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Distributional Boundary Values in D’Lp.- V

RICHARD D. CARMICHAEL - STEPHEN P. RICHTERS (*)

1. Introduction and preliminary results.

The purpose of this paper is twofold. First we present some new
results concerning the Hardy HP functions in tubes and generaliza-
tions of .gp functions in tubes. Secondly we add information to the
analysis of [5] where we have related .gp functions with the distribu-
tional boundary value process.

Let C be an open convex cone in R, n dimensional Euclidean
space, and let TO = R" + iC be the corresponding tube in C", n di-
mensional complex space. In [10] we have proved a growth property
for the Hardy spaces, 1 c p c oo, corresponding to the tube TC;
in section 2 of this paper we improve the growth property obtained
in [10]. We add information to the analysis of [5, sections 2-4] in
sections 3 and 4 of this paper and use the growth properties of Hp
functions obtained in section 2 in our analysis in sections 3 and 4.
In [9] spaces of holomorphic functions in tubes which generalize the

functions have been defined, and representation results for

these new spaces in terms of Fourier-Laplace integrals have been
obtained. Section 5 of the present paper is concerned with spaces
of functions related to those of [9] ; we show that the functions which
we define in section 5, which are generalizations of .gp functions cor-
responding to the quadrants in R’, can be characterized directly in
terms of the Hp functions corresponding to these quadrants.

(*) Indirizzo degli AA.: Department of Mathematics Wake Forest Uni.
versity Winston-Salem, North Carolina, 27109 U.S.A.
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In the remainder of this introductory section we introduce nota-
tion, definitions, and results which are needed for the analysis of our
basic results in this paper contained in sections 2-5.

The n-dimensional notation to be used in this paper will be as
described in [3, section II] and [4, section II] with the following slight
change in the definition of the differentiation operator D’, 
where a is an n-tuple of nonnegative integers. Here we put

Also we let 0 denote the n-tuple (0, 0, ... , 0) in ~n.

The definition of a cone in and related terminology such as
projection of a cone C, compact subcone C’c C, and dual cone C* _
- {t E t, y~ ~ 0 for all y e C} of a cone C are given in [4, sec-

tion II]. For the cones in that are the quadrants, we adopt the
same notation as in [6, section 1] which is as follows. Let (1 == 

being the dimension, be an n-tuple where 
- 1, ... , n, throughout this paper. There are 2n such n-tuples (1, and
for each such a we put °a == ~y E Rn: = 1, ... , n}. The 2n

C, are cones in R" which we call quadrants.
Let C be any open connected cone in In this paper d(y) will

denote the distance from y E C to the boundary of C and is given
by the formula ([25, p. 159], [24])

where pr (C*) denotes the projection of C* which is the intersection
of C* with the unit sphere in Rn.

The Hardy Hp(TB) space, 0~oo~ corresponding to any open
proper subset B of R" and the corresponding tube Z’$ == R" + iB,
is the set of all holomorphic functions f (z) in TB, z = x --~- iy E TB,
for which there is a finite constant A &#x3E; 0, such that

HOO(TB) is the set of all bounded holomorphic functions in TB. (See [20,
pp. 90-91] for HP(TB), 0  p  oo.) Throughout this paper, by f (z) E

(or 1 c p c oo), we of course
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mean that f (z) E Hp(TB) for some p, 0  p  oo (or h(x) E LP for some p,

- 

.

The function spaces 8, 93 = and 93 and generalized func-
tion spaces S’ and are contained in [18, pp. 199-205 and pp. 233-248].

The Fourier transform of an El function cp(t) is given by

and we have the usual corresponding definition for the inverse Fourier
transform of T(t), which is denoted as by replacing
2ni (x, t&#x3E; by - t&#x3E; in ( 1.2 ) . The Fourier and inverse Fourier
transforms for Ep functions h(t), and Z~ functions g(x),
(1/p) -f- = 1, are defined by the usual limit in the mean process
and will be denoted by Y[h(t); x] and t], respectively; we
refer to [2] and [13]. The Fourier and inverse Fourier transforms for
the S’ distributions are defined in [18, pp. 248-252]; if Ve S’ we de-
note its Fourier transform by and its inverse Fourier transform

by 
All distribution terminology, y such as distributional differentiation

and support of a distribution V, denoted supp (V), will be that of [18].
Let C be an open connected cone in Throughout this paper,

by y - 0, y E C, we mean y - 0, y E C, for every compact sub-
cone C’ of C. Let f (z) be a function of z = x + iy E TC, and let U
be a distribution or generalized function. By f (x + iy) - U in the
weak topology of the distribution or generalized function space as

