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Varieties without Boundary
in Rigid Analytic Geometry.

R. LAMJOUN (*)

Introduction.

In [L], Lütkebohmert suggests a definition for rigid analytic vari-
eties without boundary and conjectures a duality theorem. In this article
we put forward a new definition of varities without boundary and the
more general definition of morphisms without boundary. This definition
appears weaker than Lutkebohmert’s, but has the advantage of being of
local nature. Nevertheless, in the case of a discrete valuation, for sepa-
rated paracompact rigid analytic varieties, the two definitions coincide.
In the first paragraph, we introduce the notion of morphism without
boundary and show that it behaves quite well with respect to the classic
operations of geometry. In the next paragraph, we give some topological
properties of quasi-paracompact admissible formal schemes. Paragraph
three deals with generalizing the theorem of Raynaud which shows that
the category of analytic rigid quasi-separated and paracompact varieties
is equivalent to the cartegory of the generically paracompact (quasi-
paracompact) formal schemes localized with respect to admissible formal
blowing-ups. The fourth paragraph shows that under this equivalence,
the (locally quasi-compact) morphisms without boundary correspond to
(locally quasi-compact) morphisms between formal admissible schemes
which are universally closed and separated (for technical reasons, we
only consider the case of a discrete valuation). Then we deduce that our
notion of morphism without boundary coincides with Lftkebohmert’s in
the separated and paracompact case, and that a Zariski open subset of a
paracompact variety without boundary is without boundary.

In a forthcoming paper, we prove Serre’s duality theorem for para-

(*) Indirizzo dell’A: IRMAR - Univ. de Rennes 1, Campus de Beaulieu, F-
35042, Rennes, Francia.
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compact rigid varieties without boundary which are countable at

infinity.
Remark that proper varieties, Stein varieties and algebraic varieties

are separated, paracompact and without boundary. This fact illustrates
the interest of the notion of variety without boundary.

In this paper, an analytic variety shall mean a rigid analytic variety
and all open subsets are assumed to be admissible.

By K we denote a non trivial complete non-Archemedean valued field
with absolute value ~ ~ . . We write R : _ ~ ~, e 1 ~ its ring of inte-
gers and we with 0  1.

1. Rigid morphisms without boundary.

DEFINITION 1.1. Let X = Spm (A) and Y = Spm (B) be two affinoid
varieties. An affinoid open subset U of X is called relatively compact in X
over Y if there exists an affinoid generating system F f fl, fr I of A
over B such that U is contained  1, i = 1, ... , r } . We
then write U cc y X. When B = K, we simply say that U is relatively com-
pact in X and we write U cc X .

REMARKS 1.2. (i) According to the Principal Maximum Modulus
([BGR], 6.2.1/4), we have UccyX if and only if there exists an affinoid
system {f1, ... , fr} of A over B and a real number 0cl, such
that

(ii) Let U = Spm (Au) be an affinoid open subset of X. We write
the spectral semi-norm on the affinoid K-algebra Au. We have

UccyX if and only if there exists an affinoid generating system
{ fi, ... , fr} of A over B such that, if we denote by 99 u: A -Au the
canonical morphism from A to AU, then for every

Let A be an affinoid algebra. If we denote by II lisp the spectral semi-
norm on A, then is a ring and A 00 =

is an ideal in A °. The residual ring °° is written
A. Any morphism of affinoid algebras induces a morphism

A - B; we say that q is obtained by reduction.
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LEMMA 1.3. Let cp : B -A and 1/1: A ~ C be two morphisms of affi-
noid K-algebras. The following two properties are equivalent:

(i) there exists a surjective morphisms
which extends cp and satisfies

(ii) The ring 1P(Ã) is integral over 1j;(cp(Bf).
PROOF. See [Ber], 2.5.2 (a) and (d). m

PROPOSITION 1.4. Let X = Spm (A) be an affinoid variety over an-
other affinoid variety Y = Spm (B) and U an affinoid open subset of X.
The following properties are equivalent:

(i) U is relatively compact in X over Y

(ii) There exists a finite number of affinoid domains Vi such
that

(iii) There exists a finite number of affinoid domains Vi such
that

PROOF. It is clear that (iii) implies (ii). Conversely, assume the exis-
n

tence of a finite number of affinoid domains Vi such that U c U Vi and
i=1 i

Vi ccyx. The Vi n U are affinoid domains Ui and U = U Ui . As each Ui
i

satisfies Ui ccyx. It is obvious that (i) implies (iii). Conversely, assume
n

that U = Spm (Au) = U Vi , where the Vi = Spm (Av.) are affinoid do-z = i i

mains such that for any i, Vi ccyX. Then, there exists a surjective B-mor-
phisms cp i : ... , -A ( i = 1, ... , n ) such that, for any point x
in I  1. If we denote by the restriction morphism A ~

and the spectral semi-norm in AVi’  1.

The operation of reduction applied to the following diagram:
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gives the commutative diagram

According to the previous lemma, cp v2 (A) is integral over cp v, 
where cp denotes the morphism B -A. Let f e A and for any i, fi =

( f ). There exists a monic polynomial Pi with coefficients in cp(B)-
such that, The element of Au satis-
fies

Since the morphism is is integral
over Assertion (i) results from the previous lemma.

