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Solvability of Linear
and Semilinear Eigenvalue Problems with L1 Data.

LUIGI ORSINA (*)

ABSTRACT - We study the equation

where A is a linear elliptic operator in divergence form, ~ is a real number
and f is a function belonging to We find existence results similar to
those obtained in the case f E L 2 (~l ). Furthermore, we study the Landes-
mann-Lazer, Dolph and Ambrosetti-Prodi problems for the operator A, al-
ways with L 1 (S2 ) data.

1. Introduction.

In this paper we give an existence result in L 1 (~ ) for the problem

where S~ is a bounded open set in N ~ 2, f E and A is a linear,
selfadjoint elliptic operator in divergence form with compact resolvent,
acting between and its dual space H -1 (,~ ).

(*) Indirizzo dell’A.: Dipartimento di Matematica, Università degli Studi
«La Sapienza», P.le A. Moro 5, 00185, Roma, Italy.
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Our result will be comparable with the results obtained if f belongs
to L 2 (~ ); we will actually find that (1.1) has a solution if À is not an
eigenvalue of A in L 2 (S~ ) and, if À is an eigenvalue, has a family of sol-
utions that can be written as u = û + p, with u fixed and a belonging to
the corresponding eigenspace. Differently from the L 2 (S~ ) case, the sol-
ution needs not be unique without regularity hypotheses on the coeffi-
cients of A; however, it is unique in a sense that will be specified
afterwards.
We state now the basic assumptions on (1.1).
Let S~ be a bounded open set in R N N ; 2.
Let Q - R, i, j = 1, ..., N be measurable functions such that, if

we define the matrix a(z) = (a2~ (x))i, ~ -1...N~ we have:

We define the following differential operator in divergence form:

Thanks to the assumptions on et, A is a linear elliptic operator act-
ing between and its dual H -1 (S~ ). Moreover, A is autoadjoint
and has compact resolvent; then, it is well known that there exists a se-
quence {ki} of real numbers such that for every i E N it is possible to
find at least a function p belonging to with ç = 0, that
satisfies

Beside that, the eigenvalues ~ form an increasing sequence of real
positive numbers that diverges to 

Moreover, for every ki there is only a finite number of linearly inde-
pendent functions, that we can consider orthonormal in L2(Q), that sat-
isfy (1.5). So, for every i we can define the eigenspace Ei as the linear
space of the eigenfunctions corresponding to the same eigenvalue ki.
Furthermore, since eigenfunctions corresponding to different eigen-
values are orthogonal in L 2 (S~ ), we have a sequence of orthonormal
eigenfunctions, that form a Hilbert base of L 2 (~ ). We will rename
eigenvalues, eigenfunctions and eigenspaces so that we have

for every n E N.
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It is well known that every 1Jn belongs to L °° (~ ); moreover, the di-
mension of El is one and the first eigenfunction yi can be chosen positi-
ve almost everywhere.

DEFINITION 1.1. We say that a solution u of a problem with datum
f belonging to L1(Q) is a solution obtained by approximation, if u is the
limit of a sequence un of solutions of the same problem with L 2 (S~ ) data
fn that approximate f in L (see [1]).

We are going to prove the following result that, as announced, will
be similar to the one obtained in the L 2 (S~ ) theory.

THEOREM 1.1. Suppose the (1.2), (1.3) and (1.4) hold.
Let f be a function in L1(Q).
Let q be a real number with 1 ~ q  N/N - 1. Let ~ be a real num-

ber ; we distinguish between two cases.

every i. Then (1.1) has a unique soLution u obtained
by approximation, with u in 

B) À = À i for some i. Then, if

( 1.1 ) has a family of solutions in W6’ that can be written as u =
= u + q;, with u uniquely obtained by approximation and q E Ei;
moreover

This paper will be divided into six sections. The second section will
contain some technical tools that are needed in order to prove Theorem

1.1, that will be proved in section three.
In the fourth section, we will study the nonlinear problem with

resonance

where g(s) is a bounded function of s that has limit both at + 00 and
- oo ; we will see that this equation has at least one solution if f E 
satisfies the same condition that is sufficient to have existence of sol-
utions in the case f E L 2 (SZ ).
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The fifth section will be devoted to the study of the problem

where g(s) is a differentiable function such that the quantities (g(t) -
- g(s))/(t - s) (for every t and s in R) and lim g(s)ls are strictly be-

s-+=oo

tween two consecutive eigenvalues of A. As in the we

will obtain the existence of a solution under no additional hypotheses
on f E L1(Q).

Aim of the sixth section will be the study of the «Ambrosetti-Prodi»
equation

with 9 a twice continuously differentiable, strictly convex function
with bounded derivative «crossing» the first eigenvalue of A. We will
see again that there is no difference between the result that holds when
f is an L’(0) function and our result, with f belonging to L 1 (S~ ).

2. Some preliminary results.

This section contains some technical results that will be used to

prove Theorem 1.1. The f°lrst one is based on ideas contained in [2]; for
the sake of completeness, we will rewrite the proof.

LEMMA 2.1. Let N &#x3E; 2. Let m be a real number, with
1  m  2N/(N + 2).