E C, we + iy ), ~(x) ~ --~ ~ U, y~~ as Y - 0, y E C, for
each fixed element V in the corresponding test function space. By
f (x + iy) - U in the strong topology of the distribution or generalized
function space as y - 0, y E C, we mean ~ f (x + iy), y~(x)~ --~ ~ U, y~;
as y - E C, with the convergence being uniform for y on arbitrary
bounded sets in the corresponding test function space. U is called
the weak or strong, respectively, distributional boundary value of f (z).

We now define the Cauchy and Poisson kernel functions corres-
ponding to certain tubes. Let C be an open convex cone such that C
does not contain any entire straight line. The Cauchy kernel func-
tion corresponding to the tube Rn + iC is
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where C* = {t: for all y e C) is the dual cone of C. The
Poisson kernel function corresponding to TO is

Because of [22, p. 222, Lemma 1] we need the assumption on 0 stated
above in this paragraph in order for Q(z; t) to be well defined. We
have obtained properties of K(z - t) and Q(z; t) in [8] and [9]. Ko-

rányi [16, Prop. 2] and Stein and Weiss [20, p. 105] have noted that
the Poisson kernel function Q(z; t) is an approximate identity; see

also [8, p. 213, Lemma 6]. In the following lemma we collect facts
from these references which we need in this paper.

1.1. K(z - t) is a holomorphic function of z E T ° for f ixed
tERn. For 1 c p c 2 and f ixed z E TC, f or all q,

-~- (llq) = 1; and Q(z; t) E 93 r1 9)L,, for all q, 1 : q  00, with both

I~(z - t) and Q(z; t) being considered as functions of Further,
Q(z; t) satis f ies the following approximate identity properties :

uniformly for all toE l~n.

From Lemma 1.1 and the definitions of Q(z; t) and .K(z - t) in

(1.4) and (1.3), respectively, we have

We use (1.5) in the proof of Theorem 2.2 below.
From the definition (1.3), the fact that ~y, t&#x3E; &#x3E; 0 for all y E C

and t E pr (C*) [25, p. 158], and a calculation as in [25, p. 159, lines 2
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and 3] we have

where n is the dimension; and from this representation of K(iy),
y E C, and the equality (1.1) for d(y), the distance from y E C to the
boundary of C, we immediately obtain the estimate

where n is the dimension and the constant A(C), which depends only
on the cone C and not on y E C, is given by

with this integral over pr (C*) being the finite surface area of pr (C*).
Inequality (1.6) will be used in the proof of Theorem 2.2 below.

At several places in this paper we shall use a certain C°° multiply-
ing function which we now describe. Let C be an open connected
cone in Rn and let C* be its dual cone. As indicated in [25, p. 144,
lines 8-12] there exists a function A(t) E with the properties
that for any n-tuple a of nonnegative integers

where is a constant which depends only on a; and for any s &#x3E; 0

= 1 f or t on an s neighborhood of C* ,
(1.8)

1(t) = 0 but not on a 28 neighborhood of C* .

In this paper we use two results from our recent paper [11] which
we state here. Let C be an open connected cone and let A &#x3E; 0 be a
real number. For any real number m &#x3E; 0 and any compact sub-
cone C’ of C put T(C’ ; 5n) = Rn + ~(C’B(C’n ~(0, ~))). We say that a
function f (z) belongs to the class H(A; C) if f (z) is holomorphic in
the tube TC = R" + iC and if for every compact subcone C’ of C

and every m &#x3E; 0 there exists a constant m) depending on C’
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and on m &#x3E; 0 such that

for all ~8 &#x3E; 0, where N is a nonnegative real number which does not
depend on C’ or on m &#x3E; 0.

THEOREM 1.1. [11] Let f(z) E H(A ; C) where A ~ 0 and C is an

open connected cone. Let f (x + iy) - U in the weak topology of 8’ as

y --~ 0, y E C, where U is unique. Then U E ~’ ; there exists a unique
element YE S’ such that supp (V) C and U = Y[ V]
in 8’; and f (z) = ( V, exp t~ ) ~, z ETc.

