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ABSTRACT - The connected algebraic groups over an algebraically closed field whose
lattice of closed connected subgroups is complemented or relatively com-
plemented are determined.

Introduction.

If G is a connected algebraic group over an algebraically closed
field, structural properties of the lattice AG of all closed connected
subgroups of G turn out to be relevant in determining the algebraic
structure of G. In the present note we classify the algebraic connected
groups G with AG a complemented or relatively complemented lattice.
Rosenlicht’s theory of algebraic groups in the sense of A. Weil [12],
allows us to reduce essentially our investigations, via the notion of a A-
distributive pair, to the class of affine algebraic groups. We shall see
that the class of connected algebraic groups G with AG complemented
coincides with the class having in AG the Frattini subgroup &G trivial,
while the class of connected algebraic groups with AG relatively com-
plemented coincides with that of IM-groups, that is #[G/H] =1 for all
intervals [G/H] in AG. In abstract groups, the structure of solvable
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groups with complemented ([5], [15]) as well as with relatively com-
plemented subgroup lattices ([9], [16]) is well understood and so also of
IM-groups ([4], [10]); moreover all finite simple groups turn out to be
complemented [3]. For more details on this topics we refer the inter-
ested reader to [14, Chapter 3].

In our approach an analog to theorem 3.1.10 in [14] plays a crucial part.
Moreover a trivial Frattini subgroup imposes, as in abstract groups ([6],
[17]), in algebraic groups severe structural restrictions on the normal
nilpotent subgroups of AG. This fact is properly exploited in our in-
vestigaton of complemented, relatively complemented and IM-groups,
which share all the property of having a trivial Frattini subgroup. Before
presenting our main result we recall that a vector group V is a direct
product of one-dimensional unipotent algebraic groups and that a P-group
is an extension of a vector group V by a one-dimensional algebraic torus 7'
which normalizes every subgroup of V but does not centralize any of these
subgroups different from 1.

Our Main Theorem reads:

Given a connected algebraic group G over an algebraically closed field,
let AG be the lattice of all closed connected subgroups of G. Then:

() AG is complemented if and only if @G = 1 if and only if G is an
almost direct product of an abelian variety with an affine algebraic group
L, where L is a semidirect product of a vector group V, which is a direct
product of minimal normal subgroups of G with a reductive group.

(ii) AG is relatively complemented if and only if G 1s an IM-group
if and only if G is an almost direct product of an abelian variety and an
affine group L, where L is a direct product of a torus with a vector group or
with a P-group.

To avoid repetitions, in all what follows algebraic groups will be
understood over algebraically closed fields, and a subgroup X of G
always means an element of AG. The paper is subdivided into 4 sec-
tions. Section 1 contains prerequisities concerning the lattice AG,
section 2 deals with properties of the Frattini subgroup and section 3
with those of AG for G a reductive connected group G. Finally in
section 4 our main classification theorems of complemented, relatively
complemented and IM-groups are presented. For basic notions on
lattices, subgroup lattices and algebraic groups reference is made to
[1], [14] and [7].
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1. Prerequisites.

The set AG of closed connected subgroups of an algebraic group G
forms a lattice if one takes for A, B in AG as meet A A B the connected
component of the identity in A N B and as join A vV B the algebraic sub-
group generated by A and B.

Any connected algebraic group G is the product Lq D¢ of two subgroups
where Lg is the unique maximal connected affine algebraic subgroup of G
and D¢ the unique minimal connected algebraic subgroup of G such that
G/Dg is an affine group. Using results in [12] one can state

ProposiTioN 1.1. Let G = LgDg be a given algebraic connected
group. Then D¢ is contained in the center of G and if Lg A Dg = 1, then
D¢ is an abelian variety while G/ Lg N Dg is a direct product of the affine
group La/Le N Dg and the abelian variety Dg/Le N De.

THEOREM 1.2. Let G be an algebraic connected group. Then the fol-
lowing assertions are true:

(i) (Lg,Dg) is a distributive pair in AG, that is, for any H in AG
one has
HAWLgVDg)=HANLg)V(HANDg)

(i) A(G/Lg ANDg)= A(Lg/Lg A Dg) x A(Dg/Lg N Dg)
@iii) The mapping A: AG — ALg, H— Ly is a surjective meet-
homomorphism satisfying

(1) H = H A Lg
@) (Hy Vv Hy) > H} v H

@iv) The mapping o0: AG— Dg, H— Dy s a surjective join-
homomorphism satisfying
(1) H° <H ADg
(@) (Hi AHy) = H} NHY

