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Local Existence, Uniqueness and Regularity for a Class
of Degenerate Parabolic Systems
Arising in Biological Models.

VINCENZO VESPRI (*)

SUMMARY - We study a class of degenerate nonlinear parabolic systems arising
from biological models. We use the linearization method and the analytic
semigroup theory in the linear case. For this purpose, we need to study a
class of degenerate linear elliptic operators and we prove the generation of
analytic semigroups and in Co (0  «  1).

Introduction.

Many biological models are described by degenerate nonlinear

Cauchy problems (see, for instance [12], [14], [23]), and, for this reason
they have been studied by several authors, especially in these last few
years.

Let us list some examples.

I-st Example: The chemotaxis model.

Alt ([2]) considers a model of chemotaxis (see [15] for a detailed de-
scription of this phenomenon) where a motile individual can be attract-
ed by mediators diffused by other individuals. This model is governed

(*) Indirizzo dell’A.: Università di Pavia, Dipartimento di Matematica, via
Stradanuova 65, 27100 Pavia, Italy.

The author is a member of G.N..A.F.A. (C.N.R.).
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by the system

where

u is the cellular density,
p is the mediator diffusion,
k is a positive constant,
tAo (u), Xo (u) are nonlinear functions (see [2], section 1).

Note that if (as in [2]) go (u) = Xo (u) = u, system (0.1) is degenerate
in the first equation and nondegenerate in the second one. Alt studies
this model by approximating system (0.1) by non-degenerate sys-
tem.

II-nd Example: The model of the distributional pattern formations of
two interacting species.

Shigesada-Kawasaki-Teramoto ([23]) studied the model of spatial
segregation of two competitive species. The system on which their
model is based is the following

where

u, v are population densities,
U is the «favorableness» of the habitat.

Many authors analyzed systems of this kind (see [3], [19]-[22] for a
rich bibliography on this argument). For instance, we recall Bertsch-
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Gurtin-Hilhorst-Peletier ([4]-[7]) who studied the degenerate Cauchy
problem

They studied the case of segregate initial data (i.e. {supp uo } n
n {supp vo } _ ~) reducing the system to a single equation by the intro-
duction of a new auxiliary function.

III-rd Example: The infective disease model.

Capasso-Paveri Fontana ([11]) proposed the following model for a
cholera epidemic:

where ~i (i = 1, 2) are positive functions in R+ x I~ +, and ~i (0, 0) = 0
for i = 1, 2. (For the biological meaning of u, v and for more details on

we refer the reader to [11], [13]).
Dal Passo-De Mottoni ([13]) studied this problem under the assump-

tions that ~i and f are regular enough and ~l and ~2 satisfy a concavity
condition.

In order to prove global existence and uniqueness they apply a lin-
earization method based on the semigroup approach.

Moreover they have to assume a supplementary condition:

i.e. they have to assume that the linearized system is non-degener-
ate.

The aim of this paper is to study a wide class of degenerate nonlin-
ear Cauchy problems (all the examples above belong to this class) fol-
lowing a unitary approach, i.e. the semigroup approach.

More precisely we obtain local existence, uniqueness and regularity
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results for the solution u: [0, T ] x S2 --~ of the nonlinear system

where 0 is a regular domain in R n; 9h: I~gn + N -~ I~ + , eh : Il$n + N -~ Ig + ~
xh : ~n + N + 

nN 
~ R are smooth functions; uoh are nonnegative and regu-

lar enough (exact assumptions on and D are stated in the
last section).
We use here the same linearization procedure and semigroup ap-

proach followed in [25] (where a single equation was considered).
Before stating the scheme we follow, let us make some remarks.

The unitary approach allows us to study a wide class of degenerate sys-
tems ; on the other hand, due to its generality, it cannot give sharp esti-
mates about the solutions of special degenerate systems (this can be ob-
tained only by using specific techniques).

The case of degenerate systems such that every equation has the
same order of degeneration is an easy consequence of the case of a sin-
gle degenerate equation (case studied in [25]). However, as shown by
the previous examples, this condition is too much restrictive in the ap-
plications. Hence, here, we analyze systems where every equation is
allowed to have a different order of degeneration.

The scheme of this paper is the following.
Section 1 is devoted to notation, definitions and preliminary results.

We state also L p and C" generation results for systems where the equa-
tions have the same order of degeneration. Since these results are very
technical, we prove them in the appendix for the reader’s conve-

nience.
In order to study the linearization of system (0.6), in Sections 2 and

3 we prove generation of an analytic semigroup in [L P (~)]N, 1  p  00

(Section 2) and in [Co (~)]N, 0  a  1 (Section 3) by elliptic sys-
tems.

More precisely, we prove some estimates (that imply the generation
result) for the solution of the system

where

a is a complex number,
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a(h, k) are nonnegative numbers for each h, k = 1, ..., N. Moreover

(0.10) there is a nondecreasing function b: {1, ..., N} ~ {0} U [1, oo[
such that a(h, k) = b(max (h, k) , )

the coefficients Ai1k satisfy an ellipticity condition:

Let us make some comments on these assumptions.
The function d(x) has the same behaviour, near the boundary, of the

function distance between x and the boundary of 0. We cannot choose
d(x) = distance because it is not a regular function in ~.

