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Generators for Finite Groups with
a Unique Minimal Normal Subgroup.

ANDREA LUCCHINI (*) - FEDERICO MENEGAZZO (**)

A Giovanni Zacher nel suo 70° compleanno, con gratitudine

Introduction.

Among the many questions involving the minimum number d(X ) of
generators of a finite group X, a very natural one asks for the deduction
of d(G) from d(G/N), where N is a minimal normal subgroup of G and
some structural information on G is available.

The first relevant information is

where the left inequality is trivial, and the right one is the content

of [6].
In case N is abelian a complete answer is known; namely d( G ) _

= d(G/N) + 1 if and only if N is complemented in G and the number of
complements is (see [5]; the above statement can be reformu-
lated in cohomological terms).

If N is non abelian and G/N is cyclic, it follows from (1) that d(G) = 2.
So the interesting case is when N is non abelian and 2. An

easy way to produce examples of this kind where d(G) = d(G/N) + 1 is
the following. Fix d &#x3E; 2; let S be a (non abelian) finite simple group.
Choose m such that 8m is d-generated, while S m + 1 is not, and put
G = 8m + 1. Then d(G) = d + 1 &#x3E; d( G/N) = d for every minimal normal
subgroup N of G (e.g.: d = 2, S = Alt ( 5 ), ~n = 19).

(*) Indirizzo degll’A.: Dipartimento di Elettronica per l’ Automazione, Uni-
versita di Brescia, via Branze, 1-25133 Brescia, Italy.

(**) Indirizzo degll’A.: Dipartimento di Matematica Pura ed Applicata, Uni-
versita degli Studi di Padova, via Belzoni 7, 1-35131 Padova, Italy.
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This may be considered an extreme situation. The object of our
study is, in some sense, the other extreme; namely, when G has a
unique minimal normal subgroup. We prove the following:

THEOREM. If G is a non cyclic finite group with a unique minimal
normal subgroup N, then d(G) = max (2, d(G/2V)).

The proof of this theorem uses the classification of finite simple
groups. When N is abelian, we use a result of Aschbacher and Gural-
nick [1] (and we thank the referee for his suggestions). When N is non
abelian, our argument depends on the following result, concerning the
automorphisms of a simple group:

LEMMA. Let S be a finite non abelian simple group. There exists a
prime r which divides ISI I and has the property: for every y e Aut S
there exists an element such that 

(We are using the standard notation: I g I denotes the order of g, and
if m is a positive integer and m = with (r, k) = 1 then we define
mr = ra).

1. - The main theorem.

THEOREM 1.1. If G is a non cyclic finite group with a unique mini-
mal normal subgroup N, then d(G) = max(2, d(G/N)).

To prove the theorem we need two results concerning the automor-
phism groups of finite simple groups.

RESULT 1. Let S be a finite non abelian simple group and identify
S with the nornaal subgroup Inn S of Aut S: for every pair yl , Y2
of elements of AutS there exist xl, x2 e S such that 

= y1x1, y2x2&#x3E;.

RESULT 2. Let S be a finite non abelian simple group. There
exists a prime r which divides and has the property: for every
y e Aut S there exists an such 1 and, for every
integer m, coprime with r, y7" and (xy)m are not conjugate in
Aut S.

Both these facts can be proved using the classification of the finite
simple groups. The proof of the first is in [4], the second is an immediate
corollary of the lemma proved in the next section.
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PROOF OF THE THEOREM. Suppose that N is abelian. If N lies in the
Frattini subgroup, then d(G) = d(G/N). Otherwise N has a comple-
ment, K say. The kernel of the action of K on N is a normal subgroup of
G, so by the uniqueness of N that kernel must be trivial, the action
must be faithful. Corollary 1 of [ 1 ] now implies that either d( G ) _
= d(G/2V) or 1; in the latter case d(G) = 2.
We now assume that N is a non abelian minimal normal subgroup

of G, so N = where S is a non abelian simple group; furthermore,
the hypothesis that N is the unique minimal normal subgroup of G im-
plies that G  Aut S n = Aut S ? Sym (n) (the wreath product of Aut S
with the symmetric group of degree n). So the elements of G are of the
kind g = (hl , ..., hn)6, with hi E Aut S and The map yr:

G 2013&#x3E; Sym (n) which sends g = (hl , ... , to or is a homomorphism;
since N is a minimal normal subgroup of G, Gyr is a transitive subgroup
of Sym ( n ).