In Theorem 1.1, 2cC(t) is the indicatrix function of the cone C

defined in [4, p. 252]. The growth (1.9) is more general than [5,
p. 138, (1)].

Let C be an open connected cone and let C’ be an arbitrary com-
pact subcone of C. We now consider the growth

where 1Vl ( C’ ) is a constant which depends on C’ c C, N &#x3E; 0 is a real

constant, r &#x3E; 0 is an integer, the aj &#x3E; 0, j = 1, ... , r, are real constants,
and the ... , r, are real constants. Here N, r, the a~ ,

j = 1, ... , r, and the = 1, ... , r, depend only on f and on C and
are independent of C’c C. Any function f (z) which is holomorphic
in TO = Rn + iC and which satisfies (1.10) will have a unique strong
distributional boundary value in S’ according to [22, p. 235]. We
have the following theorem which is proved in [11 ].

THEOREM 1.2. [11] Let C be an open convex cone such that C does
not contain any entire straight line. Let f(z) be holomorphic in TO and
satis f y (1.10). Let the unique strong S’ boundary value of f(z), 
exists, be 1 c p c oo. Then f(Z)EHp(TO), 1 c p c oo, and
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2. Growth of Hv functions in tubes.

In [10] we have proved the following result.

THEOREM 2.1. Let C be any open convex cone in l~n such that 0
does not eontacin any entire straight line. Let f (z) E Hp(TO), 1 p  00.

For any compact subcone C’ of C there exists a constant .lVl(C’) depend-
ing on C’ (and of course on f) that

H-(Tc) is by definition the space of all bounded holomorphic func-
tions in TC; hence we did not include the case p = oo in Theorem 2.1
since the growth of functions is known by definition for z E Tc.

Consider the quadrants C~. From analysis of Madych [17], if

f (z) E HP(TCa), 0  p  00, there exists a constant M, depending only
on f and the quadrant such that

The growth (2.2) is a better growth than (2.1) for the case that C = C~
in that (2.2) holds for all points in the tube For arbitrary open
convex cones as in Theorem 2.1 we are now able to prove a growth
result for functions, 1 p which holds for all z E IC and
not just in tubes defined by compact subcones of C as obtained in
Theorem 2.1. After proving this new growth result in Theorem 2.2
below, we then show that the growth of Theorem 2.1 becomes a

special case of our new growth. Again we do not include p = oo in
the following theorem because of the boundedness of func-
tions by definition.

THEOREM 2.2. Let C be any open convex cone in such that 0
does not contain any entire straight f(z) E Hp(TC), 1 p  00.

There exists a constant M(e) depending on the cone C (and of course
on f) such that

where d(y) is the distance of y E C to the boundary of C given by (1.1).
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PROOF. We apply [16, Prop. 4] to f (z) E HP(Tc), 1 c p  oo, and

obtain a function such that

where Q(z; t) is the Poisson kernel function defined in (1.4). Using
this equality, the fact that Q(z; t), z E TO, tERn is an approximate
identity as noted in Lemma 1.1, Jensen’s inequality [13, p. 91, 2.4.19],
and (1.5), we obtain for z = x + iy E TO that

By [10, Lemma 2] there exists a constant B(C) depending only on C
such that

Combining (2.4), (2.5), and (1.6) we get

Taking the pth. root of both sides of (2.6) yields

which is the desired growth (2.3) with

The proof of Theorem 2.2 is complete.
From [23, p. 932, y (3.6)], for each compact subcone C’ c C of the

cone C in Theorems 2.1 or 2.2 there exists a number 6 &#x3E; 0 depending
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on C’ such that

where again d(y) is the distance from y to the boundary of C. Thus

given 1 c p  00, we apply (2.3) to f (z) and use the left
inequality of (2.7) to obtain for any compact subcone C’ of C that

where the constant (1’VI(C) ~-2n~p) now depends on C’ since 6 &#x3E; 0 does.

Thus our previously known growth (2.1) for Hp(TO) functions, 1
p  00, is a special case of our newly proved growth (2.3).

3. Representation of Hv functions by Fourier-Laplace integrals.

In this section and the next we add information to [5, sections 2,
3, and 4]. In the present section we show that [5, Theorem 2 and
Corollary 1] hold with no growth assumption in them, and we make
the conclusions of these results more precise. We also extend results
of these types to all values of p, 0 Our additional informa-
tion to [5, Theorem 2 and Corollary 1] and related results are con-
tained in the following theorem.