DEFINITION 1.5. Let cp : X- Y be a morphism of analytic varieties.
We say that cp is without boundacry if there exists an affinoid covering

of Y such that for any i, there exists two affinoid coverings
of the open subset such that for any j,

UijCCWi Vij. We say that X is without boundary if the canonical morphism
X- Spm (K) is without boundary. Thus we see that X is without bound-
ary if and only if there exists two affinoid coverings {Ui}i E I
such that for any Ui cc Vi .

REMARK 1.6. The composition of a closed immersion cp : X ~ Y and
a morphism without boundary 1jJ: Y-Z gives a morphism without
boundary. In fact, it is easy to check that if W is an affinoid domain in Z

are two admissible coverings of 1jJ -1 ( W) such
that for any i, Ui ccW Vi , then 

EXAMPLES 1.7. (i) Every proper morphism is without boundary. In
particular, finite morphisms and closed immersions are without bound-
ary ([BGR], 9.6).
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(ii) Recall (see [P], 2.1) that a morphism Z- Y, with Z separated
and Y affinoid, is Stein if there exists an affinoid of Z

such that for any m, there is a constant am e Q with 0  am  1 and
an affinoid generating system h, (m), ... , hr(m)(m) of (9(Zm) on (9(Y) such
that

When Y = Spm (K), we say that Z is a Stein variety. A Stein morphism is
without boundary. In particular, every Stein variety is without bound-
ary.

PROPOSITION 1.8. (i) Let be an admissible covering of an
analytic variety X by open subsets without boundary,. Then, X is a va-
riety without boundary.

(ii) Let X be a quasi-separated rigid variety without boundary.
for any admissible of X, there exists an affinoid

which refines it and such that for any j, there exists an
affinoid domain Wj of X with Vj cc W~ .

PROOF (i) be two affinoid coverings of Xi
such that The is an admissible covering of X
which satisfies, for any couple of indexes (i, j), Uij cc The claim fol-

lows from the fact that both families I Uij ~Z~ ~2~ are admissible
coverings of X.

(ii) We can assume that the U2’s are affinoid. Let f Vj Ij 
two affinoid coverings of X such that, for any j, we have Vj CC Wj. The in-
tersection Ui n Vj is a finite union of affinoid domains Uij, k. Each Uij, k
satisfies Uij, k cc Wj and the family formed of the Uij, k’S is an admissible
covering of X.

LEMMA 1.9. Let X, and X2 be two affinoid varieties over the same
affinoid variety Y and for each i = 1, 2 , let Ui c Xi be an affinoid do-
main such that Ui ccY Xi . Then

PROOF. See [BGR], 9.6.2/1.

PROPOSITION 1.10. Let cp : X ~ Y be a mor~phism of analytic vari-
eties an admissible covering of Y Write Xi = cP -1(yi). Then
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cp is without boundary if and only if each map cp i : Xi - Yi is without
boundacry.

PROOF. If all the cp i’s are without boundary, it is easy to check that cp
is without boundary. Conversely, if cp is without boundary, adopting the
notations of Definition 1.5, for a fixed k of I and for any Wi intersecting
Yk , the subset Yk n Wi is an admissible open subset and has an admissi-
ble affinoid We have

so according to the lemma 1.9,

It follows that ~p is without boundary. From this, we con-
clude that is without boundary.

COROLLARY 1.11. Let cp : X -~ Y be a morphism of analytic vari-
eties. The is without boundary if and only if for any affinoid do-
main V (or for any admissible open subset of Y) the induced morphism

without boundary.

Recall that a morphism of analytic varieties is called quasi-compact
if the inverse image of any affinoid domain is a finite union of affinoid do-
mains. This is equivalent to saying that the inverse image of a quasi-com-
pact open subset is quasi-compact.

PROPOSITION 1.12. Let cp : X ~ Y be a morphisms of anaLytic vari-
eties. Then, cp is proper if and only if cp is separated, without boundary
and quasi-compact.

PROOF. If the morphism cp is proper, it is clear that cp is without

boundary. Moreover, for any affinoid domain V in Y, the induced mor-
phism ~p -1 (V) ~ V is proper ([BGR]9.6.2/3). Thus qJ -1(V) is a finite
union of affinoid domains. Conversely, assume cp to be without boundary
and quasi-compact. Let V be an affinoid domain in two

affinoid coverings of cp -1 (V) such that for any i, Ui ccv Vi . We can extract
a finite sub-covering {Uil}l of I Ui li. The families {Uil}l and f Vil 11 are fi-
nite, formed of affinoid domains and such that for any i, Uil ccv Vil . So, ac-
cording to ([BGR]9.6.2/3), the morphism cp is proper.



35

PROPOSITION 1.13. Let cp : X- Y and 1/J: Y-Z be two morphism
of analytic varieties such that cp is without boundary and 1/J is sepa-
rated. Then cp is without boundary.

