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On the Closure of Modules

of Continuously Differentiable Mappings.

LEOPOLDO NACHBIN (*)

1. Introduction.

In 1948, Whitney proved a conjecture of Laurent Schwartz and
characterized the closure of an ideal in the algebra em( U; R) of all
continuously m-diff erentiable real functions on the nonvoid open subset
U of R" ; see § 2 below for details.

In 1949, we proved a result characterizing dense subalgebras of
in the spirit of the Weierstrass-Stone theorem for contin-

uous functions; see [8].
Subsequently, our density theorem was extended from Rn to arbi-

trary dimensions, and from scalar values to vector values; see the
work of Lesmes [4], Llavona [5], [6], Prolla [11], [12] and Aron [1].

Next, the Whitney ideal theorem has been extended from Rn to
arbitrary dimensions, and from scalar values to vector values; see

the work of Guerreiro [2], [3].
In a previous paper, we have presented part of the work of Lesmes,

Llavona and Prolla is an improved and simplified form; see [9]. The

purpose of the present article is to offer likewise a better and straight-
forward version of part of the work of Guerreiro, in the style that
we adopted in [9]. As we aimed only at illustrating a fashion of

exposition, we avoided being exhaustive both in [9] as well as in here.

(*) Indirizzo dell’A.: Department of Mathematics, University of Rochester,
Rochester, N.Y. 14627, U.S.A.; Departmento de Matemática Pura, Univer-
sidade Federal do Rio de Janeiro, Rio de Janeiro, RJ ZC-32 Brasil.
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2. The Whitney ideal theorem.

The standard references are Whitney [14], Malgrande [7], Touge-
ron [13] and Poenaru [10].

Let TI be a nonvoid open subset of where n E N*. Consider
the algebra Cm( U; R) of all continuously m-differentiable real func-
tions on IJ, where 

7 then Dof denotes the partial «-derivative of f of order 
Endow R) with the natural topology 13~n

defined by the family (with parameter ocy .g) of seminorms

where .K is a nonvoid compact subset of U. Let I be an ideal in

R) and f E R). Then f belongs to the closure of I in
R) if and only if the following equivalent conditions are satis-

fied :

1) For every x E U and there is some gEl such
that Da f (x) = Dcxg(x) for all a E Nn, 

2) For km and E &#x3E; 0 there is some g E I
such that for all (X E Nn, 

We may restate the above results as follows. For every x E U

and km, let Ik(x) be the closed ideal of formed

by the f E C-(U; R) such that = 0 for all a E loc c k. More-
over, for every x E U, and E &#x3E; 0, let be the set

formed by the f E R) such that for all a E N", 
Then the closure 1 of I in C-(U; R) is given by

There is another way of stating the Whitney ideal theorem, as
follows. The closure of an ideal I of R) for the topology 
is equal to the closure of I for the topology on R) defined
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by the family (with parameters a and x) of seminorms

3. Modules of continuously differentiable mappings.

Let E, F be Hausdorff real locally convex spaces ~E ~ 0, 
U be a nonvoid open subset of E and N U yve denote

by the vector space of all mappings f : that are

continuously m-differentiable in the following sense:

is finitely m-differentiable ; that is, for every finite dimen-
sional vector subspace of E with ~’ ~ 0, nonvoid, we assume
that the restriction ~’) is m-differentiable in the classical sense.
Hence we have the differentials

for with values in the vector space of all

symmetric k-linear mappings of Ek into F.

2) The mapping

is continuous, for every ~m; in particular each belongs
to the vector subspace F) of all continuous symmetric k-linear
mappings of Ek into F.

We endow F) with the topology l3m defined by the family
(with parameters k, fl, K, L) of seminorms

where P is a continuous seminorm on F and .K, L
are nonvoid compact subsets of U, E respe~ively. If F = R, the
topology l3m is defined by the family (with parameters k, K, _L) of
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seminorms

with I-,I Ii, L as above.
We recall that E is said to have the Banach-Grothendiek approxi-

mation property if the identity mapping IE belongs to the closure of
the vector subspace formed by all continuous linear endo-

morphisms of E with finite dimensional images, for the compact-open
topology on the vector space £(E; E) of all continuous linear endo-

morphisms of E.

THEOREM 1. Let 1V be a vector subspace of which is
a module over the algebra R). Assume that there is a subset
~G of E’ x E such that:

El ) The identity mapping IE belongs to the closure of G for
the compact-open topology on £(E; E).

E2) W o G c W in the following sense: for every J E G, every
nonvoid open subset V of ZT such that J(V)c lI and every f E W,
then the restriction f o (J I V) belongs to the closure of the
restriction in for 

Assume moreover that:

Fl) F has the approximation property.

Then f E F) belongs to the closure of W in F) if and
only if, for every x E U, 7~ c m, every neighborhood Y of 0
in F and every t = (t1, ... , E En with n E Nn, there is some g E W
such that

for all Ix  k.

PROOF. Necessity is clear. It does not depend on the conditions
_E2 ), Fl), F2 ), and follows from a classical polarization formula

expressing a symmetric k-linear mapping as a finite sum in terms of
the corresponding k-homogeneous polynomial.
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We will subdivide the proof of sufficiency into two parts. Fix-,

satisfying the assumed conditions with respect to W.

