REND. SEM. MAT. UNIv. PADOVA, Vol. 112 (2004)

On a Generalization of Groups
with All Subgroups Subnormal.

A. ARIKAN (¥) - T. OzEN (%)

ABSTRACT - In this article we prove the following result: Let G be a Fitting
p-group. If for every proper subgroup H of G, H® # G and H™ is hypercen-
tral for a non-negative integer n, then G' = G.

1. Introduction.

We first consider the following question:

Let G be a group with H% = G for every proper subgroup H of G. Is
G' =@G?

Obviously groups having the property in the question are a generali-
zation of groups with all subgroups subnormal. The class of all groups in
which every proper subgroup has a proper normal closure is considered
in [7]. In [4] Mohres proved that if G is a group with all subgroups sub-
normal then G is soluble. We mainly exploit Mohres’ ideas in the proofs
of our results. Many remarkable results can be found in the Literature
related to groups with all subgroups subnormal which we do not include
here.

In this article we prove the following result:
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THEOREM. Let G be a Fitting p-group. If for every proper subgroup
Hof G, H® # G and H™ is hypercentral for a non-negative integer n,
then G' #GQ.

2. Proper normal closures.

Let ¢ ((x) = x. Define
¢)i(96'1, ey .’)Czi) = [¢i,1(.%‘1, ceey .’)6'25—1), ¢i,1(96'2i—1+1, cery 9(721')].

Now a group G is soluble if and only if there is a positive integer n such
that ¢ ,(G) =1.

Our results are closely related to the class of groups with the follow-
ing property: for every given sequence #;, Xs, ... of elements in the
group there exists a natural number d such that

¢d(%1,--.,m2d):]_,

Let denote the class of groups having the above property by &. Now
we give some properties of this class of groups.

LEMMA 2.1. Let G be a group. If every given sequence Xy, s, ... of
elements tn G there exists a natural number d such that

¢d(901,...,902d):1,

then G is hyperabelian and G' # G.

Proor. It is enough to prove that G contains a nontrivial normal
abelian subgroup for the first part of the assertion. Suppose that this is
not the case. Clearly there exist elements x;, ;e G such that
@12y, ) =[x, 23] #1. Assume that we have found elements
X1, &g, ..., Xy in G such that

Y=¢; (X, ..., 2) Z1.
Now by the assumption (y)® cannot be soluble. This implies that
[y) () VT =1.
Hence there exist elements i 1, ..., ¥oi+1 in (y) such that
Piv1(@r, oo, Toier) = [y, ony Toi), @i(@gipqyonny Xe)] # 1.

This means that there exists a sequence of elements x;, s, ... in G such



On a generalization of groups etc. 73

that ¢;(xy, ..., 22) #1 for every natural number ¢. But this is a
contradiction.

Now assume that G’ = G, then Z,(G) = Z,(G) by Griin’s Lemma, i.e.,
Z(G/Z(@)) = 1. Since the property given in the hypothesis is inherited to
homomorphic images we may assume that Z(G) = 1. Let x;, x» be ele-
ments in G such that ¢ ;(x;, 25) = [, 23] # 1, as above. Assume that we
have found elements x;, &, ..., % in G such that

Y=¢ (X, ..., %) Z1.

Now we can find an element & in G such that [x, y] # 1. Since G is per-
fect, e G 'Y and hence we can find elements @y, 1, ..., %zi+1 in G such
that

¢i+1(901, ceey 9027',”) =
=y, @i, ..., @) =[Py, ..., @), Pi(Uaisn, ..., Bpiv)] = 1.

Thus we see that there exist elements x;, x,, ... in G such that
¢i(xq, ..., 2i) #1 for every natural number 4, a contradiction.

Let G be the direct product of a non-soluble hypercentral p-group
(Example 6.12 of [8] for example) and a non-hypercentral soluble p-
group of derived length n (see Example 6.10 of [8]). Then G ™ is hyper-
central and proof of the theorem shows that G has the above property.
This example shows that the class of all soluble groups and the class of
all hypercentral groups are proper subclasses of ¢ and g is a proper
subclass of the class of all hyperabelian groups, since McLain’s group
M(Q, F) where F is a field of characteristic p > 0 (see 12.1.9 of [6]) is an
example of a perfect hyperabelian group.

Now we give some auxiliary lemmas to prove the theorem.