Let q = m * = Nm/(N - m). Let 1 gn 1 be a sequence of functions of
L 2 (~ ), bounded in suppose a sequence of
solutions of the problems

is bounded in W6’ and there exists a constant c, that

depends only on q, a, m and Q, such that
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PROOF. Let r be a real number such that 0  r  1 and define

Since vn belongs to it can be chosen as test function in (2.1).
We thus obtain, thanks to (1.2):

Let now q  2 be a real number that we will choose later. Then we
have, thanks to Sobolev imbedding, Hölder inequality and (2.3):

Now we choose r such that rq/(2 - q) = q *, and (1 - r) m’ = q *;
this implies that r = (N( 2 - q))/(N - q) and that q = m *. It is easy to
see that if 1  m  2N/(N + 2) then the conditions 0  r  1 and q  2
are fulfilled.

Thanks to this choice of r and q, we have
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that can be rewritten as

From (2.5) it follows that Wn is bounded in by a constant.
Again by (2.5) it follows that the norm of VWn in is bounded, up to
a constant, by the norm of gn in and so we have (2.2).

REMARK 2.1. We note explicitly that the condition m  2N/(N + 2 )
implies that m*  2; i.e., we cannot have wn bounded in HJ(Q). The
condition N &#x3E; 2 is due to the fact that, for N = 2, we have 2N/(N +
+ 2) = 1.

Now we give the same result of Lemma 2.1, but with m = 1; in this
case, however, we do not have boundedness of the wn in ac-

tually, we obtain that the gradients of wn are bounded in a space
greater than This fact is justified by Example 2.1 below.

Moreover, for purposes that will be explained afterwards, we do not
give estimates on the solutions of (2.1), but on some solutions Wn of
(1.1); we will also need an additional hypothesis on wn.

LEMMA 2.2. Let q be a reacl number with 1 ~ q  N/(N - 1 ). Let
gn 1 be a sequence of functions in L 2 (~2 ) that is bounded in L1(Q); sup-
pose a sequence of solutions of ( 1.1 ) with data gn;
z. e.,

Suppose is bounded in L 1 (~ ). is bounded in

W6’ q(Q) .
Moreover, if ~ = 0, there exists a constant c, that depends only on q,

« and Q, such that

PROOF. The proof is essentially the same of Lemma 2.1. We choose a
real number r with r &#x3E; 1, and define vn = (1- ( 1 + 1 wnl )1-r) sgn (wn).
Choosing vn, as test function in (1.1) we have, since 1  1

for the boundedness of both Wn and gn in L1(Q). Thanks to this inequali-
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ty, (2.4) becomes

Now we choose r such that rq/(2 - q) = q * ; this implies that r =
- (N( 2 - q ))/(N - q ), and so the condition r &#x3E; 1 is fulfilled if and only if
q  N/(N - 1). If N &#x3E; 2 we have, with this choice of r and q, that

q/q * &#x3E; 1 - q/2 and so we obtain the boundedness in hence
in N = 2, since q/q * = 1 - q/2, we have boundedness of Wn
in if we add the hypothesis c3  1; this inequality is fulfilled if
the norms of gn and Wn in L 1 (D) are small. But, since problem (1.1) is
linear, we can always reduce ourselves to this case, by eventually di-
viding both Wn and gn by a constant, so that we obtain our result also in
the case N = 2.

If À = 0 we obtain (2.6) observing that c3 is a constant multiplied
by the norm of gn in L~(~û) and reasoning as in the proof of Lem-
ma 2.1.

EXAMPLE 2.1. Let 0 = B1~2( o) _ ~x E R N: Ixl [  1/2}.
Let 0 be a real number; define,

It is easily seen that if 0 &#x3E; 1, then f belongs to but does not

belong to for any p &#x3E; 1.
Now we consider the following problem

Since f depends only on the modulus of x, we seek radial solutions u;
that is, we suppose that 2c(x) = v( 1 xl) = v( p); passing to polar coordi-
nates, we have that v solves the equation

If we define w( p ) = then
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Integrating this equation, we have

and so

If we choose 0 &#x3E; 1 such that N/(N - 1)  6 - 1, that is to say if 1 
 0  2 - then Vu does not belong to but is for

every q  N/(N - 1). So, we have found that Lemma 2.2 is sharp: f in
L’(0) implies that u belongs to Wô ~ q (~ ) for every q  N/(N - 1) but
not for q = N/(N - 1).

Now we recall that if f E L2(~), then (1.1) has a unique solution if h
is not an eigenvalue of A. On the contrary, if À = Ài for some i, then
(1.1) can be solved if and only if f E Eil, where is the linear space of
the funetions in L 2(o) that are orthogonal in L 2 (~ ) to every function in
Ei; in this case there exists a unique u E Eil such that any solution of
(1.1) can be written as ù + P, with q in Ei.

From now on, when we say that u is a solution of (1.1) with data in
L 2(i2)@ we will mean either a solution of (1.1) when À is not an eigen-
value, or îî (as defined before) when k = ki for some i.

The following result will be used in the proof of Theorem 1.1, where
we will deal with approximated equations.

