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Polyserial Modules over Valuation Domains

L. FUCHS - L. SALCE (*)

0. Introduction.

In what follows, B will denote a valuation domain, i.e. a com-
mutative domain with 1 in which the ideals form a chain under in-
clusion. We assume that 1~ is not equal to its field Q of quotients.

As is well know, finitely generated R-modules need not be direct
sums of cyclic R-modules, unless I~ is an almost maximal valuation
domain (i.e. R/I is linearly compact in the discrete topology for every
ideal 7~0). The problem of describing the structure of finitely gen-
erated R-modules over arbitrary valuation domains R is extremely
difficult, though considerable progress has been made recently in spe-
cial cases; see the survey [SZ4].

Here we do not wish to address ourselves directly to this problem,
but intend to deal with a closely related question. A main motiva-
tion of this paper is to learn more about the submodules of finitely
generated R-modules. We feel that such a study might lead to useful
information about the finitely generated modules themselves. Another
motivation is an interesting new class of modules which we discussed
in [FS] under the name of polyserial modules and which is a natural
generalization of the class of finitely generated modules.

(*) Indirizzo degli AA.: L. FucHS: Dept. of Mathematics, Tulane Uni-
versity, New Orleans, Louisiana 70118, U.S.A.; L. SALCE: Dipartimento di
Matematica Pura ed Applicata, Via Belzoni 7, 35100 Padova, Italy.

This research was partially supported by NSF and Ministero della Pub-
blica Istruzione.
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Actually, three different classes of R-module,,s will be studied here:
besides the class of submodules of finitely generated R-modules and
the class of polyserial R-modules, we introduce a new class (which
includes both mentioned classes) whose members will be called weakly
polyserial. Our purpose is to find the precise relationship between
these classes by pointing out their common features and their diffe-
rences. In the countable generated case, more accurate statements
can be made.

All the modules under consideration are subject to certain fi-
niteness conditions, and as a result, they admit numerical invariants.
The invariants we are interested in are the length, the Malcev rank,
the Fleischer rank, the Goldie dimension and its dual. One of our
main concerns will be to compare these numerical invariants and to
draw conclusions from the mere fact that they are finite.

Though we believe that this paper will help us understand the
structure of the modules considered, we must admit that we have
not succeeded in obtaining a satisfactory theory for them. In fact,
some fundamental questions (like «Is a summand of a polyserial
again a polyserial# ») have been left unanswered.

For unexplained terminology and notation, we refer to our

book [FS].

1. Preliminaries.

To start with, we collect a few lemmas which will be needed in
later discussions.

The letter P will exclusively be used to denote the maximal ideal
of 1~; thus is a field. A module which can be generated by at
most n elements will be called n-generated ; here n stands for a posi-
tive integer.

LEMMA 1.1. be an n-generated R-module. If X = zm)
(m &#x3E; n) is a generating set of .M’, then there is a subset xin~
of ~Y which generates M.

PROOF. The cosets £i, ... , xm mod PM of the xi span the 
vector space M/P.M’. By hypothesis, its dimension is  n. If xil , ... , .7vi.
span then by Nakayama’s lemma, Xii, ... , xin generate ~’. 0
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Recall that the Goldie dimension g(M) of a module M is the su-
premum of all cardinals n such that if contains a direct sum of n
non-zero submodules.

LEMMA 1.2. Finitely generated submodules of an n-generated
.R-module are n-generated.

PROOF. Let S be a maximal immediate extension of jR and if
an In-generated R-module. Then 2 - S &#x26;, X is an n-generated
S-module (by the way, it is the pure-injective hull of if), and as
such it is the direct sum of at most n cyclic S-modules. If N is an

m-generated (m E Z) R-submodule of .M~, then (by the R-flatness of S)
N = S ~R N is an S-submodule of and is a direct sum of at most
m cyclic S-modules. A simple comparison of the Goldie dimensions
of lll’ and N shows that m  n, i.e. N is n-gen~erated. 11

LEMMA 1.3. Let {a1,..., be a minimal generating set of the
R-module if. If N is a finitely generated submodule of if which
cannot be generated by less than n elements, then ..M~/N is a finitely
presented R-module.

PROOF. The proof of Lemma 2 in Fuchs-Monari-Martinez [FM]
applies to establish this claim as well. D

For the height-ideal, see [FS, p. 157].

LEMMA 1.4. In a countably generated R-module M, the height-
ideals of elements are at most countably generated.

