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An estimate on convergence for an homogeneisation
problem for variational inequalities.

MARCO BIROLI (*)

1. — Introduction and results.

Let be 2 < R* an open bounded set with smooth boundary I,
Y =T1]" [0, 4], a;; (¥) € L* (Y)i,j =1, ..., n, such that
i=1

”2” a ;W) & &=2aléa>0,a 6 in Y
=1

Let be V u, v € H} ()

x
< Asu,v > = " q —_—
’ g/.le H( )Wf () 0%,

(where <, > is the duality between H} (2) and H' () and a;; (y)
are prolonged to R" by periodicity) and

() dz

<Au,v>= Z" )——(a;)dac

;-
d axf ;

where g;; are constants defined as in [3], [9], [10].

(*) Indirizzo dell’A : Istituto di Matematica del Politecnico di Mi-
lano - Via Bomardi, 9 Milano.
Lavoro eseguito nell’ambito del gruppo G.N.A.F.A. del CNR.
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Let be fe H1(Q), we have :
Th. 1 — We consider the problems
1,1,) Acu =f
(1,1) Au=f
let be u, and u the solution of (1, 1,) and (1, 1), we have

lim* u, =« in H} (2)

>0
Moreover if ay (y) € C* (R™),fe Wh? (2),n <p < + co, we have
(1,2) e —ullze < Ol f [l

The first part of Th. 1 is shown in [7] for the symmetric case
and in [8], [12] in the general case by «local energy » method, the
second part of Th. 1 is shown by « multiple scales » method in [8]
[9] (*). We consider now the problems

1,3,) < Asw, , v-u, > = <f, v-u, >
Vove H§(R2) , o<y
we HI(Q) , uz=vy
(1,3) <Au,vu> = <f,ou>
Vve H§(Q), v<vyp
we HY(2), u<y
where y is a measurable function, such that {v e H} (Q), v < p|+#®D.
Th. 2 Let be u, and u solution of (1,3,) and (1,3) we have

lim* w, =w in H} ()

>0

Moreover if ye C(Q),fe L (R)

lim w, =% in C (Q).

>0

(*) Cf. also [1], [2].
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The first part of Th. 2 is shown in [11] by the method of «local
energy » (cfr. also [5] and [6]), the second part of Th. 2 is shown in
[4] by penalisation method and Holder-estimates. The aim of this
work is show an estimate analogous to (1, 2) in the case of varia-
tional inequalities.

Th. 3. Let be ay (y) e Ot (R"),fe L= (2),u, (u) the solution

of 1,3, ((1,3)), athe De Giorgi’s exponent, n > 2

(I) If ”As 'lp”LOCJ 7”A '/)”Loo < c y We have

o

| w, — ul e < K gn—2+3=

(II) If y € WH2 (2),n < p > + oo, we have

o

lw, — ullpe < K ex(n—z+3a)

The Th. 2 is shown by penalisation and « multiple scales » method.
In § 2 we show some preliminary results, in § 3 we study the conver-
gence for the penalised equations and in § 4 we give the proof of
Th. 3.

Rem. 1 (a) The hypothesis of the part (I) are verified if ¢y = 0:
@
(b) The result of Th. 3 can be generalized to the case a;; (a;, ?)

(¢) We don’t know if the estimates in Th. 3 are optimal;

2. — Some preliminary results.

We consider the penalised problem

(2,1) Aut o @w—yt=f,2>0.
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LEMMA 1. The problem (2.1) has a unique solution u*;if Ay e
L (Q2) we have

1
(2,2) = It =) e < If 2 + |4¥]l0

(2,3) 4 vl < 2 [|fllze + A%l 2o

From (2,1) we have

1
— [l — p)*||g < ﬂp_]_ ll(wr — @) +1E51 (Iflp + - Awllz2)
then
1
24 1w =9 = 0+ G4 p
(2,5) 4w < Cy + Cy |4y

From (2,6) we have u* € C (Q).
We show now (2,2) «ab absurdum ».

We write
(2,6) E = ||fllge + 14 9llze -
Let be
1
Q= {wl T =9t > K} # &
(2,7)

, 1
Q,,—_—{mIT(ul-y;)+>K—i—n}7éz y >0

Q' and ) are open set and 2, < Q,c 2'.
Let be now 27 an open set Wlth smooth boundary such that ,Q’
cQrc O Q.
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‘We have

A(wh—y) <0 in Qr

then from the maximum prineciple, [13],

(2,8) -}l— (w* — )T < K +n in Q7 >0Q

From (2,8) we have
(2,9) Q,=0,

then from (2,7) (2,9) we have a contradiction.

From (2,1) (2,2) we have also (2,3).

13

LEMMA 2. If f € L (2),pe WP (R), n <p < + 00, we have

1

(2,10) [t — u|| e < K Adtn—20—)],

Moreover if A p e L* (2) we have

(2,11) [t — e < K An—20—),

We show at first (2.11).