PROOF. Let W be an affinoid domain of Z. Since o cp is without

boundary, there exists two admissible coverings {Ui}i and IVili of

( 1/J 0 cp ) -1 (W) = cp -1 (y~ -1(W)) such that for any i, Ui ccw Vi. Let I Yj Ij be
an affinoid covering of 1/J -1 ( W). Lemma 1.9 tells us that

By a change of basis, the morphism X ~ X is a closed immersion, so

The assertion results from the fact that the ð -1 (Ui x w Yj)’s form an ad-
missible covering of 

PROPOSITION 1.14. Let cp: 1jJ: Y’ - Y be two morphisms
of analytic varieties such that (p is boundary. Then the mor-

phisms boundary.

PROOF. Let W (resp. V) be an affinoid domain of Y (resp. Y’) such
that cW and consider two admissible coverings and I Vi li of

such that Ui ccw Vi. Lemma 1.9 gives us

When V runs through all the affinoid domains (M0, the

form an admissible covering of cp ’ -1. Thus, cp ’ 
I is without bound-

ary.

REMARK 1.15. It is not clear that the composition of two morphisms
without boundary is again without boundary. But when the morphisms
are separated and locally quasi-compact between quasi-separated and
paracompact analytic varieties, as shall see later on, the formal approach
enables us to show that this is true (4.8).
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2. Topological properties of quasi-paracompact formal R-schemes.

Recall that an R-algebra without torsion is called admissible if it is a
quotient ... , where is a finitely generated ideal of

... , A formal R-scheme is said to be admissible if it is locally
R-isomorphic to the affine formal scheme Spf (A) of an admissible R-al-
gebra A which is admissible.

DEFINITIONS 2.1. (i) A sheaf of ideals of an admissible formal R-
scheme (~C; is called open if it contains an ideal of definition (i.e. for
every open affine subset ‘U, of ~C there exists an integer n such that

is contained in 

(ii) Let (~C; (9x) be an admissible formal R-scheme and ~ a coher-
ent open ideal of The blowing-up of the ideal ~ in ~C defined as

it is an admissible formal R-scheme. The projection is called
admissible formal blowing-up of center 1), where 1) is the formal sub-
scheme of ~C corresponding to the sheaf of ideal ~ of 

DEFINITION 2.2. We say that a topological space X is of quasi-corrz-
pact type (q. c. t.) if it admits a covering of finite type by quasi-
compact open subsets (i.e. X is the union of the Xi’s and for all i in I, Xi
meets only a finite number of Xj’s). We say that an admissible formal R-
scheme is of q.c.t. if his underlying topological space is of q.c.t.

REMARKS 2.3. (i) Let X be an admissible formal R-scheme of q.c.t
and ~ a coherent open ideal of C9,. If x’ - x is the admissible formal
blowing-up of ~ in X, then X’ is also an admissible formal R-scheme of
q.c.t. In fact, the blowing-up operation is of local nature. Thus, if the fami-

is a covering of X by quasi-compact open subsets and if, for
each i, we consider the admissible formal blowing-up 

view y§ as a quasi-compact open sub-scheme of ~C. The subsets 1)i
covers ~C’ . Moreover, 1)i if 1)i does not meet 1)j. Thus, we see
that is a covering of finite type of X’ is of finite

type.

(ii) Let X be a topological space of q.c.t. Since any closed subset of
a quasi-compact space is also quasi-compact, every closed subset of X is
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of q.c.t. It follows that the connected components and the irreducible
components of X are of q.c.t. Assume that X has the following property:
the intersection of any two quasi-compact open subsets is also quasi-
compact. Then every covering (Xi )i , of X by quasi-compact open subsets,
admits a refinement which is a covering of finite type by quasi-
compact open subsets. In fact, let (Xk)k be a covering of finite type of X
by quasi-compact open subsets. Each open subset Xk is covered by a fi-
nite number of X/so For each k, the intersection of Xj and Xk is quasi-
compact and they form a covering of finite type of X.

PROPOSITION 2.4. Let X be a topological space.

(i) Let be a covering of finite type of X by quasi-compact
open subsets. Then, the system has the following property:

(*) There exists a of quasi-compact closed subsets of X
such that

(P) for any i of I, Xi c Zi and for any j of I such that Xi n Xj = 0, Zi does
not meet 

(ii) If X is of q.c.t., then every quasi-compact open subset is con-
tained in a quasi-compact closed subset.

PROOF. Let U be a quasi-compact open subset of X and a

covering of finite type. For any i, we write Ui = U n Xi . The open subset
U is covered by a finite number of Ui’s, therefore U is contained in a fi-
nite union of Xi . Thus, (i) implies (ii). Write Yj For any fixed in-

dex i, the intersection Zi of the seubsets I§, such that Xj does not meet
Xi , is a closed subset contained in the union of Xi of the Xk’s which meet
Xi. In fact, the complementary of Zi is the union of the Xj’s which not
meet Xi . As the covering is of finite type, Xi is quasi-component.
Since Zi is a closed subset contained in Xi’ , it is also quasi-compact. Ac-
cording to the definition of we have Xi c Yj and therefore Xi is con-
tained in Zi . It is clear that the system satisfies (P).