PROOF. Write if as the union of an ascending sequence

of finitely generated R-modules Mn . Recall that r-1 belongs
to the eight ideal of a e if if and only if a E rll which happens if and
only if a E r M n for some n. Heights of elements in finitely generated
R-modules are cyclic whence the assertion should be evident. D

Finally, a preparatory lemma of a different nature. p.d. stands
for « projective dimension ».

LEMMA 1.5. Let T be a submodule of the R-module A such that

p.d. 1. Every homorphism g~ : T - D into a divisible R-mod-
ule D extends to a homomorphism 1p: A --~ D.
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PROOF. The exact sequence 0 - T J A - 0 induces the
exact sequence HomR (.A, D) - HomR (T, D) -~ Ext’ D). The
last module vanishes because 1 and D is divisible (cf.
[FS, p. 126]). Hence the claim is immediate. 0

2. Weakly polyserial modules.

As pointed out in the Introduction, one of our principal goals
is to investigate the submodules of finitely generated R-modules. To

this end, it seems advisable to introduce a class of R-modules which
is closed under taking submodules, factor modules and extensions.
This is the smallest class that contains all uniserial R-modules and
is closed under the mentioned operations (uniserial, means that the
submodules form a chain under inclusion).

An R-module if will be called weakly polyserial if it has a finite
chain of submodules

such that each factor (i = 1, ... , n) is uniserial. n is the

length of (1 ). If, in addition, each Mi is pure in M, then .M~ is said
to be polyserial (see [FS, p. 189]). In this case (1 ) is called a pure-
composition series for M and n is the length l(M) of M (which is an
invariant of M).

Finitely generated modules are polyserial; cf. [FS, p. 42]. It is

easy to see that a torsion-free R-module is (weakly) polyserial exactly
if it has finite rank.

LEMMA 2.1. The class of weakly polyserial R-mod-ules is closed
under taking submodules, factor modules and extensions.

PROOF. If M has a chain (1) with uniserial factors, then setting
Ni = N m if, and i Z = (3V + for a submodule 1V of llf, we
obtain chains

Here
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and

are a submodule and a factor module of respectively, hence
uniserial. Thus both N and M/N are weakly polyserial. The asser-
tion on the extensions is evident. C1

The Fleischer of a module M is the minimum rank of tor-
sion-free R-modules having lVl as an epimorphic image; cf. [FS, p. 181].
(2.1) implies at once:

COROLLARY 2.2. Modules of finite Fleischer rank are weakly poly-
serial. 0

From (2.1) it is easy to derive:

PROPOSITION 2.3. An R-module lVl is (weakly) polyserial if and

only if its torsion part tM is (weakly) polyserial and the torsion-free
module M/tM is of finite rank.

PROOF. For weakly polyserials, y this is an immediate consequence
of (2.1) and the remark preceding it. For polyserials, sufficiency is

pretty obvious, while necessity follows at once from the observation
that if N is pure in M, then tN = N n tM is pure in tM. 0

In view of (2.3), in our study of (weakly) polyserials we may pri-
marily be concerned with the torsion case.

Let us point out another possible reduction in the study of pol-
yserial modules. As a starting point, observe that a torsion uniserial
module ..M~ is divisible (i.e. rM = J.1f for all r =F 0 in I~) exactly if it
is unbounded (i.e. there is no 0 # r with 0). Consequently,
a bounded (weakly) polyserial module has no divisible uniserial fac-
tors in (1). We intend to show that every polyserial R-module is a
pure extension of a divisible polyserial module by a bounded poly-
serial module.

We begin with a lemma. RD ext’ (D, M) denotes the group of
all pure extensions of lVl by D; see [FS, p. 59].

LEMMA 2.4. If M is a bounded and D is a divisible R-module,
then RD egt 1 ( D, M) = 0 .
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PROOF. Choose E I~ such that rM = 0, and let .E be a pure
extension of M by D. Thus M n rE = rM = 0. In view of the di-

visibility of .lVl -+- sE = E for every 0 =t= sEE; in particular,
M -~- rE = E. This yields where rE ~ D. C~

We can now verify

PROPOSITION 2.5. For a polyserial torsion R-module M, there
exists a pure-exact sequence

(2) 0 - D - M - T - 0

where D is divisible polyserial and T is bounded polyserial.