The function b allows us to analyze degenerate systems where every
equation has a different order of degeneration. For instance B(i) = 0
means that the i-th equation of system (0.7) is nondegenerate. The case
b( 1 ) = ... = means that every equation has the same order of
degeneration.
We assume Dirichlet boundary conditions on ui if b(i) = 0, no

boundary conditions otherwise. We refer the reader to the introduction
of [25] for an interpretation of the lackness of standard boundary condi-
tions and for a detailed bibliography on the subject.

In Section 4 we study nonlinear problem (0.6) using the statements
of Section 3. Lastly we apply these results to analyze the examples
stated above.

Before concluding this section we need to make this remark. Let X
be a Banach space and let A: D(A) cX-X be a linear operator.
Throughout this paper, we say that A generates an analytic semigroup
in X if there exists ( 1 /2) ~c  7ro  7r and M, R &#x3E; 0 such that ff A E C with
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~ M ~ ~ ~ -1 (L(X) is the space of the linear continuous operators from X
into itself). Note that we do not require D(A) = X because also in the
case of not dense domain it is possible to apply the semigroup theory to
study abstract Cauchy problems ([24]). Lastly we note that all this ma-
chinery can be utilized to study systems with complex valued coeffi-
cients. But, in our opinion, this analysis is not justified because it needs
further technical complications and, in our knowledge, all the applica-
tions handle with real valued coefficients.

1. Notation and preliminary results.

Notation.

In this paragraph we introduce weighted Banach spaces related to
the function d(x) because in the sequel we deal with suitable function
spaces depending on the degeneration of the single equations.

Let 1  P :::; 00 be a real number and m ~ 0 be an integer. We de-
note by Hm, P (Q) and the well known Sobolev spaces endowed
with their usual 

Let § be a positive function in Q. We say that u belongs to

If d and b are the functions defined in

If 0  y  1, is the space of all the functions in em, r (Q)
whose derivatives up to order m vanish on the boundary of 0. We de-
fine ~) (m ~ 2) to be the space of those functions such that

where II. I I., , i5 is the usual Y-norm.
Moreover [Cm, d(b))]N if and only
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means that and for each a: I = m

We recall that the space is called the space of the little H61der
continuous functions and it is the closure of C °° in C’, Y-norm.

Preliminacry results.
We state two results that will be useful in the sequel. In the first

one we give some generation results that will be proved in the ap-
pendix. In the second one we recall a result of local existence and
uniqueness of solutions to a class of abstract nonlinear Cauchy
problems. 

_ _ _

Consider the elliptic operator 9 = (E1, ..., EN )

and assume that

’there exists v &#x3E; 0 such that for each x r= 0 and for each

either b = 0 or b ~ 1,

,~ is a bounded domain with C2 boundary,

d belongs to C2 (~) n C °° (Q) and satisfies (0.9),

E generates an analytic semigroup in suitable Banach spaces as the fol-
lowing theorem shows (we recall that we prove it in the ap-
pendix).
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THEOREM 1.1. Assume that (1.1)-(1.5) hold, then the operator

generates an analytic semigroup.
Moreover there exists yl &#x3E; 0 such that for each h with Re h &#x3E; yr and

for each f E [LP (S2)]N, there exists a unique solution u e [H2,P(D, d(b))]N
of the system

and

where cl is independent of A, f and u.
Furthermore if bihk, c ~ are «-Holder continuous; S~ is a bounded

domain with C’, 2 boundary; and d belongs to C2, a (~) f1 C °° (0), then the
operator

generates an analytic semigroup.
Moreover there exists y2 &#x3E; Yl such that for each A with Re &#x3E; y2 and

for each the solution u of system (1.6) belongs to

[C2, a (D, d(b»]N, and

where c2 is independent of A, f and u.

REMARK 2.2. The previous results can be generalized in this way.
Assume that ai1k, C hk E Cr, 0’(D), b : 1; Q is an open bounded do-
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main with C’’ + 2, « boundary; and then the

operator

generates an analytic semigroup.
Moreover there exists a constant Y3 &#x3E; y2 such that for each ~ with

Re )~ &#x3E; y3 and for 
a the solution u of (1.6) belongs to

where c3 is independent of ~, f and u.
Furthermore if it is possible to prove ([25]) that the

operator

generates an analytic semigroup. Let us recall that this result is not
true even in the case of a single equation, b = 0 and r = 2 ([26]).

The following results will be useful in the last section in order to
prove local existence and uniqueness of solutions of problem (0.6).

THEOREM 1.3 ([20]). Consider the following Cauchy problem in a
Banach space X

where f is a C2 function from D to X, D is a continuously embedded sub-
space of X and uo belongs to D.