LEMMA 2.3. Let q be a real number, with 1 ~ q  N/(N - 1 ). Let
a sequence of functions in L 2 (S~ ) such that for every n e N there

exists a solution vn of

Suppose that fn tends strongly to 0 in L1(Q) as n tends to + 00 and
that vn is bounded in L 1 (~ ). Then vn tends to 0 weakly in

WJ’ 

PROOF. Let k E N be the (unique) number such that
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We note that with this choice of 1~ we have that

Now we define, for j e N, p(i)* as the Sobolev imbedding exponent for
Wlo"(Q) i.e.

we also define p ~°~* = p.
We choose now a real number p such that

and

This inequality, by the choice of k, is fulfilled if and only if

we can find such a p since N  2(k + 1) implies that 2N/(N + 2k) 
 N/(N - 1). Moreover, if k &#x3E; 1, since p~~-1~*  N/(N - k), we have

If we define v(1) = vn , we have that solves the equation

Since is bounded in L’(0), we can apply Lemma 2.2 (with Wn =
and gn = fn ); it follows that is bounded in for every q

such that 1 ; q  N/(N - 1). In particular, it is bounded in 

(where p is the number that has been chosen before) and so in 
Moreover, it weakly converges in (up to a subsequence that we
will call again to a function 

If k &#x3E; 1 (i.e., if N &#x3E; 2), we consider, for any j = 2, ..., k, a sequence
of solutions of the equation

Since is bounded in LP(Q) and p  2N/(N + 2), we can apply
Lemma 2.1 (where we choose w = V(2) g = Àv(1) and m = p); we ob-
tain that is bounded in W6’ P (Q) and so in 

Now we go on with this method; we can repeatedly apply Lem-
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ma 2.1 since is bounded in LP’j-"’(0) and p‘~-2’* ~ p(k-2)* 
 2N/(N + 2) by the hypotheses on p. 

p(k - 1)*At the last step, we obtain that is bounded in and

so, thanks to Sobolev imbedding, in But from the hypotheses
on p we have p ‘k~‘ ~ 2 and so is bounded in L 2 (~ ).

Now we consider the sequence E of solutions of the

equations

choosing as test function in this equation, we easily obtain, by the
Hôlder and Poincaré inequalities and by the boundedness of vnk) in

L 2 (~ ), that

and so vnk + 1) is bounded in thus, it weakly converges in 
up to a subsequence that we will call again to a function
V(k+ 1).

Now we substract the equations satisfied by as j ranges from 1
to k + 1. We obtain

and, going on until the k-th step,

Now we can apply Lemma 2.2 to the first of these equations: from
(2.6) it follows that vn2’ - tends to 0 strongly in and so in

since fn tends to 0 in then, from the second equation and
from Lemma 2.1 it follows that và3) - Và2) tends to 0 strongly in

Wô ~ p ‘l’* (S~ ) and so in L p ‘l’* (S~ ). Going on, we obtain that vnk + 1) - v)’
tends to 0 strongly in This means that every sequence vn’’
has the same limit in that is obviously v ~ l’. So v ‘k + 1&#x3E; = v c 1 &#x3E;;
this implies that itself is in 

Passing to the limit in (2.8), we obtain

Now we have two possibilities; if k is not an eigenvalue then 
since (2.10) has a unique solution in 

If ~ _ ~ i for some i, then now we recall that we have
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chosen all the vn1 ~ in E/-, and since the orthogonality relation passes to
the limit by Lebesgue theorem, by the strong convergence of to v ~ 1 ~
in and by the fact that q j i belongs to L °° (~ ), we have that also 
belongs to these two facts imply again that = 0.

So, up to a subsequence, vnl ~ = vn --~ 0 weakly in now

we recall that vn is bounded in tVj’ for every q such that 1 ~ q 
 N/(N - 1) and so it weakly converges, up to a subsequence, to a
function v that is obviously 0. Since any converging subsequence of v,,
has the same limit, that is zero, we can conclude that the whole sequene
Vn tends to zero in WJ’ q(D), for every q such that 1  q  N/(N -
- 1 ).

REMARK 2.2. We note explicitly that (2.10) has been found using
only the fact that vn was bounded in L1(Q) and the convergence of fn to
0 in L1(Q). This means that we can conclude that equation (2.10) holds
not only in W6’ but also in every time we obtain it passing to
the limit in equations that satisfy the hypotheses of Lemma 2.3.

REMARK 2.3. If A is an elliptic operator with regular coefficients
(for example, A = - d) the fact that v ~ 1 ~ = 0 follows immediately from a
passage to the limit in the equation satisfied by Vn, i.e. in (2.8). Actual-
ly, we obtain that satisfies the equation

By means of «bootstrap» arguments, we have that belongs to
Now we can make the same remarks as in the proof of Lemma

2.3 to obtain = 0.
If A is more general, as in the present case, this method cannot be

used if the solution is not a priori in see [3] for a counterexample
about the lack of uniqueness when the solution is not regular.

Now we need the last result, concerning the possibility of approxi-
mating an function with L 2 (~ ) functions that satisfy some
conditions.