PROPOSITION 2.5. Let X be a topological space of quasi-compact
type. Then,

(i) If X is irreducible, it is quasi-compact.

(ii) The irreducible closed subsets of X are quasi-compact. In par-
ticular, any irreducibLe component of X is quasi-compact.
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PROOF. (i) If X is irreducible, then every non empty open subset of X
is dense. Let U be a non empty open subset of X. According to the Propo-
sition 2.4, there exists a quasi-compact closed subset which contains U,
which is inevitably X. Hence, X is quasi-compact.

(ii) If F is an irreducible closed subset of X, then F is of q.c.t. and
according to (i) it is quasi-compact.

COROLLARY 2.6. (i) A topological space of q. c. t. having a finite
numbers of irreducible components is quasi-compact.

(ii) The irreducible components of a locally Noetherian topologi-
cal space of q. c. t. are quasi-compact and form a locally finite family.

PROOF. Part (i) is immediate. For (ii), we know from ([BOU]
2.2.4.10), that a Noetherian topological space has a finite number of irre-
ducible components. By (Loc.cit 2.1.4.7) the set of irreducible compo-
nents of locally Noetherian space is locally finite.

COROLLARY 2.7. Let X be a topological space of q. c. t whose set of ir-
reducible components is locally finite. Then the space X is locally con-
nected and every connected component. C of X is a space of q. c. t. More-
over, the components C are caracterized by the following proper-
ties :

(P1 ) C is a space whose set of irreducible components is locally
finite.

(P2) Any irreducible components which meets C is contained in C.

(P3 ) If F and F’ are two irreducible components of C, then there
exists a finite sequence of irreducible components of C such
that F = Fl , Fn = F ’ meets Fi , for any i, 1 ~ i ~ n.

PROOF. The space X is locally connected by ([EGA]0.2.1.5). Let C be
a connected component of X, C is a closed subset of X; therefore of q.c.t.
Since any irreducible component is connected, we see that if F is an irre-
ducible component which meets C, then C contains F. The component C
is an union of irreducible components of X. Thus, the irreducible compo-
nents of C form a locally finite set. Property (P) results from ([EGA]
0.2.1.10).

Conversely, let C’ be a subset of X satisfying (P1), (P2) and (P3). Ac-
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cording to (loc. cit.), (PI) and (P) imply C’ connected. Property (P2 )
states that C’ is a connected component of X.

LEMMA 2.8. Let X be a topological space whose irreducible compo-
nents are quasi-compact and form a locally finite set. Then,

(i) the irreducible components of X forrrz a set of finite type,
and

(ii) every quasi-compact open subset has a finite number of irre-
ducible components.

PROOF. For each point x of X, we consider an open subset Ux which
meets only a finite number of irreducible components of X. Let F be an
irreducible component of X. Since F is quasi-compact, there exists some
points xl , ... , Xn of F such that F is contained in the union of the Ux2’s.
Each Ux. meets only a finite number of irreducible components, there-
fore, so does F. Now, let U be a quasi-compact open subset of X, there
exists some points xl , ... , xm of U such that U is contained in the union of
all the Uxz’s. According to ([BOU], 2.4.7), U has only a finite number of ir-
reducible components. 0

PROPOSITION 2.9. Let X be a topological space of quasi-compact
type whose set of irreducible components is locally finite. Then

(i) Every irreducible component meets only a finite number of ir-
reducible components.

(ii) Every quasi-compact open subset has only a finite number of
irreducibLe components.

PROOF. Proposition 2.5 implies that every irreducible component of
X is quasi-compact. The claim, then, follows from Lemma 2.8.

DEFINITION 2.10. We say that a topological space X is quasi-para-
compact if any open covering of X has a locally finite refinement. A for-
mal R-scheme is quasi-paracompact if its underlying topological space is
quasi-paracompact.

Let ~Xi be a family of subsets of a set X. Assume that ~Xi cov-

ers X. For each i in I, let Bi be a finite family of subsets of Xi, such that
Bi covers Xi . The union of the Bi is of finite type in the following two
cases:
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(i) The system is of finite type. In fact, a fixed element of
Bi can meet an element of Bj only if 10 meets Xi . The statement follows
by fact that the number of these 10’s is finite.

(ii) For any index i of I, each element of Bi meets only a finite
number of elements of 

PROPOSITION 2.11. Let X be a Locally Noetherian topological space.
Then X is quasi-paracompact if and only if X is of q. c. t.

PROOF. Assume that X is quasi-paracompact space. As it is locally
Noetherian space, there exists a covering of X by Noetherian open sub-
sets. This covering has a locally finite refinement (Xi )i . Each point x of X
belongs to a finite number We can therefore find a quasi-compact
open neighbourhood Vx which is contained in each 10 and does not meet
the other Xi’s. Since each Xi of the system (Xi )i is quasi-compact, it is
covered by a finite number of Vx’s. Denote by Bi the finite family com-
posed by these Vx’s. The previous remark shows that union of the Bi’s is a
system of finite type. Hence, we conclude that X is of q.c.t. Conversely, if
X is of q.c.t., there exists a covering of finite type (Xi )i of X, of quasi-com-
pact open subsets. If is another covering of X, then each Xi is cov-
ered by finite number of Y2k’s. Write for the intersection of Y2k and Xi .
By the previous remark, the family of is of finite type and refines
the covering (1j)j. Thus locally finite.