PROOF. Let (1) be a pure-composition series for .M. If j is the

first index for which MilMi-l is unbounded (and thus divisible),
then by (2.4) D1 for some divisible uniserial module Dl.
Evidently, is polyserial of length n -1; in fact, the canonical
images of the lVl i in M/D1 yield a pure-composition series for M/D1
after the deletion of MiID1. By induction, M/D1 may be assumed
to admit a pure-exact sequence like (2). Noting that D1 is pure in M,
the claim follows at once. D

One might expect that divisible polyserials are easier to handle
than polyserials in general. Unfortunately, this is not the case. As

a matter of fact, there can exist very strange divisible polyserial
modules. With the aid of R. Jensen’s Diamond Principle, it is pos-
sible to construct, over suitable valuation domains 1~, indecomposable
divisible polyserial R-modules of any length with all the factors in (1)
isomorphic to Q/R or to any non-standard uniserial divisible R-mo-
dule ; see Fuchs [Ful].

3. The Malcev rank.

By the Malcev rank of an R-module M is meant the smallest car-
dinal m such that every finitely generated submodule of ll can be
generated by at most m elements. The Malcev rank p(M) of .lVl can

be finite or ~o . We are interested in modules of finite Malcev ranks.

Evidently, the Malcev rank can not increase forming submodules
or taking epimorphic images. (1.2) shows that the Malcev rank of a
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finitely generated R-module is precisely the minimal cardinality of
its generating sets. An obvious consequence of (1.1) is that the Malcev
rank is an additive function. Evidently, the Malcev rank of a uni-
serial module # 0 is 1.

It is readly checked that the Malcev rank of a torsion-free R-mo-
dule of finite rank n is exactly n. The following result generalizes
this observation.

THEOREM 3.1. If M is weakly polyserial and (1) has uniserial factors,
then the Malcev rank of if is at most n. If if is polyserial and (1)
is a pure-composition series for .M~, then the Malcev rank of if is pre-
cisely n, i.e. lt(M) = Z(lVl).

PROOF. By induction on the length n of (1). To start the induc-
tion, assume n = 1, i.e. if ~ 0 is uniserial. In this case, = 1,
indeed. Let n &#x3E; 1 and suppose the claim holds true for weakly poly-
serials with chains (1) of lengths  n. Let N denote the last but one
term in (1), and let F = ... , Xm) (m &#x3E; n) be a finitely generated
submodule of if. Then (F + N)/N is (finitely and so) singly gene-
rated as a submodule of say, Xm + N is a generator. Choose

rl , ... , rm-1 E .R such that Xm, ... , r m-l Xm E N. Induction

hypothesis applied to N yields that n -1 of the generators suffice to
generate · These n -1 along with x,,,

generate I’, thus ,u ( ~II )  n.
To prove the second part, suppose lll polyserial and  n -1.

Again inducting on n, N contains a submodule G which can be gen-
erated by n -1 but not by fewer elements : G = ... , Cho-

ose yn E M/N and G, By (1.3), R(y, + N) is finitely
presented, say, for some s E I~. Owing to the purity of N
in if, some yo E N satisfies syo = sYm. Manifestly, Go = G, re-

quires at least n -1 generators (see (1.2)), so .F’o = G, Yn) = 
(D .R(yn - yo) requires n generators. Therefore n -1 is im-

possible and follows. 0

Our next purpose is to compare the Malcev rank with two nu-

merical invariants: the Goldie dimension and its dual.
The Goldie dimension g(M) of a module M has been defined above.

It is a trivial observation that if g(M) is at most countable, then
necessarily p(M) for any module (over any ring).

Dual Goldie dimensions have been defined and discussed by
Fleury [Fl], Rangaswamy [R], Grzeszczuk and Puczylowski [GP]. We
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rephrase the definition in order to make it more suitable to our pur-
pose.

Let if be a weakly polyserial R-module. Consider all epimor-
phisms

where the Ui are non-zero R-modules, and define y(M) as the largest
m for which such a 99 exists. The next lemma shows that there is no
loss of generality in restricting the Ui to uniserials.

LEMMA 3.2. Let if be a weakly polyserial R-module and K a
proper submodule of .114’. Then there is a proper submodule H of M
which contains K such that is uniserial.

PROOF. Induct on the lenght n of the chain (1) with uniserial
factors. In case n = 1, H = .g is a good choice. If n &#x3E; 1, then let
N = in (1 ), and observe that if N -~-- g  then H = N + K
is as desired. If N -E- .g’ _ .M’, then N/(N n .g), and by in-
duction hypothesis, some satisfies and N/H’ is

uniserial. Setting H = g’ -f- .g, we have that = (N + 
n H) = N/g’ is uniserial # 0. C1

We now prove:

PROPOSITION 3.3. For a weakly polyserial R-module both

and y(M)  p(M).