Assume that

(1.11) the linear operator fx (uo ): D - X generates an analitic semi-
group,
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then there exist an interval [0, T ] and a strict solution u of (1.10) in
[0, T] (i.e. u E CI ([0, T]; fiJ f1 C([O, T]; D). Moreover u is the unique
solution of (1.10) belonging to z ~ (0, T; D) for any 0  ë  1), where
z ~ (0, T; D) is so defined

REMARK 1.4. In [20], Theorem 1.3 is proved under the supple-
mentary assumption that

(1.13) there is a neighborhood Uo of uo such that for each u E Uo , the
linear operator fx (u): D -~ X generates an analitic semigroup
in X.

Now, as we assume that f D ~ X is continuously differentiable,
note that fx (u) belongs to L(D, X) (the space of linear applications from
D to X) and depends continuously on u E D in the operator norm of
L(D,X). Since the set JA E L(D, X), A generates an analytic semi-
group} is open in L(D,X) with the norm topology, we get that (1.13) is
a consequence of (1.11)-(1.12).

2. L p estimates.

The aim of this section is to prove that the operator

(E is the operator defined in (0.8)) generates an analytic semi-

group.
We achieve this goal proving a more general result

THEOREM 2.1. Let

(2.1) !2 be a bounded domain with C2 boundary,

Under assumptions (0.9)-(0.12), there exists a positive constant c~o such
that for each ~ with Re A &#x3E; wo and for each f E [LP (!2)]N, there is a

unique solution u e [H 2, P (!2, d(b))]N of the system
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Moreover

where ko is independent of A, f and u.

We show this theorem by proving some intermediate lemmas.
First, we assume that the coefficients AAk, Chk satisfy this differ-
entiability condition:

and we will show

LEMMA 2.2. There are a constant ki (independent of the norm of
the derivatives of the coefficients) and a constant c~1 (depending possi-
bly on the C norm of the coefficients) such that for each ~ with Re ~ &#x3E;

&#x3E; c~1 and for each f E [L 2 (Q)16’° there is a unique variational solution of
(2.2). Moreover

At this point we will prove an interior estimate. Let p ~ 2 and let
Q" cc ,~ be open domains with C2 boundary. Consider a cutoff

function 0 E C °° (5) such that 0 = 1 in S~’ and 0 = 0 in i2B0". Let f E
E [L P (Q)16’° and consider the variational solution u of (2.2). It is not diffi-
cult to see that 0u belongs to [Ho ~ 2 (S~" ))N and solves in Q" a nondegener-
ate variational system. By classical regularity results and by genera-
tion results for nondegenerate elliptic systems, we will be able to

prove

LEMMA 2.3. For each p -&#x3E; 2 and for each 0’ cc ~, there are a con-
stant k2 (independent of the C norm of the coefficients) and c~2 &#x3E; 0 (de-
pendent on the C 1 norm of the coefficients) such that for each ~ with
Re k &#x3E; (Ù2 and for each f E the variational solution u of (2.2)
belongs also to [H 2~ p (Q’ )16’° and satisfies

The next step is to show that the variational solution u belongs also
to [H2,P(D, d(b))]N. More precisely we will prove
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LEMMA 2.4. For each p ~ 2, there are a constant k3 (independent
of the C 1 norm of the coefficients) and a constant (Ù3 (depending, possi-
bly, on the C norm of the coefficients) such that for each A with Re A &#x3E;

&#x3E; (Ù3 and for each f E (Q)]N, the variational solution u of (2.2) belongs
to [H2,P(Q, d(b))]N. Moreover

We will show (2.7) by applying a tricky argument of induction and
contraction and by using the results of Lemma 2.3 and Theorem 1.1. A
similar procedure will be also applied in the next section to prove 
estimates.

By applying a duality technique and by repeating the arguments of
Lemmas 2.3 and 2.4 (i.e. by proving interior estimates by means of a
suitable localization and by proving boundary estimates by an induc-
tion and contraction procedure) it is possible to show that (2.7) holds for
each 1  p  oo . More precisely

LEMMA 2.5. For each 1  p  00 there are two constant k4 (inde-
pendent of the C norm of the coefficients) and Cù4 (dependent on the C 1
norm of the coefficients) such that for each A with Re A &#x3E; Cù4 and for
each f E [LP (Q)16’° there is a unique solution [H 2, P (Q, d(b))]N of (2.2).
Moreover

For the moment we assume true (2.8) and we show how to drop as-
sumption (2.4) by an approximation and contraction technique

PROOF OF THEOREM 2.1. Let E = (El , ..., EN )

where Chk are C’(ii) functions satysfying the ellipticity condi-
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tion (0.12) and such that

(k4 is the constant introduced in (2.8)).
Consider the application

where u is the solution of the system

Note that, by (2.10)

From (2.8) we have that there is (Ù4 such that for each A with

Re k &#x3E; w4

Therefore, by (2.11), Tx is a contraction for each ~ with Re ~ &#x3E; (tJ4.
Hence Tx has a unique fixed point which is the solution of (2.2). More-
over, from (2.12), we get (2.3) with ko = 21~4 and wo = c~4. (For more de-
tails about this contraction and approximation technique, we refer the
reader to Theorem 3.1 of [9) where a similar argument is ap-
plied).

