RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITA DI PADOVA

G. A. YOSIFIAN

Homogenization of some contact problems for the
system of elasticity in perforated domains

Rendiconti del Seminario Matematico della Universita di Padova,
tome 105 (2001), p. 37-64

<http://www.numdam.org/item?id=RSMUP_2001__105__37_0>

© Rendiconti del Seminario Matematico della Universita di Padova, 2001, tous
droits réservés.

L’acceés aux archives de la revue « Rendiconti del Seminario Matematico
della Universita di Padova » (http://rendiconti.math.unipd.it/) implique 1’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=RSMUP_2001__105__37_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

REND. SEM. MAT. UN1v. PADOVA, Vol. 105 (2001)

Homogenization of Some Contact Problems
for the System of Elasticity in Perforated Domains.

G. A. YoSIFIAN (¥)

ABSTRACT - Some unilateral problems for the system of linear elasticity are consi-
dered in a perforated domain with an e-periodic structure. Boundary condi-
tions characterizing friction are imposed on the surface of the cavities (or
channels), while the body is clamped along the outer portion of its boundary.
We investigate the asymptotic behavior of solutions to such boundary value
problems for variational inequalities as € — 0 and construct the limit problem,
according to the form of the friction forces and their dependence on the par-
ameter ¢. In some cases, this dependence results in additional restrictions on
the set of admissible displacements in the homogenized problem which has
the form of a variational inequality over a certain closed convex cone in a So-
bolev space. This cone is described in terms of the functions involved in the
nonlinear boundary conditions on the perforation and may depend on its geo-
metry. A homogenization theorem is also proved for some unilateral problems
with boundary conditions of Signorini type for the system of elasticity in a
partially perforated domain.

1. A problem with boundary conditions of friction type.

Let Q¢ be a perforated domain in R™ with an e-periodic structure:
Q°=QNew, where 2 is a fixed bounded domain, ¢ is a small positive
parameter, o is an unbounded 1-periodic domain. Thus, w is invariant
under the shifts by all vectors with integer components; cw is its
homothetic contraction with ratio ¢, and wyo=0Nw is the cell of
periodicity, where [0 =10, 1[*. It is assumed that Q, Q¢ and w, are

(*) Indirizzo dell’A.: Institute for Problems in Mechanics, Russian Academy
of Sciences, Prospekt Vernadskogo 101, Moscow, Russia, 117526.
E-mail: yosifian@ipmnet.ru



38 G. A. Yosifian

domains (i.e., connected open sets) with Lipschitz continuous boun-
daries.

The set Q\cw represents a perforation of Q. This perforation may be
formed by small cavities cut out of 2, or by small channels penetrating Q.

For an elastic body occupying 2°, the stress temsor at a point x =
= (24, ..., &,)is an (v X n) matrix e(u®) = A°(x) e(u®). Here u® = u®(x) is
the displacement identified with the column vector *(uf, ..., uf), e(u®) is
the linearized strain tensor, i.e., the matrix with the elements (e(u®));; =
=271 (0uf /5x; + duf /dx;); A° (x) is the elasticity tensor identified with a li-
near transformation of the space M" of real (n X n) matrices. This tensor
has the form

Q@)= ") ={a* (¢ '0)}, (@AEP=0["Epn, YP={pa}eM".

The coefficients al*(£) are 1-periodic functions of £eR” which satisfy

the usual conditions of symmetry and positive definiteness:
alf (&) =af"(&) = aif (&),  K1byby < al* (&) by by < Kby by,

for all real symmetric matrices {b;} eS™ and all &, where k;, k=
= const > 0. Here and in what follows, we assume summation over repea-
ted indices from 1 to », unless indicated otherwise; boldface letters de-
note matrices and column vectors.

By p:q=p;q; we denote the scalar product of two matrices p,
qeM”, and by §-=¢;n; the scalar product of two column vectors &,
neR". For a matrix valued function p(x) = {p;(2)}, divp is the column
vector with the components (divp); = op;;/0x;.

For a bounded Lipschitz domain @, the Sobolev space H'(Q) is the
completion of C*(Q) with respect to the norm |lul, ¢ =|lul.2q +
+ |V, %2, and H{ (Q) is its subspace formed by all u € H'(Q) with zero

trace on 0Q. As usual, A is the closure of a set AcR", JA is its

boundary.
Inside 2%, the displacements are supposed to satisfy the usual equa-
tions of static equilibrium div o(u®) = —F(x) with external body forces

F e (L2(2))". On the outer portion of the boundary of ¢, denoted by
I'* =90 N 9%, the body is clamped: u®| - = 0, whereas on the surface of
the cavities inside 2, denoted by S = (32°) N £, we impose nonlinear
boundary conditions, such as those expressing the Coulomb law of con-
tact with friction, or the conditions of normal displacement with fric-
tion (see [DL] and Examples 1 and 2 below). In accordance with [DL],
we formulate such boundary value problems in terms of variational ine-
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qualities involving convex nondifferentiable functionals, in other words,
we consider weak solutions of these problems. Formal (i.e., regardless of
regularity) equivalence of weak and «classical» solutions of problems
with friction is discussed in [DL]. The existence and the uniqueness of
weak solutions to variational inequalities considered in this section fol-
low from the general results to be found, for instance, in [ET] and [L]
(see also [DL]).

The present paper continues the studies started in [Y1], [Y2], where
some other homogenization problems with nonlinear boundary condi-
tions have been considered. In order to avoid too many auxiliary proposi-
tions, we will use readily available ones from [OSY], [Y1], [Y2], which
makes us to assume the coefficients and the boundaries 092, dw sufficien-
tly smooth, and to impose an additional assumption on the structure of
the perforation: the set (1\w, as well as the intersection of [1\@ with a 6-
neighborhood of 91, consists of finitely many Lipschitz domains separa-
ted from one another and from the (n — 2)-dimensional edges of the cube
O by a positive distance. However, with the help of the results from [Y3],
it would not be very difficult to reduce these assumptions to the case of
bounded measurable coefficients and £, 2°, w being Lipschitz
domains.