Let X be a quasi-paracompact formal R-scheme. The underlying
topological space of any formal affine open sub-scheme of X is Noethe-
rian. Consequently, the underlying topological space of X is locally
Noetherian, and X is of q.c.t. Let (Xi )i be a covering of finite type of X by
quasi-compact open subsets. As intersection of two affine open sub-
schemes is quasi-compact, the intersection of two quasi-compact open
subsets is also quasi-compact. Thus, any covering (Xl)i of X by quasi-
compact open subsets has a refinement of finite type by quasi-compact
open subsets. Every quasi-compact open subset of X is contained in a
quasi-compact closed subset and the other way round. The covering (Xi )i
has the property (*) of Proposition 2.4. Every irreducible closed subset
of X is quasi-compact, and in particular, each irreducible component-of X
is quasi-compact and meets only a finite number of irreducible compo-
nents. Finally, the space X is locally connected and each connected com-
ponent is characterized by the properties (P1 ), (P2 ) and (P) of Corol-
lary 2.7.
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3. Extension of a theorem of Raynaud.

In the following all blowing-ups will be formal and admissible (see
[BL]).

There exists a functor

rig: (admissible formal R-schemes ) - (analytic varieties )

where, ~g is the generic fibre of a formal R-scheme ~C.

REMARKS 3.1 (see [BL]4.1.a and b).

(i) The functor rig turns admissible formal blowing-ups into

isomorphisms.
(ii) The functor rig is faithful.

DEFINITION 3.2. Let X be an analytic variety. Any admissible for-
mal R-scheme X whose the generic fibre is isomorphic to X, is called an
R-modeL (or modeL) of X.

Let X be an analytic variety. Does there exist an R-model x for X? If
X is an affinoid variety Spm (Ax), with Ax = K~ Tl, ... , Tn } ~~, the an-
swer is yes: we take for ~C the formal spectrum Spf (A) where A is the
quotient algebra ... , ... , If X is quasi-sepa-
rated and quasi-compact, the answer is given by a theorem of Raynaud
(see [BL] 4.1). In the following, we show that there exists an R-model for
X, for X quasi-separated and paracompact.

LEMMA 3.3. Let X be a quasi-paracompact admissible formal
R-scheme a covering of finite type of X by formal open
sub-schemes. Let us be given some coherent open ideals ~i of (9x with

= for all j such that, Xj does not meet Then, there exists an
unique ideal;) such that, for each i the product ;)i 
where Xj meets The is open and coherent.

PROOF. If ~ exists, by local considerations it is unique, open and co-
herent. Now, to prove the existence of ~, it remains to check that for any
couple ( i , j ) of I 2 such that ~Ci meets Xj, we have
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But it is easy to see that for any open subset U of 1g n = ~~c~. The
ideals and are simply the products of where ~Ck meets both 1g
and ..

LEMMA 3.4. Let ~C be a quasi-paracompact formal R-scheme and
a covering of finite type of ~C by quasi-compact open sub-

schemes. For any i, let ~i be a coherent open ideal of and T i: ~i 
be the admissible formal blowing of Ji in ‘1,l,i . Thet4 each 99 i extends to an
admissible formal blowing-up 1/J i: X’i - X Furthermore, there is an ad-
missible formal blowing-up 1/J: ~C’ - ~C which extends each ?p i.

PROOF. Proposition 2.4 exhibits a family of quasi-compact
closed subsets of X, such that, for each index i of I, c Fi and for any in-
dex j of I such that Ui n = 0, Fi does not meet For any i, denote by
B?i the open subset Fi .

Let i E I and n an integer such that e Ii, denote by I’i the reduc-
tion of ~i modulo Jln + 1 and Xi the ordinary scheme after reduction. Note
that the underlying topological space of ~Ci is the same as the underlying
topological space of X; moreover it is locally Noetherien. We extend ~Z to
the disjoint union of ‘U,i and vj by ðXï on ’Vi. The statement of ([EGA],
1.6.9.7) enables us to extend ~2 to a coherent ideal over Thus, ~i ex-
tends to a coherent open ideal = h -1 (~Z ) of ~C, where the map
h: is the canonical morphism. Since blowing-up is of local na-
ture, the admissible formal blowing-up 1/J i: of ~2 extends the
blowing-up 99 j. Lemma 3.3 gives us the existence of a coherent open ide-
al I, such that I U2 is the product of the I^j|Ui, for the open subsets 
which meet ‘U,i . Hence the blowing-up 1/J: x’ - ~C of ~ in ~C extends all the
1/J i’s. 0

PROPOSITION. 3.5. Let X be a quasi-compact analytic variety and
a finite family of quasi-compact admissible open subsets of X

(i) There exists a quasi-compact R-model ~C of X and a finite
of qua,si-compact formal open sub-schemes of ~C such

that the coincides covers X

then {Ui}i E I covers X.
(ii) Let ~C be an R-model of X. is a finite family of ad-

missible formal R-schemes such that each is an R-model of Ui, then
there exists a blowing-up ~C’ -~ ~C of ~C and a finite of



43

quasi-compact formal open sub-schemes of x’, such that B?i is a blow-
ing-up of Ui, for each i e I.