Proor. For H € AG one has H A Lg < H”; on the other hand the af-
fine group H* < H lies in Ly, so (iii)(1) follows. Since the group HDg /Dg is
affine, H/H A Dg is affine too, thus (iv)(1) follows. From (iii)(1) and (iv)(1)
one concludes that H = (H A Lg)(H A Dg). Thus (i) and (i) hold. From
(iii)(1) follows that A is a meet-homomorphism. The validity of (iii)(2) is
obvious. Since H1H3/H{HS and H{Hs/H{H} are respectively epimorphic
images of Hi/HS, and Hy/Hj in HyV Hs/H{H3 and since a subdirect
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product of linear groups is linear Hy V Hy/H{H} is linear. Thus H{H3 >
> (Hy V H»). On the other hand H; < (H; V H) yields H? < (H; V H»)’
hence H(HS = (H; vV H 5)°, i.e. dis a join homomorphism.

There is a rational isomorphism from

Hy ANHy/HS AN Hy = Hy A Hy/HS A (Hy A Hy)

onto the linear group (H; A Hz)H{/HS. Thus the group (H; A Hz)/HS A Hs
is linear. Since a subdirect product of linear groups is linear, also
Hi A Hy/H A HY is linear i.e. (iv)(2) holds. O

Two connected algebraic groups Gy, Gz are called isogeneous if there
exists an algebraic group G and epimorphisms ¢; : G — G; such that ker
q; is finite [12]. According to Theorem 6 in [12] and Hilfssatz 1 in [11] one
gets the following

LEmma 1.3. For a connected algebraic group G and a finite normal
subgroup E of G, the canonical epimorphism n: G — G/E induces a
lattice isomorphism from AG onto A(G/E).

If a connected algebraic group G is a product NH where N is a normal
subgroup of G such that N A H = 1, we call G an almost semidirect pro-
duct of N with H. Lemma 1.3 allows often to discuss semidirect products
instead of almost semidirect products.

REMARK 1.4. We recall from [11] that if A is an abelian variety, then
AA is a relatively complemented modular atomic lattice (for these notions
see [1]).

2. The Frattini subgroup.

The Frattini subgroup @G of a connected algebraic group G is defined
as the meet of all maximal elements in AG. Thus @G does not have a
complement in G unless @G = 1.

ProposITION 2.1. Let G be a conmnected algebraic group and N a
normal subgroup of G. Then ®N < @G.

ProOOF. Assume @®N £ @G. Then there exists a maximal element M of
G such that M(®N) = G. But then N = N AM(®PN) = (®N)M AN) =
= M A N, a contradiction since N = M A N. O
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THEOREM 2.2. Let G be a connected algebraic group. Then

(i) ®Dg = Dg N Lg, DG = (PLa)(PDg) = OLg
(ii) @Lg is a unipotent group and ®Dg is a product of one-di-
mensional central affine subgroups of G.

Proor. (i): Since D is a non splitting extension of the group
R =Dg A Lg by an abelian variety, it follows from [13], Lemma 2 and
Proposition 11 that the central group R is generated by one-dimensional
affine subgroups. Let £ be one of these subgroups and let M be a maximal
elementin ADg. If E £ M, then Dg = EM and D¢ /M would be a non trivial
affine epimorphic image of Dg. So @D > R and since &(Dg/R) =1 (see
Satz6in[11]) we get Do A Lg = @D < @G. Using theorem 1.2(ii) one gets
O(G/PDg) = ®(Lg/PDg) and G = @PLG = (PLG)(DPDg).
(i): Let U be the unipotent radical of L; and set Lg" = Lg/U. Since Lg" isa
reductive group, every normal subgroup in ALg" is an almost direct factor
of Lg™ [7]. On the other hand ®Lg" is contained in every maximal normal
element of ALg". Thus one gets ®Lg" = 1. It follows that ®Lg < U is
unipotent. The remaining part of (ii) follows from (). O

COROLLARY 2.3. Let G be an algebraic connected group. Then &G = 1
if and only if AG = ALg x ADg, where Dg is an abelian variety and
PL; = 1.

Proor. If &G =1, then by theorem 2.2 one has 1=DgALg=
= (@Lg)(@Dg). So by proposition 1.1 we have AG = ALg X ADg and D¢
is an abelian variety. Conversely, if AG = ALg x ADg, then &(G) =
= @LG X @DG =1 O

Given a connected algebraic group G, the determination of the algebraic
structure of G/®G is so reduced via corollary 2.3 to the case that G is an
affine group. In this case an element H € AG is a nilpotent group if
H=H,xT, T atorus.

