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A generalization
of a Theorem of F. Richman and C. P. Walker.

JINDRICH BEGVAR (*)

All groups in this paper are abelian, concerning the terminology
and notation we refer to [1]. If G is a group then G, and @, are the
torsion part of G and the p-component of G, respectively. Let o be
an ordinal. Since (p*@), = p*(@,), we shall write only p*@,. Further,
it is natural to use the symbol p*G[p]. The cardinality of « will be
denoted by |x|. Let G be a group and p a prime. A subgroup H of G
is said to be p-isotype (isotype) in G if p*H = H N p*G@ for each
ordinal « (for each ordinal « and each prime p). If K c N are sub-
groups of a group G then every subgroup 4 of G, which is maximal
with respect to the property 4 N N = K, is said to be N — K-high
in @ (following F. V. Krivonos [3]).

Let G be a p-group. If A is a neat subgroup of G then there is
a pure subgroup P of G such that P N G* = A (R. W. Mitchell [4],
resp. A.R. Mitchell-R. W. Mitchell [5]). The question which sub-
groups of G! are the intersections of G* with a pure subgroup of G
was settled by F. Richman and C.P. Walker [6]. Let G be an arbi-
trary group. If K is a subgroup of p#@ and P a K-high subgroup of ¢
then p*P = P N p*G for each ordinal a<f+41; every pAG-high sub-
group of G is p-isotype in G (J. M. Irwin - E. A. Walker [2]).

Let G be a group and 4 a subgroup of pAG. The purpose of this
paper is to give the necessary and sufficient conditions to the following
two statements:

(*) Indirizzo dell’A.: Matematicko-fyzik4lni fakulta, Sokolovsk4 83,
186 00 Praha 8 (Czechoslovakia).
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a) For each pfG@ — A-high subgroup P of @, pfP = P N p*G
for each ordinal a<f + 1 (theorem 1).

b) There is a pf@G — A-high subgroup P of G such that p*P =
= P N p*@ for each ordinal a< f (theorem 2).

Note that theorem 1 generalizes the recalled results from [4] and [2],
theorem 2 generalizes the main result from [6]. Moreover, theorems 1
and 2 together give an interesting look at these « purification » problems.

1. TaEOREM 1. Let @ be a group, p a prime, f an ordinal and A
a subgroup of pfG. The following are equivalent:

(i) 4 is p-neat in p4@.
(ii) If P is a p#G — A-high subgroup of @ then p*P = P N p*@
for each ordinal a<f 4 1.

(iii) There is a subgroup P of G such that 4 = P N p8G and
pAIP = P N phti@.

ProoOF. Suppose (i). Let P be a p#G — A-high subgroup of G.
We prove that p»P = P N p*G for each ordinal a<f + 1. It is suf-
ficient to show that if this equality holds for « (x<f) then it holds
for o -+ 1. Let x € P N p**t1@, i.e. ¢ = pg, where g € p*@; by assump-
tion, xe PN p*G =p*P. If ge P then ge P N p*G = p*P and
x = pgep*P. If g¢ P then there are an element be P and an
integer r such that b 4 rg € pFG\A. Obviously be P N p*G = p*P
and (p,r) = 1. Now, pb + prge p8G N P = A and further pb 4 prg e
eptriGd N A4 =pA. Hence there is an element ae A such that
pb + prg = pa; obviously a € P N p*G = p*P. Since (p,r) = 1, there
are integers u, v such that 1 = up 4 vr. Consequently g = upg +
+ vrg = ux + vrg and = = pg = upx 4 vprg = upxr + vpa — vpb =
= p(ux + va — vb), where ux -+ va — vb € p*P. Hence x € p*+1P.

Suppose (iii). Obviously psPc P N psG@ = A and hence psf+lP C
cpd. Now,

pAc AN psi@ =P NpsG N pstiE = psiP c pA .

