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A Note on Certain Subclasses

of Spiral-Like Functions.

H. M. SRIVASTAVA - SHIGEYOSHI OWA (*)

SUMMARY - The object of the present paper is first to prove a representation
formula and a distortion theorem for functions belonging to the class

a, b) of a-spiral-like functions introduced here, and then to determine
the radius of starlikeness for this class. By specializing the various para-
meters involved, the corresponding results for the function classes studied
earlier (by, for example, Z. J. Jakubowski [3], S. Owa [4], H. Silverman [5],
and E. M. Silvia [6]) can be derived.

1. - Introduction.

Let ~p denote the class of functions of the form

which are analytic in the unit disk 9.1 == ~z : Izl  1}. Further, let

(*) Indirizzo degli AA.: H. M. SRIVASTAVA: Department of Mathematics,
University of Victoria, Victoria, British Columbia V8W 2Y2, Canada;
SHIGEYOSHI OwA : Department of Mathematics, Kinki University, Higashi-
Osaka, Osaka 577, Japan.

The present investigation was initiated at the University of Victoria
while the second author was on study leave from Kinki University, Osaka,
Japan.

This work was supported, in part, by the Natural Sciences and Engineering
.Research Council of Canada under Grant A-7353.



18

8jJ denote the subclass of Jtp consisting of analytic and univalent
functions f (z) in the unit disk ’11. Then a function f (z) of 8p is said
to be a-spiral-like if f (z) satisfies (cf., e.g., [2, p. 52 et seq.]; see also [1])

for some a  n/2). We denote by the class of all a-spiral-
like functions. We note that 8, where 8 denotes the class of
functions of the form (1.1) with p = 1 which are analytic and uni-
valent in the unit disk ’B1. The class S1(a) was introduced by L. 0160pacek
in 1933.

For a, a, b real and such that

we say that a function f(z) is in the class ~~(a, a, b) if f (z) E 8p and

Clearly, each 8p(oc, ac, b) is a subclass of 
The class 81(a, a, b) was studied by Silvia [6], the class 8,(0, a, b)

was studied by Owa [4], and the class ~1(0, ac, b) was studied by Silver-
man [5]. Furthermore, by setting a = ~, + m(1- I) and b = A)
in (1.4), where 0  ~,  1, and either 2  m  1 and 1- m  M  m,
or m &#x3E; 1 and m - 1 ~ m, we can see that 81(a, a, b) is an alter-
nate definition of the class for which Jakubowski [3] obtained sharp
bounds for the moduli of the coefficients in (1.1) with p = 1.

2. - A representation formula.

In the sequel, it will be convenient to set

Note that c &#x3E; 0 whenever a and b satisfy the relevant inequalities
in (1.3).
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Our first representation formula is contained in

THEOREM 1. Let the f (z) be de f ined by (1.1 ). Then f (z) is
in the class a, b) if and only i f it can be expressed in the f orm

where p(z) is an analytic f unction with  1 f or z E cu,.

PROOF. Assume that f (z) defined by (1.1) is in the class a, b).
Then

has modulus at most one in the unit disk U. Hence the function

satisfies the condition of the Schwarz lemma, and we can write

h(z) = zcp(z), where cp(z) is analytic with I ~ 1 for z E Thus

we find that

Subtracting 1 from each member of (2.5), y and then dividing by z,
we obtain

On integrating both sides of (2.6) from 0 to z, we have the representa-
tion formula (2.2).

For the converse, if f (z) has the representation (2.2), (2.5) is readily
seen to yield
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Since I , the function

maps the unit disk cu, onto itself. This completes the proof of the
theorem.

COROLLARY 1. Let the function f(z) be defined by (1.1). Then f(z)
is in the class 8p(a) if and only if it can be expressed in the f orm

where (p(z) is an analytic f unction with 19’(z)  1 for z E ’B1.

PROOF. By a simple application of (1.3) and (2.1), we can put
a = b and show that

Thus Corollary 1 follows from the assertion (2.2) of Theorem 1.

REMARK 1. For a = 0, Theorem 1 reduces to the representation
formula obtained by Owa [4]. For p = 1, we similarly have the rep-
resentation formula of Silvia [6]. Furthermore, for p = 1 and a = 0,
we have the representation formula due to Silverman [5].

3. - A distortion theorem.

We need the following lemma in proving our main distortion the-
orem (Theorem 2 below):

LEMMA 1. Let the function f(z) de f ined by (1.1) be in the class

8j)(a, a, b). Then
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and

for z E U. The results (3.1 ) and (3.2 ) are sharp.

PROOF. Since f(z) is in the class 8,(a, a, b), in view of Theorem 1,
we have

where q~(z) is an analytic function with 1 for z E U. After a

simple computation, we find from (3.3) that

which implies (3.1 ) and (3.2). 
’ 

Finally, by taking the function f (z) defined by (2.2), we can show
that the results (3.1 ) and (3.2) are sharp.

2. For p = 1, Lemma 1 reduces to the corresponding
result obtained recently by Silvia [6].

We now state our main distortion theorem as

THEOREM 2. Zet the (1.1 ) be in the clas8

8,(oc, a, b). Then

and

for a 0 1..F’urthermore, for a = 1,
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and

PROOF. Since f(z) is in the class 8p(a, a, b), by using Lemma 1,
we obtain

Hence, for a ~ 1,

which immediately gives the estimate (3.6).
In case ac = 1, we find from (2.1) that c = b2, and (3.9) reduces to

which implies (3.8).
In order to establish the remaining estimates (3.5) and (3.7), by

virtue of Lemma 1, we observe that

for Izl = r  1. Consequently, y we have
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This gives

which evidently yields the estimate (3.5).
From (3.13) we also have

for a = 1, and the assertion (3.7) of Theorem 2 follows at once.

COROLLARY 2. Let the function f (z) defined by (1.1) be in the class
8,(a, a, b). Then f (z) maps the unit onto the domain which
contains

for and

B r I

in case ac = 1.

REMARK 3. For a = 0, Theorem 2 reduces to the distortion the-
orem proved by Owa [4]. Moreover, for p = 1 and a = 0, Theorem 2
yields the corresponding result due to Silverman [5].

4. - Radius of starlikeness a, b).

In this section, we determine the radius of univalence for func-
tions belonging to the class ~~(a, a, b), given by

THEOREM 3. Let the function f(z) defined by (1.1 ) be in the class

~p(a, a, b) with

Then f (z) is univalent and starlike in the disk
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PROOF. The inequalities in (4.1), together, yield

or, equivalently,

By applying Lemma 1, we have

for

This shows that the function f (z) is univalent and starlike for z given
by (4.2).

REMARK 4. Theorem 3 reduces, when a = 0, to the corresponding
result obtained by Owa [4]. On the other hand, for p = 1 and a = 0,
it was proved earlier by Silverman [5].
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