LEmma 2.4.  Let G be an affine algebraic group and let N be a normal
subgroup of G suchthat N < &@G. Then K /N is a normal connected nilpotent
subgroup of G/N if and only if K is a normal nilpotent element of AG.

Proor. Assume K/N <G/N and K/N nilpotent. Then K = K, T,
where T is a maximal torus of K, and by theorem 2.2 (ii) one has N < K,,.
Since NT <G, by the Frattini argument one has N(T)N = G. Hence
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N(T) =G since K = K, x T. For the converse, K = K, x T <G and by
theorem 2.2 (ii) N < K,, hence K/N < G/N and K is nilpotent. O

REMARK 2.5. Let FG be the Fitting subgroup of G, i.e. the join of all
normal nilpotent elements of AG. Using theorem 2.2 (ii) the lemma 2.4 tells
us that FG/®G is the Fitting subgroup of G/®G.

LEMMA 2.6.  Given the connected affine algebraic group G, let N /®G be
a normal nilpotent subgroup of G/ DG. Then G/ DG splits over N /PG and
N/®G is a direct product of minimal normal subgroup of G/ ®G.

Proor. Since &(G/PG) = 1, by proposition 2.1 one has &N /DG) = 1.
As N /@G is the intersection of subgroups of codimension 1, it is a direct
product of a vector group and a torus. Take a subgroup A/®G in AN /DG)
which is maximal with respect to properties to be generated by minimal
normal subgroups in A(N/®G) and having a complement C/®G in
A(G/®G). By induction assume that A is properly contained in N. Then
14CAN/PGaCN/PG = G/PG. Let B/PG be a minimal connected
normal subgroup of G/®PG contained in C A N/PG. Since O(G/PG) =1,
there also exists a maximal connected subgroup M/®G such that
MAB/®G =1. Now by construction (M AC) A AB = &G, while (M N C)AB =
= (MB A C)A = CA = @G, a contradiction to the maximality of A. O

3. Affine groups.

LemMa 3.1. Let G be a connected affine algebraic group and take
D € AG such that D lies in only finitely many but in at least two maximal
elements of AG. Let C be a conjugacy class of elements of AG which are not
all contained in only one maximal element of AG containing D. Then there
1sa C € C such that G = C Vv D.

Proor. Let I = {Mj,...,M,} be the set of maximal elements of AG
which contain D and let Cy be an arbitrary element of C. By hypothesis we
have ¢ > 1 and the sets X; = {g € G |Cj < M} are non empty closed sub-
sets of G (see [2] I.1, p. 52). Since G is an irreducible variety, there is an
element g € G \ |JX;. For such an element one has Cj v D = G. O

2

PRrROPOSITION 3.2. A maximal torus T of a connected affine reductive
algebraic group G is contained in only finitely many maximal elements
of AG.
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Proor. By ([2], 13.1, p. 163) the set BT of all Borel subgroups con-
taining T is finite, and each element of B! contains only finitely many 7-
invariant connected closed unipotent subgroups (see [7], 28.1, p. 170). From
this it follows that 7 lies in only finitely many parabolic subgroups of G (see
[7],28.3, p. 172). The maximal elements of AG are parabolic or reductive (see
[7], 30.4, p. 187). We denote with R” the set of all maximal elements of AG
which are reductive and contain 7. It follows from ([7], 28.1, p. 170) that T
normalizes only finitely many connected unipotent subgroups of G. Hence
the Borel subgroups of the groups in the family R’ form a finite set. As
every element of R” is generated by two of its Borel subgroups (see [7],
26.2, Corollary C, p. 160) the family R” is finite, too. O

LEMMA 3.3. Let S # 1 be a torus in a simple algebraic group G. Then
there is a torus of G which is a complement of S in AG.

Proor. If G is a simple abelian variety then there is nothing to show.
Let T be a maximal torus of an simple affine algebraic group G. From
proposition 3.2 we know that 7' lies only in finitely many maximal elements
of AG. Thus we may apply lemma 3.1 to 7" and to the conjugacy class
{SY|g € G}. Hence T has a supplement S for some g € G, and so S has 79"
as a supplement in G. But then if C'is a complement of 79 ' A Sin 79 ', then
C is a complement of S in AG. O

LEMMA 3.4. A connected unipotent subgroup H of a reductive algebraic
group G has a complement in G.

