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A Result on the Well Posedness of the Cauchy Problem
for a Class of Hyperbolic Operators

with Double Characteristics.

MILENA PETRINI (*) (**)

ABSTRACT - Let p2 be the principal symbol of a hyperbolic differential operator P
of order two admitting characteristics roots of variable multiplicity. Suppose
that the double characteristic manifold of P2 contains a submanifold ± such
that at each point of 2 the Hamiltonian matrix of F, has a Jordan block of
dimension 4, whereas at each point of Z(2, F admits only Jordan blocks of
size 2 and F is not effectively hyperbolic. We prove that under suitable condi-
tions on the 3-jet of P2 at ± the Cauchy problem for P is well posed provided
the usual Levi conditions on the lower order terms are satisfied.

0. Introduction.

Let T* Run + 1 be the cotangent bundle of Rn + 1, with canonical coor-
dinates (x, E) = (xo , x’; Eo , E’ ), xo E R , xE Rn;by d=ENndEA dxj we

denote the symplectic two-form on T* R’ ’ ’. ~ = o

Let P(x, D) be a second order operator, differential in xo and pseu-

dodifferential in x’, D = (Do , D1, ... , Dj = axj) with C coefi-
cients defined in R’

We denote ~) its symbol,

(*) Indirizzo dell’A.: Dipartimento di Matematica, Universita di Bologna,
Piazza di Porta San Donato 5, Bologna, Italy.

(**) This research was supported by «Istituto Nazionale di Alta Matematica
Francesco Severi, Roma».
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and suppose that:

(H) p2 is hyperbolic with respect to ~o , i.e. P2 (x, ~o , ~’ ) = 0 ~ R.

By using a canonical transformation preserving the planes xo = con-
st., we can reduce P2 to the form:

with a ; 0, x where by x we denote
the space of homogeneous symbols of degree with respect to ~’
smoothly dependent on xo E R. Let

be the set of double points, E = 0. 
°

At every point p e Z we consider the fundamental (or Hamiltonian)
matrix F ( p ), invariantly defined by

We shall suppose that the principal symbol p2 satisfies the following
hypotheses:

is a smooth submanifold of of codimension d + 1
such that:

As a consequence of (iii), in the canonical form of F either Jordan
blocks of dimension 2 or both Jordan blocks of dimension 2 and one
block of dimension 4 are allowed (see [4]).

In the first case (symplectic case) the well posedness of the Cauchy
problem has been established under condition (0.12) (see [4], [6]). In the
second case (non-symplectic case) i.e. when there is a Jordan block of
size 4 in the canonical form of F ( p ) for every p E 1:, a sufficient condition
for the well posedness of the Cauchy problem has been recently estab-
lished in [13].

In the present paper, by using the same approach as in [3], we study
the case when there is a transition on 2; between the two cases of non
effective hyperbolicity.

Precisely, we shall suppose that:
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H2 ) there exists a smooth submanifold 0 = z=z such that:

Some remarks are in order.

REMARK. 1) Assumptions HI) (i), (ii) yield dim Ker F2 = const on
~; hence Ker F and ~Ker F2 are smooth vector bundles on 2.

2) Assumptions H1 ) (ii), H2 ) (i) imply that for any p E ~ the
Hamilton matrix F ( p ) has, in its canonical form, a Jordan block of size
4, corresponding to the zero eigenvalue, moreover the associated

eigenspace is a smooth vector bundle of rank 4, as p varies in ~.

In view of the Remark 2, the results of Proposition 2.2 in Bernardi,
Bove [ 1 ] will hold on ±

PROPOSITION 0.1. There exist two smooth sections 
zl , Z2, such that, Vp e2: .

In particular, from (0.2)-(0.5) it follows that Vp 

We shall assume, without loss of generality, that

A general method to obtain the C °° well posedness is to prove (mi-
cro)local energy estimates. V. Ja. Ivrii defined in [6] a class of hyper-
bolic operators and for such a class of operators proved an a priori en-
ergy estimate yielding the well-posedness of the Cauchy problem. We
recall the following definition:
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DEFINITION 0.1. We say that P2 admits an elementary decomposi-
tion (in the sense of Ivrii) in a conic neighborhood U of 2:, if there exist
À, IA, Q real valued symbol in (x’, ~’ ) smoothly dependent on xo , homo-
geneous of order 1, 1, 2 respectively, 0, such that:

where C, C’ are positive constants depending on the conical neighbor-
hood U.

We shall write ?) = Ç’o - À(x, ~’ ), M(x, ~) _ $0 - ~’ ).
We can now state the main result of this paper.

THEOREM 0.1. Let p2 (x, ~) as in (0.1) satisfying assumptions Hl),
H2), H3), and let S(x, ~) be any smooth real ,function defined on
T* R’ ’ 1, homogeneous of degree 0, such that:

Then the following assertions are equivalent:

(i) P2(X, ~) admits an elementary decomposition in a neighbor-
hood of ~.