We are going to study the asymptotic behavior (as ¢ — 0) of solutions
of the following problem for a variational inequality:

Find the displacement u®e (H}(R2°¢, I'*))" such that for any ve
e (H{ (Q°, I*)

) J’e(v—uf): Ale 'a) e(ut) de+J 5 (v) —J(uf) = fF-(v —u)da.

2° 2

Here H} (¢, I'*) = {ue H'(2°): u|r =0 is the closure in H'(Q°¢)
of its subspace consisting of the functions that vanish in a neighborhood
of I'*; J:(v) are convex continuous (nondifferentiable, in general) fun-
ctionals on (H!(2¢))" specifying the boundary conditions on S¢ and defi-
ned in terms of the following two classes of functions:

Class &8, consists of real valued functions (5, &) on R" X dw, 1-peri-
odic and measurable in £ for each neR", and satisfying the condi-
tions:

O v, O —v® & | <c|n' - 1|, VEedw, V', n*eR";
(ii) y(n, &) is convex in g, Ve dw.
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Class B, consists of y(n, &) e B, with the additional properties:
(iii) 0 <y(ty, &) =ty(n, &), VneR", Ve dw, Vi =0;
(iv) p(n°, &% >0 = meas,_;{Eecdw: y(n°, &) >0} >0.
Consider two fixed Lipschitz subdomains 2, £2,c £ and denote the
surface of the cavities inside these by Sg =S N Q2,, ST =S°N Q. The
convex continuous functional J*(v) in (1) may be chosen to specify diffe-

rent boundary conditions on S§, S{ (see Examples 1 and 2 below) and has
the form

@) J(v) =pe(e) jg ) +puq(e) ji(v),

j;(v):jwa(v,e—lx)ds, Y., EeB,, a=0,1,
SE

a

where uo(e) =0, u,(¢) =0 are real parameters such that

3) e lug(e) > o, e luj(e) >a<xo as £—0.
Suppose also that one of the following two conditions holds:

(4) either uy(e)—0 as e—>0 or int {neR™: Pin)=0} =0,

where P(n) = |ds0| 7' [, , P(n, &) dS; is the mean value of ¥(n, &)
over dw, dyw = dw N [0, 1[* and int A is the set of interior points of A c
cR" in the topology of R".

In the trivial case of J°(v) = 0, the variational inequality (1) reduces
to the usual integral identity for the solution of the following problem for
the system of elasticity with zero Neumann conditions on S°:

) —div(Aa%(x) e(ut)) =F(x) in 2¢, u*=0 on I, }
(&e(ut)) v*=0 on S¢,
where v¢ ='(v§, ..., v%) is the outward unit normal to 9Q¢. A detailed

examination of this problem can be found, for instance, in [OSY], where
it is shown that for small ¢ the solution u° is in some sense close to the
solution u® of the Dirichlet problem

(6) —div(de®)=F in 2, u’=0 on 39,

where @ = {@}"} is the so-called homogenized elasticity tensor with
constant coefficients EL{;", which can be expressed in terms of solutions of
certain periodic boundary value problems in w (see, for instance, [0OSY],
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Ch.1I, § 1). Equivalently, this tensor can be defined as follows (see
[JKO], [Y2).

For a vector field v(&) ="(v,(&), ..., v,(§)), by es(v) we denote the
matrix with the elements (e;(v)); =271(8v;/9&; + Sv;/9E,).

Let Cper (@) be the space of smooth 1-periodic functions in @. Denote
by H}.(w) the completion of C, (@) with respect to the norm [I;, o in
HY(wg), and let Hpe(w) = {veHpe(w):(v), =0}, where (v),=
= |wg| [, (&) d& is the mean value over the domain w. Consider the
following periodic problem on the cell wg:

Given a constant matrix peM", find V,(£) e (HL(0))" such
that

) (ex(@): AUE)D +e:(V)), =0, Vge(HL (o)

This problem has a unique solution by the Riesz theorem, since the
bilinear form (e:(v): A(&) e:(w)), may be regarded as a scalar product
in (ﬁpler(w))" by virtue of the Korn inequality for the elements of
(HL.(®))" (10SY], Ch. I, Theorem 2.8).

Clearly, the solution V, of problem (7) linearly depends on p e M".
Let us define a linear mapping @: M"— M" by

®) ap = (AE)@ +e(V,)),, VpeM.

It can be verified directly that A coincides with the homogenized ten-
sor from (6), as defined in [OSY], and has similar properties of symmetry
and positive definiteness on symmetric matrices as the tensor (&),
namely,

g:dp=p:dq, Vp,qeM’,
dp=0<'p=-p,
i3 |p|2Sp:ap$7c2 |p|?, VpeS" (k;, ky=-const>0),

where ‘p is the transpose matrix of p e M". Moreover, this tensor admits
the representation:

© p:dp= inf(( +e(): AUEP +e:v))),, VpeM,

where © can be any of the spaces (HL.(0))", (Hi(w)),
(Hper (RM)".
Our aim is to show that under the assumptions (3) and (4) on J¢(v),
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the homogenized problem for (1) has the form of a variational inequality
with the tensor @ defined by (8) and, in general, additional restrictions
on the set of admissible displacements:

Find the displacement u’e Wy= {ue (H (2))": Po(u(x)) =0 ae.
in 24} such that for any ve W,

10) je(u"): Qe —u®) dx +J(v) — J(u°) = jF-(v —u®) dz,
(o]

Q

where the functional J has the form

(11) Jo)y=ay [T1@)dz, y=|8:0/|wo] .

2,

Thus, the term u () j§(v) of the functional J*(v) determines the set
of admissible displacements W), of the limit problem, whereas the term
u1(e) 71 (v) makes a contribution to the variational inequality.

Let us formulate the main homogenization theorem for problem (1).
As usual, for the displacements u® the generalized gradients are defined
by

-1 3 £
re(z) = {d(e x)e(u®) for xeQ°,
0 for x ¢ Q°.

By P,: (H3 (Q¢, I'*))*— (H¢ (2))" we denote continuous linear extension
operators from the domain Q¢ to a fixed domain 2>%. According to
Theorem 4.3, Ch. I, [OSY], these operators can be constructed in such a
way that supl||P,|| < « and P,u(x) = 0 for almost all xe 2\Q such that
dist (¢, 82) =4 \/ne. The symbols «<—» and «—» denote, respectively,
strong and weak convergence in a specified Hilbert space.