Now, let us prove the technical lemmas was stated above. Lemma
2.2 can be proved by writing system (2.2) in variational form (and this
is possible by (2.4)) and by applying variational estimates

PROOF OF LEMMA 2.2. By the regularity of the coefficients, sys-
tem (2.2) admits the variational formulation
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for each ¢ e [Hl2 (~, d(b))]N, where

Choose w5 &#x3E; 0 such that for each ~ with Re ~ &#x3E; w5 the form

is coercive in [HI, 2 (0, d(b))]N x [H l 2 (S2, d(b))]N. The, by Lax-Milgram
theorem, there is a unique function u belonging to [HI, 2 (S2, d(b))]N
which solves (2.13). Setting § = u, we get

Therfore, from (0.21), (2.13)-(2.17), we have that for each - &#x3E; 0

where 1~5 does not depend and on the C 1 norm of the coefficients,
and does not depend on ~.

Therefore, choosing E = 1/2 and (VI = w5 + K, (1/2), we obtain

Hence from (2.17) and (2.19), we deduce

where k6 &#x3E; 2k5 does not depend on ~ and on the C 1 norm of the
coefficients.

(2.5) comes from (2.19) and (2.20) with ki = 2k6..

Now, we are able to prove the interior estimates

PROOF OF LEMMA 2.3. Assume, first, that 2 ~ p ~ 2* (2* =
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= (2n)/(n - 2)) if n &#x3E; 2;2 ~ p ~ oo if n ; 2 and note that f E [L P(0)]N im-
plies that f E [L 2 (0)]N . Let Q’ cc Q"’ cc Q" cc 12 be open domains with
boundary of class C2. Let 0 be a cutoff function such that 0 = 1 on Q"’,
0 = 0 on QBQ". Let v E [H 2, P be the solution of the non-
variational elliptic system

where g = (gl , ..., gN ) and

Note that, if ~ is such that Re ~ &#x3E; c~1 + 1, by (2.22), (2.5) and by
Sobolev embedding theorem

where k7 , 1~7 are constants independent of ~, f, u and of the C 1 norm of
the coefficients.

On the other hand, by a well known generation result (see [1]) there
are two constants k8 (independent of ~ and of the C norm of the coeffi-
cients) and w5 &#x3E; 0 such that for each A with Re k &#x3E; w5, there is a unique
solution v E [H 2’ p (~" ) n of (2.21). Moreover

This implies v = ou. Actually both the functions solve the variational
formulation of (2.21), and, as shown in Lemma 2.2, there is a unique
solution of (2.21).

From (2.23) and (2.24) we get

where (V6 = (V5 + wi + 1 and kg = k7 k8 -
If n 5 2 the proof is finished.
If n &#x3E; 2, assume 2 5 p % 2** (2** = (2* n)/(n - 2*)) if n &#x3E; 4; and

if n - 4.
Let S2’ cc S~"" cc 0’ be an open domain with C 2 boundary and let 01

be a cutoff function such that ol = 1 on a"" and ol = 0 on ~2B,~"’.
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Let v E [H 2, p p (Q") 16’~ be the solution of

where g, is obtained by g substituting 0 with 61.
Now, repeating the previous argument and using (2.25) (calculated

for p = 2*) instead of (2.5) we have that (2.25) holds for each

2 ~ p  2 * * id n &#x3E; 4 and for each 2-P oo if n ~ 4.
If n £ 4 the proof is finished.
If n &#x3E; 4, we iterate this procedure and after a finite number of steps

we prove the statement.

Let us show, that, for each p &#x3E; 2, the solution of (2.2) belongs to
[H 2, CW 

PROOF OF LEMMA 2.4. We show this statement by induction on N
(it holds for N = 1 thanks to Theorem 1.1).

By the induction hypothesis, we assume (2.7) true for N = m (m
natural number) and we prove that (2.7) holfs for N = m + 1. Let us in-
troduce some notation

’Let io be the natural number such that

(Note that if io = m + 1 our statement holds by Theorem 1.1 because it
implies that the equations have the same order of degeneration).

For each - &#x3E; 0, let be a C °° (o) n C2 (~) function such that

d(x) &#x3E; -I.
Now, we prove (2.7) using a fixed point argument.

Consider the endomorphism ~’~ on the space

and consider the solution z of the

system
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Note that z belongs to [H 2, P (0, by Theorem 1.1. Before finish-
ing to define the application T6, let us make a remark. If u (the varia-
tional solution of system (2.2)) belongs to [H2,P(D, d(b))]N and v is equal
to u2 (where then 
= u ~.

Actually both z than U 1 solve system (2.27) that, by Theorem 1.1,
admits of a unique solution.

Let us now define w (the image of v by is the solution of the

system

where

where u is the solution of (2.2).
Note that g 2 (z) belongs to [L p (S2)]m + 1- ~. Therefore T I is well de-
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fined because

tion.

by the induction assump-

Before proving that 7~ is a contraction for - small and A large
enough, let us make a remark.