LEMMA 2.4. Let p be a real numbers. Let f be a ficnction in L 1 (Q).
Suppose that, for some i,
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Then there exists a sequence of functions of such
that:

PROOF. Let fn be a sequence of functions in L2(S2) that tends to f in
L1(S~). We defme

e

Let now fn = fn - 1 (tni - p),p i From Lebesgue theorem and from
i 

i* 
. 

gu

the hypothesis we have as n - oo, for every j. If we
choose fn as our approximating sequence, we have that (2.11) holds true
(by the orthonormality of the pi in L2(0»; moreover

and the latter expression tends to 0 as n tends to infmity. 8

3. Proof of Theorem 1.1.

We are going to give the proof of Theorem 1.1. We will use the tools
introduced in the last section to show the boundedness of some approxi-
mating solutions of (1.1).

The idea is to approximate f with L 2 (S~ ) functions, solve the prob-
lems with these functions as data, and then show that these solutions
converge to a solution of (1.1). As a first step we will choose the ap-
proximating functions; we distinguish between two cases.

A) Suppose that À is not an eigenvalue. Let fn be any sequence of
functions in L 2 (S~ ) that approximates f in L 1 (~ ). Then there exists a se-
quenee lunl of solutions of (1.1) with fn as data.

B) If À = Ài for some i, we approximate f in L 1 (0) with the se-
quenee fn given by Lemma 2.4 with p = 0, so that fn E Ei1 for every n.
Then, again by the L 2 (S~ ) theory, there exists a of sol-
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utions of (1.1) with fn as data. We recall that we consider this sequence
contained in 

Now we are going to prove that un is bounded in W6’ ~(~2). We argue
by contradiction, supposing as a first step that Un is not bounded in
L 

If we define we have that vn solves the equa-
tion

Since vn and fn satisfy the hypotheses of Lemma 2.3, we
have that vn tends to 0 weakly in and, by Rellich theorem,
strongly in since = 1 we have a contradiction.

So, Un is bounded in L1(Q). Now, we apply Lemma 2.2 (with wn =
= un and gn = fn ) to obtain that Un is bounded in Then we extract

from un a subsequence that converges weakly in to a function u
that obviously solves the equation.

Moreover, for some i, since we have chosen Un in Ej’ for
every n E N, we obtain that also u is in Ei1- and so it satisfies (1.6); fur-
thermore, it is easy to see that u solves again the equation for
every y in Ei.

Now we approximate f in L1(Q) with two 
of functions in L2(Q); then, the corresponding sequences {u1n}
of solutions have the same limit in 0 (it suffices to choose vn =

= un - un and gn in Lemma 2.3 to obtain this). So we have
shown the last part of Theorem 1.1: the solution u is uniquely obtained
by approximation (if À = Ài for some i, then its projection onto Ei1- is

uniquely obtained by approximation).

REMARK 3.1. As it has been said in Remark 2.3, if A is an opera-
tor with regular coefficients, we can conclude that the solution is

unique for every f E L 1 (0), since we can substract the equations satis-
fied by two solutions and find that their difference solves a homoge-
neous equation; again by means of bootstrap arguments, this solution is
in and so it is zero (if À is an eigenvalue, then its projection onto
Eil is zero).

Anyway this fact is not enough to conclude about uniqueness: we can
only speak of uniqueness of approximated solutions; for instance, the
counterexample of Serrin (see [3]) is about an equation with f = 0 that has
both a zero solution and a non zero one; our method obtains only the for-
mer, that is, in a sense, «natural», while the other is «pathological».
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REMARK 3.2. Without any change it is also possible to prove the
following result, in which (as in [2] for the equation A(u) = f ) we obtain
more regularity on u if we increase the regularity on f.

THEOREM 3.1. Suppose that (1.2), (1.3) and (1.4) hold.
Let m be a real number with 1  m  2N/(N + 2).
Let f be a function in Lm(Q).
Let q = m* = m). Let h be a real number; we distinguish

between two cases.

A) J, ~ Xi for every i. Then (1.1) has a unique solutions u obtained
by approximation, with u in 

B) ~ = ~i for some i. Then, if

(1.1) has a family of solutions in W6’ that can be written as u =
= U + ~, with u uniquely obtained by approximation and p E Ei ;
moreover

4. The «resonant» case.

In this section, we will study the so-called «Landesmann-Lazer»
equation:

with g(s) a continuous, bounded function. We are going to show that
problem (4.1) has at least one solution under the same hypotheses on f
in that are needed in order to have existence in the case

f E L2(Q).
Actually, we will prove the following

THEOREM 4.1. Let g: R ~ R be a continuous function; suppose
that there exist



221

that g ± E R and that

Let f be an L 1 (S2 ) function such that

Then there exists at least one solution u of (4.1); rnoreover, u be-
Longs to Wô ~ q (~ ), for every real number q such that 1 ~ q  N/(N -1 ).

PROOF. We proceed by approximation, as usual. We consider a se-
quence fn of functions belonging to L2(Q) and converging to f in 
such that each fn satisfies (4.3). Such a sequence can be found thanks to
Lemma 2.4 (where we choose p = j dx).