PROOF. Only the second part requires a proof. Just observe that

y(M) is nothing else than the Malcev rank of ... 0 i uni-

serial # 0) for a maximal p, and that Malcev ranks do not increase
under homomorphisms. 0

For modules of finite Malcev rank, the following lemma will be
required. For the definition of indicators, see [FS, p. 162].

LEMMA 3.4. Let the R-module have finite Malcev rank m.
For every a E the indicator iM(a) can assume at most 2m + 1
different values.

PROOF. Suppose, by way of contradiction, that assumes

more than 2m + 1 different values for some a E ll2. Two consecu-

tive values of i(a) can be a limit height (J/R)- and the corresponding
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non-limit height J/.R. In all other cases however, there is always a
principal height between consecutive values of i(a). Hence
there exist rl, ..., ... , ... , .M such that

where, for each i &#x3E; 1, the value of si is larger than the value of ri in
the valuation of Be These equations indicate that in the submodule N
generated by bo, ... , the indicator iN(a) assumes more than m + 1
different values. p(M) = m implies N is m-generated. However, as
is shown in Salce-Zanardo [SZ,, p. 1803], indicators in m-generated
modules can have at most m + 1 different values. 0

4. Polyserial modules of type I.

In [FS, pp. 190-191], two special kinds of polyserial modules were
dealt with. For the sake of easy reference, we will call them poly-
serial modules of type I and type II, respectively. Let us define

formally: an R-module If is called polyserial of type I if

for certain uniserial R-modules Ui =I=- 0, and polyserial o f type II if

with suitable uniserial modules 0. That such M’s are in fact

polyserial has been proved e.g. in [FS, p. 190].
The class of polyserials of type I is closed under taking submo-

dules and finite direct sums, while the class of polyserials of type II
is closed under epimorphic images and finite direct sums. Finite
direct sums of uniserials are both of type I and of type II, and as
is shown in Fuchs [Fu,], these are the only polyserials which are of
both types.

Finite rank torsion-free R-modules are polyserials of type I (as
they are contained in QG) ...3Q). The finite direct sums of rank 1
torsion-free modules are the only torsion-free polyserials of type II.

We now concentrate on polyserials of type I and leave the study
of those of type II to the next section.
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LEMMA 4.1. A polyserial R-module if of type I satisfies

PROOF. Because of (3.1) and {3.3 ), it suffices to verify g(.M) &#x3E; 
Suppose (4) with minimal n. The proof of polyseriality of as given
in [FS, p. 190] shows that then = n. If we had if r1 Th = 0
for some j ( n), then if would be embeddable in the direct sum

contradicting the minimality of n. It follows that .M contains

Ui), a direct sum of n non-zero modules, that is, g(M) &#x3E; n. 0

The last result can be used to obtain the following characteriza-
tion of polyserials of type I in the countably generated case.

THEOREM 4.2. For a countably generated R-module .M~ and an

integer m &#x3E; 1, the following are equivalent:

(i) .l~ is polyserial of type I and of length  m;

(ii) lVl has Malcev rank  m equal to its Goldie dimension;

(iii) every finitely generated submodule of .M~ is a direct sum
of at most m cyclic R-modules.

PROOF. (i) =&#x3E; (ii). This implication is obvious by (3.1) and (4.1).

(ii) =&#x3E; (iii). Assume contains an essential submodule N that is
a direct sum of m = non-zero cyclic submodules. If N* is any
finitely generated submodule of if that contains N, then N* can be
generated by m (but by (1.2) not fewer than m) elements. (1.3) im-
plies N*/N is finitely presented, so by Fuchs-Monari-Martinez [FM,
Lemma 1 ], N* is a direct sum of cyclics. Finitely generated submo-
dules of N* are likewise direct sums of cyclics, so (iii) follows from (ii).

(iii) =&#x3E; (i). By Fuchs-Monari-Martinez [FM], a countably gener-
ated M with property (iii) can be embedded in a direct sum of uni-
serials. By the finiteness of the Malcev rank of if, finitely many
uniserials will suffices (e.g. those containing the generators of N above).
This means, ..M~ is polyserial of type I. An appeal to (4.1) conludes
the proof. C1
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Let us point out that the preceding theorem fails if M is uncount-
ably generated, even if we assume to start with that M is polyserial.
In fact, if M is one of the divisible polyserials of length 2 constructed
in Fuchs [Fu1], then g(M) = 2, but M is not of type I.

In the proof of the characterization theorem of polyserials of

type I, the following lemma will be needed. Recall that a submo-

dule N of M is cyclically pure if N is a summand of N, x~ for every
x E M; see [Si].