To prove the theorem it is useful to define a quasi-ordering relation
on the set of the cyclic permutations which belong to the group
Sym ( n ): let r be the prime number which appears in the statement of
Result 2 (r depends on the simple group S) and let al, a2 E Sym ( n ) be
two cyclic permutations (including cycles of length 1); we define Q1 ~
~ ~2 if either I a 2 I r or 10ri lr= I a 2 I r and I a 2 I .

Let d = max (2, d(G/2V)); there exist gl, .0.’ gd E G such that G =
- (gl , ... , ga , N~. Consider in particular g2 =
= ({3I, 0’" with a i , {3j E Aut S and Lo oe Sym ( n ).
We may suppose that to is not a cycle of length n. If e is a cycle of

length n, but or is not, we exchange gl and g2; if both ~o and c~ are cycles of
length n, there exists 1 ~ i ~ n with Ip = 1 ai and we substitute gl by

Furthermore if Q has no fixed point, but there exist G
such that G=(pi.....~.2V} and 91 oT has a fixed point, we change
gl , ... , gd with gl , ... , gd .

We can write p = as product of disjoint cycles (including
possible cycles of length 1), with ~0 2 ~ ... ~ By our choice of
gl , ... , 1 and 1 if and only if pyr is fixed-point-free for
every g which is contained in a set of d elements which, together with
N, generate G.

Moreover, we write a~ = o~ 1... aq ... as product of disjoint cycles
in such a way that:

a) n if and only if i ~ q ;

The strategy of our proof is to such that

(Ugl, ~3~ ’") gd) = G; so we will change the automorphisms a i , P j
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with elements in the same cosets modulo S, until we will be able to con-
clude ~gl , ... , = G. In the following we will denote with H the sub-
group ~gl , ... , gd ~ of G.

Let ..., mk), Q 1 - ~ n 1 &#x3E; ... nl) with n 1 = ml = m and con-
sider al = b1 = ~ nl ... ~8 nl . By Result 1, there exist x, y E S
such that S ~ ybl ~. If we substitute a mi with and with

we obtain:

Now, for j &#x3E; 1, let (lj = ..., mj, k ) and defines a~ _

= a,,,, l... a I’~, A5 Since is coprime with r,
but then, by Result 2, there exists x E ,S such that is not

conjugate to i in Aut S. We substitute with and
we obtain

(2) for every 2~’~~),
are not conjugate in Aut S.

For any 1 ~ i - n denote with Si the subset of sn = N consisting of
the elements x = (xl, ... , with Xj = 1 for i. Recall that G is a

subgroup of a wreath product with base

group B = and let be the projection on the i-th
factor. Notice that with I and

are not conjugate
in Aut S; in particular this excludes

1. It is also useful to observe that: g 1 1 1-0 11 = (), 1 , ..., with
with since me leI I =

= m, we deduce that and gdall normalize S. S and induce
by conjugation the automorphisms al and bl.
We have seen that this implies that 

1 for at least one i, 1 ~ i ~ n; but, since H,7r = G~ is a
transitive subgroup of Sym(n), we conclude: 1 for

every 1 ~ i ~ n. In particular 1. Now 
is a subgroup of Aut S which is normalized by the auto-

morphisms of 8 induced by conjugation with elements of in

particular is a non trivial subgroup of Aut S normal-
ized by bl ~. Since, by construction, S ~ (ai’ bl ), we deduce: Sm -

 (H n (Aut S)n)Rm. Since Aut S/S is solvable, this implies Sm  
n But then, using again that H acts transitively ... , 

we conclude (H n 2 = S2 for every 1 ~ i ~ n .
This implies that there exists a partition 0 of {1, ... , n ~ invariant
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for the action of Gir such that H fl ,Sn = Il DB , where, for every block
BeO

B E ~, DB is a full diagonal subgroup of Il Sj (that is, if B 
jEB

there such that 
E ,S~ ~ S~1 x ... x The subgroup HnS I must be normal in H; but we
will prove that the automorphisms can be chosen so that

~gl , ... , ga ~ = H normalizes only if for all
B,E 0

B E 0; in other words a i , ~8~ can be chosen so that H fl S~ = sn, which
implies H = HSn = G . Up to this point, we fixed all the a i’s, and the 

supp((7i); we can still choose the remaining in their cosets
modulo S.

Let B be the block of 0 which contains m; the first thing we can
prove is:

( * ) 

To prove that, suppose, by contradiction, that let
h = m~, t E supp &#x3E; 1. We may assume

Now consider the element since fixes m
and h, I normalizes DB . But

with

and

so if I normalizes DB which implies

in contradiction with (2).
If = 1, since we can conclude B ~ = 1 and

H fl N = N. So, from now on, we may suppose 1, hence that



178

there does not exist a set 91, ... , gd of generators for G modulo N such
that gi has a fixed point for at least one 1 ~ z ~ d.

