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REND. SEM. MAT. UNIv. PADOVA, Vol. 105 (2001)

p-adic Completions and Automorphisms
of Nilpotent Groups.

RUDIGER GOBEL (*) - AGNES T. PARAS (**)

ABSTRACT - Given a group G, a new construction of a torsion-free, nilpotent group
H of class two is given such that Aut H/Stab H = G. When G = {e}, it is sho-
wn that Aut H = Inn H.

1. Introduction.

It was shown in [4] that any group G is the outer automorphism
group Aut H/Inn H of some torsion-free metabelian group H. If the
given group G has infinite cardinality < 2%, then we may also assume
that |H| = |G| (see [5]). It is natural to ask whether this result can be
strengthened to nilpotent groups of class two.

In [2] and [3], two different constructions of a group H are presented,
wherein H is a torsion-free nilpotent group of class two and
Aut H/Stab H is a prescribed group. (If K is any group, the group Stab K
is defined in this paper to be

Stab K = {(p € Aut K L@ [\Z(K) = idZ(K) and () I\K/Z(K) = idK/Z(K)}

where Z(K) denotes the center of K. Clearly, Inn H ¢ Stab H, if H is nil-
potent of class two.) The first one made use of Zalesskii’s construction of
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a torsion-free nilpotent group of class 2, with rank 3 but having no outer
automorphisms. The second involved the creation of a 2-divisible, tor-
sion-free abelian group X admitting an alternating bilinear map.

In this paper we consider the p-adic completion N of a free nilpotent
group N and construct a group H such that N<H<N and
Aut H/Stab H is a prescribed group. It is hoped that the given proof, ba-
sed entirely on group theory, will give more insight into this replace-
ment of Inn H by Stab H. The construction is very canonical and we can
also show that in this setting we can replace Stab H by Inn H if and only
if the given group G = {e}. Section 2 gives a description of the p-adic
completion N of a free nilpotent group N of class two and its elements.
Section 3 contains a characterization of the elements of Inn N and
Stab N and the main theorem.

2. p-adic completion of a free nilpotent group of class two.

If N is a nilpotent group and p is a prime, a topology on N, called the
p-adic topology on N, can be defined by taking the set {N P:new}asa
base of open sets about {1}, with p-adic completion N defined to be

lim, N/N?" = {(ai),.me [1 N/N?': Ti(a;) = a; for all i<j},
A i<w

where ITi: N/N? —N/N?' is defined to be ITi(aN?') = aNP' (i <j). If
we take N to be free nilpotent of class two with free generating set
{;: 1e I}, then the given base of open sets determines a Hausdorff topo-
logy on N and N embeds in N. , Where x € N is identified with (xN? 1)1- <0 €
e N. Moreover N is also nilpotent of class two, N’ = N’ and N/N' = N/N’
(see [7], p. 55). If N is free nilpotent, every element g € N can be repre-
sented as

iel 1

H xikl A[xi, xj ]k,] )
#J

where only finitely many k;, k; € Z are non-zero. The set {a;N': iel} is
a free set of generators for the free abelian group N/N'. If, in addition, I
is a linearly ordered set, then {[x;, x;]: © <j} is a free set of generators
for the free abelian group N’ and every element g can be uniquely repre-
sented as

g=ah. . af _]:[V[xi, a; 1,
i<j
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where i, <...<14, and only finitely many k; are non-zero (see [6],
p. 165).

IfreNand&=(g;+p Zi<oedyisa p-adlc integer, we let 2* deno-
te the element (a;);<, € N, where a; —acg’N” If ¢, ye N, then

(&- 1)5

(xy)§=x yily, »] 2
since (ab)" = a"b"[b, a] ~ for all ne Z. Let H x;* denote the infini-

te product xfl xi‘zzxi? . It is easy to see that every element of N can be
written (not necessarily uniquely) in the form
kl;[wxgk‘ lk—[ w[xif’ xik]gjk’

where &;, §;. € J, with only countably many &, and &, non-zero and for
all n, p" divides all but finitely many &, and &.