Proor. Let B be a Borel subgroup of G containing H. According to
([7], 26.2, corollary C) there exists a Borel subgroup B~ such that B A B~
is a maximal torus of G. We set P = H VvV B™. Since [G/B] is a Boolean
algebra (see [7], Theorem, p. 179) there exists a parabolic subgroup L of G
such that PAL=B" and PVL=G. We have HAL<PAL=B";
hence HNAL<HAB =landHVL=HVB VL=PVL=G. O

LEMMA 3.5. Let G be a connected algebraic group and let Ay, As € AG
such that G = A1As. For an H € AG assume that there exists a comple-
ment Cy of H A Ay in AA; and a complement Co of (H V Ay) A Ag in AAs. If
C1Cy = CoCY, then C1Cs is a complement of H in AG.

Proor. Put Dy = HNA; and Dy = (H V A1) N Ag. The groups E; =
=C;ND;, (1 =1,2), are finite subgroups of A;. Suppose x € H N C;Cs.
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Since there are elements c; € C;, (1 = 1,2), with & = cycg, one has
C2 :Cl_lﬂé‘é HVCHONC,<HVA)DNAsNCs =DyNCy = KEs.

Thus xc;! =¢; e HNC; =HNA NC; =Dy NCy =E;y. Tt follows that
H N (C;Cy is contained in the finite set £y Es and this implies H A C;Ce = 1.
Having obtained this, the rest of the proofs is verbatim as in ([14], 3.1.4)

O

THEOREM 3.6. For a reductive connected algebraic group G the lattice
AG is complemented.

Proor. We know that G decomposes in an almost direct product
G = G1Gs . . .Gy, where G; is a torus or a simple algebraic group. From
lemma 3.5 it follows that AG is complemented if each AG; is complemented.
So take H € AG;. If H is unipotent, then according to lemma 3.4 it has a
complement in AG;. If H is not unipotent, then H contains a torus 7" # 1. It
follows from lemma 3.3 that in G there is a torus W which is a supplement of
T in AG. But then a complement of H A W in W is a complement of H in AG.
The conclusion follows. O

4. The main theorems.

THEOREM A: Let G be a connected algebraic group over an algebrai-
cally closed field. Then the following statements are equivalent:

() 4G is a complemented lattice

(i) &(G)=1

(iii) G is an almost direct product of an abelian variety A with an
affine algebraic group L which is a semidirect product of the unipotent
radical R, and a reductive group K. Moreover, R, is a direct product of
minimal normal vector groups of G.

(iv) In AG there is a normal nilpotent subgroup N such that N is the
direct product of connected minimal normal subgroups of G and N has a
complement K in AG with AK complemented.

ProoF. The statement (ii) follows easily from (i), as was already re-
marked in the beginnig of section 2.

If &G =1, then (iii) is an easy consequence of corollary 2.3 and
lemma 2.6.

Putting N = AR, in (iii) one obtains (iv).
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Let N be a connected closed normal nilpotent subgroup of G satisfying
(iv). Then N is an almost direct product of of minimal connected subgroups
N,;, normal in G. Since he center Z; of N, is normal in G, we conclude that N
is commutative.

Let B € AG be a normal subgroup of G and let C be maximal in AG with
respect to being normal in G and having finite intersection with B. If N is
not contained in BC, then there is ¢ such that N; lies not in BC. Since B < G,
the group BC is normal in G and BC N N; is finite because of the minimality
of N;. Hence BCN; is an almost direct product of B, C, N;. It follows that
CN,; N B is finite and that C is a proper subgroup of CN;, contradicting the
maximality of C. Thus C has a complement in AG.

Take H € AG arbitrary. As AK is complemented, there is a complement
D of HANK in AK. Since N <G is commutative, we see that B; =
= (HV K)AN is normal n N as well as in H V K. Hence B; is normal in
NK = G. As we have seen in the last paragraph there is a complement C of
B; in AN which is normal in G. Since C A D < N A K is finite, we conclude
from Lemma 3.5 that CD is a complement of H in AG. O

The two following statements are immediate consequences of Theo-
rem A.

COROLLARY 4.2. A connected affine algebraic group over an algebrai-
cally closed field of characteristic 0 has a complemented lattice AG if and
only if its unipotent radical is a vector group.

COROLLARY 4.3. Let G be a connected algebraic group. Then AG is
complemented if and only if each characteristic subgroup of AG has a
complement in G.

COROLLARY 4.4. An almost direct product G of sequence G1,...,G, of
connected algebraic groups is a complemented group if and only if AG; is
a complemented lattice for every i.