Let now ai = (ni, 1, ..., ni, 4.), for 2 ~ ~ ~ and define b2 =

.
Since ... ~ for every 2 ~~ ~ q, Q1... I is coprime

with r. But then, applying Result 2, we can find XES such that 1

and I is not conjugate to Aut S. We substi-

tute with xp n. 1 I 1 and we have:

(3) for every 2 ~ j ~ q,

are not conjugate in Aut S.

This enables us to prove:

( * * ) 

The proof of ( * * ) is similar to that of (*): 
C supp ( Q 1 ) U ... Suppose, by contradiction, that h E
E h = n~, t E supp (aj) with 2 ~ j ~ q and we may assume

Since I normalizes DB , vve deduce that I and
I must be conjugate in Aut S, in contradiction with (3).

A consequence of ( * * ) is

In fact, suppose h E Be fl supp ( Q 1 ): h = je for j E B c supp (a 1 ), so
that there exists zeZ such that but then ea -’ =
= fixes j and g2 , ... , 9 gd N&#x3E; = G; a contradiction, since
we have seen before that an element g E G cannot be contained in a set
of d elements generating G modulo N, if g.7r has a fixed point.

Notice that ( * * ) and ( * * * ) imply B = 0.

By ( * ), where c is a divisor of 1~ _ ~ 1 and B =
~ is the orbit of m = ml under the action

; ; we will write:
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n hence mti for some I Define :

Notice that g 1 lei I and I normalize DB; more precisely, for every
(x, x~2, ..., we have:

but then, for every 2 ~ i ~ c,

Since S ~ (ai’ = 1; so there exists at most a
unique oi i E Aut S satisfying at 2 = À i and bt i = ,u i . This means that, for
every B c supp (~O 1 ) fl supp there is at most a unique possibility for
the diagonal DB to consider. The automorphisms q52, ..., q5, that de-
scribe DB can be uniquely determined only from the knowledge of

for i E and j E For the remaining part of our
proof we will not change these automorphisms any more, only we will
perhaps modify ~8 for i ft supp ( a 1 ). So for every block B we will consid-
er, there will be at most a unique and completely determined diagonal
DB normalized by H.

For a given block B = {~, ... , with IBI = c
consider now Be = lm2, ... , where j, = 1~( c - 1 )/c + 2;
since DBe x ... We have just remarked that DB
is uniquely determined; now we will show that the same holds for DBo
We can write

It must be

so 1 for every 2  i  c. But then also the automor-
2  i  c and, of consequence, the diagonal will be

uniquely determined in the remaining part of our proof.
In the last part of our proof we will modify again the elements f3 i ,

for i o supp (7i) in such a way that the stabilizer in H of the block Be
could not normalize the corresponding diagonal DBe for any choice of
B c supp (e 1 ) f 1 supp (0~1).
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For 2 ~ ~ ~ q, let Qh = ... , nh, and define, for 1  s ~ lh , 9

(in particular = bh).
Let 6i i be the cyclic factor of 6 with m2 E supp (ai). Consider first the

choices for c such that B = Bc = {~2~ ... , with m - = 
E supp (ori); suppose m2 = n2, p , mj = n2, q . The element normalizes
the diagonal DBe and fixes the coordinates m2 and m~ :

but then hence = bi, q . Now is con-

jugate to bi and, since i ~ 1, by our original choice, 1: so 1 and
there exists z E S such that z -1 bi, q z ~ ( ~ ~ ) -1 bi, p ~ c ; we substitute

with z -1 ~8 ni, q and q _ (where by we mean ni, 4.,
Li being the length of Q i ). By ( * * * ) ni, q - 1, supp ( Q 1 ) so we are not
changing O2, ...,Oc and 0*, ... , O*c and the diagonals DB , DBe remain
determined in the same way; with these modifications we change bi, q
with z but bi, g remains unchanged for every s ~ q, so we ensure
that ( ~ ~ ) ~,p~ ~ bi, q and that g2 I cannot normalize DBe (notice
also that with these modifications we may substitute bi with a conju-
gate but in this way, of course, the property (3) continues to