(ü) Hjp2(p) - ~ ~ Vp EJ5.
Condition (ii) in Theorem 0.1 is obviously canonically invariant with

respect to the different choices of the function S (for a proof we refer
to [3]).

We recall that at every point p we can invariantly define:

(a) the subprincipal symbol of p:

(b) Tr+ F ( p ) where ip. j are the eigenvalues of F ( p ) on the

positive imaginary axis, repeated according to their multiplicities.

We now state the main result of C °°-well posedness of the Cauchy
problem.
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THEOREM 0.2. Let S~ eRn + 1 be an open set and let P be a differen-
tial operator with P2 satisfying assumptions H 1 ), H2 ), H3)-

Assume furthermore that:

(0.12) 3e&#x3E; 0 such that on 1: we have

Then, if the condition (ii) in Theorem 0.1 holds, the Cauchy probLem
for P is well posed in C °° (Q).

REMARK. We point out that nothing is known about the well

posedness of the Cauchy problem when the condition Hs) is violat-
ed.

1. Some preparations.

Let P2 be as in (0.1).
For any p c= f we consider p2, p : Tp ( T * R’ ’ ’) ~ R. the localization of

p2 in p, defined as 
’

It is well known that ps, p is a hyperbolic polynomial with respect to
~=(~=0;~=(1,...,0))~

Moreover, from assumption H1 ) (ii) it follows that p2, p is

strictly hyperbolic on Np:E = with respect to the im-
age of ~ .

We denote by rp the hyperbolicity one of and let CP =
- ~ z E Tp ( T * R’ ’ ’) z ) ; 0, Vv E Fj (the propagation cone of p2, p );
we recall that, under the assumptions H1 ), H2 ) on P2, we have (see [5],
vol. III):

where Int (C( p)), Int ( - C( p)) are the interior parts in Im F( p) of the
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sets C ( p ), - C ( p ), respectively, whereas:

and

For the proof of Theorem 0.1 we will use the following geometrical
result:

LEMMA 1.1. Let p2 be as in (0.1) and satisfy assumptions Hi) H2)-
For every smooth vector field t on 2: such that

there exists a smooth vector field on 1:, ~, such that

PROOF. To construct ~ we patch together local extensions of the
vectorial field ~ hence we argue in a neighborhood of a fixed point p E ~.
Since Ker F and Ker F2 are smooth vector bundles on 2, we can locally
identify 2 with Rv, v = dim2 = 2 n - d + 1, and with
RY x N = 2 (n + 1), in such a way that

Through this identification the localized polynomial p, (v) becomes a
function

for some smooth non-singular symmetric matrix A ( y ). The quadratic
form q is strictly hyperbolic and we can suppose that the hyperbolicity
cone is given by
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- 

The vector field ~, defined near 0 in ~, is now a smooth function
%( y " ) = (0, T(~"), a(y")), for which

We try to extend ~ by defining

where « ( y ") is a smooth matrix and ~3 ( y ") _ (~ ~ 1~ ( y "), ... ,
~3 ~k~ ( y ")) is a k-vector of smooth symmetric matrices.

In order we are led to impose the
condition

which is equivalent to

Since V;~(0,~;~(~))~0, we can obviously find a smooth matrix
« ( y ") such that (1.8) holds in a neighborhood of y" = 0; this purpose it is
enough to fix any cx(O) such that (1.8) holds true when y " = 0 and then
use Dini’s theorem.

Having already selected a ( y "), we require that the matrix

is negative definite. It is easily seen that

for some smooth symmetric matrix (Y rs ( y ")).
For y" = 0, we choose so that C( o)  0, which is possible be-

cause VA q (0, y"; C( y ")) = 0, and then smoothly extend B in a neighbor-
hood of y " = 0 by Dini’s theorem. It is then obvious that ~ ( y ) E r(y) for
y close to 0, hence the result.

Lemma 1.1 will be applied when ~ is a vector field with [~(p)] =
= Vp Before we prove Theorem 0.1 two remarks are in
order.
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First of all condition (ii) in Theorem 0.1 is independent of the func-
tion S, provided S satisfy conditions (0.10), (0.11) as can be seen using
the same arguments as in [3]. Moreover, as in [3] we can always sup-
pose that S is independent of io .

2. Proof of the Theorems.

PROOF OF THEOREM 0.1. Implication (i) ~ (ii) is proved by the
same argument as in [3], Theorem 2.2, taking into account that condi-
tion H) yields We will now prove that
(ii) ~ (i).