PROOF. Raynaud’s theorem gives existence of an R-model y for X.
The space X in (i) is obtained by blowing-up in y (see [BL]4.4). We now
prove (ii): the [BL] 4.4 gives a blowing-up X" of X and a of

formal open sub-schemes of ~C" sent by the functor rig For

each i e I, we can, by [BL] 4.1.c, dominate and Wi by a third model ’~2.
Considering B?i as the blowing-up of Wi, the Lemma 2.6 of [BL] applied
to ~C" shows that there exists a blowing-up x’ of ~C and we can consider
the as formal open sub-schemes of X’..

LEMMA 3.6. Let X be a quasi-separated and paracompact analytic
variety and an admissible covering of finite type of X by quasi-
compact open subsets. Then,

(i) there exists an R-model X which is a quasi-paracompact
admissible formal scheme, and

(ii) there is a covering of finite by open sub-
schemes, such that coincides with 

PROOF. To build the model X we proceed as follows:

(i) For each i, we can find a model Xi of Xi and formal open sub-
schemes of Xi (for each j such that Xi n X~ ~ ~ ) such that Xij is a model
of Xjj = Xi n fi~ (Proposition 3.5).

(ii) For i and j fixed, we can find blowing-ups of Xij and of

Xji such that ([BL]4.1.c).

(ill) For i, j fixed, as in (i) we construct a model X’ij of Xij and a for-
mal open sub-scheme of such that X’ij is a blowing-up of Xij and
Xijk is a model of Xijk = Xi n Xj n Xk (Proposition 3.5 and [BL]4.1.c).

(iv) As in (ii), for i, j, 1~, fixed, we can blow-up to in order to

obtain 

(v) Fix i, j again and we blow-up to in order to

see the as a formal open sub-schemes of Xi; (Lemma 3.4).
Similarly, for each i, blow-up Xi to Xi in order to see the 

as formal open sub-schemes of Xi. The space ~C, obtained by glueing
the Xi’s along the is a quasi-paracompact admissible formal
R-scheme. It is clear that the functor rig applied to X gives the
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analytic variety X. Furthermore the is of finite type
and is mapped by the functor rig onto 

PROPOSITION 3.7. Let X be a paracompact and quasi-separated
analytic variety an R-modeL for X Let be a locally finite
famity composed of quasi-compact open subsets of X and be a
family of quasi-compact formal R-schemes sent onto by the
functor rig. Then there exists a blowing-up X’ of X and a family of for-
mal such that for each i E I, is a blowing-
up of 1Ji. If covering of finite type, so the family
{y’i}i E I. 

PROOF. Choose a family of finite type which contains In

order to get the blowing-up X’ of X, we proceed as for the proof of
Lemma 3.6, taking in step (i), ~Ci as a blowing-up of the formal
R-scheme 9ji. 0

REMARK 3.8. Let X be a quasi-separated analytic variety that is not
paracompact but has a covering of finite type by quasi-compact open sub-
sets. As in lemma 3.6, there exists a quasi-paracompact admissible for-
mal scheme X such that Xrig = X. Thus there exists admissible formal
schemes which are quasi-paracompact but whose generic fibre is not

paracompact. For example: Let be a countable family of copies of
the unit disc and X the glueing of all the Dn’s along the same open disc of
radius less than 1. Then X admits a covering of finite type but it is not
paracompact.

DEFINITION 3.9. Let ~C’ be an admissible formal R-scheme and
. be a covering of ~C by quasi-compact formal open sub-schemes.
Say is admissible if for any blowing-up x’ - x and any
quasi-compact formal open sub-scheme ‘U, of X’ there exists a commuta-
tive diagram

where X" is an admissible formal R-scheme which dominates both ~C and

X’, U" is a blowing-up of and Xu is a formal open sub-scheme of X"
which is a blowing-up of a finite union of 
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DEFINITION 3.10. We say that a quasi-paracompact admissible for-
mal R-scheme is genericaLLy paracompact if it admits a blowing-up with
an admissible covering of finite type.

LEMMA 3.11. Let X be a quasi-separated analytic variety admit-
ting a covering of finite type by quasi-compact open subsets.

be a model of X covering of X by formal open sub-
schemes such that, for each index i, Xi is a model of Xi. Then is

an admissible covering if and only is an admissible

covering.

PROOF. If is an admissible covering, then so In

fact, if ‘Lt,’ is a quasi-compact formal open sub-scheme of a blowing-up X’
of X, then = U is a quasi-compact open subset of X. As X is quasi-
separated, we can assume to be a finite union of Xi’s. Therefore Propo-
sition 3.7 infers is an admissible covering. Conversely, as-
sume is an admissible covering. Then, according to Proposi-
tion 3.7, for any affinoid domain V of X, there exists a model B? of V and a
blowing-up X’ of ~C such that v is a formal open sub-scheme of ~C’ . Since

is an admissible covering, there exists a blowing-up B?’ ~ IV with
contained in a finite union of Xi’s. Therefore, is an admissible

covering.