hold).
The arguments above can be repeated for every choice of the divisor

c of k = ~ I e 1 for which E supp (Qi ). The crucial remark is that
the modifications of the automorphisms we introduce in the discus-
sion of one case do not influence the discussion of the other cases: really
each time we modify the value of bi, 8 only for s = qc and different choic-
es for c produce different values ofjc and Notice also that in this part
of our proof the values of a t , are relevant only for t E supp (e 1 ) and
s E supp (7i) U supp (ai). In the last part of our proof we will change no
more these elements but we can still modify our choices for {38 if

supp (a 1 ) U supp 
To conclude the proof it remains to consider the case B = where

c is chosen so that supp (Qi ). So let c be a divisor and suppose
m~~ = nh, q E supp with h ~ i . It is 1, since m~~ E Be and
Be n supp ( Q 1 ) _ ~ . In this case consider the element Exes mj E
E Be, so normalizes But then

where y is uniquely determined and depends only on q5 2 * , ..., ~ ~ and 8 ~,
for s E supp so it is fixed and completely determined at this point of
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our proof (more precisely: let m2 = n * E Be hence
n * = for some 0 ~ ~ c - 1. Consider = (Yl, ... , 

with y 1, 1 ... , Aut S; since n * E supp y n * is a product of the auto-
morphisms for s E it results Y n - where = 1 if
n * = ~2, ~* = ~+1 if n * = and t ~ 1). In particular it must be
bh, q = ( ~ * ) ~7~? - But bh, q is conjugate to bh and bh ~ 1 so there exists
Z E S such that We substitute with

and (where by nh, o we mean nh, 1., h being
the length of ah)- In this way we change bh, q with but the
values bt, s remain the same if ( t, s ) ~ ( h, q ). This ensures that can-
not normalize DBe .
We can repeat this argument for all the divisors c of k for which
supp (ai). At each step we modify only some for supp ((7i) U

U supp (ai), so all that we have proved before remains true. Furthermore
also in this case the discussion about one possibility for c is independent
with the modifications we may introduce discussing the other possibili-
ties : indeed, given a c, our modification will change only bh, q for nh, q =
= mjc and to different choices for c correspond different values for and,
of consequence, for nh, q .

At this point of the proof we have constructed a set gl, ... , gd of ele-
ments of G such that H = 9 ... , ga ~ satisfies:

3) H normalizes Il DB if and only if n DB = N.
B E O B E O

This implies that H n N = N, hence G = H and d( G ) = d .

2. - An auxiliary lemma.

Let m be a positive integer and r a prime number. We define
mr = if m = with ( r, k ) = 1.

LEMMA. Let S be a finite non abelian simple group. There exists a
prime r dividing I with the property: for every y E Aut S there exists
an element XES such that 

(We note that this lemma immediately implies that every y E Aut ,S
has fixed points; in fact, if y were fixed-point-free, then all the elements
in the coset y,S would be conjugate to y).



182

We will prove that the prime r can be chosen in the following
way:

1 ) r = 2 if S is an alternating group.
2) r = 2 if S is a sporadic simple group.
3) r = p if S a group of Lie type over a Geld of charac-

teristic p, with the exception r = 2 if S = A, ( q ) and q is
odd.

In all cases r divides the order of S.
We will divide our proof in several steps. Of course it suffices to

prove that there exist with ~ in other words we

may substitute y with an arbitrary element in the coset yS.

2.1. If Y E 8 is an inner automorphism then there exists XES such
that lylr* I yx I r .

PROOF. We may assume y = 1; since r divides I there exists an
element x in S with order 7" = 1 while = r. 8

If n ;e 6 then Aut (Alt (n)) = Sym (n) and we have:

2.2. Let S = Alt (n ), n ~ 5 and n ;e 6, and y E Aut S B S. There exists
x E S such that ~2~ 

PROOF. We may assume y = (1, 2). Let x = (1, 3, 4): lyI2 = 2 while
!(1,2,3,4)!2=4. 8

The group Alt ( 6 ) is isomorphic to A1 ( 9 ), so it will be considered
among the groups of Lie type.

2.3. Let S be a sporadic simple group and Let y E Aut S B Inn ,S. There
exists XES such that |y|2 # |yx|2.

PROOF. Recall that Aut S: 2 with S| - 2 only in the
following cases: M12 , M~ , J2 , J3 , HS, Suz, McL, He, 0’ N, F~ , F24 , HN.
In all these cases, consider an element y E from the character
table of these groups (see [2]) it can be easily seen that the coset yS
contains both elements of order 2 and elements of order divisible
by 4. 0

Before considering the case of groups of Lie type let us recall some
properties of these groups.