3. Prescribing automorphism groups.

In this section we show how a given group can be realized as the au-
tomorphism group of a torsion-free nilpotent group of class two modulo
its stabilizer. We begin by defining some preliminary notions which have
appeared in [1] and [4] within the framework of modules, but which are
now formulated in the context of nilpotent groups.

Let A be a regular cardinal such that 1 = 2%, and define the tree T =
=7 2 to be the set of all functions v : n —> A (n < w). If o and 7 are two fun-
ctions in T, define o <7 if oc7. Let G be any group such that |G| <A
and e be the identity of G. Define N to be the free nilpotent group of
class 2 with free generating set {g.: g€ G, e T'}. Note that G acts on
Ng via

3.1 (9" = (gh),

and G embeds in Aut Ng. Moreover the same action makes Ng/Ng; a
Z[GlJ-module. Let p be an odd prime and Ng be the p-adic completion of
Ng. If ye Ng, then

y= Il gé Hh[g,, b, och,

(9, 1)eGxT gr = hy

where countably many &, , &, are non-zero p-adic integers, and, for all
n, p" divides all but finitely many &, and &, — &,4, (9. # k). Define



196 Riidiger Gobel - Agnes T. Paras

the T-support of y to be
[yl={v,neT:&;,#0 or &4, —&h,y #0}.

Hence [y] is the smallest subset S of T such that ye(g,: g G, 7€S).
Define the norm of y to be

lyll = min {vcA:[ylc">v}.

A branch v of T is defined to be a linearly ordered sequence v = (V3 )n <o,
where v,: n— A and v, < v, ,;. Note that ve®A\T and v [, =v,. f XCT,
the set of all branches of T contained in X will be denoted by Br(X). If v
is a branch of T and v is an ordinal such that v < A, define the part of v to
the right of v to be

dv] = {va: o] > v}

If v=(v,), <, is a branch of T, define

H ev ENG

1<w

If H is a group such that N < H < N, define the purification H , of H
in N to be

H,={xeN:x?" eH for some keZ}.

If p is an odd prlme and x, y e N such that x” , y” € H, then we obtain
the equation (xy)” = gP* y” [y” aP" ] . Thus it is clear that H 4 is

a subgroup of N, if p is an odd prime. Moreover, if p is an odd prime and
N is any nilpotent group of class two, then if x and y are p-th powers in
N, then so is xy. Define a canonical subgroup P of N to be a subgroup
of the form

NT0= <gt: gEG’ TETO);

for some countable subset T, of T'. We identify each 7 e T with the ele-
ment e, of N.

DEFINITION 3.1. A trap (f, P, @) is a triple, where f:*~ 0 —>T is a
tree embedding, P is a canonical subgroup of Ng, and ¢ € Aut P such
that

@) ImfcP,
(ii) [P1c P, where [P] is a subtree of T,
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(iii) ¢f(|P) = w, and
@) |l = ||P|| for all ve Br(Im f).

We state without proof the following theorem (see [1]), which holds in
ordinary set theory ZFC.

THEOREM 3.2 (The Black Box). For some ordinal A* of cardinality
A, there exists a transfinite sequence of traps (f,, Py, @ ,) (a <A*) such
that for a, f<A*,
M if B<a, then [|Pgl| <|Pqll;
(i) if B # a, then Br(Imf,) N Br(Im f3) = 6;
(i) if B +2%<a, then Br(Im{f,) N Br([P;]) = 0;

(iv) for all Xc N with |X| <Ry and for all ¢ € Aut N, there exists
a <A* such that

XCPa’”XH<”Pa”’ ¢|\Pa:(pa'

We now describe the construction of the torsion-free nilpotent group,
which will possess the desired automorphism group. Let (x ) denote the
subgroup generated by the set {x?: geG}.

