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1. Introduction.

Throughout the paper only finite groups are considered. Two sub-
groups A and B of a group G are called mutually permutable if and only if
AY = YA and XB = BX is true for all Y C B and X C A; they are called
totally permutable if XY = YX for all Y C B and X < A. These two con-
cepts are more general than those of normal products and central pro-
ducts, for instance the dihedral group of order 6 is a product of two nil-
potent totally permutable subgroups. In both cases, under some restric-
tions on the structure of the factors, the product is a supersoluble group
(see Carocca [7] or [6, Corollary]), a class of groups considered much
earlier by Zappa (see [14] and [15]). Asaad and Shaalan [1] study sufficient
conditions for totally and mutually permutable products of two super-
soluble subgroups to be supersoluble. More precisely they prove:

Let G be the mutually permutable product of the supersoluble sub-
groups A and B. If either the product is totally permutable or A or B is
nilpotent, then G is supersoluble.
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The above results have been studied within the framework of formation
theory. This was the beginning of an intensive study of this kind of pro-
ducts, even in the infinite case (see [3,4,5,8]). Moreover Ballester-Bo-
linches, Cossey and Esteban-Romero have shown that totally permutable
products of nilpotent groups are extensions of an abelian by a nilpotent
group (see [2, Theorem 1]). We are interested here to find more in-
formation about the structure of the product of two nilpotent mutually
permutable subgroups. In particular, if G is the mutually permutable
product of two nilpotent subgroups of odd order, then we obtain that G is
abelian by nilpotent.

2. Results.

First of all recall that if A" denotes the class of all nilpotent groups, then
the N -residual of a group G, denoted by GV, is the intersection of all
normal subgroups N of G such that G/N € N. Itis clear that G/GV € N.
In the following G' will denote the derived subgroup of G and G? =
=<g?:9geG>.

LEmMMmA. Let G = AB be the mutually permutable product of the nil-
potent subgroups A and B. Assume that GV is a p-group and that GN < A.
Then G satisfies one of the following statements: (a) G2 is nilpotent; (b) GV
18 abelian.

PRrOOF. Assume the result is not true and G is a minimal counter-
example, so that G is not nilpotent, GV # 1 and p is a prime divisor of G;
also, by supersolubility [1], p > 2. We begin with two statements and collect
the consequences afterwards.

i) Oy(G) =1.

The conditions of the Lemma carry over to quotient groups. Assume
that 0,(G) =M # 1. Then M N GN =1land M belongs to the hypercenter
of G since M and MG /GV are operator isomorphic. Now the nilpotence of
(G/M) leads to the nilpotence of GEM /M and GZ; on the other hand, if
G/M W =GN x M) /M is abelian, so is GV Thus the statement is true by
minimality of G.

In particular, the Fitting subgroup F(G) of G is a p-group and p is the
biggest prime dividing the order of G.
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(i) 0°(G)=G.

Let T be any normal subgroup of G; by [6], Lemma 1 (i),(ii) we have that
(T N A)(T N B) is a normal subgroup of G and that it is the product of the
two mutually permutable subgroups TNA and T NB. Furthermore
|G : (T NAXT N B)| is a divisor of |G : T|*. Applying this to the smallest
normal subgroup of p-power index O”(G) = K, we have K = (KNA)YKNB),
and for K # G we find that the Lemma is true for K. If K? is nilpotent, so is
G? = K2F(G); likewise KV = GV and if one is abelian, the other is, too.
Again minimality of G yields the result.

Now we collect the consequences: F(&) is the Sylow p - subgroup P of G
by (i), furthermore F(G) = GV by (ii) and therefore F(G) =GN =G'.
Since Cq(F(G)) C F(G) and GV C A, we obtain that A does not possess
elements of order prime to p, so A = GV = P and G = AH where H is the
Hall p’ - subgroup of B. Moreover G/A = H is abelian of exponent dividing

p—1

i) [A,H]=A.
This follows from A = [G,A] = [H,A]JA’ C [H,A]®P(A).

(iv) AnBCA.

By [10, Proposition I(1.7), p. 206] applied to A/A’ and H we obtain
A/A" = ([A,H]A'JA")C 4,4 (H) with trivial intersection of the factors since
the p-group is abelian. Now (iii) yields (BNA)A'/A’ C Cy/a/(H) =1 and
this is (iv).

Let T =[A’, A]. We have the following strengthening of (iv):

V) AnNnB)T =A".

First, (A N B)T is normalized by H and by A. Every subgroup U with
(ANB)T C U C A is normalized by B since U = UBNA. So H induces
power automorphisms on A/(ANB)T. By a result of Cooper (see [9,
Corollary 2.2.2, p. 339]) we have [A,[A,H]] C (AN B)T. Now (v) follows
from (iii) and @v).

(vi) If A is nonabelian, then G? is nilpotent.
Choose an element x # 1 of H, it induces a non-identity automorphism on
A/A’. Since all subgroups D with A’ C D C A are normalized by B and
therefore by x, there is a number s such that v luxA’ = usA’ for all u € A;
also a1y, us T = [w], w3 1T = [ul,uz]szT for all u;,us € A. But x cen-
tralizes A’ /T, so s* = 1 mod. exp(A’/T) and xuxA’ = u'A’ for allu € A.
Now [x?,A] C A’; by a famous result of P. Hall [12, Theorem 7] we have: If
the normal subgroup M of the group 7 is nilpotent and 7'/M’ is nilpotent,
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then T is nilpotent. Applying this to A and (x* A) yields that (%, A) is
nilpotent and in particular the p’ - element #? centralizes A. So x* = 1 and
H? = 1 since x € H was arbitrary. Therefore G> = AH? = A is nilpotent.

We have shown that there is no minimal counterexample. Now the proof
is complete.