As it is well known (see [4]), condition (4.3) for an L 2 (S~ ) function fn
is a sufficient condition for the existence of a solution un of the

problem:

Now we will show that the sequence Un is bounded in for

every real number q with 1 ~ q  N/(N - 1).
Suppose that Un is not bounded in L1(Q). Then, reasoning as in the

proof of Theorem 1.1, we consider the funetions

that satisfy the equations

Since (fn - tends to 0 in L1(Q) and lIVnIIL’(0) = 1 we
have, by Remark 2.2, that vn converges in 0 to a function v that

belongs to and solves the equations

Since we do not know that v belongs to Ei , we cannot conclude di-
rectly that v = 0; we can only say that there exists t e R such that
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Suppose that t &#x3E; 0; then (since p1 &#x3E; 0 and since Vn converges to v al-
most everywhere) we have that

and so, from the definition of g + ,

Now we multiply equation (4.4) by ç1, and obtain

Passing to the limit, thanks to (4.5) and to the boundedness of g, we
have

that contradicts (4.3). With the same calculations we arrive at a contra-
diction also in the case t  0. So we have t = 0, and this implies that
v = 0. But since Vn has norm 1 in and converges strongly to v in
the same space, we have again a contradiction.

So the sequence un is bounded in L 1 (~ ). No we can apply Lemma
2.2 (where we choose gn = fn - g(u,,» to obtain that Un is bounded in

~(~2), and so, up to a subsequence that we will call again un, it con-
verges (weakly in Wô ~ q (S~ ), strongly in and a.e.) to a function u.

Since g is continuous and bounded, and un tends to u almost every-
where, we have that tends to g(u) in for every p, and so u
solves the problem.

5. Dolph theorem.

In this section we will study a semi-linear equation whose nonlinear
term is related to the eigenvalues of A. We will show that this equation
possesses at least one solution.
We now state the result:

THEOREM 5.1. Let g: R be a di, fferentiable function.
Suppose that g(O) = 0 and that there and e &#x3E; 0 such

that:
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moreover, suppose that there exist

Let f be a function in L 1 (S2).
Then there exists a unique solution obtained by approximation for

the equation

Moreover, u belongs to W6’ q(0) for every q such that 1 ~ q 
 N/(N - 1).

PROOF. Let fn be a sequence of functions in L 2 (S~ ) that approximate
f in Then, the problem

has a unique solution un in for every n E N (see [5]).
We will prove that un is bounded in q (~ ), for every real number

q, 1 ~ q  1 ). As a first step, we suppose that un is not bound-
ed in 

If we define Vn = then vn solves the equation

It is easily seen that from the hypotheses on g it follows that

Now we define

so that the former equation can be written as
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Since hn is bounded in and vn is bounded in L1(Q), we obtain,
as in Lemma 2.2, that vn is bounded in W6’ q(Q) and so we can extract
from it a subsequence that converges (weakly in W6’ q (~ ), strongly in
Lq(D) and a.e.) to a function v.

From the boundedness of hn in Loo (Q) it follows that we can extract
a subsequence that converges, Loo (Q)-weak-*, to a function h. More-
over, since A k + e   ~ k + 1 - ~, then

Passing to the limit, we have that v solves the equation

Since h is a bounded function, we can reason as in Lemma 2.3 and
obtain that v is not only in q (~ ), but also in (see Lemma 6.3
below for a proof of this claim).

If a is a bounded measurable function, we can define the weighted
eigenvalue problem as follows: we search real numbers ~(a) and mea-
surable functions ~(a) ~ 0 such that

Then, it is seen that, as in the case a = 1, it is possible to fmd a se-
quence of eigenvalues, with corresponding eigenfunctions and
eigenspaces; moreover, the following properties hold

(see [6]).
Now we consider equation (5.6). If v is not identically zero, then,

since it is in it can be seen as an eigenfunction of a weighted
problem with weight h and eigenvalue 1. So, there exists i such that

= 1. Since Àk  h(x )  hk+1 for almost every x E Q, from (5.7) and
(5.8) we have:
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so that

Since ~ k and Àk+1 1 are two consecutive eigenvalues of A, we have a
contradiction, and so v = 0. But this is again impossible, because vn has
norm equal to 1 in L 1 (S~ ) and converges strongly to v in the same
space.

So, Un is bounded in since (5.1) implies that there exists a
constant el such that

we have, applying Lemma 2.2 with gn = g(un), that Un is bounded in
q(Q); so, we can extract from un a subsequence (that we will call

again that converges (weakly in strongly in and
a.e.) to a function u.

Thanks to the continuity of g, to (5.9) and to the strong convergence
of Un to u in it follows that g(un ) converges to g(u) in the same

so, we can pass to the limit in the approximate equation, obtain-
ing that u solves (5.3).