Choose a transfinite sequence (f,, P,, @ 4)q <1+ satisfying the conclu-
sion of the Black Box. Let Hy= N. Let 4 < A* and assume we have found
an ascending continuous chain of G-invariant subgroups

H,=(N,gf:B<a), (a<p)

of Ng such that the following hold inductively:

If u=a + 1, choose a branch v, e Br(Imf,). Let g, = v, if (v})?2¢
(H,, (01)%),. Otherwise, let g, = x,-v., where x¢ ¢ (H,, x&), and |z,
oo I < |lvell. If Hyyqr={(H,, 9&)«, we also require that

(T) ga‘pa¢Ha+l
(*) 9fte¢H,,,, ifgfreH, B<a)

If (1) does not occur, take H,,,=H,. If u is a limit ordinal, take H, =
= U H,. Finally, let H;. = (Ng, 9&: a <Ai*),.
a<pu

The next, by now standard, argument shows that ( *) can be arran-
ged, while () depends on the choice of ¢ ,. Hence we will always choose
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g as above with ( *) and, whenever possible, with (f). The latter case is
called the strong case in [1]. The following theorem shows that condition
(*) holds for every ordinal a.

THEOREM 3.3. Suppose H, is defined as above. Then there exists a

branch ve Br(Imf,) such that H, .= (H,, g°). satisfies (*), where
1
9a=7".

Proor. Suppose that the above conclusion does not hold, i.e., if ve
eBr(Imf,) and H,= (H,, (v!)%),, there exists 8 = A(v) < a such that
9§*e H,\H,. Then for some integer s, the element g,fﬂ”s is a product of
elements g, g and elements from N;. Using commutators, there exist
integers s, n; (not all zero), ng,; hie G; m, uy e Ng; and h,; € H, such
that gf#?" is equal to

gL gty l:I ggpam ---g,s”flkhklzl (i, gi1] .. [ug, g1

I;I[hvl’ gvh]] [hvk’ gz{%]

Let v <|[v||. Since ,[v] is an infinite subset of v and not all »;’s are zero,
an infinite subset of v is contained in [g§#] ¢ [Pg]. This means that [v] c
¢ [Pgland so v e Br (Im f,) N Br([P4]). By condition (iii) of the Black Box,
a <8 + 2% Hence if v e Br (Im f,), there exist (v) < a; %, uy € Ng; by €
€ H,; h; € G and integers s,, n; (not all zero) such that 8(v) < a < B(v) + 2%
and

gv_nkhk -”gv_nlhlgf?égsvmsvnv [gvhlr hvl] [ngbka hvk] GHa-

Hence there exist distinct branches v, we Br(Im f,) such that B(v) =
= B(w) = B (see [1], p. 457). Then

8.2) g "M g Mg 119y bl [g0% hul
3.3) G ™M g m"“g/?“”s’”g[gﬁ‘, P 1

are both in H,. Taking the p®*-th power of (3.2) and the p*-th power of
(3.3), we obtain

(3.4) (gv-nkhk.“gvAnlhl)pSwgg)ﬂpSva(l;[[g’uhl, hvl] [gvhky hvk])p .

(pw-1)psw

.[g}ﬁps”, gv_"khk'”gv_nlhl] 3
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(8.5) (g, ™M ... gw_mlhl)i)s”gg’ﬂpsw””(l;[[glf)‘l, Bl ... [ gk, hwk])p '

(p%v - musv

[gg’ﬁl’&‘” —mkhk G m1h1]
Multiplying (3.5) on the right by the inverse of (3.4), we have

—_ —_ 8 8
(gw my hy O ml’h)l’ ”(ggbl’h .”ggtkhk)p w,

(IILgt, bl - Lg, hwk])’””(lg [ty 901 ... Thyg, g21)

p% (pSw- 1>psw

[gﬁ]ﬁpw mkhk G mlhl] [gﬁ?ﬂpv nkhk“‘ nlhl] ,

which is an element of H,. By the definition of the supports of the ele-
ments of H,, an infinite subset of v is contained in w or an infinite subset
of w is contained in v. This gives a contradiction, since v and w have finite
intersection. =

Recall from equation (3.1) that G embeds in Aut N;. By continuity, G
also embeds in Aut Ng. Since the intersection G N Stab N contains only
the identity map and Stab Ng is a normal subgroup of Aut N, then the
semi-direct product Stab N; X G also embeds in Aut Ng. The following
theorem describes the automorphisms which do not extend to the purifi-
cation of every G-invariant extension of H,,.

THEOREM 3.4. If ¢eAut N \(Stab(Ng) X G), then there exists
x e Ng such that % ¢ (Ng, g5, : B < a)s, where the gg's are defined
as n Theorem 3.3.