We observe that if Ay € L* (2) from the lemma 1 we have

[ u*flexs | wflex < €

where C depend only on (.
From (1,6,) (2,1) we have

<Avwr,u—w>=<f,u—u>

<Au,ut — (W — )t —u>> <f,ut — (W — p)t —u>

4wz, |A 4|z < ¢ and repeating the calculation of [6]
pg. 76-88 or [13] 177-197 we have
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then
2,12) [0t —w gy < 22 (O + Cp | A | 120)

From (2,12) we have

2n

(2,13) lu* — L2 < 22 (0] + €} |4 ]| 00).
We prolongate u* and » by 0 and we denote again by u* and

% these new functions.
From (2,13) we have

n—-2

/W (@) —u (@] de< 2" (C; + C; |4 y|1e) |B (&,0)]" "

B(z,0)

then

W/l“ (@) — u (@)| dv < A" (O] +

B(z,0)
_mz _n—
t G |4 9lle=) [B(@,0)| " 20 < A2 (0) + O || Ap|pe)o”
then there is # € B (z, o) such that
- o 1 14 11 _r-2
(2,14) [4% (@) — w (@)] < 22 (O + O |4 p|lp=)o o .
From (2,14) we have
n—2
215) [0 (0) — u @) |< 2% (O} + Of |4 plpe)e™ 5 + O o
for z € B (, o).

1
We choose ¢ = A#—-(1—= then

(2)16) |ut (@) — u (2)] < 2720 (O + €)' |4 ||p=) + € 27—,

We show now (2,10).
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From the lemma 2.1 of [7] (the hypothesis of symmetry is unne-
cessary for this lemma) if y € WL? (), n <p < + oo, there is
a sequence {y,! such that
(2,17) 14 9,z < Co~e
(2.18) v, — ¥l < C377

where (; is a constant dependent only on ||, , .
Let be u} (w,) the solution of the problem

1
(2.19) A u} 4 o (uh —y)t =f

((2,20) <Auyv—u,>=><f,o—u >
Voe H{(2),v< Y,
u, € HY(Q) , u, < p,).
From [12] pg. 22, part III, we frave
(2,21) lud — wi|po < C5 9"
(2,22) lu, — wlL-< 572 .
From (2,16) (2,21) (2,22) we have
|u? (@) — u ()] < |ut () —ul (@)] + |} (@) —u, (@)] + |u, (@) — u(@)|

< An—0-a) (O + Oy V) + C An—2(i—e) 2 il

24

We choose 7 = A%"—20-] then

o

|t (@) — w (@)] < Cp AHP—20=]

Rem. 1 — We observe that the constants in the lemma 2 depend
only on L*® — norm of the coefficients of 4.
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Lemma 3. We consider the problems
Asu,=f, Au=f
for f € L* (2) we have
lu, — ullge < € &' .

We consider 6 = —A—1f, 0 € W22 (Q). Vp, for the lemma
2.1 of [7] there is a sequence 0,7 such that

16, — Ollyt.c < Cym™e

[46, [l < Cry=e.
Let be f, = — 40, : we have

“fr/ - f”w_L“0 C, "71/2

[fallatie < Com=™2 .
Let be u! (u7) the solution of the problem

dewl=f, (Aw=f).

We have

s — wllzo < flug — wllzoo + [Ju] — Willzoo + [Jun — ul|pe <

<20 ,71/5 + Che ,7——1/5

We choose 7 = ¢ and we have the result.

3. — The penalised equation.

‘We suppose for the moment f = 0.
We consider the penalised problems

1
(3,L) Avwl 4 S Wi — )t =0
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1
(3.1) A ut + o (u* — )t =
Lemma 4. We have
[wd — utpoo < (B; + Ep A7) A 9o e
n<p<-—+4oo.
We use for the proof the « multiple scales » method.
Let be y = % we have, [8] [9],
(3,2) A =2 A, +ec14, + A4,
where
2 92 o[ 0 0
4, = -2 o) ——— — ( a (y))——=
! tg1 i 0Y; 0Y; iz oy, Y oy
L)
= — | a
xy ( W) Gy )
o2 o < 9
A = — (y)( + ) ( ®) ) — =
2 @jg]_ ij awi 8?/,- awj Byi igl ij a-’ﬂj
L9 ( d n o
- - W)= 3a
1121 Y s or i,]z=1 i) 0%; 0Y4
Ay= = Y ay () ——
3 ,’li,j=1 i \Y o, o,
Let be

n

4, 1 () = E (a” ®))

%/ (y) Y-periodic , / ¥ (y)dy =0

Y

we have ¥/ (y) € C2(Q).