Notice that under the conditions of the Lemma the following is always
true:

(+) GV N B =1 if and only if GV is abelian.

We are now in the position to prove our

THEOREM. Let G = AB be the mutually permutable product of A and
B with A and B nilpotent. Then (GZ)N 1s abelian. In particular, if G is of
odd order we obtain (GV) is abelian.

Proor. Assume the result is not true and that G is a minimal coun-
terexample. Again the result of Asaad and Shaalan [1] yields that G is su-
persoluble. So we have that GN C @ CF(@ and P C F(G)if Pis the Sylow
p-subgroup of G with p the largest prime divisor of the order of G. Clearly,
every quotient group G/N of G inherits the hypothesis. We deduce at once

(i) G possesses only one minimal normal subgroup.

Assume that N; and Ny are two different minimal normal subgroups,
then (GHV) C N, for i = 1,2 and (G2Y)Y C NyN Ny = 1.

By (i), we have now that P =F(G) and therefore GNc@ cC
CPcCG?CQG.

It is a celebrated result of Wielandt (see [13, Satz 4.6, p. 676]) that in the
product of two nilpotent groups X, Y the corresponding Hall z-subgroups
permute with each other and that their product is a Hall z-subgroup of XY,
for every set of primes 7. In our case we have P = (P N A)(P N B) and the
product of the two p-complements of A and B respectively gives rise to a
p-complement @ of G, with (Q N A)Q N B) = @, and G = PQ. The quotient
group G/P = @Q is abelian by (i) and supersolubility of G.

We study now the subgroup BP. Our intention is to prove that BP
satisfies the hypothesis of the Lemma. We consider the intersections of A
and B with P and @ and obtain

(i) BN normalizes AN P.
The subgroup ANP is the Sylow p-subgroup of (BNQA =
=BNRAANRANP)=QANP), and (ii) follows.
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(iii) BP = (BNQ)P = (AN P)B satisfies the conditions of the Lem-
ma, taking (A N P) and B instead of A and B.

Notice that [BN@Q, P] is a normal subgroup of (BN Q)P = BP. Now
[BNQ,Pl=[BNQ,ANP)YBNP)]=[BNQR,ANP]CAnNP by (ii). But
also (BP)N CBNR,PICANP (notice that BN acts on P and then
P =[BnNQ,PICp(BNQ), which shows that BP/[B N @, P]is nilpotent). By
symmetry we have also

(iv) AP satisfies the conditions of the Lemma, taking there (B N P)
and A instead of A and B.

(v) AP and BP are normal subgroups of G.
This follows since G/P is abelian.

Now we will exclude all possibilities for the counterexample G.

(vi) (AP)N can not be abelian.

Assume first that the normal subgroup AP of G is nilpotent. This means
AP CF(G) =P and P = A(BNP). Let H be the Hall p’-subgroup of B.
Then GV = [GN,H] C [P,H] = [A,H] C A. By our Lemma, GV is abelian
or G2 is nilpotent, so also (G2 is abelian.

Now consider the case that (AP)N = W is nontrivial and abelian. If
(BP)2 is nilpotent, then 1 C W C (AP)(BP)2 C G is a sequence of normal
subgroups of G with W abelian, (AP)(BP)?/W nilpotent, and G /(AP)(BP)*
of exponent 2. So (GZ)N is abelian. If also (BP)N is nontrivial and abelian,
we have on one hand by (+) and (iv) WNA=1and W C BN P, on the
other hand by (+) and (iii), (BP)N NB =1 and (BP)N CANP. Now
(BP)N NW =1 contrary to the existence of only one minimal normal
subgroup.

We come to the conclusion

(vii) There is no counterexample to the Theorem.
By (vi) we know that the only possibility left is that (AP)? and (BP)? are
nilpotent. But then (AP)*(BP)* = G2 is nilpotent. This finishes the proof of
the Theorem.

The nilpotent residual of G need not be abelian in the situation con-

sidered. In the following we give two examples:

ExampLE 1. Consider the group B=(a,b | a* =[b,a,al,b® =[b,a,al’,
[0, al’ = [b, a, al’ = [b,a,b] = 1). B has order 3 and nilpotency class 3.
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1. All elements of B\ B’ have order 9. Notice that (abk)? =
= a3b3¥[b, a,al’ = [b,a,a]™ withm = 1+ 2k + k = 1 mod o([b, a, a]). Thus
B3 = ([b,a,al).

2. B = {([a,b],[b,a,al).

3. Let a be the automorphism of B given by a’ =ad?, b* =
= b2[b, a,al® = b°. Note that a defines an automorphism of the group B by
realizing that [a, b]" = [a?,b°] = [a~ !, b~ '] is conjugate to [a, b].

4. Let d =[b,allb~t,a1]. It is clear by the above remark that
d* = d. Therefore we can consider A = (d,a) = (d) x (a).

Let G = [Bl{a) be the corresponding semidirect product. The group G
is a mutually permutable product of A and B. Moreover, Coreg(ANB) =1
and GV = B is not abelian.

ExampLE 2. Let p be an odd prime; denote by P an extraspecial group
of order p**! with ¢t > 1 and of exponent p. It is clear that the subgroup
@(P) = P' = Z(P) has order p. Moreover P has nilpotency class 2 and the
quotient P/Z(P) is elementary abelian. Now the application of [10, 20.8 (b),
p. 81] yields that there exists an automorphism «a of order 2 of P such that a
fixes the elements of Z(P) and induces inversion on P/Z(P).

Consider now G = [P]{(a) the corresponding semidirect product. De-
note B = P and A = {(a, Z(P)). Then G is the mutually permutable product
of A and B both nilpotent. Moreover A N B = Z(P) and GN =P is not
abelian.
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