Note that if T ~ is a contraction then its fixed point is equal to u 2.
Actually let (v~ + 1, ..., vm + 1 ) be the fixed point of T ~ and let U E
E [H2’ P (D, d(b))]N be equal to (2:1, ..., + 1, ..., vm + 1 ). Then U solves
the system

Note that also u is a solution (in variational sense) of (2.33). Therefore
U = u by the uniqueness of the variational solutions proved in Lemma
2.2.

Let us show that TEk is a contraction for c small and k large
enough. 

--- . 1

and let w’, w" be such that T f v ’ =

Then w’ - w" solves the system
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and z’ - z" is the solution of

By Theorem 1.1, we get

By the induction assumptions, there exists (J)7 &#x3E; yl such that for each ~
with Re ~ &#x3E; (J)7 there exists a unique solution of (2.34). Moreover

where k10 is independent of À and of the C norm of the coefficients. Let
+ 1) - b(io).
Summing up, from (2.36) and (2.37) we obtain

Hence 7~ is a contraction and for each ~ with
Re ~ &#x3E; Cù7 + 16(klo CI)2 + 1 = W8 -

Now, we show (2.7).
Consider systems (2.27) and (2.30). By the induction assump-

tion

where k11 is independent of k, f, u and of the C 1 norm of the
coefficients.
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By Lemma 2.3 (u is the fixed point of TA)

where kl2 does not depend on A, u, f and on the C 1 norm of the
coefficients.

1 solves the system

from (1.7) and (2.39) we get

where kl3 is independent of A, f, u and of the C 1 norm of the
coefficients.

Now (2.39) and (2.40) imply (2.7).

In order to complete the proof of Theorem 2.1, we show (2.8). As its
proof is based on a duality technique and on argument very close to the
ones of the previous lemmas, we only sketch it leaving the details to the
readers.

PROOF OF LEMMA 2.5. Write system (2.2) in variational form. By
(2.7) and by a standard duality technique (see, for instance [8]; see also
Section 4 of [10]) there exist two constants kl4 (independent of A and of
the C 1 norm of the coefficients) and Cù9 (independent only of A) such that
for each A with Re A &#x3E; Cù9 and for each f E [L p (0)]N (1  p  2), there
exists a unique variational solution u E d(b))]N. Moreover

Now, we prove the LP estimates for the second derivatives of u in the
interior of 0.

Let 0’ cc ~" cc 0 be open domains with C2 boundary and let 0 be
the cutoff function introduced in Lemma 2.3.

0u solves a nondegenerate Dirichlet problem in D". Therefore, argu-
ing as in Lemma 2.3, there are two constants k,5 (independent of ~ and
of the C 1 norm of the coefficients) and (ÙIO (independent of ~) such that
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for each ~ with Re A &#x3E; wio the variational solution u of (2.2) satisfies
also

Hence (2.8) follows by repeating the same induction and contraction ar-
gument of Lemma 2.4 and by using (2.41) and (2.42) instead of (2.5) and
(2.6).

3. The C’, 0’ estimate.

Let E be the operator defined in (0.8) and assume that there is 0 
 a  1 such that

(3.2) D is an open bounded domain with C2, 
a boundary,

In this section we show that, under assumptions (0.12) and (3.1)-(3.3),
the operator

generates an analytic semigroup.
Also in this case we focus our attention on the system

and we prove a more general result.
As the techniques involved are very similar to the ones applied in

the previous section, we prefer to focus our attention only on what is
really new (leaving to the reader the proofs analogous to the ones of
section 2).

THEOREM 3.1. There exists coo such that for each A with
Re A &#x3E; w11 and for each f E [C8’ a (L)]N there is a unique solution u of
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(3.4) that belongs to [C2, 2 (S~, d(b)) f1 COO (5) ] N. Moreover

where k16 does not depend on A, f and u.

Before proving this theorem, we state a preliminary result con-
cerned with interior estimates

LEMMA 3.2. Let ~’ cc S2 open domain with C2, a boundary. Then,
there is (ÙI2 &#x3E; w0 such that, for each A with Re k &#x3E; (ÙI2 and for each f E
E [C0 , a (~)l N, the solution u of (3.4) satisfies

where kl7 is a constant independent of A, f and u.

PROOF. This lemma can be proved using the same argument of
Lemma 2.3 to which we refer for more details.

If f E [C# (Q)16’~, then f E where q = n/(l - a).
By Theorem 2.1

On the other hand (using the same notation of Lemma 2.3) 0u e [H 2, q n
and solves the system

By (3.7) and by Sobolev embedding theorem g E (Z?)]N and

where klg is a constant independent of À, f and u.
Hence (3.6) is a consequence of (3.8) and of the 

" generation re-
sult for nondegenerate elliptic system (see [9], for instance). *

PROOF OF THEOREM 3.1. As the proof is analogous to the one of
Lemma 2.4 (to which we refer for more details) we only sketch it.

Also in this case we apply an induction-contraction argument. By
Theorem 1.1 (3.5) holds for N = 1.

Assume that (3.5) holds for N = m and prove it for N = m + 1. Con-
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sider the application from

into itself T J v = w where w is the solution of system (2.30). Reasoning
as in Lemma 2.4 and using (1.8) and (3.6) instead of (1.7) and (2.6), it is
possible to show that T,~ is a contraction for ~ large enough and E small
enough.