Let 0 be a root system corresponding to a simple Lie algebra L over
the complex field C, and let us consider a fundamental system 17 =
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== {~i, ..., in 0. A labelling of 17 can be chosen in such a way that
( a, a) = 2 and ( a, b ) = 0 for each pair of roots in II, with the following
exceptions:

A Chevalley group L( q ), viewed as a group of automorphisms of a
Lie algebra LK over the field I~ = obtained from a simple Lie alge-
bra L over the complex field C, is the group generated by certain auto-
morphisms xr ( t ), where t runs over Fq and r runs over the root system
0 associated to L . For each r E 0, Xr = {~(~), ~ E is a subgroup of
L ( q ) isomorphic to the additive group of the field. Xr is called a

root-subgroup.
Let P = ZO be the additive group generated by the roots in 0; a ho-

momorphism from P into the multiplicative group F~ will be called an
Fq character of P. From each Fq-character X of P arises an automor-
phism of L ( q ) which maps to and which is called a di-

agonal automorphism (see [3], p. 98). The diagonal automorphisms form
a subgroup H of Aut(L( q )) . In the following, to semplify our notation,
the same symbol will denote either the character X or the element h(X)
of H.

Any automorphism o~ of the field l~q induces a field automorphism
(still denoted by a) of L(q), which is defined in the following way:
(xr (t))° The set of the field automorphisms of L(q) is a cyclic
group 
We recall that a symmetry of the Dynkin diagram of L(q) is

a permutation e of the nodes of the diagram, such that the number
of bonds joining nodes i, j is the same as the number of bonds

joining nodes ~O(i), for any A non trivial symmetry p
of the Dynkin diagram can be extended to a map of the space
((P) into itself, we still denote bye. This map yields an outer

automorphism e of L( q ); E is said to be a graph automorphism
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of L(q) and maps the root subgroup Xr to (see [3] pp.199-210
for the complete description).

The main result on the automorphism group of a finite non abelian
simple group is the following ([3] Th.12.5.1): for each automorphism 6 E
E Aut(L(q)), there exist an inner automorphism x, a diagonal automor-
phism h, a field automorphism a~ and a graph automorphism c, such that
8 = EQhx; moreover, we have the following normal sequence:

2.4. Let S = L(q) be a Chevalley group over Pq of characcteris-
tic p and suppose L ~ AI. If y = ah E Aut S, with o E F H, then
there exists x E S with Iylp.

PROOF. The element h can be modified modulo H = H ns, in such a
way to have [~,~] = 1 for at least one root a Let I = nor-

malizes Xa and H, so E in particular ) I (ah)m I divides q - 1
and is coprime with p, so p = mp . Now choose t in l~q such that u =
=~+~+...+~"" ~0 (this is always possible) and consider x = xa (t);
(ahxa (t))’ has order divisible by p since p = IXa(u)1 I and

centralizes but then 0

2.5. Let S = A, (q) with Fq a of characteristic p and let y E
Then there exists x E S such that 

PROOF. In this case II contains only one root and an ele-
ment h E H is uniquely determined by the knowledge of h( a ): we de-
note the element of H such that h(a) = ~. It is well known that

and only if~~(F~)~.
If p = 2 then H ~ ,S and we may assume y =_ Q E Let I a I - m and

choose t in Fq such that u = t + t a + ... + Now consider x =

= xa(t): (ax)m = xa(u) so 
Suppose p ~ 2; since A, (q) does not possess graph automorphims,

we may assume y = ch with o~ E Pq and h E H. Let m = I a I and consider
the set E Fq I x’ = x 1; K is a Sold is the Galois group of

l~q over K; in particular, if we s, we have q = s m and, for
every x E Fq, ( i, m ) = 1. We distinguish the different
possibilities:

a) m is odd.

If h E H, we may assume h = 1 and y = Observe that X =

(Xa (tl ), X - a (t2 ) ~ tl , t2 E K) = PSL(2, K) is a subgroup of S centralized
by or. In particular X contains an involution x which is centralized by o,
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so I yx 12 = 2. Suppose h f/. H; let F: = ~t) and consider U = t ~q -1~~~~ -1~. .
since ( q - 1 )/( s - 1) is an odd integer, u f/. (Fq*)2 so we may assume h =
= hu . Furthermore = huo = hu so o~ centralizes ~ hu , X ) = PGL( 2, q)
and the coset hu X contains an element h, of order q - 1 and an element
h2 of order q + 1. But then I ahl 2 = ( q - 1 )~ ~ ( q + 1)2 = I ah2 2 .

b) m is even.