Proor. Let H,=(Ng, g§: B < a), and suppose that ¢ e (H,, £%),
for all x € Ng. Let 7 and 6 be distinct elements of Tand 1, &, g e J, be al-
gebraically independent over Z. Then there exists ke Z such that

o' = Hg H eb»mod N
y$*" =1 ggT] edmod Ny
i “
@fys)™" = 1 g5l ef (o yg)'mod N

for some a;, b,, ¢;, d,, n in Z[G). Since (x;y§)? =« yF°, we have

ITggeTT e2¢I ggell edve =TT o 11 efe (xfy§ ) mod Ny
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Thus [T ggé~*ae]] glé ht ey ygn=1 modNj. Since the elements
gﬂNG and h,Nj (/3<a heG,teT) are independent in Ng/Nj and
1, &, o are algebraically independent over Z, we have that

a;,=e;=c;=0 foralli and b,=f,=d,=0 forall u=r7,4.
Hence
k k
et = bl gt meted, ebielelhes o of aypy.

Applying once more the algebraic independence of 1, £, ¢ over Z and
the independence of g, modulo Ng;/Ng (geG teT) to the preceding
congruence, we obtain bs=d, =0, e> =", efo=yp2,

k k
xfpp =x” and ygjp =ygb

Suppose now that n = E w; h; € Z[G). Then 2% = [] (xh, )Y, by equa-

tion (3.1). Similarly, we obtaln

(3.6) xfP" = (why)™ ... (xhy) " -m,
3.7) Y8 = (yh)P .. (yhy )8 my
(3.8) @Eyf)™" = (wfygyah ... (wfyg)uh g

for some m;e H, and for some qe (H,,(xfy&)®) . Let

q= 777'3[;[[0'1'7 afyf 1 I [(xfy&), (xfy§)ul,
2 1<)

where mze H,, a;e H, and b;e Z. But

@* )p

8.9 (xiyp)™" —xEW’ y§¢p [yg?, 251 _

k_1)pk

= ((@h)¥r ... (@h, )P ((yh)§" ... (yhy, )52 mi mg [y§7, ¢ ] = -

k_qypk

( )p
= (xhy )15 ... (h, )it (yhy )50 .. (yhn)?“’mfmz"[yé’q”,xf"’lp 2

-1e

H [(yhy), (yhy)o T

- I [(why), (ach; Yo

1<
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Now equation (3.8) can be rewritten as

(B.10)  (ahy)P* ... (why ) (yhy)e ... (yhy)§ e mgl1 [, af y§ T

L L@Ey)™, ey P TTL(yhe)g, b )T TT [(yha)g, (chy ST,
1<y 1 1<y

Equations (3.9) and (3.10) yield

I1-

i<j

% -1)pk (E-1DE
@11 mfmglys®, &1 = I [(ah)™, (xh;) ]
1<j

Ly, (yha o] = ma[la, zfyg 1 [ @iy iy o

TTCyha)8, b )T TT ()3, (hy ST,
i 1<j

Taking the p*-th power of equation (3.11) and collecting the commuta-
tors with £o, we use equations (3.6) and (3.7) to get

(3.12)  [(yh)§ ... (yh, ), (xhy )2t ... (xh,)o" =

= IT [(@hy),, (yhy)s P01 Cyhy)s, (ahy), o

i<j
H[(yh )s» (h;); ] H [(yhi)s, (hy) ™.

Since the commutators {[(yh; )s,(xhj).]:1,7=1, ..., n} form a linearly
independent set in N, combine like commutators to get the equa-
tions

F-1 i~ Dow;
(3.13) we P 1 _wimDw

2 2
k
p*—1

3.14) w;w; p* + by p* = w;w;- 5
k_1

3.15) —byp* = w;w :

Equation (3.13) implies that either w; =0 or w;=p*. Equations (3.14)
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and (3.15) imply that w;w; = 0 for all 4, j. Since ¢ is assumed to be an au-
tomorphism, there is an i such that w; = p*. Thus it follows that n = p*h
for some heG and

xf = (zh), and y§= (yh)smod N§.