THEOREM 3.1. Let f (z) 0  where C is an open
convex cone in Rn such that C does not contain any entire straight line.

I. If there exists a function hELp such that

If 1 p  00, f (x + iy) -~ h(x) in Lp and in the strong topology of S’
as y -~ 0, y E C. I f p = 00, f (x + iy) - h(x) in the weak-star topology
of LOO and in the strong topology of S’ as y --~ 0, y E C.

II. If 0  p  1 and C = Ca is any of the 2n quadrants, there exist
unique elements U E S’ and V E S’ with supp ( TT ) k e: = Oa and U =
- in S’ such that f(x + iy) -~ U in the strong topology of St as



64

y - 0, y E C, and

III. If p = 1 there exists a f unction g E Loo with supp (g) C C* as
an element of S’ such that h = in S’ and

IV. I f 1  p c 2 there exis ts a f unction + = 1,
with supp (g) C C* almost everywhere such that h = in S’ and (3.3 )
holds.

V. If 2 there exists Ve S’ with supp (V) C C* such that
h = Y[V] in S’ and (3.2) holds for this YE 8’.

PROOF. The existence of such that (3.1) holds
is a result of Korinyi [16, Prop. 4]. The convergence of f (x + iy)
to h(x) in the .Lp norm topology if 1 c p  oo and in the weak-star
topology of L’ if p = oo is obtained by combining (3.1) with [16,
Prop. 3 (c) and 3 (d)]. If Holder’s inequality as in [5,
p. 141, (3)] and the LP convergence of f (x + iy) to h(x) yield that
f (x + iy) --~ h(x) in the weak topology of S’ as y - 0, y E C. Similarly,
for p = oo the definition of the weak-star topology of L‘° yields that
f (x -~- iy) -~ h(x) in the weak topology of S’ as y - 0, y E C, for the
case p = oo. But 8 is a Montel space ([22, p. 21], [12, p. 510]). Thus
for 1 c p c oo, f (x + iy) ~ h(x) in the strong topology of S’ 
y E C, by [12, p. 510, Corollary 8.4.9]. This proves part I.

To prove part II recall the growth (2.2). Since f (z) E 
0  p  1, satisfies (2.2) then by the analysis of [21] or [22, sec-

tion 26.3, p. 235] there is a unique element U E S’ such that +
+ iy) - U in the strong topology of S’ as y - 0, y E Ca. The growth
(2.2) is a special case of the growth (1.9) with A = 0 in (1.9). Thus

by Theorem 1.1 there is a unique element with supp 

0* C6, U = Y[ V] in ~’, and (3.2) holds. This

proves part II. (The exact same argument together with the analysis
of [7] in place of Theorem 1.1 also proves part II.)

To prove part III we first recall from part I of this theorem that
f (x --f- iy) -~ h(x) E Li c S’ in the strong topology of S’ as y - 0, y E C.
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By Theorem 2.1, f (z) satisfies the growth (2.1) for p = 1 here; hence
f(z) satisfies the growth (1.9) with A = 0 in (1.9). Thus we can apply
Theorem 1.1 and obtain a unique Ve 8’ such that supp (V) ç C*,
h = in ~’, and (3.2) holds for this V. But h E L1 implies g(t) ==
- t] exists in the function sense and hence in S’ also, and
g E 8’. Since the inverse Fourier transform F-1 is an isomorphism
of S’ onto S’ then = g in 8’, and hence supp (g) C C* as
an element of 8~ and h = in 8’. Let Â(t) E 000 be a function
corresponding to our present cone C and its dual cone C* which
satisfies (1.7) and (1.8). Then (A(t) exp t»)) c- 8 as a function
of for z E TC [25, p. 119], and (A(t) exp t~)) = exp 
t&#x3E;) on supp (g) = supp ( V). Recalling that (3.2) holds for our present
f(z) and the above constructed V= g E ~’, w e thus have for
z E TO that

and as in [25, p. 144] these equalities are independent of the Â(t)
chosen. Thus (3.3) is obtained and the proof of part III is complete.