COROLLARY 1 (J. M. Irwin - E. A. Walker [2]). Let G be a group,
P a prime, § an ordinal and K a subgroup of pf@. If P is a K-high
subgroup of G then p*P = P N p*@ for each ordinal a<f -+ 1.
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Proor. If P is a K-high subgroup of G then 4 = P N p8G is a
K-high subgroup of p#G and hence A4 is neat in pfG@. Since P is
p8G — A-high in @, the desired result follows from theorem 1.

The following corollaries 2, 3, 4 and proposition 1 generalize some
results from [2].

CoROLLARY 2. Let G be a group, p a prime, §, y > 0 ordinals and
A a subgroup of pfG. Let P be a pfG — A-high subgroup of G.

(i) If p*4 = A N p*(p8G) for each ordinal a<y then p*P =
= P N p*G for each ordinal a<f -+ .

(ii) If A is p-isotype in p8G then P is p-isotype in G.
(iii) If A N p#+1@ = 0 then P is p-isotype in G.

(iv) If 4 is p-neat in pAG and 4 N ps+2G = 0 then P is p-iso-
type in G.

ProrosIiTION 1. Let G be a group, A c N subgroups of G and ¢
a prime. If A is ¢-neat in N and N, = 0 then each N — A-high sub-
group of G is g-isotype in G.

Proor. Let P be a N — A-high subgroup of G. Suppose g € "\ P
and qg € P. There are an element b P and an integer r such that
rg + be N\ 4; obviously (r,q) =1. Now, qrg+gpe PN N = A4,
there is an element a € A4 such that qrg + ¢b = qa and hence rg =
= a —b. There are integers u, v such that uq 4+ vr = 1 and conse-
quently g = uqg + vrg = uqg + va— vb € P, a contradiction. Hence
(G/P), =0 and P is g¢-isotype in G (see lemma 103.1[1]).

CorOLLARY 3. Let G be a group, p a prime, § an ordinal and
A a subgroup of pAG. If A is neat in pfGE, A N ps2@ =0 and
(pfG), = 0 for each prime ¢ == p then each p#G — A-high subgroup
of @ is isotype in G.

COROLLARY 4. Let H be a subgroup of a group G, p be a prime
and f an ordinal. Suppose that for each nonzero element ke H,
h,(h) < B + 1. Then

(i) H is contained in a p-isotype subgroup 4 of G such that
for each a e ANH, h,(a)<p.

(ii) If H N pAG is p-neat in pAG then H is contained in a
p-isotype subgroup B of @ such that for each ac B\H, h,(a)<p.
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(iii) If H N p#@ is neat in pfG@ and (pfG), = 0 for each prime
q # p then H is contained in an isotype subgroup B of G such that
for each a € B\H, h,(a) < f.

2. DerFINITION. Let G be a group, p a prime and f a nonzero
ordinal. The minimum of cardinals

r(p*Gp)/pPGlP)), a<§p,

will be called the (p, f)-rank of G and denoted by 7, s(G).

ProprosITION 2. Let G be a group, p a prime and f a nonzero
ordinal. If H is a pfG-high subgroup of G then

(p,p)(@) = minr(p*H,) .
a<f

ProoF. Let H be a p8G-high subgroup of ¢ and « an ordinal,
«<<f. Since the subgroup p*G N H is pfG-high in p*@ and
p*G N H = p*H (see corollary 1), p*G{p] = pfG[p]® p*H[p]. Con-
sequently

r(p*H,) = r(p*H[p]) = r(p*G[p]/p*G[p)]) -

REMARK 1. Let G be a group and H a psG-high subgroup of G.
If =041 then

.G = r(p°G[p]/pPGIp]) = f5(@)

is the §-th Ulm-Kaplansky invariant of G, and
7,)(@) = r(p°H,) = r(p°H[p])

by proposition 2. If §is a limit ordinal and 7, (@) > 0 then for each
ordinal ¢ < f§ there is a natural number k such that p*H[p] 5 p***H[p].
For, otherwise p*H, is divisible, p*H,c pfG N H = 0 and propo-
sition 2 implies a contradiction. Hence r(, (@) is infinite. Let y be
an ordinal such that 7, 4)(@) = r(p*H[p]) and let ¢ be the least ordinal
such that 8 is cofinal with ¢ (i.e. ¢ = cof(f)); hence ¢ is a cardinal.
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According to the precedent consideration,

7w,6(G) = r(p?H[p]) = [p*H[p]|> [{a; y<a < f}[>¢.