ProoF. Uselemma 1.3 and observe that G = &G x - - - x ®G,. Then
use theorem A. O

A connected algebraic group G is called an IM-group if one has
&[G /H] = 1for every interval [G/H]in AG. This means that the meet of all
maximal elements of the interval [G/H] is H. By theorem A the class of
IM-groups is a subclass of the class of complemented connected algebraic

groups.
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Lemma 4.5.  If G is a connected algebraic IM-group, then G is solvable.

Proor. Ifthe proposition is not true, then there are reductive groups,
which are counter-examples. Among them we choose a group G in which the
Borel subgroups have minimal dimension. Let B be a Borel subgroup of G
and let U be the unipotent radical of B. Let B; a Borel subgroup of G with
unipotent radical U~ suchthat UAU~ =1and UV U~ = G ([7], 26.2 Co-
rollary C, p. 160 and 27.5 Theorem, p. 167). Let ©Q be the set of all maximal
elementsin the interval [G/U]. If M € Qis parabolic, it contains B since B is
the normalizer of U in G. It follows that not all elements of Q are parabolic,
otherwise B = U. Let M € Q be reductive ([7], 30.4, p. 187). Then U is the
unipotent radical of some Borel subgroup Bz of M. Let Bs be a Borel sub-
group of M with unipotent radical Us such that UAUs=1 and
U v Us = M hold. Because the dimension of M is minimal, the groups U~
and Us have the same dimension. But this implies the contradiction
G=UvU =UvUs=M. O

A connected algebraic group G is called a t-group if the relation of
normality is transitive in 4G.

LEMMA 4.6.  Let G a connected algebraic IM-group and A, B elements of
AG such that A< B < G. Then A <G, t.e. G is a t-group.

Proor. Let Q={M € AG|A < M,M minimal in AG} and 4=
={MecQB<M}. Then A= () M and for each M € Q\ 4 one has

Meo\a
MB = G. Thus for g € G there arg m € M, b € B such that g = mb. Hence
(MABY =M°NB>AY=A,ie. A<G. O

LEmMA 4.7.  If G is an algebraic P-group, Then AG is a projective space.
Moreover, if the characteristic of the ground field K is positive, then G has
dimension at most 2.

Proor. LetG = VT be a P-group. If char (k) = 0, then any subspace of
the Lie algebra LG of G is a subalgebra. But by ([7], 13.1) the lattice of
subalgebras of LG and AG are isomorphic.

Assume that chark > 0 and dim G > 2. Then for every 1-dimensional
U € AG there is a 1-dimensional £ € AG such that U N E is finite. The
automorphism groups 7'y respectively Tx induced by T on U respectively
E' are one-dimensional tori. The group Ty leaves the finite group U NE
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invariant and hence centralizes it, a contradiction. Hence for V # 1 we
have dim G = 2 and 4G is a projective line. |

THEOREM B: Let G be a connected algebraic group. Then the following
statements are equivalent:

(i) 4G s a relatively complemented lattice
(ii) G is an IM-group
(iii) G is a solvable complemented t-group
(iv) G is an almost direct product of an abelian variety by an affine
group L, where L=V x C or L = P x C,V a vector group, C a torus and
P =VT a P-group.

Proor. If AG is relatively complemented, then for H € AG one has
?[G/H] = 1. So G is an IM-group.
If G is an IM-group, then by Theorem A one has @G = 1. It follows from
Lemma 4.5 and Lemma 4.6, that G is a complemented solvable t-group.
If G satisfies (iii), then by Theorem A it is an almost direct product of an
abelian variety A and a solvable affine t-group L with @L. So L, is a
commutative group. Since L is a t-group and L,, is commutative, it follows
that H < L,, < L implies H < L. So L has the structure indicated in (iv).
If G is as in (iv), then by Corollary 2.3 one has AG = AL x AA. Since AA
is relatively complemented (see Remark 1.4), all we have to show is that L
is a relatively complemented group. This is clear if L is commutative, be-
cause then AL = AV x AAT ([11], Satz 5). Assume that G is a counter-
example in which the dimension of L is minimal. ThenL is not commutative,
i.e. L=VT x A with T # 1. Theorem A shows that L is complemented.
The structure given in (iv) is inherited by all closed connected subgroups of
L as well as by all epimorphic images of L. Since G is a counterexample,
there exists an atom H € AG such that HG and the interval [G/H] is not
relatively complemented. As HG one has VT = VH. So using Lemma 4.7
one sees that [G/H] ~ AV x C)is a complemented lattice, a contradiction.
O
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