REMARK 3.12. It follows from Lemma 3.6 and 3.11 that the blowing-
up of a generically paracompact admissible formal R-scheme is also

generically paracompact.

For our next statement, we need the notion of localization of a

category:
Let e be a category and M be a class of morphisms of e. The loca-

lization of e with respect to M is a category eM , together with a functor
such that, for any functor e - e’ that turns morphisms of M onto

isomorphisms of e’, there is an unique functor e’ that makes the

triangle
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commutative. The category em is unique. Of course, uniqueness and
commutativity are meant up to equivalence.

REMARK 3.13. (i) If lVl is a system of morphisms in e, there is a nat-
ural equivalence between the localization of e with respect to M, and the
localization of e with respect to the system of finite compositions of mor-
phisms in M.

(ii) One can prove (see [B.L]2.5) that if ~C is a quasi-compact formal
R-scheme, the composition of two admissible blowing-ups is an admissi-
ble blowing-up. It seems that this result is no longer true when we sub-
stitute "quasi-paracompact" for "quasi-compact", but no-counter

example is known to the author.

THEOREM 3.14. The functor rig: gives rise to an equiva-
lence between:

(i) The category of generically paracompact admissible formal
R-schemes localized with respect to formal admissible blowing-ups,
and

(ii) The category of paracompact and quasi-separated analytic
varieties.

PROOF. Let X be a quasi-paracompact formal R-scheme. Since the
underlying topological space of X is locally Noetherian, Xrig is quasi-sep-
arated. If furthermore, X is generically paracompact, then X,.g is a para-
compact quasi-separated analytic variety (Lemma 3.11). Conversely, if X
is a paracompact quasi-separated analytic variety, Lemma 3.6 constructs
a quasi-paracompact R-model X of X and Lemma 3.11 tells us that this
R-model is generically paracompact. It remains to prove that the functor
rig is fully faithful.

Let ~C and h be two generically paracompact admissible formal R-
schemes and morphism between associated
analytic varieties. We prove that there is a blowing-up Y’ of h and a mor-
phism 1jJ: Y’ - x of formal schemes such that 1/J rig = Choose a cover-

ing of finite type of h by quasi-compact open subsets. For any
i E I, apply the Raynaud’s theorem to Then, there exists a blowing-up
Yi together with a morphism 99 i:  X such that --= q9 I Yi, rig.
Lemma 3.4 yields a blowing-up y ’ : ~’ - h such that, if we denote by

the composition of qg i with the unique morphism
y~ ’ -1 ( ~2 ) -~ ~2 deduced from blowing-up and y~ ’ -1 ( ~2 ) --~ ~i ,
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then 1/J i satisfies Therefore, glueing the mor-
phisms 1/J i gives a morphism 1/J: ~’ ~ ~C which satisfies = cp (by the
Remark 3.1).

Let e be the category of generically formal R-scheme and em the cat-
egory localized of e with respect to the system M of finite compositions
of admissible formal blowing-ups. The functor rig of em, in the category
e’ of paracompact quasi-separated analytic varieties, is faithful. This is a
direct consequence of Remark 3.1 and of the fact that 1) is
the inverse limit of Home ~) where X’ runs through all the formal
R-schemes obtained after a finite number of admissible formal blowing-
ups of ~C (see [H]3.1). The categories em and e’ are equivalent. The theo-
rem follows from Remark 3.13.

4. Morphisms without boundary of admissible formal R-schemes.

We assume, for technical reasons, that the valuation is discrete.

Recall a result of Lütkebohmert ([L]) needed in Lemma 4.6.

LEMMA 4.1 ([L]2.5). Let cp : a mor-

phism of affine formal R-schemes and a formal open sub-scheme 
The affinoid domain relatively compact in over the affinoid
space if and only if the Zariski closure of Ito (the special fibre of ‘1,1,)
in vo is proper over Wo. 0

We recall (see [E GA] I I I.1. (3.4.1 )) that a morphism of

formal R-schemes is said to be proper if the associated morphism cp o :
between the ordinary schemes X0 and Yo, is proper.

A theorem of W.Lutkebohmert ([L]3.1) states that a morphism
cp : quasi-compact admissible formal R-schemes is proper if and
only if qgrig is proper. We shall extend this result to morphisms without
boundary which are locally quasi-compact.

DEFINITION 4.2. Let cp : be a morphism of admissible formal
R-schemes. We say that the morphism T is without boundary if the as-
sociated morphism is universally closed.

REMARKS 4.3. Let cp : be a morphism of admissible formal
R-schemes.
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(i) The morphism cp is separated if and only if the associated mor-
phism cp o: is separated (see [EGA]I.10.15.2). From ([BL]4.7) we
deduce that the morphism 99 rig: Yrig is separated if and only if the
morphism q o : is separated.