In part IV the desired representation (3.3) where g E Lq, (Jlp) +
-E- (llq) = 1, and supp (g) s C* almost everywhere follows as a special
case of [9, Corollaries 4.1 and 4.2]. We can prove directly from the
representation (3.3) that f (x + iy) - E 8’ in the strong topology
of 8’ as y - 0, y E C, by the techniques of [8, Theorem 10, (42)] or [25,
pp. 144-145] and using [12, p. 510, Corollary 8.4.9]. Recall from part I
that for the present case of 1  p c 2, f (x + iy) ~ h(x) E Lp c 8~ in the
strong topology of 8’ as y - 0, y E C. Thus h = since the S’

boundary value of + iy) is unique because of the growth (2.1)
and [22, section 26.3, p. 235]. The proof of part IV is complete.

Part V remains to be proved. From Theorem 2.1 for 2  p  cxJ,
f (z) satisfies (2.1). For p = oo f (z) is bounded on TO by definition.
Thus for satisfies (1.9) with A = 0 there. From this
and the fact, from part I, that h(x) E LPc 8~ is the strong 8’ boundary
value of f (x + iy), we apply Theorem 1.1 to obtain an element TTE 8’
with such that h = ~ [TT] in 8’ and (3.2) holds for
z E Tc for this TTE 8’. This completes the proof of Theorem 3.1.

As noted in the proof of Theorem 3.1, (3.3) follows in part IV for
1  ~ c 2 as a special case of [9, Corollaries 4.1 and 4.2]. For p = 2
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this representation of H2(TC) functions has been known for many
years; see [1] and [20, p. 101, Theorem 3.1]. Our analysis of [9, Corol-
laries 4.1 and 4.2] extended this Fourier-Laplace integral representa-
tion to the Hp(TC) spaces, 1  p  2. Now our proof of part III of
Theorem 3.1 for the case p = 1 yields the representation (3.3) for
functions in the space Hl(TO) also.

Parts III, IV, and V of Theorem 3.1 show that no growth assump-
tion is needed in the statements of [5, Theorem 2 and Corollary 1]
to obtain these results. Of course we also have the Cauchy integral
representation of [5, Corollary 1] in Theorem 3.1 above by the proof
of [5, Corollary 1].

Using analysis as in [11] we can also prove that if the cone C in
case TT of Theorem 3.1 is contained in or is any of the 2n quadrants Ca
then the element V in case V, the case for 2 C p c oo, can be concluded
to be in which is a proper subspace of 8’. Thus in this situation
the conclusion of the existence of V E S’ in case V is somewhat
more precise than can be concluded for arbitrary cones C as stated
in case V of Theorem 3.1 above.

4. Converse results.

In the case p = oo the following Theorem 4.1 generalizes [5, The-
orem 6] to arbitrary tubes like those of Theorem 3.1; Theorem 4.1
includes [5, Corollary 2] for p = 2 and also obtains these types of

results for 1 p  2 and 2~oo. [5, Theorem 4] remains as a

related result. The results of Theorem 4.1 are converse results to

those of Theorem 3.1, and the proof of Theorem 4.1 is interesting
as an application of Theorem 1.2.

THEOREM 4.1. Let C be an open convex cone such that 0 does not
contain any entire straight line. Let E Lp, such that

h(x) = Y[V] in 8’ for some Ve 8’ with supp (V) C C*. There exists

f(z) E HP(TC) such that

in Lp if 1 p  00, in the weak-star topology of LOO i f p = oo, and in
the strong topology of Sf for 1 p  00,
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PROOF. The case p = 2 has already been proved in [5, Corollary 2]
and this case also follows by the analysis below. Corresponding to
the cone C and its dual cone C*, let ),(t) e C°° be a function which
satisfies (1.7) and (1.8). As noted in the proof of Theorem 3.1,
(A(t) exp (2niz, t»)) as a function of tERn for z E TO. For the
assumed Ve S’ with supp we put

By [8, p. 208, Theorem 8] f (z) is holomorphic in TC and satisfies (1.10)
for z E TO’ where C’ is any compact subcone of C. By the proof of [8,
Theorem 10, (42)] we have

in the weak topology of 8~ as y - 0, y E C; and hence this convergence
also holds in the strong S’ topology by [12, p. 510, Corollary 8.4.9]
as we have noted before in this paper. But by hypothesis, 
- h(x) E .Lp, 1 c p c oo. Applying Theorem 1.2 we conclude that f (z) E
EHp(TO), 1 c p c oo, and we have proved the convergence t(x + iy) --~
- 3f’[V] = h(x) as y - 0, y E C, in the strong topology of 8’ in any
case By Theorem 1.2 we also have

The Lp convergence for 1 p  oo and the weak-star convergence for

p = o0 of + iy) -~ h(x) as y -~ 0, y E C, now follow from (4.2)
and [16, Prop. 3 (c) and 3 (d)]. The proof of Theorem 4.1 is com-
plete.