LEMMA 4.3. Suppose D is a divisible, cyclically pure submodule
of the R-module M. If .M/D is countably generated and uniserial,
then D is a summand of M.

PROOF. For every x E M/D, we have (by the definition of cyclic
purity) D, x~ = D @ By for some y E M. Evidently, (D + is
a divisible submodule of such that M/(D + is not only
countably generated uniserial, but all of its elements have principal
ideal annihilators. Hence p.d. M/(D + Ry) = 1 [FS, p. 84], and thus
MIRY = (D + EÐ EjRy for some .E C M (see [FS, p. 126]).
We infer M = D # E. 0

We can now prove:

THEOREM 4.4. A polyserial R-module if of type I has a pure-
composition series (1) such that for each i c n, is cyclically
pure in Conversely, if M is a countably generated R-module
with a chain (1) in which M,-i is cyclically pure in Mi for i = 1, ... , n,
then M is of type I.

PROOF. Let M C Ui ...@ Un ( Ui uniserial) such that

is a pure-composition series for l.Vl. Let x = ui -~- ... -~- ui-1 + ~a E 
(u; e U~) ; then Ann (x + Mi-l) = Ann Ui. By way of contradiction,
assume that, for every y E M;-i , Ann (x + y )  Ann Setting
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let k be the maximal index j with Annv.,  Ann u; . Pick a yo e M;-i
for which this k is minimal. Let r e Ann vk . As 

2 Ann u, and is pure in M, r(x + yo) E n Mk = 

implies that there is a z = wl + ... + E Mk E U~) satisfying
r(x + = rz. Clearly, rwk = rVk =1= 0, thus vk = Ewk for a suitable
unit 8 E R. Set

= v3 if j &#x3E; k and v’k = vk - 8Wk = 0, we have Ann v’j &#x3E; Ann u;
for all j &#x3E; k. This contradicts the minimality of Yo, and we conclude

Assume is countably generated and has a chain (1) as stated.
From (1.4) we infer that each is countably generated, and
so is N = The case n = 1, being trivial, assume n &#x3E; 1 and in-
duct on m. Thus N is embeddable in ...S lIn-1 where each ZT ~
is uniserial. The Ui may be assumed divisible as every countably
generated uniserial is standard and hence embeddable in a divisible
uniserial. By (4.3), the bottom row in the push-out diagram

splits (its cyclic purity being inherited from the top row), so if is
embeddable in a direct sum of divisible uniserials. 0

5. Polyserial modules of type II.

We begin the study of polyserial modules of type II with a result
dual to (4.1).

LEMMA 5.1. A polyserial R-module .M of type II satisfies
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PROOF. In view of (3.1) and (3.3), it suffices to verify that y(M) 2
&#x3E; which will be done by induction on = m. For m = 1

the claim being trivial, let I(M) = m &#x3E; 1 and 0 = .M~o   ... 

 .lVlm = M a pure-composition series for M; here .M~ is as given
in (5) where n is chosen to be minimal. The proof of polyseriality
of .M in [FS, p. 190] shows that m = n and that the Yi’s can be in-
dexed in such a way that .Mi = Vi -~- ... + Vi holds n. Note
that the submodule M* = VI n ( Y2 + ... + is properly contained
in Vi = M1 (otherwise V, would be superfluous in (5)). Therefore,

is a nonzero summand of if/if* with complement ( Y2 + ... +
+ The last module is evidently polyserial of type II of

lenght n -1; indeed, it has a pure-composition series isomorphic to
0  M21Ml  ...  Using the induction hypothesis, we infer

The analogue of (4.2) does not hold for polyserials of type II.

As a matter of fact, it is easy to give examples of polyserials ~1 of
type I, but not of type II, with = I(M). For instance, an in-
decomposable rank 2 torsion-free module over an almost maximal
valuation domain R satisfies y(M) = ?(if) === p(M) = 2.

Before establishing further properties of polyserials of type II, we
pause to introduce two definitions (both borrowed from abelian group
theory).