Let n = :~(l).x~(-1)~(1) eS. Since
= we have:_
- ~cq -1&#x3E;csz - l~~cs~ -1~ . Let F* = (t~. We may assume y = with ~ = t if

. In the first case:
. In the second case:

Now we have to discuss the cases when y involves a graph automor-
phism E; if L = An , E6 or Dn and E corresponds to a symmetry e of the
Dynkin diagram, we may assume = xe~r~ (t) for every r E II ([3]
Prop. 12.2.3).

2.6. Let S be a groups 4, or Es over Fq of char-
and let a graph automorphism,

h E H. There exists x E S such that 

PROOF. Let hE E H where HE(a1) = E, hE(ai) = 1 if i ;d 1. We may as-
sume h = hE for a suitable E E F: . Let a = a2 , b = an _ 1 and consider the
subgroup X = Xb ~; ifS ~ A4 ( q ) then X = A4 ( q ) then

= Xa x Xb and every element of X can be written
uniquely in the form with tl , t2 , t3 E Let I al =
= m; take x = xa (t), with t chosen in such a way that:

a) if m is odd,
b) if m is even,

- 

Notice that (eaht;xa (t))2 (ta») Xa (t) where ÎÍ(al) = ~,
~(~) = ~ h( ai ) = 1, if ~ {1, n ~ ; in particular h centralizes the sub-
group X. Consider first the case m odd; y = has order 2mv, where
v divides q - 1; but
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with 2 central-
izes X and is a non trivial element of the p-group X, so p
divides hence 

Now suppose that m is even; y = has order mv, where v divides

again, since (Q2 h)’~ centralizes X and , we deduce

2.7. Let S be a group of type A3 over Pq of characteristic p and
Let y = Aut S with E a graph automorphism, a E F, h E H. There
exists XES such that 

PROOF. Distinguish two cases. If p = 2 S. So we may
assume h = 1 and y = We repeat the argument used for the case
S = An , n ~ 5, with a = al and b = a3 .

Suppose p ~ 2. We may assume h = h~ . Let lal = m and take x =
= t + tg + ... + o ; the order of y m = (E6h)m divides

2(q - 1), hence is coprime with p, while (yx)m = has order di-
visible by p, since ym centralizes a~(~). *

2.8. Let S be a group of type A2 over lFq of characteristic p and
let y = Each E Aut S with e a graph automorphism, or E F, h E H. There
exists such that 

PROOF. If 3 does not divide q - 1, then S, so we may assume
y = c7 and repeat the argument used in the case S = A4 , with a = al
and b = a2.

Suppose that 3 divides q - 1. We will use the symbol to denote
the element h E H such that h(al ) = tl, h( a2 ) = t2 ; E S if and only if

But then, since in particular if and only if

g E ( l~q )3 , it is not restrictive to assume h = h~, ~ -1.
If is odd, it can be easily seen that has

order 2m. Consider and let A = 

. We may choose t so 0; in this
way

Now suppose that lal = m is even: choose t such that u = t - t a +
+ ... + _tU.-I 96 0 and consider x = xai + a2 ( t ); notice that h central-
izes Xa1 + CI2 and that x £ = x -1 = Xat + CI2 ( - t ). This implies that =

and has order coprime with p while 
= has order divisible by p .

2.9. Let S be a group of type Dn over a field Fq of characteristic p
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and let y = E Aut S, where o~ and E is the graph automor-
phism of order 2 which exchanges Xal and X,,, and fixes Xai if i ~ 3.
There exists x E S such that 

PROOF. First consider the case’p;62. Let and take x =
with u = t + t a + ... + 0 ; y = E6h has order mv, where v,

dividing 2( q - 1), is coprime with p . Since E and h centralize we ob-
tain = with y E but then p divides I
and Now suppose p = 2. In this case H  S, so we may as-
sume h = 1 and y = E6. If Lori = m is even then I y I 
with u=t+ta+ ... + ~~’’ ~ 0; (ux)m= hence luxl If

has order p, so = 2mp. 8

2.10. Let S be a group of type D4 over Fq of characteristic p
and let y = cah E Aut S with E a graph automorphism, a E F, h E H.
There exists x E S such that 

PROOF. Every permutation e on the is a sym-
metry of the Dynkin diagram of D4 ( q ) and produces a graph automor-
phism of S. We have already discussed the case when e exchanges two
roots ai and aj and fixes the other. It remains to discuss the case Q =

= (a1, a2, a4). First of all notice that, modifying h modulo H = H we

may assume that one of the following occours:

Choose a = a1 in the first case, a = ct2 in the second, a = a4 in the
third. Recall ([3] p. 104 and 114) that U = is a p-Sylow sub-
group of S, Ul = (Xs normal subgroup of U with U =
= Xa Ul . Let = m; y has order m * v, where v is a divisor of q - 1
and m * = m if 3 divides m, m * = 3m otherwise. Choose t such that

fl CH (Xa ) and z * E U1; has order p modulo U1 so we conclude
|yx|p &#x3E; |y|pp. D

2.11. Let S be a group of type B2 , F4 or G2 over ~q of charac-
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with p = 2 in the first two cases, p = 3 in the third. Let y E
there exists such that 

PROOF. These groups admit a graph automorphism E such that

(E 2 ~ = F. Moreover in these S, so Aut S = (E, S). Therefore
we may assume y E (c). Since, by hypothesis, y it F = ( E 2 ), y has even
order, say 2m; E 2 = a is a Frobenius automorphism of S. Choose t E Fq
such that u = t + t a + ... + 0 and take x = Xa, (t); =

= aXal ( t ) z with z E !7i = ir= q5 +, a1 ). normalizes U1, X~1 fl
fl U1 = 1 and U = Xa, U, is a p-Sylow subgroup of S. Since Q normalizes
Ul we obtain: , a non

trivial element of U.

To conclude the proof of our lemma it remains to discuss the case of
the twisted groups of Lie type. Let us begin with a short description of
these groups.

Let G = L(q) be a group of Lie type whose Dynkin diagram has a
non trivial symmetry p.

If g is the graph automorphism corresponding to p, let us suppose
that L( q ) admits a field automorphism f such that the automorphism
or = gf satisfies am = 1, where m is the order of p. If such Q does exist,
the twisted groups are defined as the subgroup m L( q ) of the group L( q )
which are fixed elementwise by o~ [3].

The structure of mL(q) is very similar to that of a Chevalley group:
if 0 is the root-system fixed in L(q), the automorphism o~ determines a
partition of 0 = U Si, [3]. If R is one element of the partition, we denote
by XR the subgroup of L(q), by XR the subgroup {x E
e XR, XU = x I of m L( q ). The group m L( q ) is generated by the groups X4,
0 = U Ri; really, the subgroups XR play the role of the root-subgroups.
An element R of the partition which contains a simple root is said to be
a simple-set . We have: Aut(’L(q)) = (m L(q),HI, F), where F is the
group of the field automorphisms of L ( q ) and Hl = We ob-
serve that in the twisted case, the groups XR are not abelian in general;
nevertheless their structure is quite simple and well known (see for
example [3] Prop. 13.6.3).

2.12. Let S be a twisted groups of type 2An, n ~ 3, or of type 2E6 over
a field F = Fq2 of characteristic p and let y = ah E Aut S with or E F,

There exists x E S such that 

PROOF. First suppose S = 2 Es ( q 2 ) or ,S = 2 An ( q 2 ) with n ~ 5 and
let a = a2 , b = an _ 1; R = {a, &#x26;} is a simple set; if we define xR (~, ) =
= we have (see [3] p. 233-235) XR E = (F, + ).
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Changing h with a suitable element in the coset fl S), we may as-
sume that h centralizes XRI so for every A E F. Let
lal = m; y = Qh has order mv, with v coprime with p. Take x = 
with u = t + t a + ... 0; ( yx )m = has order divisi-
ble by p since and hence 
~ 1YIPP.
Now suppose n = 4. Let a = a,2 , b = 03 and consider the simple set

R is the set of elements 

- xa (~ ) I b (,u ) with ~, E F and ,u = As in the previuos
case it is not restrictive to assume that h centralizes X’ If = m

then I y I p = choose t such that u = t + to + ... + 0 and con-

sider x = /1) with ). = t: ( yx )m = /1*) with A* = u . Since
xR (À * , ,u * ) is a non trivial element of order a power of p and y m central-
izes xA we conclude mp p = 

Finally suppose n = 3. If q is even, then and we may assume

y = a; we can argue as in the case n ~ 5, considering the simple set R =
- ~ al , Suppose q odd. Let a = a2: R is a simple set with xA =

(À q + 1 ) IÀ E (/1) 1/1 E We may assume that h central-
izes XR . Now Q E Aut ( Fq2 ) induces an automorphism a* of the subfield
lFq of Fq2 . Let ~ lal = m and la* = m*: either m * = m or rn = 2m*. In
both cases, since p is odd, = mp = mp*. But choose t E Fq such that

has order divisible by p, since cen-

tralizes x,, (u). 0

2.13. Let S be a twisted group of type 2A2 over F = Fq2 of char-
acteristic p and Let y = ah E Aut S with or E F, A e ill. There exists x E S
such that 

PROOF. ~={~1,02,~1+~2} is a simple set whose elements have
the form y) = = We will
use the symbol h~ to denote the element of ill such that h~ ( al ) _ ~,
hE(a2) = Eq. For every h E H1 there exists E E IFq2 such that h = hE and
hE E S if and only if Eq - 1 E (F*q2)3.