The results of [5, section 4] extend some of the results of [5, sec-
tions 2 and 3] to functions holomorphic in disconnected tubular cones.
The results of sections 3 and 4 of this paper can similarly be extended
to this more general situation. We leave this to the interested reader
to consider; for the ideas to do this are now obvious from our analysis
above and from [5, section 4].
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5. Generalization of H1J functions for tubes over quadrants.

In [9] we have defined holomorphic functions in tubes which gen-
eralize and properly contain the Hp functions. These new functions
are defined as follows. Let B be an open proper subset of R". Let

p &#x3E; 0 and A ~ 0. is the space of all holomorphic functions
f (z) in TB which satisfy

if p = oo, where the constant depends on A ~ 0 and on f and
does not depend on in (5.1) or on TB in (5.2). Notice that

HP (TB) = Vg(TB), 0  p c oo. We always have V-Al (TB), 0 

There are tubes TB and values of p such that HP(TB)
is a proper subset of V-A"(TB). In [9] we represented the VAI(TB) func-
tions, 1 C p c 2, A ~ 0, in terms of a Fourier-Laplace integral of a
function g(t) having certain properties. If B = C, an open connected
cone in the representing function g(t) is in Lq, (llp) + (llq) = 1,
and has support in uo(t) almost everywhere.

We are now going to define special cases of the functions
for the cases that B = Ca, any of the 2n quadrants. These new spaces
are also generalizations of the HP(TC«) functions and have the in-
teresting property that they can be directly characterized in terms
of the HP(TOa) functions as we prove in Theorem 5.1 below.

Let b = (bl, ... , bn) be an n-tuple of nonnegative real numbers.
Let 0 C p  00. Wb,~ - Wb(TCa) is the space of all holomorphic func-
tions f (z) in TOa which satisfy
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where the constant Mb,f depends on the n-tuple b and on f but not
on y= 

Similarly we define Wb (TCa) to be the space of all holomor-
phic functions in TCU which satisfy

where again the constant .lVlb, f depends only on the n-tuple b and on f
but not on z E TCu.

If b = 0, the n-tuple of zeros, we have HP(Tc-) = W( ~, 0  p  00.

Otherwise we have the proper containment HP(Tc-) c W6’,, by The-
orem 5.1 below. For example for any TO- and any b = (bi, ... , bn)
such 0 for at least = 1, ... , n, we have

is in but not in H2(TCa). For the case B = CQ, notice also that
the growths (5.1) and (5.2) are more general than (5.3) and (5.4),
respectively.

The functions are interesting in that they can be directly
characterized in terms of the HP(TO-) functions as we now show.

THEOREM 5.I. lel and 

where F(z) E HP(TOa).

F(z) is holomorphic in TCQ since f (z) is. For we have (flY) ==

- jyjll j == 1, ... , n, and
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This combined with the growth (5.3) of f (z) E Wb,Q, 0  p  oo, yields

f

for hence F(z) E HP(TOa), 0  p  oo. Similarly, by (5.7) and
~(~.4) in the case p = oo we have

where is the constant from (5.4) corresponding to E Wb,Q;
hence, .F’(x + iy) E HOO(TOa). Thus for f (z) E W-1 , 0  p C oo, we have
that F(z) defined in (5.6) is in lIp(TCa), and the representation (5.5)
is immediate from (5.6).

Conversely, let f (z) be defined by (5.5) with F(z) E HP(TOa), 0 

Then f (z) is holomorphic in TCa since is. Arguing as
in (5.7) and (5.8) we have for and that

where A is the bound on -E- since F(z) E HP(TCa). If ~a = 00
we have f or z E TC«

where A is the bound on + iy) I since F(z) E in this case.

(5.9) and (5.10) yield that f (z) defined by (5.5) is in Wb,a, 
as desired. The proof of Theorem 5.1 is complete. 