THEOREM 1. Under the assumptions (3) and (4), let u® and u® be the
solutions of problems (1) and (10), respectively. Then, as e—0, we
have

Pu—u’ in (LX(Q))", VP.u*—Vu® in (L2,

(12) —~ 2
Iré(z) —|o.| Aew®) in (L))",

(18) fe(us): A(e '2) e(®) dr — || Ie(uo): Ae(u®) d .
Q

fold
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The proof of this homogenization theorem is based on the following
lemmas.

First of all we need the following estimate for the L2(S¢) norm, de-
noted by |[|||o, s¢, of traces of functions in H'(£2) on the surface of cavities
Se.

LEMMA 1. For any ve H'(Q) the inequality |[vllo, se < Ce " ||, o
holds with a constant C independent of €.

This estimate is proved in Lemma 2 of [Y1].

In order to pass to the limit in the variational inequality (1) as e —0
and construct the set of admissible displacements for the homogenized
problem, we need the following result about asymptotic behavior of tra-
ces of nonlinear functions of the displacements.

LEMMA 2. Let ¥(n, &) € B, and let Q' be a subdomain of Q with
Lipschitz continuous boundary. Then for any sequence w®e (H'())"
such that w*—w® in (H'(Q))", we have

€ f Y’(wf,s‘lx)dS—>|8Dw|f?’(wo)dx as &—0.
o

SenQ’

This result is obtained by an obvious modification of the proof of
Lemma 4 in [Y1].

LEMMA 3. If wgv ¢£EL2(9€) and ”WE_WOHLZ(Q‘)_)O) “QOe—
— @ollLzeey— 0 as e—0 for some v, e L2(), then for any 1-periodic
F(&) eL”(w), we have

jF(e‘lx)wscvgdx—*[JF(E)dE] fwocvodw as ¢—0.
Q¢ wo Q

This convergence is established in Corollary 1.7, Ch. I, [OSY].
The next result is a modification of a standard argument used in the
homogenization theory. Its proof is given in [Y2] (Lemma 9).

LEMMA 4. Let w®e (H(R))" be a sequence such that w*—w° in
(HY(2))" as e—0. Set I'’(x) = A(e "12) e(wt(x)) in ¢, I'*(x) = 0 out-
side Q°¢, and let Q' be an arbitrary Lipschitz subdomain of 2. Then the
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condition

(14) e [ yp@eWea): M@ de—0 as =0

Q'N Qe
valid for any V(&) € (Cper(@))" and any y e Cy* (27), y =0, implies the
convergence

wre —
(15 @) — |wo|dew®) as &—0,

where @ is the elasticity tensor (8).

The following lemma has an important role in the homogenization
theory and generalizes a well-known property of I'-convergence to the
case of elasticity tensors in perforated domains. Its proof is given in [Y2]
(Lemma 8) and utilizes some ideas from Sects. 3.1 and 5.1 of [JKO].

LEMMA 5. Let w®e (H (Q))" be a sequence such that w®—uw® in
(HYQ2))" as e—0. Then

(16) lim %nf J e(we):a(e‘lx)e(w‘)dxz|w.3|Je(wo):ae(wo)dx,
Q' N @

for any Lipschitz subdomain Q'c L2, where A is the elasticity tensor

8.

Our homogenization result for problem (1) and the description of the
set of admissiblee displacements for the limit problem as ¢ —0 rely on
the following properties of class 8B, which can be easily deduced from
the conditions (i)-(iv) in the definition of that class (cf. Lemma 5 in [Y2]).
As above, () stands for the mean value of y(n, &) over £ edw.

LEMMA 6. Let vy(n, &) e By, ie, the conditions (i)-(iv) hold.
Then:
W) 90, &) =v(0) =0, VEedw;
o) p(n°) =0 < p(n°, &) =0, VEeow;

(vi)) M ={neR": p(n) =0 and M; = {neR": p(5, &) =0} are
closed convex cones tn R";

(viii) Uy={ue (HY(Q))": pu(x)) =0 a.e. in R4} is a closed
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convex cone in (H1(R2))*, which coincides with

U = {ue (HAQ)": [Pu@)dw =01,

[°h)
U, = {ue(H(2)":VEedw Y(u(x), £) =0 a.e. in xeS¢};

(ix) ue Uy = pu(x), e tx) =0 a.e. on S§.

Proor oF THEOREM 1. By C, C; we denote positive constants that
do not depend on ¢; the same symbol may be used to denote different
constants in different places.

First of all, for the solution u® of problem (1) we establish an estimate,
which is uniform with respect to ¢. Setting v =0 in (1), we get

an je(uf): Ale~12) e(u®) dz + o (e) jWe) <
QE

<p1(e) i (0) — ui(e) ji @) + [ Frutda.
QC
Since u(¢)=ae+o(e), meas, ;S*~e ! and |juf|ly, ge<Ce 2|ut;, o

(by Lemma 1 applied to the extension P,u®), we find that

|18 G£(0) = pr(e) G ()| < Cupuy(e) [ u*|dS <
St

< Cypq (&) [ullo, se 1 llo, e < Collully, o,

where we have also used the property (i) of ¥ (5, &) in the definition of
class #B,. Thus, from (17) and the Korn inequality for the elements of
(H$ (Q¢, T Ge., |le®)o, - = Cllufly, oi; see [0SY], Ch.I, Theo-
rem 4.5) we obtain the estimate

(18) el e +oe) [ Wotwt, e @) dS < .
Se

0

Therefore, the norms || P, u®||;, 5 are bounded uniformly with respect to .
Due to the weak compactness of a ball in Hilbert space, the compactness
of the imbedding H ( Q) c L2(8), and the properties of the operators P,,
there exist u’e (H'(2))" and I’(z) e (L2(R)* such that u’ loe
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e (H{(Q))" and

o o wr@r® (HY(@)"

0 € u

19) Pu' — u’, rér—r1-, P.u

for a subsequence of ¢ —0. We are going to show that u® is a solution of
problem (10) and I'’ = |w .| Ae®).