Hence there exists & € G such that for all e T and for all xe G, (x,)? =
= (xh),mod N}, i.e.,  induces & on N¢/Ng. Since Ng is nilpotent of class
two, [,, ¥51° = [(xh),, (yh)s] = [x,, ys)". Thus ¢ also induces k on N,
and so geStab(Ng) XG. =

Let ¢ =@y be the automorphism defined for all xze N; to be
x?=2a[h, x7], for some fixed g e G and h e Ng. Clearly ¢, -1 is conjuga-
tion by .

COROLLARY 3.5. If heH,- and g is any element of G, then
Qo [m,.€Stab H;« and extends to any extension of H;. which is
G-invariant.

The corollary shows that if G is non-trivial, then there exist elements
of Stab H,. which are not in Inn H;..

CoROLLARY 8.6. Suppose G = {e} and H = (Ng, gp: B < a) is defi-
ned as in Theorem 3.3. If ¢ € Aut Ng\Inn Ng, then there exists xe Ng
such that x¥ ¢ (H, x),.

Proor. If G = {e}, then e/ = e, mod N for all e T, by Theorem 3.4.
Let 7 and 0 be distinct elements of 7. Then there exists an integer k such
that e#?" = ¢P"h, and e%" = e£P" hylef, k], for some hje H' and he H.
By continuity of ¢, we also have e5%?" = ¢f“hf. Thus hy=1 and h; =
= [e;, h]. As in Theorem 3.4, we take and compare the images e¢?, e and
(efef)? to show that for any pair 7, O of distinct elements of T, there
exist an integer k and ke H such that

e =el'le, h] and ef”" =ef'le;, k.

By taking three distinct elements 7, 6, # € T and applying the preceding
observation to the three distinct pairs of elements of 7', it is easy to see
that there exist g e H and an integer k such that

e,‘”’k=e,’°k[e,, gl for all 7eT.

Since e,"’pk, eT”k € N%k for all 7, it follows that [e,, gl e N%k for all 7. Thus
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there exists g 4 € ZVG su/c\h that g*”k = g mod ZV’G and ef =e,le;, g1 =€«
for all 7, ie.,, peInn N;. =

THEOREM 3.7. Let H,+=(Ng, g%:a<Ai*),. Then AutH;.=
= Stab(H,«) X G.

Proor. Let @e Aut H;». Then ¢ extends to ¢e Aut Ng. Note
that

H,»\Ny=Z(H,:), (H}+)y = Z(H;»), and H;+/Z(H;x) = H;+N;/Ng.

If g e Stab(Ng) X G, then ¢ |y, /5, =9 [vyny and ¢ |5, =g, for some
geG. Hence ¢ [y, /zm,.)=9 and @ [ zu,.) =9, i.e., ¢ € Stab(H;+) X G.
Suppose @ e Aut Ng \(Stab (NG) X G). By Theorem 3.4, there exists
& e Ng such that x% ¢ (H i @ %)4. Theorem 3.2 implies that there exists
a <A* such that x, « ePa, |lll, llx?]l < ||P.|| and ¢, = ¢ |'5,. We show
that there ex1sts g€ P, and v,e Br(Imf,) such that [l«] <|lg,|| and if

H,. =(H,, g5: B<a), withgfr¢H,for all < a,thengf«, gf* ¢ H,
for all B <a. Let ve Br(Imf,), then v # v; for all B <a. We show that
either (v')?¢ (H,,(v!)%), or (v'x)?¢(H,, (v'x)’),, ie. the sought
after g, is either v! or v'x. Suppose that the preceding is false. Then
there exists an integer k such that

(3.16) )" = (wlaymo .. (vig)yna k1 [hgg, (W' )]
g

3.17) H?" = (1yma (v by T [hyy, (1]
g

for some integers m;, ", 9i € G and h;, hi,€ H,. Then we have the follo-
wing congruences mod Ng:

k
Wle)?" = (L) gt = (lyma | (1Ym0 9P

k
(le)W’ = (le)nlgl (’U X)Wy = (vl)nm (vl)nlglxnl!h LY

By choice of support and, hence, norm of v, it follows that n; =m; (i =
., 1) and

(3.18) x?" = hglema . x™%h mod Ni.
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So