Let now u’ and U2 be two sequences of solutions of (5.3) correspond-
ing to two sequences functions, f n and f,2,, that approximate f
in L1(Q). If we detine Vn as the difference between un and U2@ then v.
solves the equation

where hn has been defined as

Again, hn is bounded in L °° (S~ ), and so it converges in 
up to a subsequence, to a function h. Passing to the limit we obtain that
Vn tends to a function v that belongs to HJ(Q) (see Lemma 6.3 below)
and that solves the equation

Since the hypotheses on g imply  h(x)  Àk+1 almost every-
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where, we -can reason as before and obtain that v = 0; hence, we have a
unique solution obtained by approximation.

6. The Ambrosetti-Prodi theorem.

In this section we are going to study the «Ambrosetti-Prodi» equa-
tion with data; i.e.

where g is a twice continuosly differentiable, strictly convex function,
with the property that g(s)/s «crosses» the first eigenvalue of A as s
varies on R, f is an function such that J and t is a real

n

number (see [7]). Again, our result will be similar to the one obtained
when f belongs to L 2(Q).

We are going to prove the following theorem.

THEOREM 6.1. Let g:R - R be a strictly convex function belong-
ing to C2(R); suppose that g(O) = 0 and that there exist two real num-
bers À and n with

such that

Let f be an L 1 (S2 ) function such that

Then there exists a unique real number t = t(f) such that the fol-
lowing holds

A) if t &#x3E; t then (6.1) has no solutions obtained by approxima-
tion,

B) if t = t then (6.1) has exactly one solution obtained by
approximation,
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C) if t  t then (6.1) has exactly two solutions obtained by
approximation,.

Moreover, any solution of (6.1) belongs to W6’ q (Q), for every real
numbers q such that 1 ~ q  N/N - 1.

REMARK 6.1. The main difference with the Ambrosetti-Prodi the-
orem lies in the fact, when fe L 2 (~2 ), then equation (6.1) has no solution
when t &#x3E; t and exactly one and two solutions when t = t or t  t

respectively.
Since we proceed by approximation, we can only say that our sol-

utions are uniquely obtained by approximation, and nothing more.
Before giving the proof of Theorem 6.1, we need some technical

results.

LEMMA 6.1. Let u be an function, and defined, for y E S2,

Then, if u belongs to LP(Q) and v belongs to LP’ (Q), we have

PROOF. The result follows from easy computations. M

REMARK 6.2. We note explicitly that, if u belongs to L 2 (S~ ), then
P(u) is nothing but the projection of u onto E1.l.

Now we recall the necessary steps in order to achieve the proof of
the Ambrosetti-Prodi theorem when f belongs to L 2 (S2 ) (see [8]
and [9]).

A solution u of (6.1) can be written in the form

with u(s, f ) e El’ and s = J Uq:J1 1 dx. Then it is seen that u(s, f ) solves the
equation ~a
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while t and s satisfy the identity

Since A - P is coercive on E11., equation (6.7) has a unique solution
for every s E R, so that, for t fixed, the number of solutions of (6.1) is
equal to the number of roots of the equation r(s) = t. The hypotheses
on g imply that r(s) is a concave function that diverges to - 00 both at
+ 00 and - 00 and has a unique maximum; if we derme t to be the maxi-
mum of r(s) on R, then we find 0, 1 or 2 solutions if t &#x3E; t, t = t or t  t

respectively.
Now we begin to study equation (6.7) when f belongs to L1(Q). The’

first result is similar to Lemma 2.2.

LEMMA 6.2. Let q be a real number, with 1 ~ q  N/(N - 1).
Let s be a real number. be a sequence of L 2 (~ ) functions

that is bounded in and such = 0 for every
n E ~T. 0

be a sequence of measurable functions that is bounded in
L 00 (Q).

Suppose that there exists a c E11. of solutions of the
problem:

Suppose that wn is bounded in L 1 (~ ). Then there exists a constant
c, that does not depend on n, such that

PROOF. Let r be a real number, with r &#x3E; 1.

Let vn = (( 1 + 1 Wn 1 )l - r - 1 ) sgn (wn) and choose P(vn) as test func-
tion in (6.9). Since p1 and Wn are orthogonal in for every n, we
obtain, by (6.6),
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Since vn ~ ~ 1, we have

by the hypotheses on wn , fn and hn. The end of the proof is achieved
exactly as in Lemma 2.2. a

The following result is the anlogous of Lemma 2.3. Again, if the
data tend to zero in the limit solution is zero if we add some hy-
potheses on the sequence hn.

LEMMA 6.3. Let q be a real number, with 1 ~ q  N/(N - 1).
be a sequence that tends to zero in L1(Q)

and such dx = 0 for every n E N.

be D a sequence of measurable functions that is bounded in
LOO (Q); so we can extract a subsequence that converges, Loo (Q)-weak-*,
to a function h. We suppose that

Suppose that there exists a sequence c E 11. of solutions of the
problem

Suppose that vn is bounded in L 1 (~ ). Then vn tends weakly in
W6’ to zero.