18 Marco Biroli
Let be
n aul
H@s=3 8@ —— ;0. =u+ey +ey
i=1 oz,

where y, (#;y) is not given for the moment.
We consider w = u? — v, ,

1 1
Arw) + =) = W e+ — )t =

1
= _(Alxz + 4y 4y + A5 ut 4 T(u‘ —}»)-") -
1
—e(dgyy +Az2) — 2432 +7(’"""—'P)+
1 .
— 5 Wten +ey -yt
We choose x, (¢ ; y) such that
1
(3,4) Ay xp + Ay xy +A3u‘—|—7(u3—1p)+=0

Xe (@ ; y) Y-periodic in y.
We observe that we have

1
/(Az X+ 4z v + T(’“z - "P)+) dy =0

Y

then the problem (3,4) has a solution.
‘We observe that

1
(3,5) 14 9llr< G = — (W' — p)*|p< O, =

1 C; C
= ”'“‘;'”wm"g Cp- 0, > e "(W.l - "P)+"w1:PS _32_1.

03- 0y

= "ulll w"PS 1

n<p< +o0).
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From (3,5) we have

Cc
22 @5 Dlercpiwnry < —= |Ap||p

A
then
05
(376) I|A3 X1 (w ’ ?/)”c(Y;LP) = T ”A"P”LP
O,
(3,7) 4o (@5 )|l ocw, i Py < 7 Awll.e.

From (3,4) (3,5) (3,7) we have
08
(3,8) ll22 (x§:'/)”cz(Y;wl'P) = 2 Ay P

and, by multiplication for v e Wb?' (Q) 1/, +1/,» =1, we can
easily show

x C
39) lo s 2 (5 2 Jlurun< S Al
We observe now that
1 1 "
(3,10) ”T (u* — p)+ — T (W ey + &gy — P llpe <

£ &
<l + 5 el

e + &
< 0“5 14 v e

From (3,6) (3,7) (3,8) (3,9) (3,10) we have

1 1
(3,11) Axw) + - (u* — )t — T (W ey, +&x,—yp)t =0

where
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C
e = (0 + %22 Laplire

By the same method used in [10], [13] for the proof of L* —
— estimate in elliptic problems we have

C
3.12) ol =( 0 +%2) Vplyre

then from (3,12)

ot — w8l = (G5 + ) Lplzre

We counsider now the case f 40, fe LP, n < p < + oo.
Let be

¢ _:A——lf 0 = (_As)—lf
we have

o2 — ol < Cg €2

We observe that the problems

(3,13,) Asud + % (Wi —p)* =1

1
(3,13) Aur + - (u — )t =f
are equivalent to the problems
1
(3,14, Aeol + o (v — (v — 0))* =0

(3,14) Avt % (fvl —(p — o'))"‘ =0

where
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(3,15) v=ut—oc vt =ul — ot

&€

We consider now the problem
1
(3,14)) A0l 4wk — (p — 0))* =0.

From [12] pg 22. part III we have

[0? — Wi < Cig gl

and from (3,12) we have

C
ot = 93 = (05 vl + 111
then

(3,16) lu} — W < (Cog + Cog) (A 9lr + [F17) & +3 Cyg e -
A

4. — Prof. of Th. 3.
We consider the problem

(4,1,) <Adru,v—u>=<f,v—u >
Voe HY () v<wp
u, € H} (2) v, <Y

(4,1) <Auv—u>= <fo—u>
Vve H} (Q) <@
w e HY(Q) Uy

and the corresponding penalised problems

(4,2) Aeud - % (ur — )t =f
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1
(4,2) 4w+ — (wh — )t =f

We suppose for the moment

42 ¥llzee 5 |14 pllze =< €.

We have
_1r
o = w)ee < G, B30
1
Jut — wllgm < 0 2720
C
4t — g < <02 + Ts) e+ €, e
then

1
— c
”ue u"L°° < 20] An—2(1—=a) + (Cz -+ 7"’—) e+ 04 El/z .

n—2+2%
We choose 4 = ¢n—2+3z then

@
[w, — u||peo < Cy e72+3,

Let be now p € WbL? (), p > n; there is 7, 7 (n > 0).
such that, [7],

07 — ¥llw < Cgn'
lon — @l < Con'e
[Ae 97|l < Cp 2

14 97l e < Cr T2 .
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We consider the problems
4,3,) <dtulv —ul>=<f,v—aul >

Vove HY (), v< !

(4,3) <Aw,o—ur>><f,v—u>
Vove H (2), v< yn

wre Hy(Q) , un < yn.

From the abowe we have

C, %
”ug - u"”[,oc < (08 —I— 17172 )6"—2"'3“

w — wllpeo 5 [lu7 — wl|pw < Cpn''a

then

lw, — w0 < (C5 + COypyryy) €723 42 O ',

We choose 7 = An—2+3x then

1
lu, — ||z < Oy e2In—2+3a]

23

Rem. 1 — We observe that the dependence on n of the estimate
of th. 3 derive from the dependence on n of the estimate in the

lemma 2 ; then from (2,13) repeating our calculations we have

lu, — (v + & )] my < € &

if |42l 5 4 ylla< €.
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