Let us multiply (18) by &/u((¢) and pass to the limit as e — 0 over the
said subsequence. Since e/,uo(e) —0 by (), Lemma 2 yields
1) QO'IIO(u )dx =0, and therefore, u’c W, by Lemma 6 (viii).

In order to show that I'’ = |wq| Ae(®), let us apply Lemma 4. Ob-
viously, it suffices to verify the convergence (14) for 2'=Q, w*
=P.u’.

Consider the first alternative in (4), i.e., the case y () — 0. Fixing an
arbitrary V(&) e (Cpar(@))" and taking v(x) = u® = ep(x) V(e ') in (1)
with y e Cy* (), v =0, we get

20) =*e j WV, V: AV, utde + ¢ I(V@szp): AV, ut do =

QF Qf

> +e j YV-Fdx + uo(e) (¢ (W®) — jé (uf = epV)) +

ot
+u1(8)(Jf (W) — jf (u® = eyV))

where V=WV(e lx), @° = Q¢ 'x); the product u ® V,y for a vector
valued function u(x) is the matrix with the elements (u®V,y); =
= u,; IY/dx;, in which case V,(yu) =yV,u+u®V,y.

Clearly, the second term on the left-hand side of (20) and the first
term on its right-hand side tend to zero as e — 0. By the Lipschitz condi-
tion (i) in the definition of class $B,, we have

@D po()|ja(u £ eypV) —jo(u) | <

Suqe) j |W, (uf +epV, e 'a) — W, ', e ') dS <
Sa
< Cu,(e) e(meas,_1S°)—0 as &—0, a=0,1.
Therefore, the first term on the left-hand side of (20) also tends to zero,
and thus the convergence (14) is proved.

Consider the case u,(g) +0. Then the cone I = {neR": ¥, (n) =
=0} has interior points in the topology of R”, by assumption. Therefore,
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for any fixed V(&) € (Cper(@))", there is ° € M such that 5° = V(§) e M
for any & € dw, since the values of V(&) range within a bounded set. Con-
sequently, by Lemma 6 (vi),

(22) Yo" = V(8), 86 =0, Viedw.

Let us take v(x) =u®+ ey(x)(n’ = V(e 1)) in (1), with y eCy* (),
¥ =0. Then

@3 = ejwaV: afvmufdx+£f(('l°t VIQV, ) : AV, utde =
Q¢ Q¢

e [p(n® £ V)-Fda + po(e) (s () = j§ s + ep(n® £ V) +
o
+u1(e) L () = jf (w® + ey(n’ £ V),

where V= V(e '), A°= @(¢ 'x). As above, we find that the second
term on the left-hand side of this inequality, as well as the first and the
third terms on its right-hand side, tends to zero as ¢ —0.

Consider the second term on the right-hand side of (23). The proper-
ties (ii) and (iii) of class B, guarantee that

Yot +tam?, &) St Woln', ) + 6, ¥o(n?, 8),
VEedw, V!, n’eR", Vi,1,=20.
Therefore,
36 @) — js (u* + ep(n’ = V) = —j§(ep(n® = V) =0,

with the right-hand side being equal to zero, because of (22) and the pro-
perty (iii) of ¥o(n, &). Consequently, the second term on the right-hand
side of (23) is always non-negative. Thus, the first term on the left-hand
side of (23) tends to zero and we again have the convergence (14). There-
fore, I'’ = |w | Ae(u’) by Lemma 4.

Finally, let us show that u’ is a solution of problem (10). We introduce
the bilinear forms

Jg(v, w) = Je(v): ae(w) dx ,
Q

As(v, w) = Ie(v): A(e ') e(w) de .

fold
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Let v be an arbitrary element of W,. By Lemmas 2, 5 and 6, we
have

—|wo | Ao@®, u®) = lim sup( — A & (u?, u?)),

e—0
Js@)=0, ji)=0,
lim p1(e) j{ @) = |wo| J@), lim uy(e) jf @) = |wo| T,
lim 5w, v) = |0 | L@, v),

where J is the functional (11). Therefore,
Ao, v—u’) +JT@)-J @) =

== Ao, u") + Ao’ v) +|wo | Mim uy (o) (f (0) — jf ()) 2

= |wo| ‘llim_)s(}lp( — AU, u®) + A5 (uf, v)) +

+|wo| ‘llir?_)sglp (u1(&)(Jf (©) — 3 (W®)) + o (e)(j§ (v) = j§ (u®)) =

Z |wg| 'lim s(}lp(./{f?e(uf, v-u)+Jw) - J ) =
2 |wg| 'lim sup JF'(U —u)de= IF'(U —u®) de,
e—0
Q°F 2

which shows that u® is indeed a solution of problem (10). Since this pro-
blem can have only one solution, the above arguments applied to any
subsequence of u® again bring us to u°. =

REMARK 1. It should be observed that condition (4) is essential in
our proof of Theorem 1. The case of u¢(g) + 0 and at the same time the
cone {neR": ¥y(n) =0} having no interior points in R” (i.e., its dimen-
sion being < n) requires further investigation and will be treated else-
where. As suggested by examples in [Y2], in this case, too, the homogeni-
zed tensor is likely to depend on the boundary conditions on S*®.

REMARK 2. It can be easily seen from the proof of Theorem 1 that
instead of the functional J¢(v) of the form (2) in problem (1) we can take
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a more general functional, in particular,

K
Je(w) = 2_:1 (AuO,m(g) j(f,m(v)_'_,ul,m(e) jf,m(v))y
where
0<e lugne)> o, 0sely;,(e)>a,<® as e—-0,

JEm@) = [Wo n, e '2)dS, Wy u(n, &) By,
8¢

@ = [¥ @, e ) dS, ¥ 0, e B
St
Suppose also that (ef. (4))

either uq ,,—0, m=1, ..., K,
cor int{neR": ¥, () =0, m=1,...,K}=0.

Then the homogenized problem for (1) has the form (10) with the
functional

—~ K —
Jw)=y 21 amjwl,m(v)dx
-

(cf. (11)) and the set of admissible displacements
Wo={veH{ ()" ¥ n®)|e,=0, m=1, ..., K}.