REMARK 2. If G is a p-group and H a G'-high subgroup of @
then by proposition 2,

T(p,0)(G) = min r(p"H)

n<w

is the final rank of H.

LeMMA 1. Let G be a group, p a prime, f a nonzero ordinal and
A a subgroup of pAG. If there is a subgroup P of G such that
P N psG = psP = A then

r(PAIG N ApA) <7, p5(G) .

ProoF. Let {a,+ pA; i €I} be a basis of ps+1G N A/pA and H
be a p8G-high subgroup of G. Suppose |I|> r(p*H,) for some o < f3.
For each index ¢ eI there are elements ¢, € pfG@ and x; € p*P such
that a, = pg; = px;. Since

x; —g: € G[p] = pPG[p] @ H[p],

@, —g,=¢g; +h;, where g,€pfG[p] and h,;e H[p] for each iel.
Further
h,=o,—g,—g;€ H,N p*G = p°H,

by corollary 1. Since the set {kh;; ¢ € I} is linearly dependent, there
are a finite subset J of I and integers r,, ¢ €J, such that

>rih;=0
ied

and 7,h; <0 for each 7€ J. Hence

>Sriw,epfGNP=A,

ieJ

>ria,epd,

ieJ
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and
z ri(a; + pAd) =pA.

ieJ

Since the set {a,+ pA; i€ I} is linearly independent, 7;a,€pA and
hence p|r; for each index i€ J, a contradiction. Hence |I|<7(p*H,)
for every ordinal o << 8 and proposition 2 implies- the desired result.

LEMMA 2. Let G be a group, p a prime, § a nonzero ordinal and
B a subgroup of p8G. If B is a direct sum of cyclic groups and
7(B) <7 p)(G) then there is a subgroup X of G such that

(i) X NnpeG =B,
(ii) Vbe B, Va< 8, Ire X N p*G, b= pa.

ProOF. Suppose B =0, otherwise the assertion is trivial. Let H
be a pfG-high subgroup of G.

Case 1. f=40-41.
By remark 1, 7, 5(G) = r(p°H[p]). Write

B=®<ay and pH[p]= D <y,

y<o y<a'

where ¢ and ¢’ are ordinals such that o<o¢’. For each ordinal y < ¢
let H, = @ <h,).
v'<y
By transfinite induction we shall define an ascending chain of sub-
groups Z,, y <o, with the following properties:

(L) Zy N\ pfG =B,

(2yy) ZycpoG,

(3y9) Vy' <y, dee Z,, ay = pc,
(4,7) (r*G + Zy) N H[p]Cc H, .

a) Put Z, = B; the subgroup Z, has obviously all the properties
(1,0)-(4,0).

b) Suppose that Z, has been defined (0 <y < ¢) and define Z,_,.
If there is no element ¢ e (pfG + Z,) with a, = pc then let ¢, € p°@
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be an arbitrary element such that a, = pe,. If ce (pfG 4 Z,) c po@G
is an element such that a, = pc then let ¢y = ¢ 4 hy; ¢y € PG + Z,
by (4,y). Define Z,,, = {Z,, ¢yy and verify the properties (1,y-+1)-
(4yy+1). Let 2z 4 rey € pG, where z€ Z, and r is an integer. If p|r
then 2z -+ reyeZy, N pBG = B. If (p,r) =1 then it is easy to see
that ¢y e pfG + Z,, which contradicts with the definition of the
element ¢,. Hence (1,y+1) holds; (2,y+1) and (3,y-+1) are trivial.
Let g + 2 + r¢y = h € H[p], where g € pf@, z€ Z, and r is an integer.
If p|r then ke (p8G + Z,) N H[{plc Hyc Hy,, by (4,y). If (p,r) =1
then there are integers u#, v such that 1 = pu 4 rv. Since

ray =proy=ph—g—2)=p(—g—2),
ay = pua, + rva, = p(ua, — vg — v2) ,
where ua, — vg — vz € p#G + Z,, and according to the definition of ¢y,
¢y = ¢ + hy, where ce pf@ + Z, and a, = pc. Hence
g+2+rot+rhy=h,
h—rhy =g+ 2+rce(p?G + Z,) N H[p]c Hy

and consequently he H,,,, i.e. (4,y4-1) holds.