If 3 does not divide q + 1, then and we may assume y = c~.
We repeat the same argument as in the case 2 A4 ( q 2 ) with 
b = a2.

Suppose that 3 divides q + 1; since 3 cannot divide q - 1, we may as-
sume h = (Fq2 )q -1. Let I = m: y = 6h has order mv with v
coprime with p. If m is odd then it is not difficult to see that there
exists t E Fq2 such that t + t q = 0 and u = t + t a + ... + 0. Con-

t) Eq + 103BC) =



190

= xR (0, ~), so we deduce (yx)m = y I xR (0, u), with [ym, xR (0, u)] = 1
but then Suppose that m is even and let 
E x ~ ~ ; since q 2 = s m and q = -1 mod 3, 3 cannot divide s - 1.
We may assume h = h~ with lçl = E Z. But then (oh)’ =

. Now choose

t E F* such that ~ i 1 and consider
x = xR (A, p,) with A = t. Since (ahxr (~,, = xR (À with A * = u,
we conclude m

2.14. Let S be ac twisted groups 2Dn over F = lFq2 of char-
acteristic p and Let y = ah E Aut S with or E F, h E There exists XES
such that lylp * 

PROOF. If q is even then so we may assume y = a; R =

- ~ a1, is a simple set and the elements of XR have the form xR (~ ) =
E Let I or I = m and consider t E Fq2 such that u =

= t + t a + ... + 0 and take x = = 

can conclude as in the other cases. If q is odd, consider the root a = 
R = {a} is a simple set with xA E F~2}. We may assume
that h centralizes XA and use the same arguments as in the case

2 A3 ( q 2 ), q odd.

2.15. Let S be a twisted group of type 3D4 over F = of char-
acteristic p and let YEAutSBS. There exists XES such that 
~ lyxlp.

PROOF. In these cases H1 ~ S, so we may assume y = o~. Consider
the simple set R = a2 , the elements of XR have the form

~, E l~. If = m take with

u = t + t,9 + ... + 0. Since = xR (u), we conclude

|yx|p &#x3E; p|y|p. D
2.16. Let S be a twisted groups of type 2F4 , 2B2 , 2G2 over F = Fq

of characteristic p and let There exists x E S such that

|y|p # |yx|p.
PROOF. In these cases S, so we may assume y = or. Let R =

~i + 0~, 2~i + C~} if S =2B2 (q), R = la2, a3, ~2 + Og, 2C~ +
= {~i, c~, c~i + ~2, 2ai + ~2, 3~1 + ~2, 3oi +2~2}

if ,S = 2 G2 (q). R is a simple set and the structure of XR is described
in [3], Proposition 13.6.3 and 13.6.4; using the same terminology as
in [3], the elements of XR can be represented in the form ~c), with
t, u E F, in the first two cases, in the form xR (t, u, v), with t, u, v E F, in
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the third case. In all these cases there exists an epimorphism y: XR’ --3-
2013~(F, + ) which maps xR (t, u), or respectively u, v), to t. Choose t
such that u = t + t a + ... + 0 and take x E Xk with y(x ) = t:

so p divides I (ax)m I and pmp =

This was the last step, and the Lemma is proved. We shall need the
following

COROLLARY. Let S be a finite non abelian simple group. There
exists a prime r which I and has the proper: for every y E
E Aut ,S there exists an element x E S such 1 and, for every inte-
ger m, coprime with r, y m and are not conjugate in Aut S.

PROOF. If y ft S, by the lemma there exists x E S with 
in particular, for every integer m, coprime with r, ~ Iym Ir, so
(xy)m and ym cannot be conjugate in AutS. Furthermore 1, other-
wise we would deduce y E S. Now let y E S: it suffices to prove that
there exists z E ,S such that 1 and zm is not conjugate with y m in
Aut S for every integer m with ( m, r) = 1. It is enough to consider a non
trivial z E S such that: I z I r = 1 if 1, 1 if 1.
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