PROOF. The proof is essentially the same of Lemma 2.3; we fix k
and p and construct the sequences = vn , @ vn2~, ... , vnk+ 1&#x3E; that solve
the equations

The regularity estimates on the are still valid thanks to the
boundedness of hn, to Lemma 6.2 and to the fact that P is continuous
between and for any p ; 1 (this is an easy consequence of
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the definition of P). As in the proof of Lemma 2.3, we have that vnk + 1) is
bounded in and so it weakly converges, up to a subsequence that
we will call again vnk + 1&#x3E;, to a function V(k+1) that belongs to 

Substracting the equations satisfied by the we have

so that all the sequences have the same limit in Wô ~ ~ (~ ), thanks to the
fact that fn tends to zero in L 1 (~ ) and by the boundednes of hn; this lim-
it is obviously So Vn = vn1 ~ weakly converges to in W6’ P(Q),
and v = v ~k + l solves the equation

(we can pass to the limit since converges strongly to V(k+1) in
)).

Since all the vn are in Ei , then also v belongs to Choosing v as
test function, we have

Since

on E11., we obtain 0 and so v = 0. This means that the se-

quence v~z weakly converges to 0 in W6’ P(Q). Then we can end the proof
as in Lemma 2.3. a

In the following Lemma, we state the properties of the solutions of
equation (6.7) when the datum f is in L 1 (~ ).

LEMMA 6.4. Let q be a real number such that 1 ~ q  N/(N - 1).
Let s be a real number. Let f be a function in L1(Q) such that

= o.
0 

Then there exists u = u(s, f), unique solution obtained by approxi-
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mation of the equation

in the sense that

for every test function ç in such that f dx = 0.
Moreover, u belongs to Wô ° 9(S~). 0

Furthermore, we have that u(s, f) - u(t, f) belongs to HJ(Q) for
every s and t in R and there exists a constant c such that

PROOF. Let fn be a sequence functions that approximate f
in and such that = 0 for every n e N (such a sequence is

given by Lemma 2.4 with p = 0). Consider the sequence Un = fn )
of solutions of equation (6.7). We are going to show that Un is bounded
in 

As usual, we begin the proof arguing by contradiction and suppos-
ing that Un is not bounded in L1(Q). Then, we define Vn = 
so that Vn solves the equation

Now we define

So, if we define
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then vn solves the equation

Since we have that hn is bounded in L 00 (~2 ) by the hypotheses on g,
that Vn has norm equal to 1 in L 1 (S~ ) and that f n is bounded in L1(D), we
can apply Lemma 6.2 to obtain the boundedness of v. in W6’ q (~ ). Thus,
we can extract a subsequence (that we will still call vn), that converges
(weakly in strongly in and a.e.) to a function v.

Moreover hn is bounded in L °° (S2 ) and so it converges in L 00 -weak-* ,
up to a subsequence, to a function h such that ~ ~U. Since f n
tends to 0 in L 1 (0), we can apply Lemma 6.3 and have that v = 0. But
this is a contradiction, since = 1 by the strong convergence of v,,
to v in 

So, Un is bounded in L’ (0). Now we can apply Lemma 6.2 to equa-
tion (6.7) choosing as before; is bounded in L1(Q)
we obtain that Un is bounded in W6’ q(D) and so it converges (up to a
subsequence) to a function u = u(s, f ) that solves equation (6.13).

To show that this solution is uniquely obtained by approximation,
we suppose to have two sequences f n and f n functions that ap-
proximate f in L 1 (S~ ). Then we consider the corresponding sequences
un and un of solutions of (6.7). If we substract the equations satisfied by
these funetions, we have

Now we define

so that hn is bounded in L °° ( ) and converges in L °° (Q )-weak-* , up to a
subsequence, to a funetion h such that IlhilL 00 (0) ~ ~U; thus, we can apply
Lemma 6.3 to obtain that un - un tends weakly to 0 in 0 q(S2), that
means that the solution we obtain does not depend on the approximat-
ing sequence.
We are now going to prove (6.15). Let un = un(s, fn) and vn =

= fn) be two sequences of solutions of (6.7). Then, if we define wn =
= un - vn, we have that wn solves the equation
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Now we define

(for the sake of simplicity, we have omitted the dependence of hn from
x). So, the former equation becomes

Now we choose wn as test function in (6.17), obtaining

Now we recall (6.12); so, (6.18) becomes

that implies, by the uniform ellipticity of A, that

This means that wn is bounded in and so it weakly converges
(up to a subsequence) to a function w; since Wn weakly converges in
WJ’ q(Q) to u(s, f ) - u(t, f ), then we have w = u(s, f ) - u (t, f ). By the
weak lower semi-continuity of the norm, we have

that is, (6.15) is proved.

Now we can prove Theorem 6.1.

PROOF oF THEOREM 6.1. Let fn be any sequence of L 2 (~ ) funetions
that approximates f in and such for every

n E N. Let s be a real number; let un = Un(s, ln) be the solutions of
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(6.7), and û = u(s, f ) the solution of (6.13) given by Lemma 6.4. We
define

By Lemma 6.4, we have that converges to G(s) for every s in
R. Since Gn is a concave function, then G is a concave function; thanks
to (6.15), G is a continuous function. Moreover, it is easily seen that we
have

so that G diverges to - 00 both at + 00 and - o .
We define,

We are going to show that Theorem 6.1 holds with this choice of t.
As a first step, we prove that equation (6.1) has at least a solution when
t = t. To do this, we define

(we recall that, since (6.1) has a unique solution when t = tn, then sn is
uniquely determined). Then we have that Sn is bounded in R. Arguing
by contradiction, we suppose that there exists a diverging subsequence
Of Sn (that we will call again we suppose that this sn diverges to + ~
(the case of sn diverging to - 00 can be treated in the same way).