Noting that u 2 is the fixed point of repeating the argument of
Lemma 2.4 and using Theorem 1.1 and Lemma 3.2 (instead of Lemma
2.3), one can deduce (3.5).

REMARK 3.3. If u is the solution of (3.4) then, for each Y2  a, for
each i, j = 1, ..., n, and for each h such that b(h) ~ 1

Since this result is very technical we sketch only the proof and we refer
the reader to [25] where this statement is proved in detail in the case of
a single equation.

Assume that, for each i = 1, ..., N, b(i) ; 1.
Then it is possible to show that d -’~ u solves a degenerate system

satisfying (0.12) and (3.1)-(3.3) (substituing a with a - 72). Hence (3.9)
comes by Theorem 3.1.

If b(1) _ ... 
= b(io ) = 0 and b(io + 1) ~ 1, then it is possible to prove

(3.9) by focussing the attention on the last N - io equation, noting that
a degenerate system and repeating the previous argu-

ment.

In order to apply these results to nonlinear problems arising from
biological models, it is necessary to extend these generation results to
the spaces (D)]N, with r ~ 1.

For the sake of simplicity, here, we consider the case r = 1.

Let us introduce a new function space:
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THEOREM 3.4. Assume that (0.12) holds and that

~ is a bounded doma with C3, " boundary,

The then operator

generates an analytic semigroup.

PROOF. Also in this case we show a more general result.
We prove that there exists a constant wi13 &#x3E; w11 such that for each A

with Re k &#x3E; WI3 and for each f E [C01, a (Q, d(b))]N there is a unique u E
that solves (3.4). Moreover

where kI9 does not depend on ~, f and u.
This theorem can be proved following the scheme of Theorems 2.1

and 3.1 (to which we refer for more details).
Also in this case the first step consists in proving interior estimates.

Let 0 be the cutoff function introduced in Lemma 2.3. 0u belongs to
[C2, rJ. (15")16’~ (by Theorem 3.1 ) and solves the system

where (again by Theorem 3.1).
Hence, by well known results for nondegenerate elliptic systems,

there is (ÙI4 &#x3E; w11 such that for each A with Re k &#x3E; (ÙI4 the solution u of
(3.4) belongs to [C3~ « (~ ~ ))N and satisfies

where is a constant independent of A, f and u.
The second step consists in applying an induction-contraction argu-

ment very close to the one of Lemma 2.4.
Note that (3.13) holds for N = 1 (If b : 1 by Remark 1.2, if b = 0 by

classical generation results).
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Assume that (3.13) holds for N = m and prove it for N = m + 1.
Consider the application T6 from

into itself T6 v = w where w is the solution of system (2.30). Then (3.13)
follows reasoning as in Lemma 2.4, using (1.9) and (3.14) instead of
(1.7) and (2.6) and proving that TA is a contraction for ~ large enough
and s small enough.

Now we state other generation results. Since the proof is very close
to the ones of Theorems 2.1 and 3.1 (i.e. one, first, obtains some interi-
or estimates by a suitable localization, and, then, proves the statement
using an induction-contraction argument) we omit it.

REMARK 3.5. Assume that b(i) E N for each i = 1, ..., N. Then the
operator

generates an analytic semigroup.
Assume that b( 1 ) = b(2) _ ... = b(io ) = o; b(i) E N for each i = io + 1,

... , N; and that All, B ~, Chic vanish on 90 for each i, j = 1, ... , n; h =

- 1, ... , io ; 1~ = io + 1.... , N. Then the operator

generates an analytic semigroup.
Before concluding this section, we note that the generation results

stated for the operators E can be extended (with the obvious
modifications) to the operator (r positive integer) re-
peating the argument of Theorem 3.4.

4. Nonlinear Cauchy problems and applications.

In this section we show how the prove existence, uniqueness and lo-
cal regularity for the solution u of the nonlinear Cauchy problem (0.6)
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by applying the results of the previous sections. Moreover we analyze
the examples stated in the introduction.

Before studying (0.6), we remark that we consider here the Laplace
operator 4 for the sake of simplicity, but one can replace 4 with any el-
liptic operator with smooth coefficients. Solving (0.6) by linearization,
we shall consider the operator E = (El , ... , EN ) where for each

h = 1, ..., N

(E is the linear part of the second member of system (0.6) at

t = 0).
At this point, in order to apply Theorem 1.3, one first fixes the func-

tion d and the spaces D and X, and then verifies that assumptions
( 1.11 )-( 1.12) are satisfied.

Here, as an example of applications of Theorems 3.1 and 1.3 to prob-
lem (0.6), we consider the particular case 0 = id and X = 0 because, for
the generality of system (0.6), to state all the assumptions on and X
does not involve new mathematical ideas, but it is extremely more com-
plicated technically.

At the end of this section, however, we apply Theorems 1.3, 3.1 and
3.4 to the examples stated in the introduction showing how this semi-
group approach works also in other situations. (We refer also to section
7 of [25] where several different applications of this method are

given.)
Let 0  a  1, N = 2 and 6: {1,2} -~ R such that

b(l) = (r + a)/2, b(2) = r + a.
Here .