A submodule of an R-module if is called nice if every coset a + N
contains an element a -+- x (x E N) of the same height in M as the
coset has in MIN:

If N is nice and, in addition, equiheight (i.e. hN(x) = ~M(x) for each
x E N), then it is said to be a balanced submodule of M.
M is called o f standard type II if it is a finite sum of standard uni-
serials. (This definition, has to be distinguished from the definition
of « standard polyserials » introduced in [FS].) Recall that a uniserial
TJ is standard if its Fleischer rank is 1.
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THEOREM 5.2. A polyserial R-module If is of standard type II
if and only if it has a pure-composition series 0 = Mo  ~21  ... 
 ~n = M with standard uniserial factors where for each i, M;-i is
balanced in 

PROOF. Let M = Yl -~- ... -E- Yn with standard uniserial modules
0 such that Ma = Vi + ... + Vi (0  i  n) form a pure-com-

position series of M. To show M;-i nice in we prove that for

any v E h,,,(v) = + holds. In view of the
natural isomorphism

it is clear that the height of v + M;-i in must be the same
as the height of v + (.Mi_~ n V,) in n Ys). It is evident by
the uniseriality of Vi that the latter height is equal to the height
of v in Yi . Now h(v + M;-i) = hv,(v) C hM,(v) proves the niceness of
1VI i-1 in Mi .

As a by-product we obtain that hv,(v) = hM;(v) for all v E i

The Vi were standard uniserials, so hM;(v) is a nonlimit height for

v E Because of the purity of in M, = hM(v) fol-
lows. An easy induction verifies the equiheightness of the in M.

Conversely, assume is polyserial and has a pure-composition
series 0 = .M~o  Mi  ...  = .lVl with Mi-, balanced in (i =
= 1, ..., n). For each i, pick an element without loss
of generality, we can choose it such that = hM,IM’-I(Vi + 
By the definition of height, there is a standard uniserial submod-
ule Yi in such that vi E Vi and = hM;(vi). Now we claim

n

By induction we show that If, = VI + ... --f- Yi . The

inclusion &#x3E; being clear, suppose i &#x3E; 1 and M;-i = Vi + ... + 
The equality = + M;-i) implies that the canonical

map .M’Z -~ carries Vi onto In other words, we
have If, = lVl’Z-1 + Yi , indeed. 0

From the proof it follows that hM(v + x) = min (hM(v), hM(x)) for
all Mi-l’ v E It is straightforward to check that every
cc E M can be written uniquely in the form

where, for each i, either vi = 0 or Hence we have:



257

PROPOSITION 5.3. For an element a of a polyserial of standard

type II,

where a has form (6). C1

We can now prove:

PROPOSITION 5.4. In a polyserial R-module of standard type II,
equiheight submodules are balanced and again polyserial of standard
type II.

PROOF. We start off with showing that in a pure-composition
series 0  ~11  ...  Mn == if where M;-i is balanced in Mi
(i = 1, ... , n), all ~’~ (i - 0, ..., n) are balanced in .M. Instead of

establishing the transitivity of balancedness, we refer to the proof
of (5.2). Hence we conclude that if a e lll is written in the form (6),
then the coset a + M;-i cannot contain any element whose height
exceeds h(va + ... + vn), i.e. hm(vi + ... + vn) = hM/Mi-l(a + 

Next let N be any uniserial equiheight submodule of M = V, +
+ ... + Yn where Vi are standard uniserials. (5.3) implies that N is
likewise standard uniserial. N can be adjoined ... , and
then M = N + Vi + ... + Yn . Another pure-composition series can

be formed which goes through N : 0 = M§  = N  ...  == if

where each is the sum of N and a subset of ... , By the
proof of (5.2) and the preceding paragraph, N is balanced in M.

Finally, suppose N is an arbitrary equiheight submodule of M.

Pick a nonzero a E N and argue with (3.4) to conclude that there is
an r E .I~ with ra # 0 such that its indicator iM(ra) = iN(ra) is constant
nonlimit.

Consequently, ra is contained in a pure standard uniserial sub-
module U of N. By the preceding paragraph, U is balanced in N
and hence in .M. Now NI U is equiheight in which is again pol-
yserial of standard type II of a smaller Malcev rank. Continuing
the same way, we can find a pure-composition series for M that in-
cludes N as a member. By induction we are led to the balancedness
of N in In addition, we obtain a pure-composition series for N
with balanced members, so by (5.2) N is polyserial of type II. 0
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6. Countably generated weakly polyserials.

We now focus our attention on a more detailed study of weakly
polyserial modules. Satisfactory characterizations can be obtained in
the countably generated case.

The following result will be needed.

LEMMA 6.1. A countably generated R-module is of finite Malcev
rank if and only if it is a submodule of a polyserial module of type II.

PROOF. Let if be countably generated of finite Malcev rank m,
and N a submodule with exactly m generators. From (1.3) it follows
that M jN is the union of a countable ascending chain of finitely
presented submodules. By [FS, p. 84], we obtain p.d. 1.