2. Examples of problems with friction.

In this section we apply Theorem 1 to concrete contact problems of
elasticity and, in some cases, indicate how the limit set of admissible di-
splacements depends on the original boundary conditions and the geo-
metry of the contact region.

Let dyw be a non-empty 1l-periodic subset of dw, open in the
topology induced from R". The corresponding subset of S¢ is denoted
by Zion = (e0yw) N 2, and it is on this set X%, that the body occupying
the domain Q° may be subject to contact with friction. We are
going to consider some boundary conditions of friction on X%, described
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in [DL] in terms of certain convex continuous functionals J° in
problem (1).

For the normal and the tangential components of the displacements
and stresses on 92° we use the following formal (i.e., regardless of regu-
larity) notations:

ox)=v"(em)v), or(u)=o0)v—oyu),
Uy = u- v, Ur=u—uyvs,
where v° is the unit outward normal to 392°¢, o(u) = A(s ~'z) e(n).

ExaMpPLE 1. Coulomb’s law of two-sided contact with friction. Con-
sider the problem:

—div(A(e 'x)e®)) =F in Q°, w

u*=0on I, oe)vi=0 on 3Q°\(I'*UZX:.,),

@) on@®) =p,(e) p(e ') on %, [

for x eI, the following implications hold:

lor(u) | <ule) wle ‘o) = up=0,

|or(uf) | =ule) y(e 'x) = IA=0: uf= —ior(u). )

Here u;(e), u(e) are nonnegative parameters specified below; the
scalar 1-periodic functions ¢(&) € Ly, (3w) characterize normal stresses,
while ¥(&) € Ly (6w) deseribe friction forces, and we assume that

¢(§) |8w\80m = w(g) |8a)\30w =0 ’ 1/)(5) |80w = Ko = const>0.

A mechanical interpretation of such problems in terms of two-sided
contact with friction on X% described by the Coulomb law is given in
[DL], together with the justification and the definition of weak solutions
considered here.

Let us introduce a convex continuous functional J(v) on (H!(Q%))"
(in general, nondifferentiable), setting

@5)  J) = ule) j wle " u) [vp|dS — u, () j Pl 1) vy dS =

DM Eéont

cont

= u(e) J e te)|v— (v-v) v |dS — pu,(e) f o(e lw)v-vdS.

€ 13
z cont z cont

According to [DL], the weak solution of problem (24) is the displacement
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u® in (H{(Q¢, I'*))" that satisfies the variational inequality (1) with the
functional (25).
In order to apply Theorem 1, let us consider more closely the functio-

nal (25). Clearly,

JE(v) =ﬂ(e)j@(u, e 1a) dS + u, () jA(v, e 1x)dS,
St St

with
(&) |n—(qgvé)v&)|, Eedo,
0, Eedw\Jw,

—-¢p&)p-v(&), Eedo,
0, £&edw\fo,

@("’ 5) = {

A(n, &) ={

where v(£) is the unit outward normal to dw. Then the functions

1

0'(y) = f W(E) [~ (- (&) ¥(&) |dS,
|8leanwnaow

A0 = —2 j $(E(n¥(E) dS
|G|

dpw NJhw

are, respectively, the mean values of @(g, &), A(n, &) in Eedw.
Obviously,

O, 8 eBy, AN, E)eB,, bO(, &) +aA(n,§eB,, Ya,b=const=0.
Consider two qualitatively different cases:

1) e ‘u(e)—b, e u,(e) >a. Then, according to Remark 2, the
homogenized problem for (1), (25) coincides with (10), where

W, = (HXQ)", J)= j(b@"(v) +aA%(v)) dz .
Q

2) e lu(e)— o, e 'u,(e) >a. Then by Theorem 1, the homoge-
nized problem has the form (10) with

Wy = {ve(H{(Q): 0°W)|o=0}, J@) =aj/1°(v)dx,
Q

provided that either x(¢) — 0 or the set {gne R": ©°(5) =0} has interior
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points in R”*. In order to illustrate the influence of the geometry of dw
on the set of admissible displacements W, consider the case n = 3. Sin-
ce Y(&)|s0=Ko>0 by assumption, the relation ©°1) =0 means
that

n=mv()v(E) ae in fedyw.

If the set dyw N J; w contains three planar regions on which v(&) takes
three linearly independent values !, a?, @®, then, obviously, the impli-
cation holds ©°(5) =0 = 5 =0, and therefore, W)= {0}. If 5,0 N S w
consists of two planar regions with linearly independent normals «!, a?,
then

Wy={veHy(Q)P:v|ga'=v|g-a’?=0}.

If yw N S, w consists of parallel planar regions on which v(&) takes
only two values ! and —a!, then

'1: (".al) al = n.azz 'l.a3=0’
where a!, a?, o® form an orthonormal basis in R3. In this case

Wy ={ve(H}(2)P:v|ga’=v|g-a®*=0}.

ExXAMPLE 2. Normal displacement with friction. Consider the
problem

—div(A(e 'x)e(w®)) =F in Q¢ l
ut=0on I%, o) vi=0 on IQ\(I°UZ%L),
or(u®) =0 on X,
(26) for xe X%, the following implications hold: ¢
—p1(e) gi(e @) <on(w®) <py(e) gole ') = uf=0,

on@) = —ui()gi(e'w) = uf=0,

onW®) = us(e) gole ™) = uf<0. )

Here u;(e) =0 are real parameters, g;(§) =0 (j=1, 2) are 1-periodic
functions in L ® (dw) characterizing friction forces. We are going to stu-
dy weak solutions of this problem, as defined in [DL].
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Let us introduce a convex continuous functional J¢(v) on (H!(2%))",
setting

@en  Jw) = [(ﬂl(e)gl(e-lx)vg +u,y(e) gole 1) vy ) dS =

)

13
cont

= f(ul(e)gl(e‘lx)(v-vgﬁ+u2(e)gz(s“x)(v-vf)‘)dS,

z

€
cont

where ¢ * = max{a, 0}, ¢ " = max{—a, 0}, v*(x) = v(¢ '2).
According to [DL], the weak solution of problem (26) is the displace-
ment uf e (H} (¢, I'*))" that satisfies the inequality (1) with the funetio-
nal (27).
The functional (27) has the form