(4.1) S2 is a bounded set with Cr + 2, °‘ boundary,
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Moreover, assume that there is a positive constant k &#x3E; 0 such that

Furthermore, assume that for each v E D there is a constant k(v) such
that

(conditions (4.7)-(4.8) are satisfied in many cases. For instance if, for
each i, j = 1, 2,

Actually these conditions imply that near the boundary

Note that the last line implies (4.7)-(4.8) because v E X and therefore
I v I has the same behaviour of db(2».

Moreover we ask that for each i = 1,2 and for each s = 1, ..., N

(Note that (4.10) is satisfied, for instance, if ~2 (x, y) has a quadratic
growth in u).
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Lastly we assume that

Now, we can apply Theorem 3.1 to problem (0.6).

THEOREM 4.1. Under assumptions (4.1)-(4.11) there are to and a
solution U E C~(10&#x3E; C° ([o, D) of problem (0.6) in [0, 
Moreover u is the unique solution of (0.6) belonging to z,,, (0, t° ; D).

PROOF. Denote D -~ X the map flu) = and by fu and
fu the first and the second Frechet derivatives of f.

To begin with, we show that the operator fu (uo) generates an ana-
lytic semigroup in X.
We cannot apply directly Theorem 3.4 because does not be-

long to We overcome this difficulty by a contraction argu-
ment.

Let g belong to X and let 1)~ be the application from D into itself, so
defined = w where w is the solution of the system

Now, as v E D, v has the same behaviour of d b~2~ near the boundary.
Therefore, by (4.9)-(4.10) we get that

By (4.13) and Remark 3.3 we get that 
Therefore, by Theorem 3.4 there is Cù &#x3E; 0 such that for each A with

Re A &#x3E; Cù there is a unique solution w E D of (4.12). Moreover

Now, for each A: + kK + 1 = W, cx is a contraction and its
fixed point satisfies the estimate

that implies the generation of an analytic semigroup in X. In order to
apply Theorem 3.1, let us verify that



237

(4.14) is a consequence of (4.11 ). Actually

(it is possible to show that D = [Co ~ " (~) n ho ~ " (~)]2 ). In order to prove
(4.15), we calculate explicitly f2w(z, v) for each z, v E D

Now, for each w, w’ , v, z E D

and this implies that f2w is continuous in D (more precisely is locally Lip-
schitz continuous in D).

Now, the statement follows applying Theorem 1.3 to problem (0.6)
since all its assumptions are satisfied.

Before analyzing the examples stated in the introduction we refer
the reader to Section 7 of [25] for a rich bibliography about examples of
nonexistence, nonregularity and nonuniqueness in the case of a single
degenerate equation.

I-st Example.
Here we assume

In order to apply Theorems 4.3 and 3.4, we assume that there are
k &#x3E; 0, r positive integers greater than 1, and 0  a  Y  1 such
that

(before applying Theorem 1.3, we remark that (4.19) is not as restric-
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tive as it may seem: for instance it is verified if 

= (sin ").
Note that all the assumptions of Theorem 1.3 are fulfilled: indeed,

let d(x) = b: {1, 2} -~ R such that b(1) = 0, b(2) = (r + «)/2, ~2 =
= (0, 1)~ D = Cr + 2, « (~~ d(b)), X = Cr’_« (~~ d(b)) (pro, uo), then
~co E D by (4.18), (4.20)-(4.21), f (uo ) E D by (4.19), f : D - X is of class
C2 by (4.16).

Hence, by Theorem 1.3 we get the existence of to &#x3E; 0 and of a strict
solution (u(t), p(t» of (0.1) in [0, to ].

II-nd Example..
Here we consider system (0.2). Imposing a few different conditions

on ai , bij and ci (i, j = 1, 2) and applying Theoren 1.3 we are able to say
«something» about the local existence, uniqueness and regularity of the
solutions. For simplicity, we assume s2 = (0, 1), but, as the reader may
easily check, the case 0 smooth domain of Rn can be studied analogous-
ly.

We consider, first, the case &#x3E; 0 for i = 1, 2 and x E (0,1 ). More
precisely we assume that there are 1~2 , k3 &#x3E; 0, 0  «  1, and
b: 11, 2} - R such that b(1) = 0 or ~ 1 and b(2) ~ max (1, b(1)). More-
over we assume that for each j, i = 1, 2

Moreover assume that the ellipticity condition (0.12) holds. Then by
Theorem 1.3 and 3.4 deduce the existence of a positive constant to &#x3E; 0
such that there is a unique strict solution (u(t), v(t)) in [0, to ]. Moreover
for each 
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Consider now the case

For simplicity, we consider system (0.3) (i.e. we assume cl = c2 = 0,
bil = 2bl2 = 2b21 = b22 = 1).