1 2k 1vop2k 2k 1 p2k-1)p2k
319 (@ 'x)? =@ ) x? [x?, (v )?] 2 =

= ((wYymor... (1ymoyp np* o Tl [hy,, (0 PP
g

wk-1)pk P2k

Thg, VY™ (1 yma T [t (v} )t

But [, (v1)%"] = [hg g™ .. g™ hy, (1Yo . (v!)™9 k], We also
have (v'x)”" equal to

(% -1)pF

(3.20) ((lx)yme ... (v a)ymey BP [hy, (0 la)y™e .. (vig)me]

) H[hZQ) (le)g]pk‘
9
Since lal|, [le?]| <|jvl| and v = v4 for all B < a, it follows from equations
(3.17), (3.18), (3.19) and (3.20) that

2k Lk m ko ok . (% - 1)pk
a " = p P (@mn pmapt hp Ry, a™e . pme]

o2k 1
2

ik, xg]”k[h3, ™o g ,
- L2g

which is an element of (H,, x¢)c (H;., x°). This contradicts the assum-
ption that 2% ¢ (H;«, 2¢),. Therefore ¢ e Stab(N;) X/ G and Aut H;» =
=Stab(Hr) >4G- n

COROLLARY 3.8. If G = {e}, there exists a torsion-free wilpotent
group H . of class two such that Aut H, = Inn H ,.

PRrROOF. Suppose G = {e}. Let H = (Ng, gz: B <Ai*) be as in Theo-
rem 3.7 and H, its purification in N;. Suppose ¢ € Aut H . Then ")
extends to an automorphism of Ng. Using Corollary 3.6 and the same ar-
gument as in Theorem 3.7, it follows that ¢ e Inn Nj. Thus @ is conjuga-
tion by some element « in the normalizer Ny, (H ,) of H, in Ng. So
[g,x]eH, for all ge H . If 7 and u are distinct, there exists an integer
k such that [e,, x]”k and [e,, ac]”k are both in H, ie,,

le., « =[e,, h,] and [e,, xP =1e,, h,],
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for some k., h, € H. It follows from these equations that aP' = efrh, and
x?” =esrh, mod N, for some &,, £,€J,. Thus e, “tuef e HNj. By the
choice of the supports of the elements of H, elements in H with finite
support must be 1n N¢. Hence it must be that £, and &, are integers,
xfreH and xP* =xfh,eH. It follows that xe (HNG)* and so
Ny, (H ) = (HN)y.
Finally we show that (H Ni)y=H Ng, for then AutH,

=Ny, (H 4 )/NG =Inn H . Clearly H NGC (HNG)* Since NGCH NG,
it suffices to show that if H egl e(H NG)*, then there exists ge H , and

n e N§ such that _H ef; = gn. By the definition of N, for all n, p” divi-

1<
des &; for all but finitely many &; in J,. Now there exists an integer k
such that

[T ef?* = I—[e“’l—[gﬂeH

<o

for some integers a;, b;. However

[TexTl go= 11 ef#" 11 e, e,

i=1 i=1 i< i<j<w
and p* divides &; for almost all £;. If p* does not divide some &, then
there exists an integer n;; such that &;; + n;e p*J,. Let u;; = &, if p* di-
vides Eij? and Hi= EU + Nij,y otherwise. Then

k =Sk
[Tel? _l:[_[e,i, e, Yve HNNE.
1<y

Hence it must equal ([Ief H le,,, €,1° vy*, for some o;eJ,. Thus
Her;_ﬂ [e,,, €, 1° is an element, of H,,and so [] ef'e H,N;. =

i<w

COROLLARY 8.9. Let N = (X) be a free nilpotent group with basis X
and G a non-trivial group such that G acts faithfully on X. If NCHCN,
H, =H and H is G-invariant, then Inn H # Stab H and G N Stab H =
=1.

Proor. Let geG\{e} and he H\Z(H). Define the map ¢ by x% =
=2x[h, x9], for all x e H. Clearly ¢ € Stab H and ¢ ¢ Inn H. Since G acts
faithfully on X, the intersection G N Stab A must contain only the identi-
ty map. =
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