Let F be a free jR-module on m letters, D its divisible (injective)
n

hull and q : F - N an epimorphism. As D = ~ Q, the module A =
1

D/Ker 99 is divisible polyserial of type II. Now (1.5) ensures that
the isomorphism N (the inverse of the map induced

by g~) extends to a homomorphism y : M -~ A. This y has to be monic,
since its restriction to an essential submodule N of if is injective.
1p is an embedding as desired. C(

The main result on countably generated weakly polyserials can
now be established.

THEOREM 6.2. For a countably generated R-module M and integer
the following assertions are equivalent:

(a) M has Malcev rank m;

(b) if is a submodule of a polyserial R-module of type II and
of length m, but not one of len.gth m -1;

(c) if has Fleischer rank m;

(d) if is weakly polyserial and m is the minimal length of

chains (1) for M.

PROOF. (a) =&#x3E; (b). The first half of (b) follows from (6.1) and
its proof, while the second half is a trivial consequence of (3.1).
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(b) =&#x3E; (c). Assume if is a submodule of a polyserial module N
of type II; it is easy to see that N can be chosen to be countably
generated. Hence (1.4) shows N is standard, and the uniserials

..., V~n generating N are epic images of rank one torsion-free mo-
dules Ji , ... , Jm , respectively. It follows that N is an epic image of
the torsion-free R-module A = Jl O ... O Jm of rank m, and if is an
epic image of a submodule of A. We conclude that the Fleischer
rank of if is at most m. Because of the second part of (bl; this rank
cannot be smaller than m. This proves the implication (b) =&#x3E; (c).

(c) =&#x3E; (d). If if satisfies (c), then (2.2) implies the first half of

(d) with a chain (1) of length  m. If M has a chain (1 ) of length  m,
then by (3.1),  m would hold. But then (a) ~ (b) =&#x3E; (c) would
imply that the Fleischer rank of M would be  m, contrary to hy-
pothesis (c).

(d) =&#x3E; (a). Assuming (d) for M, from (3.1) we conclude that the
Malcev rank of is  m. But  m would imply (in view of
(a) =&#x3E; (b) =&#x3E; (c) ~ (d)) that if would have a chain (1) of length  m.

This contradiction proves (d) ~ (a). 0

The preceding theorem enables us to derive relevant information
about the submodules of finitely generated R-modules.

THEOREM 6.3. Submodules of finitely generated R-modules are

weakly polyserial. A countably generated R-module can be embedded
in a finitely generated torsion R-module with m generators if and

only if it is a bounded module of Malcev rank  m.

PROOF. The first claim is obvious from (2.2). The necessity part
of the second assertion is immediate.

To prove sufficiency, suppose M is a bounded R-module of Malcev
rank  m. Owing to (6.2) and its proof, if is then a submodule of
an epic image of a torsion-free R-module A = Jl Q+ ... (D Jm where J,
is of rank 1 (i = 1, ..., m). As M was bounded, Ji 0 Q can be as-
sumed. But then Ji C for a suitable qi E Q, so that A is a sub-

module of a free This shows that if is a sub-

module of an epic image of .F’, i.e. M is a submodule of a finitely ge-
nerated R-module. 0

From (6.2) and (6.3) it follows at once:
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COROLLARY 6.4. A countably generated R-module can be embed-
ded in a finitely generated .R-module if and only if it is a bounded

weakly polyserial module. 0

7. Examples.

Here we collet several examples illustrating our results.

EXAMPLE 7.1. Polyserial modules of type I. A general method is
given for constructing polyserial modules of type I which are inde-
composable of length 2.

Let 0 ~ V  U be two uniserial R-modules, and assume that U/ Y
has an automorphism a such that neither a nor oc-1 is induced by any
endomorphism of U. (In particular, a is not a multiplication by an
element in l~. ) Using the canonical consider the
commutative diagram where If is obtained via pullback:

By our hypothesis on a, there is no map U --~ U making the arising
lower triangle commute; thus the middle row is not splitting. Si-

milarly, the middle column does not split. As a submodule of U,
if is polyserial of type I. From the proof of [FS, p. 190] it follows
that the intersection of if with one of the U’s is pure in .M~. This
means that either eV or nV is pure in 

To verify the indecomposability of M, note that if was decom-

posable, then M would be the direct sum of two uniserial submodules.
By [FS, p. 192], pure submodules of such a module are summands,
but neither s V nor 77 V is. Hence if is as stated.