PART 1. Suppose that F = R, so that W is an ideal in R).
The case in which E is finite dimensional (when G is not utilized for
we may take G reduced to IE) is the classical Whitney ideal theorem
(see the above §2). Let E be arbitrary. Fix K c U, L c E both
compact and e &#x3E; 0. By condition E1 ) in the
statement of the theorem, there are J E G and a nonvoid open subset
V c U such that K c V, J( V ) c U and

for i = 0, ... , ~; (the proof of this assertion will not be repeated here
and is given in full detail in Part 2 of the proof of the main theorem
in [9]). Set Ej - J(E); it is a finite dimensional vector subspace of E.
We may assume that 0 (see the beginning of Part 3 in the proof
of the main theorem in [9]). Set U,, = Ej; it is an open subset
of Ej that is nonvoid since J( TT ) = J( V) and Tj is nonvoid.
Let Wj be the ideal of R) formed by the restrictions g, -
- g I Uj for Then satisfies the Whitney conditions
with respect to W, because f satisfies the assumed conditions with

respect to W. By Whitney’s classical theorem there is g E VT such
that

which means

that is

for hence

for i = 0, ... , k. According to condition .E2 ) in the statement of the
theorem, there is h E W such that
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for i = 0, ... , k. Then (1 ), (2 ), (3) give us

that is, once IT is an open neighborhood of IT in ZT,

Thus f belongs to the closure of W in R).

PART 2. Let now E, F be arbitrary. Fix any It is clear
that G and the ideal of R) satisfy condition E2 ) of the
statement of the theorem with I’ = R, because G and the module W
over R) satisfy that condition E2 ) with just F. Moreover, once
f satisfies the assumed conditions with respect to W, it follows that
1pot satisfies the corresponding conditions with respect to 1po W. By
Part 1, we have

for any 1p E F’, where closure is taken in Cm( U; R). Fix any b E F.
The linear mapping g E R) « g @ b E F) is continuous,
and so

where closures in the left and right hand sides are taken in R)
and F), respectively. By (4), (5) and condition .F2) of the

statement of the theorem, we have that

for every y E F’, b e F, that is

where closure is taken in C-(U; F). Now, we know that the linear
mapping T E C(F; F) - F) is continuous if F) is
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given the compact-open topology. Thus we have

where closure is taken in F), because we assumed that

where closure is taken in ~(.F’; .F’), by condition Fl) of the statement
of the theorem. Finally (6) and (7) imply that f E W. Q.E.D.

Let us also endow with the topology defined by
the family (with parameters k, t) of seminorms

where P is a continuous seminorm on F and x E U,
t E E.

COROLLARY 2. Let yY, G be as in the statement of Theorem 1,
and assume conditions E1 ), E2 ), .F’2 ) . Then the closure of W for

is equal to the closure of W for 

PROOF. It follows from the polarization formula that bms on
Cm( lT; .F’) is also defined by the family (with parameters k, P, x, tl,
... , tk) of seminorms

where fl is a continuous seminorm on F and x E U,
tl, I - - - tk E E. Thus the result follows. Q.E.D.

REMARK 3. For every x E TT and k ~ m, let Wk(x) be the
closed module over formed by the such that

Moreover, for every x E U, every neighborhood Y of 0
in F and ~==(i,...y~)e~ with n E N*, let be the set
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formed by the f E .F’) such that

for all a E Nn, Then we may ask if the closure W of W in

F) is given by

by analogy with (1) and (2) of section 2, respectively. Theorem 1

means indeed that, under the assumptions in its statement, (2) does
hold true. Moreover, since TV,,,(x) D Wk(x), it then follows under the
assumptions in the statement of Theorem 1, that the left hand side
of (1) contains its right hand side. However, the following example
shows that (1) may break down if .E is infinite dimensional and
F = R.

EXAMPLE 4. Assume that E is a real normed space, ei E E (i 
and (j E N) are such that bij f and the qj
(j E N) generate a vector subspace ~S which is dense in E’. We may
assume that

by adjusting. If x let Io(x) be the closed ideal of el(E; R) formed
by the f E R) such that f (x) = 0; and I1(x) be the closed ideal
of e1(E; R) formed by the f E Io(x) such that d f (x) = 0. Finally,
let I be the ideal of R) formed by the f E Io(o) such that

for all but finitely many We have that Ii(0) c I c Io(o) and
we claim that
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in fact, clearly I c I + I1(x) for every x E E, and I = I + 1,.(0) once
Ii(0)cl. To prove that

we argue as follows. By using (1)~ we introduce

Then f (0) = 0 and df(x) = f for every x E E, which shows that

for every Thus f E Io(o ) and f ~ I. This proves the first half
of (3). Next, consider any f E Io(o ). Put There are

such that as Define 
- (g - Ci(E; R), (n c- N). Notice that fn(0) = 0 and _

= d f (x) - (g - g.) for every x E E. In particular = gn and

for all but finitely many i E I.. Thus f n E I for every n E N. Moreover
we have

for every showing that fn - f as n - oo R).
This proves the second half of (3). Thus I is not closed in R).
Then (2) implies that

that is, (1) of Remark 3 breaks down. With regard to condition.
E1), E2) of the statement of Theorem 1, once E has the approxima-
tion property; we take (~ = E’ ~ .E and notice that I o G c I. Of course,
conditions F2) of the same statement are to be disregarded once
F = R.
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