@8)  Je) =u,(e) le(v, e 12) dS + u,le) sz(v, e la)dS,
SE

Se

where
nEmVE), Ecdw,
Gi(n, & =
1 ) {0, £ m\dyo,
@M vE), Ecdo,
o, &) =
2(n, &) {0’ .

are functions of class B, with the mean values

GO = [ a@mvenas,
|8,:|(1)l Sow N Jw

0 1 _

G = [ womweas.
Iauwl dow N JQhw

Consider three qualitatively different cases:

1) Ife 'u;—a, < o, e tuy(e) >ay < o, then by Theorem 1 and
Remark 2, the homogenized problem for (26) (in terms of (1), (28)) has
the form of the variational inequality (10) with

Wo= (H(@)', T) =7 [(,6{®)+a;6{®) dz.
Q
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2) If e 'y, —a;< o, e 1uy(e) > o, then the homogenized pro-
blem is (10) with

W= {ve (HI @) G30) | =0}, T®) =y [G@)da,
Q

provided that either the set {eR": GJ(5) =0} has interior points in
R”™ or uy(e)—0.

8) If e 'u;—> o, e 1uy(e) — o, then the homogenized problem
is (10) with

Wy = {ve H(D): GY(0) |g=GS®)|o=0}, Jw)=0,

provided that either the set {geR": G{(n) = GJ (1) =0} has interior
points in R” or u,(e) =0, uy(e)—0.

Note that the limit set of admassible displacements depends on the
geometry of X%.. Consider, for instance, Wy ={ve
e (H{(2))": G3(v) | g =0} and assume that g»(&) > 0 on dyw. Then the
condition GJ(5) = 0 means that 5-v(&) | 5,0 = 0 a.e. Thus, if 3y consists
of plane mutually parallel regions on which v(&) does not change direc-
tion, say v; =1, then Wy = {v: v;|o = 0}; if v(§) changes direction, say
vy= =1, then Wy={v:v|o=0}.

It is easy to indicate various other instances of the dependence of ¥,
on the geometry of d,w, and also to give other examples of mechanical
problems that fit into the framework of Theorem 1.

3. Problems with boundary conditions of Signorini type in partially
perforated domains.

For perforated domains 2° N ew as in the previous sections, homoge-
nization of some unilateral elasticity problems with nonlinear boundary
conditions, in particular, of Signorini type, has been considered in [Y2],
Sect. 4. Here we extend these results to the case of partially perforated
domains and somewhat more general boundary conditions.

Let Q,c 2cR" be bounded Lipschitz domains, and let w c R” be a 1-
periodic domain of the type considered in Sect. 1, with the cell of periodi-
city wo = w NO. In the perforated domain 2 N ew let us fill up all cells
of the form e(z + wy), 2 € Z", which lie outside 2, or have a nonempty
intersection with the layer of width ce near 39 ,. As a result, from Q N
N ew we obtain a domain 2 ° with a perforated part in 2 ,. Formally, such a
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domain Q¢ can be defined as follows. Let I, be the subset of Z" consi-
sting of all z such that (z + ) c 2, dist (e(z + ), 92,) =ce. Let

Q°=int U e(z+ 0), Q=int(R\QHUQ New).
It is assumed that Q°, Q¢ N ew, and Q° are Lipschitz domains. The boun-
dary 9Q°¢ is the union of 92 and the surface of cavities S§ = (0Q2°) N 2c
c8,.
Consider an elastic body occupying the domain Q¢ with the elasticity
tensor

d,(e 'x), xeQ:New,

as(x) = {
a,(x), 2e R \(Q°New),

where @y(&) is 1-periodic in £ and has the same structure as the tensor
A(&) in Sect. 1, whereas @,(x) is another elasticity tensor independent
of £, defined for all x e R", and satisfying the usual conditions of symme-
try and positive definiteness on S" with constants k,, k> 0.

The class of problems studied in this section includes the following
model problem of one-sided contact without friction (see [DL], [F]) on a
subset X¢,;C 02°, namely,

_div (A (@) e(ut)) = F* in Q°, o) v =0 on (392°)\Z%,.,,
aT(u€)=0, uﬁSO, UN(us)BO, O'N(us) ux =0 on 2 Conts

where ¢, = I'U (S5 N edyw), I' is a measurable subset of 02 and J,w is
a nonempty 1-periodic open subset on dw. The above relations on X%,
are called the Signorini boundary conditions.

It is well known (see, for instance, [F'], [DL]) that problems of this
type can be formulated in terms of variational inequalities on certain clo-
sed convex sets of admissible displacements in (H*(£2¢))". In particular,
the weak solution of the above problem is the displacement u®e W, =
= {veH"(Q°))":(v-¥")" |5, =0} satisfying the inequality
(29) Ie(v —u): A (x) e(u®) doe = I(v —u’)-ffde, VveW,,

ot

fold

which means that the boundary conditions on X% ; have the form v-v* <
< 0. We are going to consider somewhat more general sets of admissible
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displacements, namely,

B0) W, ={veHUQ))": Y((x), e 'x)

sc=0, gw(x), 2) |50=0},

where ¥(n, &) is a function of class 8B, defined in Sect. 1, while g(5, «) is
a function on R™ X 9922, measurable in x € 92 for any #, and satisfying
the conditions:

G |g(nt, 2)—g(n® x)|<c|p'—n?|, VaedR, V!, n’cR"Y;
(ii) g(n, x) is convex in g, Ve 32.
(iii) 0 <g(tn, x) =tg(n, x), VpeR", Ve edR, Vi=0.

Obviously, the boundary condition v-¥*|sc <0 can be defined in
terms of (30) with g(n, x) =y @) v(@)", ¥(n,E) =xs.En
-v(€))*, where v(x) and v(&) are the unit outward normals to 62 and dw,
respectively; and y (%), x5,,(§) are the characteristic functions of the
sets I' and Jyw.