EXAMPLE 7.2. Polyserial modules of type II. We construct dually
indecomposable polyserials of type II and of length 2.
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Let 0 ~ V U again be two uniserials and suppose that V has
an automorphism fl such that neither fl nor is induced by any
endomorphism of U. Using the inclusion map i : U, we construct
a pushout diagram:

By the choice of fl, neither the middle row nor the middle column
splits. Since N is isomorphic to where .K = f(v, - w) :
v E VI, N is polyserial of type II. Again, referring to the proof of
polyseriality in [FS, p. 190], we see that the image of one of two U’s
is pure in N. The same argument as above in (7.1) shows N indecom-
posable.

EXAMPLE 7.3. Countably generated weakly polyserial modules which
are not polyserial. Let S denote a maximal immediate extension of .Rr
and assume that there exist units u, v E such that

a) the breadth ideal H = B(u) _ {a E B: u 0 as + R~ as well as
H-1 is countably generated;

b) B(v) = I is not 0;

c) u -~- v is also a unit of S. 
’

Pick any such that tH: I  H, and set J = tR: I =

E Q : xI  t.R~. In view of [SZ2, Theorem 6], the triple (tR, J, I)
is what is called a compatible triple (notice that I ~ tR# = P, because

is Hausdorff in the R/I-topology). For every s E there is

a unit vs E .R such that v - vs E s-1 tS; thus if J &#x3E; s’R &#x3E; sR &#x3E; tR then
For each there is a unit such that

u - u, E rs ; thus if r’R &#x3E; H, then ur - ur, Note that c)
implies that for all s E and r E ~RBH, ur + v, is a unit of R
as is evident from
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Let now be a two-dimensional vector space over Q.
Consider the .R-submodule of V

In it is shown that A is a rank 2 indecomposable torsion-free
R-module such that .Rx is a basic submodule in A and is iso-

morphic to H-1 (under y + 1). Clearly, A is a countably ge-
nerated R-module.

Let F be a submodule of Rz (D  A defined by

From [SZ2] it follows that .Ry)/F (C Y/I’) is an indecompos-
able 2-generated torsion R-module in which the cyclic submodule

+ is pure.
We claim that M = A/I’ is weakly polyserial of length 2. In-

deed, it is not uniserial, since it contains the noncyclic submodule
0 while the exact sequence

shows that it is an extension of a uniserial by a quotient of the uni-
serial Manifestly, y .M is likewise countably generated.

Next we show that for all s E we have

i.e. the elements sy -~- F have limit heights in M.
First, we verify the inequality &#x3E;. As vs + ~r is a unit for each

r E R""’H, we have

and

whence we deduce
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Next we assume hM(sy + F) &#x3E; and show that this leads
to a contradiction.

Case 1. hM(sy + F) &#x3E; s-’H-11-R. Thus there is a z E A such that
asz + F = sy -~- F for an a with a-’ 0 From Ann (sy -f- .~) =
= we obtain Ann (z + F) = atR. As every element of A IF has
annihilator containing while atR tR: H-1, we conclude that
Case 1 is impossible.

Case 2. hM(sy + F) = s-’H-IIR for some s E This must be
true (in view of the impossibility of Case 1) for all so E Hence
the indicator of sy + .F is constant up to its annihilator, so sy + F
is contained in a pure uniserial submodule TI of .M. Necessarily U
is standard, since lVl is countably generated (cf. (1.14)). It is clear
that U is pure in the polyserial module of

type II, thus .I~ = Z7r -~-- U’ for a suitable uniserial U’. Hence lVl =
= U -~- V with U’, i.e. if itself is polyserial of type II.

Since is polyserial of type II (being a

quotient of if). But it is also of type I, because it is contained in

Thus is a direct sum of uni-

serials, see [Fu,].
To show that this is impossible, observe that this module is ob-

tainable as a pullback diagram

where a is an automorphism of .H-1 x/.Rx induced by the unit n of 9
not in .R. Furthermore, a cannot be lifted to an endomorphism of
H-1 x/Jx (so the top row cannot split), because Ann H-1x/Jx =
- t.H : I  H. An appeal to (7.1) proves the impossibility of Case 2.
We can now show that If can not be polyserial. If is a

pure (necessarily standard) uniserial submodule of if, then (Ry + F)IF
essential in if implies TT r1 + ~ 0. Therefore, there is a

nonzero + F which has height But this was ruled out

by Case 2.
It is easy to find examples of valuation domains satisfying the

hypotheses in this example.
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(7.3) shows that a module of finite Malcev rank need not be co-
hesive. It also shows that neither a quotient of a polyserial of type I
nor a submodule of a polyserial of type II need be polyserial. In

addition, we note that (7.3) is an example of a noncohesive module
without pure uniserial submodules.
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