¢) Suppose that y is a limit ordinal. If for each ordinal ' <<y
a subgroup Z, with the properties (1,y')-(4,y') has been defined then
the subgroup Z, = |J Z, has obviously the properties (1,y)-(4,y).
y'<y

Finally put X = Z,; the properties (i), (ii) arise from (1,0)-(3,0)-

Case 2. f is a limit ordinal.
Let ¢ = cof(B). Suppose that § is a limit of an ascending sequence
of ordinals a5, d<<e. Let B = P {ay), where a, # 0 for each y < ¢

y<o
and ¢ is a cardinal. By assumption, 7, (@) >7(B) = o.

Case 2.1. o> e.
We use the transfinite induction to define an ascending chain of
subgroups Z,, y <o, with the following properties:

(577) ZyNptG@ =B ,
(Byy) Vy'<y, Va<pB, 3FeeZ,np*G, ay=pc,
(T,9) r((p?G + Z,) N Hp]) < [y|-¢.
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a) Put Z,= B.

b) Suppose that Z, has been defined (0 <y < o) and define Z,,,.
By transfinite induction we shall construct an ascending chain of
subgroups Ys, d<e, with the following properties:

(8,0) YsNnpfG =8,
(9,6) Vd' < o y dee Yo N p“"'G , ay=pe,
(10,6) r((pPG + Yo) N H[pl)<|y|-e+ ].

bl) P'llt YO - Zy.

b,) Suppose that Ys has been defined (0<d< &) and define
Y;.,. If there is no element ce (pf@ + Yo) N p*G with a, = pc
then let ¢s€p*G@ be an arbitrary element such that a, = pcs. If
ce (p8G@ + Ys) N p**G is an element such that a, = pc then let
¢s = ¢ -+ h, where hep*H[p\(pPG + Ys); such element h exists,
since

r(p™H[p)) >70,5(F) >0 > |y|-e + [8|>r((pPG + Yo) N H[p]) .
Define Y;,, = (Xs, sy and verify the properties (8,0+41)-(10,6-1).
Let y 4 rcsc pfG, where ye€ Y5 and r is an integer. If plr then
y+rese YsNpf@ = B. If (p,r) =1 then it is easy to see that

¢s € pAG@ 4 Ys which contradicts with the choice of the element ¢s.
Hence (8,0+1) holds; (9,041) is trivial. Further write

(pPG + Y,,0) N Hp] = (pPG + Yo) N H[p]® B
and suppose R = <{h)® R', hy 0 and h,e R’. Write
hy=¢1+ 41+ 160, hy=g» + Y2 + 1200,

where ¢y, ¢,€p8G, ¥, y.€ Yo and r,r, are integers. Obviously
(p, r.) = 1, there are integers u#, v such that

73C6 = UPT3 Co - VI1 7306 = UT3 Ay + VF3(hy — g1 — 1)



A generalization of a theorem of F. Richman and C.P. Walker 51

and hence

hy=gs -+ Yo + uryay +vr by —or, 9, —vryy, €
€ (pPG + Yo) N H[p]® {by) .

Thus r(R)<1 and (10,6+1) holds.

b;) Let 6 be a limit ordinal. If for each ordinal §'<< § a sub-
group Ys with the properties (8,6')-(10,6') has been defined then it
is not difficult to see that the subgroup Ys=|J Ys has the pro-
perties (8,6)-(10,0). ¥'<s

Now, the subgroup Z,,,=7Y, has the properties (5,y-+1)-(7,y+1).

