It follows that if
one of f(r) and t(r) is bounded by a polynomial of degree c in 7, then so is
the other. By Higman’s result [6, p. 154] we have that H is nilpotent of class
< ¢ if and only if f(r) is a polynomial of degree < c. O
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