Let s be a real number such that G(s) = t, and fix a t strictly less
than t. Since G is concave, there exist exactly two real numbers SI and
s 2, @ such that

If sn diverges to + ce , then we have that sn &#x3E; s2 for every n large
enough. This means that Gn is strictly increasing in the interval
[s 1, s2], and so
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Letting n tend to -, we obtain that

and so G(s) = t, that is a contradiction. Thus, sn is bounded and so we
can extract from it a subsequence that we will still call Sn, tending to a
limit s. Since (Gn) is a sequence of Lipschitz functions with the same
Lipschitz constant, we have that Gn ( sn ) tends to G( s ). Then G( s ) = t; to
show this, suppose by contradiction that G( s )  t = G(S); then we have
Gn ( sn ) &#x3E; Gn(S), and, passing to the limit, G(s) &#x3E; G(S), thus contradict-
ing our hypothesis. So we have proved that

If we define un = Un(Sn, fn ) + then un solves the equation

and is bounded in by a constant (depending on the norm of fn in
on sn and on Thus, we can extract from it a subsequence that

converges to a solution u of the equation

and this concludes the part of the proof about the case t = t.
Let now t be a real number greater than t, and suppose that there

exists a solution u of (6.1) obtained by approximation. This means that
there exists a sequence Un E of solutions of

with fn a sequence functions that approximates f in and

tn a sequence of real numbers with limit t. Since un belongs to we

can write it as

But this means that = tn and that sn tends, as n goes to infini-
ty, to a limit s that is equal to j Hence, G(s) = t, and this is a
contradiction since t &#x3E; t. D

Now we fix a real number t  t; then we can uniquely find two real
numbers s 1  s 2 such that G(s ) = G( s 2 ) = t. If n is large enough, since
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in - t, we can find two sequences of real numbers s1n and s2n such
that

We prove now that both sn and s2n are bounded. Suppose they are
not; then (we work on sn, but the proof can be repeated for s§/) there
exists a subsequence (still called that diverges to - 00 (since sn is
bounded, s1n cannot diverge at + (0). Then, there exists a real number s
such that s~  s  sn for every n large enough, and such that
G(s)  t - 1. So we have

if n is large, since Gn ( s ) ~ G(s). So we have a contradiction. Thus, we
can extract from sl and sn two subsequences that converges to SI and
82. . Then s = since t = = So we can consider the two

subsequences un = fn) + that solve the equations

and that are bounded in Wo’, "(0); thus, we can extract two converging
subsequences. Their limits satisfy the equations

so that it remains to show that to achieve the proof. But this
faet is true since u(sl, f) + = U(S 2 f) + would imply

since the first term belongs to (we recall that the difference of two
solutions is in while the second is in E1, this means that both the
terms are zero and this is a contradiction because s 2.

So, we have shown that equation (6.1) has at least one or two sol-
utions depending on the choice of t. The last thing we have to show is
that the solutions we have found are uniquely obtained by means of
approximation.

If t  t, we have that the solutions u 1 and u2 do not depend on the
approximating sequence; this follows from the properties of fn )
stated in Lemma 6.4, and from the fact that sn and S2 cannot converge
to limits different from SI and s 2.

If we study the case t = t, we may have some problems if G(s) has
more than a maximum; i.e., if there exist SI and s2 such that G(s1) =
- G( s 2 ) = t; since G is concave, this means that G( s ) = t for every s be-
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tween s’ and S2; in this case, equation (6.1) will have infinitely many
solutions. We are going to show that this is not possible because equa-
tion (6.1) can have no more than two solutions obtained by means of ap-
proximation, and so G has a unique maximum. We repeat the argument
of[10, Théoreme 1].

Actually, if there are two such solutions u and v, their difference w
satisfies

where we have defined, as usual,

(we have that w belongs to beeause w = u( s 1, f ) - u( s 2, f ) +
+ (s~ - and both terms belong to (see Lemma 6.4)).

So, w can be seen as an eigenfunetion of a weighted eigenvalue
problem with weight h. This means that there exists and index i such
that ~ i ( h ) = 1. Since h  ~ 2 almost everywhere, then, thanks to

(5.8),

and so Ài i  ~ 2, that means i = 1. So we have proved that w is an eigen-
function corresponding to the first eigenvalue, and so it can be chosen
positive almost everywhere.

Thus, we have proved that if equation (6.1) has two solutions, then
they are ordered. Suppose now that there exist three solutions u, v and
w; then we have (for example) u  v  w almost everywhere. If we de-
fine W1 = v - u and w2 = w - v, we have

where hl and h2 are defined in an obvious way. This means that there
exists an index i (that is again equal to 1), such that

But this is impossible, since the strict convexity of g implies that
hl  h2 almost everywhere and so Ài(h1) &#x3E; ~ i ( h2 ).
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