¢) Let y be a limit ordinal. If for each ordinal y'<<y a sub-
group Z, with the properties (5,y')-(7,y’) has been defined then the
subgroup Z, = |J Z,» has the properties (5,y)-(7,p).
y'<y
Finally put X = Z_; the properties (i) and (ii) arise from (5,0)
and (6,0).

Case 2.2. o<e.
By transfinite induction we shall construct an ascending chain of
subgroups Ys, d<eg, with the following properties:

(11,8) YsN pfG =B,
(12,6) Vy < min(é, o), Vo<, dee Ys N p*'G, ay = pe,
(13,9) r((p?G + Yo) N H[p]) <6ga 0] .

a) Put Y,= B.

b) Suppose that Ys has been defined (0 <6 < &) and define Y, ,.
We use the transfinite induction to define an ascending chain of sub-
groups Zy, y<min(d + 1, o), with the following properties:

(14,) Z,NpsG =B,
(15,y) Vy' <y, dee Z, N p*@G, ay = pc,

(16,y) r((p#G + Zy) N H(p)) <6gdlé’l + Iyl
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b,) Put Z,=Y,.

b,) Suppose that Z, has been defined (0<y < min(d+1,q))
and define Z,,,. If there is no element ce€ (p#G + Zy) N p*G with
ay = pec then let ¢, € p**G be an arbitrary element such that ay = pey.
If ce(pf@ 4 Z,) N p*@ is an element such that a, = pc then let
¢y = ¢ + h, where hep*H[p]\(p?G + Z,). Such element h exists,
since by remark 1,

P HIp]) >70,p(6)>e > 3 18|+ [y [>7(#76 + Z) O HIp])

Now, define Z,,, = {Z,, ¢,>; as in the case 2.1, it is not difficult to
verify the properties (14,y-+1)-(16,y41).

b;) Let y be a limit ordinal. If for each ordinal y'< y a sub-
group Z, with the properties (14,9')-(16,»’) has been defined then the
subgroup Z, = |J Z,- has the properties (14,y)-(16,y).

r<v
The subgroup Y,,; = Zyns+1,0) has the properties (11,0--1)-
(13,041).

¢) Let 4 be a limit ordinal. If for each ordinal d'<< § a sub-
group Y, with the properties (11,0')-(13,6’) has been defined then the
subgroup Ys = J Ys has the properties (11,0)-(13,9).
8'<é
Finally put X = Y,; the properties (i), (ii), arise from (11,)
and (12,¢).

LEMMA 3. Let @ be a group, p a prime, § a nonzero ordinal and B
a subgroup of pfG. If B is a direct sum of infinite and p-primary
cyclic groups and

r(pfr1G N B/pB) <7, 5(F)

then there is a subgroup Y of G such that
(i) YN psG =B,
(ii) Vbe B, Va< f, Iye Y N p*Q, b = py.

ProOF. Write B/pB=ps+*1G N B/pB® B,/pB. Let {b,+ pB; ic I}
be a basis of the group p#t1G N B/pB; put B, = <(b;; 1 € I>. Obviously
B, 4 pB = p8+*1G N B and hence B = B; 4+ B,. Since B is a direct
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sum of infinite and p-primary cyeclic groups,
7(By) < [I|<70,5();
by lemma 2, there is a subgroup X of G such that

(17) X N psG =B,
(18) Vbe B,, Va<f, dre X N p*@, b=px.

Write B, = @ <{ay), where ¢ is an ordinal.

y<o

By transfinite induction we shall define an ascending chain of
subgroups Ya, a<f, with the following properties:

(19,0) XcYa,
(20,x) Y. N psG =B,
(2L,) Vy<o, Vo' < o, Jee Y. Np*@Q, ay = pe,
a) Put Y,=B,+ X; the subgroup Y, has the properties
(19,0)-(21,0).

b) Suppose that Y has been defined (0 <o < ) and define Y,
By transfinite induction we shall construct an ascending chain of
subgroups Z,, ¥ <o, with the following properties:

(22’}’) Ya C Zy )
(23,y) Z,NpPG =B,
(24,y) Vy'<vy, dee Z, N p*G, Ay = PO .