Let P2 as in (0.1). In a conic neighborhood of a given point in E we
can write

for some smooth real functions ~’ ), j = 1, ... , d, homogeneous of
degree 1 with respect to ~’, for which H~1, ... , H r/Jd are independent on
the manifold

Note = 0 ~.
Moreover, let ~’ ), j = 1, ... , d’, be a set of smooth real func-

tions, homogeneous of degree 1 with respect to ~’ such that we have
2’ =~’ f11’’, where

and ... , Hr/Jd’ H,,,, ..., H«d, linearly independent on ~, (hence
= o

From now on we shall work in the neighborhood of ~, where

Let now S(x, ~’ ) satisfy conditions (0.10), (0.11) and according to
Lemma 1.1 denotes by ~ a smooth vector field on 1: such 

- -HS~~ and, when p’=(x,~’)E~’, p=(~o=0,p’)E~:

(observe that
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For every P’r= 2:’ we define

If Y j is a smooth continuation outside 2:’ , j = 1, ... , d, chosen
such that:

then I  1 outside F’ and I = 1 only on 1" .
Thus near E’ the principal symbol can be factored as:

1~12(1 - 1~12); as a 
positive outside Z’ U r’ vanishes to the second order on 2:’ and it is

transversally elliptic with respect to ~’ B~’.
We now twist our Y1,...,yd into a new set of coordi-

9 in such a way that in a neighborhood of .E’ we
have:

Hence:

where ’P’ = (P 1 1 ... 
Let now m, = 1,..., d - 1, be smooth real functions of (a?, ~’),

homogeneous of degree -2, -1 respectively with respect to ~’.
We write (2.8) as:
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We now observe that whatever is the choice of we can choose

m (x, ~’/ ~ ~’ ~ ) large enough so that:

We now show how to choose the in order to satisfy condition
(0.9).

In order to estimate the Poisson bracket Q}, we point out that
from the definition of y on Z’ we have

so in view of (1.5) we have I
moreover, assumption H3 ) yields
VK=1,....,d’

More precisely, we can write:

for suitable smooth functions ~’ ), ~’ ), ~’), homoge-
neous of degree 0 with respect to ~’ . 

’

Using (2.11) we have that:

We can estimate these terms by means of (2.11) and (2.12).
Thus we find:
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In conclusion, distinguishing the role from that of ~’, we
have

where we put ~~ ~, ~ ~~ _ [~~h, ~k~~h,k=1,...,d-1 .
At this point we need to express the assumption = 0 with

respect to the new set of coordinates.
First of all, since S vanishes on z and does not depend on E0 ,

for suitable smooth real functions c~ , homogeneous of degree -1 with
respect to ~’, defined near 1:’ .

Then

in view of the definition of y, we have
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so that on ±’ we have:

On the other hand, arguing as in [3], it is easily seen that condition
= 0 is equivalent to = 0.

By using (2.18), (2.11), we have on E:

In view of (2.11), on ±’ we have:

Moreover, from the first condition in (2.20), we can write

for suitable ~’ ), ~’ ) homogeneous of degree - 2 with re-
spect to i’ near ~’. Hence, from (2.11), (2.12), we obtain
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Thus, by replacing (2.22) and (2.20), (2.21) becomes on ~, :

In conclusion

Turning back to (2.17), we choose {3 in such a way that on ~’ :

which in particular guarantees = 0 on 2~. _
From the fIrst equation in (2.20) we have that on ~’ :

Therefore (2.16) and (2.28) give that acd is orthogonal to Ker fp’, p’l
on ~’; this condition allows us to solve the system in (2.27) at each point

choosing /3 as a smooth function on ~’, due to Hi ) and H2). In fact
we can use the same arguments as in [3] to show that the matrix

{~’, has constant rank at every point of ~’. Then we can consider
any smooth extension of the ~3~ s on 1:’ ..

PROOF OF THEOREM 0.2. Let

be a linear differential operator whose principal symbol P2 satisfies H1),
H2 ), H). Define, for r &#x3E; 0, u E Co (R" + 1 ):

where ~ I

Then the proof of Theorem 0.2 will follow by well known arguments
(see [4]) from the following a priori inequality.

L E MMA 2.1. Suppose P satisfies H 1 ), H2 ), H), (ü) of T heorem 0.1
and (0.12) on ~. Then, if K is any compact subset of Rn ’ 1, there
exists CK &#x3E; 0 such that Vu E Co (K) we have for a sufficiently
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large z

The proof goes exactly as in [3].

3. An example.

We consider an operator P whose principal symbol is given by

In this case we have:

and for
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Moreover:

Then we have

0n jj it will be

Let now ,S (x, I) the following function on 

Clearly S (x, ç) verifies (0.10), (0.11) and for every p cz 2:,
KerF(p) n ImF 3 (p) is the one dimensional subspace of the vectors
collinear to F(p)Hs(p).

In order to have condition H) satisfied, we require that
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From the calculation of we find, if p = (x; 0, 0, ~n) E ~,
= 0, then condition (ii) in Theorem 0.1 holds.

Thus the principal symbol P2 admits an elementary decomposition in
the sense of Ivrii (0.7)-(0.9) and for such a decomposition we have
that:
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