In order to formulate the homogenized problem for (29), (30), we de-
fine in the domain Q the elasticity tensor

31) A@) = |wo| Kare,®) Q@) +xg0,@) Ay,

where éio is the homogenized tensor (8) corresponding to A(&) = A,y (&),
and y q(«) is the characteristic function of the set G. We also introduce
the set of admissible displacements

32 W= {ve H Q)" P(®))]|o,=0, gv(x), ®)|50=0},

where P(n) is the mean value of ¥(#, &) in & € Sw. With the help of Lem-
ma 6 it is easy to show that W, and W, defined by (30) and (32) are clo-
sed convex cones in (H!(2¢))" and (H(£2))", respectively.

Our aim is to establish closeness of the solutions u®e W, of problem
(29), (30) to the solution u’e ), of the homogenized problem

(33) j e(v —u’): A(x) e(®) dx =

Q

> [@-u) (oo " xo0, O+ %0, fD dz, Voe W,
Q
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with the tensor (31), provided that

sup |fellg, o < ©, [IFE—Fp, 0:—0 as e—0,

where [|-[ly, g = [|-[lL200)-

We also impose some additional conditions which ensure the solvabi-
lity of problems (29), (30) and (33). In particular, under the coerciveness
conditions, which in our case amount to the inequalities of Korn’s

type
(34) le@llo, oe = Cillolly, o:»  Vve W,

(35) le@)llo, o = Collvlly, 0, Vve Wy,

C;, C; = const > 0, each of the said problems admits one and only one
solution (see [F], [DL], [L]). Note that the inequalities (34), (35) hold if
there is a nonempty open (in the induced topology) set ycdf and
9(n, %) | <y, = | 0| . Then the condition g(v, x) | 50 = 0 implies that v|, =0
and the Korn inequality holds for v (see [OSY], Ch.I). Note that the
boundary conditions we want to consider on 322 may be other than those
of the Dirichlet type: for g(n, x) = 0 we have zero Neumann condition on
3R, whereas for g(n, x) = x,(x)(n-v(x))* the boundary condition on y is
of Signorini type (here v(x) is the unit outward normal to 82). Thus, the-
re may be no coerciveness in the sense of (34), (35). To ensure the solva-
bility of the above problems in the absence of coerciveness, it suffices to
make the following assumptions.
In the space of rigid displacements &R consider the subspaces

R.={0eR: t90e W}, Rr={0eR:(0,1%)y, 0:=0},
Ro={0eR: e W}, Rp={0eR:[o, "] =0},

where

(f,h)o,c= [fhdw, [f, ko= |wc| '(F, k), 0\0,+ (F, By, o,
G

Then, according to the results of [F], Part II, the conditions
(36) $'£C$jf‘7 (fe, 9)0,!)€<0’ Vge(anwe)\aey

B ReCRpo, [0, 00<0, Vo (RN W\RK,

guarantee the solvability of problems (29), (30) and (33), respectively.
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Moreover, the solution is unique to within rigid displacements: if u° is a
solution of problem (29), (30), then any other its solution has the form
u®+ 0°, where p°e R, (f?, 0°)y, - =0, u® + 0°c 'W,. A similar unique-
ness result holds for solutions of problem (33).

In what follows, we need extension operators and Korn’s inequalities
in partially perforated domains 2°.

LEMMA 7. There exist linear extension operators P,:(H'(Q¢))*—
— (HY(2))" such that sup |P,||< « and P,q=n for all ne R. The

second Korn inequality
e — TR ully, o < Clle)lly, o,  Vue (H'(Q°))"

holds with a constant C independent of €, where IT15: (H'(2°))"— R is
the operator of orthogonal projection.

This lemma follows from Theorems 3.9 and 3.11 of [Y3]. It can also be
obtained by slightly modifying the corresponding results of [0SY], Ch. I,
§ 4.

Let I'“(x)e(L2(2))"" be the generalized gradients of the solutions u®:

A’ (x) e(u®) for xe Q°,

I"(ac)={
0 for x ¢ Q°,

and let P, be the extension operators from Lemma 7. The following ho-
mogenization theorem establishes closeness of the solutions of problems
(29), (30) and (33).

THEOREM 2. Suppose that the set {neR": P(n) =0} has internal
points in the topology of R™.

(i) If the solvability conditions (36), (87) hold and dim R, =
=dim Ry, then for any sequence of solutions u® of problem (29), (30) there
exist rigid displacements &° such that for e —0 we have

Pt — & —u’ in (L2(Q))", e(P.u’) —e®) in (L2(Q),
(38) V(P,uf — £°) —Vu® in (L2(Q)",

<@ — |o.| ) e®) in (L2(Q))",
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(39) Ie(us): A (x) e(u®) de — |wo| J'e(uo): A(x) e(®) dz,
2

Qé
where u® is a solution of problem (33) and A(x) is the elasticity tensor
(31).
(ii) Under the coerciveness conditions (34), (35), with C, indepen-
dent of ¢, the relations (38), (39) hold with £°=0.

PROOF. An analogue of this result has been established in Theorem
1 for problems with friction in a perforated domain 2°= £ N ew. In that
case we have used uniform (with respect to ¢) estimates of the solutions
in (H'(2¢))" ensured by the Dirichlet conditions on the outer part of the
boundary I'*. In the present case of a partially perforated domain Q°,
the boundary conditions g(u?, ) | 50 = 0 may not guarantee such estima-
tes, in general, and we will use another approach based on the ideas
from [F'].

For ue (H'(2%))", by IIu (resp., I1 3 u) we denote the orthogonal
projection of u to R (resp., R,) with respect to the scalar product
(s )1, gein (HY(Q29))". By A (u, v) we denote the bilinear energy form
on (H'(2°%))" corresponding to the tensor @°(x), namely,

AHe(u, v) = Je(u): a‘(x) e(v) do .
QC
Consider the case (i). First of all, let us show that
(40) sup [luf — IT 5 ufll;, g: < .

Assume the contrary. Then there is a subsequence (still denoted by u®)
such that

(41) SE|d-Mg)uly go—>o as e—0,

where I is the identity operator.