(ii) If cp’ : ~C’ ~ ~’ is another model of the morphism 
- Yrig, then rp is without boundary if and only if 99 ’ is. In fact, let cp " :

X" - y" be a model of cp rig such that X" (resp. h" ) is a model which domi-
nates X and X’ (resp. ’p and y’). It results from ([EGA]II.5.4.(i)) that the
morphism is proper (resp. without boundary) if and only if cp ’ is prop-
er (resp. without boundary) (and the same holds for the morphism cp).

(iii) Let X be a separated admissible formal R-scheme. If x is
quasi-paracompact, we know that the irreducible components of ~C are
quasi-compact and form a locally finite system. Furthermore, applying
([EGA]II, 5.4.5 and 5.4.9), shows that is without boundary if and only if
its irreducible components are proper. Although we do not have a
counter example, it seems that if ~C is an R-scheme whose irreducible
components are quasi-compact and form a locally finite system, then x is
not necessarily quasi-paracompact.

DEFINITIONS 4.4. (i) We call a rigid morphism locally
quasi-compact, if for any affinoid domain W of Y and any affinoid do-
main V of X, the open n V of X is quasi-compact.

(ii) We say that a morphism cp : x- h of admissible formal R-
schemes is locally quasi-compact if for any affine open subset U (resp.
V) of Y (resp. X), the open subset is quasi-compact.

REMARKS 4.5. Let be a model of a morphism 
of paracompact quasi-separated analytic varieties.

(i) The morphism cp is locally quasi-compact if and only if 99 k is lo-
cally quasi-compact.

(ii) If Y’ (resp. h’ ) is a quasi-compact open subset of Y (resp. of ~),
then cp x 1 ( Y’ ) (resp. is paracompact.

LEMMA 4.6. Let cp : be a locally quasi-compact separated
morphisms of quasi-paracompact admissible formal R-schemes and

X- Y the associated rigid morphism. If cp is without boundary
then, for any affinoid domain We Y and affinoid domain 
there exists an affinoid domain such that 
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PROOF. Since cp is locally quasi-compact we can assume that
is affine. Let U be an affinoid domain in X, there exists a blowing-up
~ 2013&#x3E; ~ and a quasi-compact open subset a of ~C’ which is a model of U.
We have proved in Proposition 2.4 that there exists a quasi-compact
closed subset F of X’ which contains a. Thus, the Zariski closure 1g of
ao is quasi-compact. Since the morphism X’0 - y0 is universally closed
and locally finite, the morphism is proper. Let ’~s~’ be a quasi-
compact open subset of X’ which contains F. The induced morphism
W’ ~ 1) is separated. Then, according to ([L]5.1), there exists a blowing-
up W’ ~ ’~’ and two formal open sub-schemes ’~" of W" such that
~,1," (resp. ’~" ) is a model for U (resp. for an affinoid domain V in X) and
the Zariski closure of lg in Wó is proper over Lemma 4.1 shows that

v ccy v. ·

THEOREM 4.7. Let a separated rigid morphism of
paracompact quasi-separated varieties. Suppose that qK is locally
quasi-compact and let cp : be a model of cP K. Then the morphism

without boundary if and only if cp is without boundary.

PROOF. We first assume that is without boundary and prove that
cp o is universally closed. Since cp is locally quasi-compact, we may assume
that Y is affine. The morphism q K being without boundary, there exists
two coverings {Ui}i E I and of X by affinoid domains such that
Ui ccy Vi. We can assume that the families {Ui} i E I nd {Vi}i E I to be of fi-

nite type. Up to a blowing-up of X (3.7), we can find two coverings
of ~C such that for each i, aj (resp. is a model of

vi (resp. Vi). Since Ui CCy Vi, the Zariski closure ‘l,t,i, 0 of ’Ui,O in is

proper on Using ([EGA]II,5.4.5 and 5.4.9), we conclude that the mor-
phism X-.o - 1)0 is universally closed and thereby cp is without boundary.
Conversely, if cp is without boundary, it follows from the previous lemma
that w K is without boundary. m

REMARK 4.8. Using Theorem 4.7, we obtain that the composition of
two separated, locally quasi-compact morphisms without boundary be-
tween paracompact and quasi-separated analytic varieties, is without

boundary.

PROPOSITION 4.9. Let X be a paracompact separated analytic vari-
ety. If X is without boundary then, for any affinoid domain U of X,
there exists another affinoid domain V such that U ccV.
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PROOF. The map X ~ Spm (K) is a locally compact morphism and the
statement follows from Lemma 4.6.

COROLLARY 4.10. Let X be a paracompact separated anaLytic vari-
ety without boundary and F a Zariski closed subset of X Then XBF is
also without boundary.

PROOF. Corollary 4.9 says that X is without boundary in Lftke-
bohmert’s definition ([L]5.9) (i.e. for all affinoid domain U of X, there
exists another affinoid domain V such that U cc V). Then, for any Zariski
closed subset F, the subset XBF is without boundary in Lftkebohmert’s
definition (5.10) (this result is stated only for quasi-compact varieties but
remains true for paracompact varieties) and thereby, it is without bound-
ary with our definition. m
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