bl) Put Z0= Ya.

b;) Suppose that Z, has been defined (0<y < o) and define
Z,. . If there is an element ce Z, N p*G such that ay, = pc then
define ¢y = ¢. If there is no element c¢e (p?@ -+ Z,) N p*G with
ay = pc then let ¢, € p*G be an arbitrary element such that a, = pe,.
Finally, if there is an element ¢e (pf@ -+ Z,) N p*G with a, = pe
then there is an element ¢'e Z, N p*@ with ay, = pe’. For, write
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¢=v -+ 2 where vepf@ and ze€Z,; obviously zep*G. Hence
ay=pv+ pz, i.e. pz€ p?G N Z,,= B by (23,y) and further pv € ps+1G N
N B = B, 4 pB. There are elements b, € B, and be B such that
pv = by + pb. By (18), we can write b, = px, where x € X N p*@G,
and hence ay = p(x 4- b + 2), where ¢’'=a + b + 2€Z, N p*G (see
(19,x) and (22,y)). Define Z,,, = {Zy, ¢;> and verify the property
(23,y+1) (the other two properties are trivial). Let z -+ r¢, € p8@,
where z € Z, and r is an integer. If p|r then z+ rey€ Z, N pfG = B.
If (p,r) =1 then ¢, € p#G 4 Z, and according to the definition of ¢,
¢y€Zy,. Hence 2+ reye Z, N p8G = B.

b;) Suppose that y is a limit ordinal. If for each ordinal
y'<y a subgroup Z, with the properties (22,y')-(24,y’) has been
defined then the subgroup Z, = | J Z,- has the propertires (22,y)-(24,y).

P'<y

Now, the subgroup Y,,, = Z_ has the properties (19,0+1)-(21,a41).

¢) Let o be a limit ordinal. If for each ordinal ' << & a sub-
group Y, with the properties (19,a')-(21,a') has been defined then the
subgroup Y. = |J Ya has obviously the properties (19,x)-(21,x).
a'<a
Finally put Y=Yj; the properties (i), (ii) arise from (19,5)-(21,8)
and (18) with respect to the equality B = B, + B,.

THEOREM 2. Let G be a group, p a prime, f a nonzero ordinal
and 4 a subgroup of p#G. The following are equivalent:

(i) r(PPrG N A/pA) <7,5(F).

(ii) There is a p#G — A-high subgroup P of @ such that p*P =
= P N p*@ for each ordinal a<p.

(iii) There is a subgroup P of G such that A = pfP = P NpsG.

ProOF. Suppose (i). Let B be a p-basic subgroup of 4. Since
A =B+ pA and A cptq,

PG N ApA ~ pf*G N B/pB
and hence
r(pP+1G N B/pB) <7(,,5(@G) .

By lemma 3, there is a subgroup Y of G such that
(24) YNptG =B,
(25) VbeB, Va<f, dyeY N p*@, b=npy.
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Obviously (A+Y) N p8G = A. Let P be a p8G — A-high subgroup
of G containing A+Y. We prove that p*P = P N p*G for every
ordinal e <f. It is sufficient to show that if this equality holds for «
(0 <a<<f) then it holds for « 4+ 1. Let e P N p*t@, i.e. © = py,
where g € p*@; obviously x€ P N p*G = p*P. If g€ P then ge PN
N p*G@ = p*P and x = pg € p**'P. If g ¢ P then there are an element
#'e P and an integer r such that rg + 2'e p#G\4; obviously '€ p*G
and (p,r) =1. Further

prg +pr'=rv 4 pr'e PN ptG =A =B+ pAd;

there are elements be B and a€ A such that ro 4 pa’'= b + pa.
By (25), there is an element y € Y N p*@ such that b = py. Hence
re = p(y + a—a'), where y + a—a'e P N p*G = p*P, and conse-
quently rz e p*t'P. Since (p,r) =1, x e p*'P and assertion (ii) is
proved.

Obviously, (ii) implies (iii) and (iii) implies (i) by lemma 1.
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