R ENDICONTI
del

S EMINARIO M ATEMATICO
della
U NIVERSITÀ DI

PADOVA

G ABRIEL NAVARRO
Characters and the generalized Fitting subgroup
Rendiconti del Seminario Matematico della Università di Padova,
tome 80 (1988), p. 83-85
<http://www.numdam.org/item?id=RSMUP_1988__80__83_0>

© Rendiconti del Seminario Matematico della Università di Padova, 1988, tous
droits réservés.
L’accès aux archives de la revue « Rendiconti del Seminario Matematico
della Università di Padova » (http://rendiconti.math.unipd.it/) implique l’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/

Characters and the Generalized
GABRIEL NAVARRO

Fitting Subgroup.
(*)

SUMMARY - In this short paper, we prove that the generalized Fitting subgroup of a finite group G equals the intersection of the inertia subgroups
of the irreducible characters of the chief factors of G.

1. A group G is said to be quasinilpotent if given any chief factor X
every automorphism of X induced by an element of G is inner.
It is well known that the finite quasinilpotent groups form a Fitting formation.
For any group G, the generalized Fitting subgroup
is the
set of all elements x of G which induce an inner automorphism on
every chief factor of G.
If we denote by N* the class of finite quasinilpotent groups and G
is a finite group, in [1] it is proved that the N*-radical of G equals
of

G,

J~(~).
Every group in this article is finite and every character is complex.
The main object of our paper will be the following.
THEOREM A. Let G be a group. Then .I’*(G)
r1
XE
Irr
where
runs over the chief factors of G.
In order to prove theorem A, we use the following result which
appears in [2]. This theorem relies on the simple group classification.
=

e

(*) Indirizzo dell’A.: Departamento de Algebra, Facultad de Ciencias
Matemáticas, Universitat de Valencia, C/Doctor Moliner, Burjassot, Valencia,

Spagna.
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THEOREM B (G. Seitz, W. Feit, 1984). Let G be a simple group
and let a E Aut (G) . Suppose tat a( C)
C for all conjugacy classes 0
of G. Then a E Inn (G).
It is not difficult to see that theorem A and theorem B are equivalent.
=

2. LErMAI . A group G is quasinilpotent if and only if every
irreducible character of any chief factor of G is G-invariant.

PROOF. Suppose that G is quasinilpotent. Let
be a chief
factor of G and X E Irr (KIL). If g E G, there exists k E .K satisfying
for all x E K. Then,
gxg-1.L
Xk- x.
Let KIL be a chief factor of G, g E G and suppose that the irreand x E G,
ducible characters of K/L are G-invariant. If x E Irr
it is clear that ker (Xx)
ker
(ker X)x. Consequently,
xaG. But
ker
and
is
a
chief
factor
of
we
since
have
.L c
G,
ker X = L
Then
if
is
1K.
KIL simple.
By Brauer’s lemma on character tables [6.32; 3], we have that g
fixes all conjugacy classes in g/Z. Theorem B gives now that g is
inner.
=

===

LEMMA 2. Suppose that G
Go &#x3E; G1&#x3E; &#x3E; Gn 1, where
and Gi-l/Gi is either abelian or the direct product of non-abelian simple
groups (i = 1, ... , n) . If x E G, fixes the irreducible characters of
Gi-llGi for each i 1, ... , n, then x fixes the irreducible characters
of any chief factor of G.
=

=

...

=

chief factor of G such that
&#x3E; .L ~ Gi .
and let p E Irr (.K/Z). If H is abelian, .g/.L c
abelian group. By [5.5; 3], p
XK for some

PROOF. Let
Write H

be

a

=

~ Gi-l/L

an

=

Then xx = x and consequently
iz.
Suppose that H is non-abelian.
By hypothesis,y H = 81 X ... X 8r where 81, ... , Sr are non-abelian
simple groups. Hence, B’/Gi 8il X ... X 8i. for certain indices ..., j,.
Then H
KIGI X
Let
Since [.K, ~] c Gz, we have that 14
is H-invariant.
Then
up.
and
then
By hypothesis, Bx = B
,ux p.
=

=

=

=

=
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In the general case, if K/L is a chief factor of G,
is G-isomorphic
other chief factor
where Gi_~ ~ gl &#x3E;
for certain i.
Irr
is
the
E
is
the
each
(Ki/Li)
G-isomorphism,
image under g~
If q
,u1
of certain p E Irr (KIL). Since ~ui = fll, we conclude that
ft.
to

some

PROOF

THEOREM A. Let I(G)
p, Vp E Irr (K/L),
{g E
VKIL chief factor of GI, a characteristic subgroup of G.
We have to prove that F*(G)
I(G).
If
g-I induces an inner automorphism on any chief
factor of G. If p E Irr (.K/L), where .g/L is a chief factor of G, then
for certain 1~ E K and for all x E K. Then flY
gxgw.L
OF

==

=

=

=

=

Consequently, .F*(G) cI(G).
We consider

now a

Thus

chief series of G of the form

is the direct

of isomorphic simple groups.
m + 1, ... , n. By
for each i
for all .g/Z chief factor of I(G).
is quasinilpotent. Consequently,

product

Irr
It,
Lemma 2, ftx = /z for all p E Irr
By Lemma 1, we have that
=

e

=

I(G)

I(G) ch’*(G).
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