Considerable information is known about the functions

including boundary value properties and integral representations. In-
formation concerning Hp(TOa) functions combined with Theorem 5.1
yield information about the W:,a functions as we now show.
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COROLLARY ~.1..Let f (z) E Wl,,, 1  p  00. There is a function
h(x) E .Lp such that

for almost every x E and

There is a functions g(t) E Lp such that

where

is the Poisson kernel function corresponding to the generalized half
plane Tc,,.

PROOF. By Theorem 5.1 there is an F(z) 1 c p  oo,
such that (5.5) holds. By [20, pp. 115-118] there is a function g(x) E LP
such that (5.11) and (5.12) hold corresponding to F(z) E Hp(TCa) and
g(x) E Put

Then h(x) 1 c p  oo, and the convergence (5.11) of f (x + iy) to
h(x) follows immediately from that of I’(x + iy) to g(x). To show

(5.12), we have for any y E C6
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where

and

The representation (5.5) and the fact that (5.12) holds for +
+ - prove that 0 as y - 0, y E Ca. Further, by (5.14)

which yields I2 - 0 as y - 0, y E eo, since g E .Lp. Thus (5.12) follows
from (5.15) since the term 2p(h + 12) - 0 as y - 0, y E 00,

Because of [16, Prop. 4 and Prop. 3 (c)] and the fact that the
g(t) e LP obtained in the second sentence of this proof is the Lp limit
of F(z) E Hp(TCu), it follows that

Then (5.13) follows from (5.16) and (5.5). This completes the proof
of Corollary 5.1.

Because of (5.5) and [16, Prop. 4] any function f (z) E also
has the representation (5.13) for some and by [16, Prop. 3 (d)]
the Poisson integral, and hence the element in (5.5), in this

representation converges to g in the weak-star topology of Z°° as

y - 0, y E Ca.
We also have the following information for functions f (z),

1  p coo. Let g(t) be the EP function in the representation (5.13)
yielded by the proof of Corollary 5.1 if 1  ~a  oo and by the remark
in the preceding paragraph if p = oo. We have
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and

Obviously (5.19) and (5.20) follow immediately from (5.17) and (5.18),
respectively. (~.18) follows immediately from the representation (5.13)
for p = oo as noted in the preceding paragraph and Lemma 1.1.

To obtain (5.17) we again use (5.13) and have

But

where

and by [14, p. 397]

since == 1 by Lemma 1.1. Combining (5.22) with (5.21) we
obtain (5.17). (5.17) and (5.18) are interesting in that they show that
the constant in the defining growths (5.3) and (5.4) for W9,,, 1 

and respectively, y can be taken to be the LP norm
of the boundary value of the function F(z) in the representa-
tion (5.5) of any element f (z) E Wb,Q, 1 

Another result of the representation (5.5) in Theorem 5.1 is that

we can explicitly write the pointwise growth of a function f (z) E Wb,a.
Recall the growth (2.2) for HP(Tc-) functions, 0  poo. Then for
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we use (5.5) and (2.2) to yield

where M is a constant which depends only on f and not on z E TOo.
Of course if p = 00 f(z) satisfies (5.4) by definition.
We summarize the analysis contained in the preceding two para-

graphs in the following result.

COROLLARY 5.2. Let I f 0~(x~ (5.23)
holds ; i f p (5.4) holds. I f 1 c p  00 we have (5.17) an d ( 5.19 ) ;
i f p == 00 we have (5.18) and (5.20).

Because of the pointwise growth property (5.23) for 

and the definition (5.4) for p = oo, we may use analysis exactly as
in the proof of Theorem 3.1 above and results which we have ob-
tained in [7] and [9] to also obtain distribution information concerning
the functions. The techniques to do so are exactly those of the
proof of Theorem 3.1 using facts from [7] and [9]; thus we state our
results, which are corollaries to Theorem 5.1y and omit the proofs.

COROLLARY 5.3. Let There exists a 
element with supp (V) c (t : = 1, ... , n~ sueh that

in the strong topology of 8’;

as an equality in 8’; and

(5.27 ) + iy) : y E C6, Iyl is a strongly bounded set in S’ where
R &#x3E; 0 is arbitrary but f ixed.
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COROLLARY 5.4. Let f(z) E 1 p  00. The boundary values
h(x) E LV and Y[V] E 8’ of f(z) from Corollaries 5.1 and 5.3, respec-

tively, satis f y h = Y[ V] in 8’.
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