LEMMA 2.2. Let G be a locally nilpotent perfect p-group. Suppose
that for every proper subgroup H of G and for every given sequence of
elements x1, %z, ... in H there exists a natural number d such that

¢d(x17 LR xZ‘i) =1
and H®# G. Then there exist a proper normal subgroup N, a finite

subgroup U of G such that

N (U,yy=U

yeG\N

and Z(G/N) = 1.
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ProoF. Assume that the assertion is false. By the first part of the
proof of Lemma 4 of [4], for every finite subgroup U of G, element a e
e G\ U, proper subgroup 7 of G and outer commutator word ¢(x;, ..., x,)
(see [4] for the definition) there exist ¥, ..., %, in G such that
oW1y .-y y) eTand a ¢ (U, yy, ..., y.). Let K be a proper subgroup of
G. If we put Z(G/K%) = Z/K“ then Z # G and Z(G/Z) = 1, since G is per-
fect. Now

N (z)=1

2eG\Z

by hypothesis. If a is a non-trivial element in G then there exists an ele-
ment 2z, in G\ Z such that a ¢ (z;). Assume that we have found elements
Z3y ..., 2 in G such that ¢, (21, ..., 2m) ¢ Z and a ¢ (2, ..., 2a). Now
there exist elements 29,1, ..., 2eu+1 in G such that

¢n(z2”'+1’ ] Z2n+1) ¢CG(¢71(z15 () z2”) Z)

and a ¢ (21, ..., Zon, Zonyq, ..., 2nr1), since Z(G/Z)=1. This implies
that

¢n+1(21, ceey RNy RN 41y euny 22n+1) =
= [¢n(21, cery Zzn), ¢n(z2”+1; ceey 22”*1)] ¢Z .

Put X = (2;: i=1, 2, ...). Then X is a proper subgroup of G, since a ¢ X
and ¢ (21, ..., 2e¢) #1 for all natural number d. But this is a contradic-
tion.

The following lemma is a version of (5) Lemma of [4].

LeEMMA 2.3. Let G be a Fitting p-group. If H® = G and for every
given sequence of elements xi, xs, ... tn H and for every proper sub-
group H of G there exists a natural number d such that

¢d(x1, ceey xzd) = 1,

then G' #G.

ProoF. Assume that G' = G. By Lemma 2.2

N (U, y=U

yeG\N

for a finite subgroup U of G and for a proper normal subgroup N of G
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such that Z(G/N) =1. Let

ae (yegw(U, y)) \U

and put M = (U, a)° N and Z(G/M) = Z/M. Now Z(G/Z) = 1. Since G/Z
is hyperabelian there exists an element ¥ in G such that ()% Z/Z is an in-
finite elementary abelian p-group. Now (y, a, U)? is nilpotent and
{y, a, U/{y, a, U¥NZ) is an infinite elementary abelian p-group.
Put R = (y, a, U)¥ N Z. By (6) Satz of [3] there exists a subgroup V of
(y, a, U) such that U<V, a¢V and VR/R is infinite. But then there
exists an element ve V\N such that a ¢ (U, v), a contradiction.

PROOF OF THE THEOREM. Since H ™ is hypercentral, there exists an
ordinal 8 such that

1=Z,(H") < Zy(H™) ...Zﬂ(H(")) =H"™ 1H.
Put Z,(H™) = L, for all ordinals y < f and Lg,, = H. Let %, @5, ... be a
given sequence of elements in H. Assume that ¢ ;(x, ..., 2) # 1 for all

i. Put yy = ¢, (1, ..., Zon). Then there exists an ordinal «; such that y; e
€Ly, +1\L,,. Now we have

Y2 = ¢n+1(.%'1, teey 90277+1) = [?/1, ¢77/(x2”'+1’ R xZ"'*l)] EL(“

and thus there exists an ordinal a, such that a; > a, By continuing in
this way we see that a; > a, > ... is an infinite descending chain of ordi-
nals, a contradiction. Now we have that ¢ ;(xy, ..., ) =1 for a natural
number d. By Lemma 2.3 G' = G.

COROLLARY. Let G be a Fitting p-group and let for every proper
subgroup H of G, H® # G. Then,

(@) if every proper subgroup of G is soluble then G is soluble.

(ii) if every proper subgroup of G is hypercentral then G'#=G.

Both authors are grateful to the referee for many helpful suggestions
and and comments.
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