It follows from (29) with v = 0 that £ 5:(u’, u®) < (f*, u®),, oc. The-
refore, using the Korn inequality from Lemma 7 and the assumption
R.C Ry, we find that

(42) | - %) u IE S A u) S (F U — I g ut)y e <
I - I 4,) uf ”1 Q= 8 ||f‘l|o, Q°s

where ¢ > 0 is a constant independent of ¢. For w® = s, u¢, dividing (42)

<[lF=[l, o



60 G. A. Yosifian

by s2, using (41) and the fact that &, is a cone, we get
(43) weW, |I-0% w;, o—>0 as e—0.
It is easy to see that

(I-Hg)w'=U-1I%)w'+ Ty~ 1g)w,

44)
I =11 g) w I}, ge=1=)T = 11%) wel}, o +[[(1T 5 — 1T ) w¥|ff o .

Thus, (IT% — I1 3,) w® is a sequence of rigid displacements which is boun-
ded in (L?(£2))". Since & is a finite dimensional space, there exists @° e
€ & such that [|@° — (1% — IT4,) w*||;, o— 0 as e— 0 over a subsequence
(again denoted by ¢). Now, from (43), (44) and Lemma 3, we see
that

lo°— U -Mg)w, o-—0 as e—0,

1= ”90”%, e, t |®wa IHQOH% Qo

and thus, for the extensions from Lemma 7, we have the convergen-
ce

(45) le®—P.(I-Mg)wly, o—0 as e—0.

Let us show that ¢°e W,. Since W, is a cone, we have (I — IT ®,) WEE
€ 'W,, and therefore, i* = P,(I — IT 3 ) w* satisfies the conditions

(46) Y(w*, 6_196)|55=0, g(w*, ) |50=0.

Hence, by Lemma 2

0= [ W@, e ') dS> |8, 0| f?f(g") de=0,
S Q¢

and by the trace theorem, we have g(9°, «) |50 =0. Thus, ¢°e W, N
N K.

Since dim R, = dim R, by assumption, we may also assume that in
the finite-dimensional spaces &, and &, their respective bases ef and e,
j=1, ..., ko, have been chosen in such a way that e —e} in (H'(Q))" as
e—0 over a subsequence. Therefore, passing to the limit in the relations
((I -1 g,) w’, €f);, - =0 and taking into account (45) and Lemma 3, we
get (0%, €)1, o\0,+ |@o|(0°, e));, o,=0 for j=1, ..., k,. Hence, ¢°¢
e (Wy N R)\ Ry. Dividing (42) by s,, using Lemma 3 and the condition of
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solvability (37) with ¢ = @°, we find that

0 < cs, [T — IT5) we|E, ge < (FF, wf — Mg w°)y, g’ =

e—0

—(f°, 90)0, aet oo |(f0, 00)0, 2, <0.
This contradiction proves the validity of (40).

In view of the weak compactness of a ball in Hilbert space and the
compactness of the imbedding H () c L2(£), there exist u® e (H(Q))"
and I'’(z) e (L2(2))" such that for a subsequence of e—0 we have

P.(u —Ngu)—u’ in (H(Q)),
P(u - Mg u)—u’ in (LEQ)",

rs(x) —rIuz) in (L2(Q)".

Clearly, relations (46) hold for w® = u® — IT 3 u®. Therefore, Lemma 2
yields

0= [ W@, e '2)dS>|5;0| [ P@®) dw =0,
Sy Q¢

and by the trace theorem for 322, we have g(u°, x) | a0 = 0. It follows that
uo € W() .
Let us show that

g, = |wa| Ge®).

To that end, as in the proof of Theorem 1, we apply Lemma 4 to the ten-
sor A(&) = Ay(&) and verify the convergence (14) for

Q'=80y, w=u-Ilgu, V() e(Cpe(w).

Since the set M = {neR": P(n) =0} has interior points in R" by as-
sumption, it can be easily shown with the help of Lemma 6 that there
exists 7% e M such that ey(x)(n’ = V(e 1x)) e W, for any y e Cy* (Q,),
¥ =0. Taking v(x) = w* + ey(x)(n’ = V(e 'x)) in (29) with w®=u® -
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—1I1 4 u®, we find that

ieJt/)(x) v.V: aEwasdx-ref((notV)@wa) @V, wtde =
Q¢ Q°

> e [p@(n = V)-fde,
g

where the product ® is defined in the proof of Theorem 1. Hence we im-
mediately obtain the convergence

sfz//(x)VxV:a‘fowfdx—»O as ¢—0,
QE

which is equivalent to (14). Now, Lemma 4 and the symmetry properties
of @y yield I'’|g,=|ws|Qyew®) = |w,|AyV,u’. The relation
I’(x) | o\, = A () e(u®) follows immediately from the weak convergen-
ce of (U =I5 u%)| g0, to u’| o\, in (H(2\2))".

In view of Lemma 5, it may be assumed that for a subsequence
of ¢ and w®=u’— Il u® we have

lim j e(u"): A*e(u’) dw = lim j e(w?): Afe(w’) duc =
¢ Q¢

= f ew’): @;(x) e(®) dz + |wq| fe(u"): doe®) dz .

2\Qo 29

Now we can pass to the limit in (29) for a fixed ve W,, since
U|g:e W, by Lemma 6. We get

j(v ) (y o0, (@) FO+ [@a|x 0,(x) FO)da =
Q
= lin% (v—u)-fedx < lin}) Je(v —ut): Xe(u’) dx <
QS

QE
< lin% Ie(v): Afe(u) dxe — lin%) e(u’): Tfe(ut) dx <
Q¢ Q¢

< fe(v —1%): (1 o\0,(®) A (@) + |00 |1 0,() Ay)e@®) da,
Q



Homogenization of some contact problems ete. 63

which shows that u® is a solution of problem (33). Moreover, taking
v =u’ in the above relations, we obtain the convergence (39).

Since the solution of problem (33) is unique to within rigid displace-
ments and the Korn inequality holds in £° uniformly with respect to &,
we see that (38), (39) hold for any subsequence of u¢, while u’ may be as-
sumed the same.

The statement (ii) in the coercive case is established by similar argu-
ments as (i), with due simplifications. m

REMARK 3. Again it should be noted (cf. Remark 1) that the cone
{n: Y(n) =0} having interior points in R" is an essential assumption in
our proof of Theorem 2. Otherwise, the homogenized tensor @, may de-
pend on the boundary conditions on the perforated boundary, as sugge-
sted by the example in [Y2], Sect. 4.
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