Assume that there are s ~ 1, r ~ s + 3, 0  a  1 such that

Lastly choose

Repeating the same argument used to prove Theorem 4.1 and using
Remark 3.5 instead of Theorem 3.4, we deduce the existence of a positi-
ve constant to and a strict solution (u(t), v(t)) of (0.3) in [0, to].
Moreover

Note that this result implies that the waiting time is strictly positi-
ve for such initial data. We recall that the waiting time is the time until
which the support of the solution of a free boundary problem is con-
tained in the initial support. We recall also that in the case of a single
equation the waiting time phenomenon was studied by many authors
(see [14] for a rich bibliography on this argument).

Lastly we consider the system:

(it is a simple modification of the case a1 = a2 = b11 = ~22 = cl = c2 = 0,
bl2 = bl2 = 1). Also this case may be studied as the previous one assum-

([0, 1]) n co, ([0, 1 ] ), r - s &#x3E; 3, s &#x3E; 1; and proving that the
waiting time phenomenon occurs. But now, we assume different condi-
tions on the initial value (uo , vo ). We consider the case of a species dif-
fused in all the enviroment and of another species localized in a speci-
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fled region. This case can be represented assuming

More precisely we assume that there are ~~2,0xl such that

Using Remark 3.5 and arguing as in the proof of Theorem 4.1, it is pos-
sible to prove that there are to &#x3E; 0 and a strict solution (u, v) in [0, to ].
Moreover

III-rd Example.
Assuming suitable hypotheses on f , uo , vo (in order to satisfy

(4.1l)-(4.12)), Theorem 1.3 allows us to obtain local existence and

uniqueness of solutions of (0.4) dropping (0.5).

Appendix.

PROOF OF THEOREM 1.2. Theorem 1.2 was proved in [25] in the
case of a single equation under the assumption

(A.1 ) D is a bounded set with C °° boundary.

Here we prove that (1.7) holds also if (A.1) does not hold. We use an ar-
gument of local maps: by means of local maps of class C2 we make C °°
the boundary of 0. Then we apply the results proved in [25] and we ob-
tain the LP estimates for a localized solution. Lastly, by the reverse
transformations and by the interior estimates proved in Lemma 2.3, we
get (1.7). Before proving (1.7), let us make some remarks.
We show only (1.7) because the same argument (with the obvious

modifications) works also for (1.8) and (1.9) (also these results are
proved in [25] under assumption (A..1)).

Moreover, for the sake of simplicity, we restrict ourselves to consid-
er only the case of a single equation, but, as the reader can easily check,
either Theorem 4.1 of [25] that this argument of local maps may be ex-
tended to the case of systems.

Lastly, the assumption that 0 has boundary of class C2 (C2~ «, Cr, «,



241

resp.) implies that d(x) cannot be more regular than C’ (5) (C2, rJ. (5),
cr, " (5), resp.). Actually as d(x) = 0 on aQ and 0 on than
aD has the same regularity of d(x).

PROOF OF (1.7). Let us introduce some notation.
In s &#x3E; 0, set

First we focus our attention on p ~ 2.
Let 2 £ p £ 2* if n &#x3E; 0 (2  p  oo if n  2). As aD is of class C2

there exists a finite open 1 of 8Q such that for each j
there exists a one-to-one transformation Pj: Uj - B( 1 ) with the follow-
_ing properties: §; and have continuous derivatives up to order 2 on

~ and B(1) resp.

By Theorem 3.1 of [25], there exists a constant Co &#x3E; 0 such that for each
A with Re A &#x3E;’Eo and for each f E L’(0) there is a solution u E
EH 2,2 (0, d(b)) of (1.7).

Let A be such that Re A &#x3E; Cho and, for each s = 1, 2, ..., M consider

vs = 2c o ~s 1: B + (1) -~ cC.
v8 E H 2~ 2 (B + ( 1 ), and solves in B + ( 1 ) the equation

where
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Let be such that 0 = 1 in B(1/2), 0 = 0 in B(1)BB(2/3)
and let 0 be a domain of class C °° such that B + B + (3/4) and fix
a function d(x) E Coo (0) satisfying (0.9) and such that d(x) = Xn on
B + (2/3). -

Now we show that evs solves a suitable degenerate equation in 0 so
that we are able to apply the estimates proved in Theorem 4.1
of [25]. 

_

Actually 6vs E H2, 2 (0, d)) and solves in T2 the equation

where

and Es is determined Es substituting xn with d(x).
By Sobolev embedding theorem and by Theorem 4.1

of [25], 6vs E (H 2, p (L’ d(b))) and satisfies (1.7) with T2, d instead of 0 and
d. Therefore, by the reverse transformation, there exists co such that
for each ~ with Re ~ &#x3E; co

where ~2s = ~s 1 (B + (1/2)) and ci is a constant independent of h, f and
u.

Hence (1.7) follows from (A.2), (A.3) and (2.6).
If n = 2 the statement is proved.
If n &#x3E; 2, let us consider the case 2* ~ p ~ 2** if~~4~2*~p oo if

n ~ 4. Using again the above argument of local coordinates, it is possi-
ble to prove (1.7).

If n - 4 the proof is finished.
If n &#x3E; 4, we repeat the above argument and after a finite number of

steps we show (1.7) for each p &#x3E; 2.
The case 1  p  2 can be studied by a standard duality argu-

ment.
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