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A Variational Principle, in General Relativity,
for the Equilibrium
of an Elastic Body also Capable of Couple Stresses.

LUCIANO BATTAIA (*)

SuMMARY - We prove a variational theorem for the equilibrium of an elastic
body, also capable of couple-stresses but not of heat conduction, in gen-
eral relativity. It can be considered as the relativization of the classical
principle of stationary potential energy.

1. Introduction.

In classical physics equilibrium problems are often proved to be
equivalent to variational principles. One of these principles is the
principle of stationary potential energy, firstly formulated within the
linear theory for infinitesimal deformations and then extended to
the non lineary theory for finite deformations but, in both cases, for
materials not capable of couple-stresses (non-polar materials)-see for
example [12], [14].

In this work we present an extension of this equivalence theorem-
to general relativity and we take also polar materials (and finite defor-
mation) into account. The work is based on the Eulerian and Lagran-
gian theories of continuous media in general relativity as formulated
by Bressan (§ 2), and on a certain variational principle, involving the

(*) Indirizzo dell’A.: Seminario Matematico, Universitd di Padova,
via Belzoni 7, 35100 Padova.
Borsista C.N.R. presso 1’Istituto di Analisi e meccanica della Universita
di Padova.
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variation of world lines. This principle was first formulated by Taub
in [13] and improved by Fock ecf. [19], §47; then it was extended
by Schopf and Bressan to the non-polar and polar cases respectively.

As a preliminary, in § 4 we state the dynamical equations in mixed
form in general relativity for polar materials, thus extending the cor-
responding result of Bressan for non-polar materials, cf. [2].

In § 5 we present and prove the equivalence of the aforementioned
variational principle to the corresponding conservation equations,
which include the dynamical equations of the equilibrium.

In §6 we compare our principle with the classical principle of
stationary potential energy.

2. Preliminaries.

We first recall some fundamental concepts of the Eulerian and
Lagrangian theories of continuous media in general relativity presented
by Bressan in [1]-[7].

Let S, be the space time of general relativity with the metric (%)

(1) ds? = — g5 da* dxbh

whose signature is determined by the condition that it can every-
where be reduced locally to the pseudo-Euclidean form:

(2) Grs= 679 ) o0 = Jou = — 6«0 ’

where d,; is the Kronecker symbol.

The co-ordinate system (x) is assumed to be admissible: the hyper-
surfaces x,= const are space like and z° increases towards future.

Let C be a body. We may consider the process 4 of the universe
in 8, as consisting only of the motion A of C, the temperature distri-
bution in the world-tube We of C, and the metric tensor field over §,.

We consider only regular motions of the body C for which, among
other things, C can be regarded as a collection of material points.
We denote the typical one of them by P*, and the four velocity (in-
trinsic acceleration) of C at its material point P* by u*(4%).

() Greek and Latin indices run over 0 1, 2, 3, and 1, 2, 3 respectively.
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The frame (z) is called locally natural and proper at the event
point x¢ if there (2) and

3) 9upy =103 u*=10% (f, x=0f/0w)

hold.
We use the notation T::, for the covariant derivative:

o o
1) T :T“,—{ }T,",‘-}—{ }T".
( Bry By oy *
We also consider the spatial projector

(5) éaﬂ: Gap + Uy Up

and the following notations

|-

(®) Ty— 4T, =1k

o .. .
recalling that the index « of the tensor 7', is said to be spatial if

T ,u*= 0 or, equivalently, if T, = T-t.
We also use the spatial derivative and divergence of any tensor:

L L
(7 T-op=0T0% Top=93T:4%

and the natural decomposition of a tensor with respect to the index a.
This decomposition for a vector v, is:

(8) Vo= U — VgUPu,

and vi(—wvzufu,) is called the spatial (temporal) part of v, (?).
The proper density o of total internal energy is defined by:

(9) dm = c¢2pdC

where dm is the proper gravitational mass of the element dC of C
and dC the actual proper volume of dC.

(2) For more details on this subject see Cattaneo [8].
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Now we fix a process §* (reference process) physically possible
for the universe (containing C) and we define 8;, W¢, MY, g},, dC*
to be corresponding instances of S,, We, A, g, and d0. We consider
an admissible system of co-ordinates (y) and the intersection S; of W¢
with the hypersurface y°= 0. For every material point P* of C we
shall use to co-ordinate y” of the intersection of S; with the world
line of P* as the L-th material coordinate. The spatial metric in S;
will be called ds*2:

(10) ds**=agydy“dy™ where ag=d,(y") = g.(0,9', 9% 9" .

The co-ordinates y* and their increments dy” then caracterize the mate-

rial points P* and the linear infinitesimal material elements at P*.
Let X* be the intrinsic state of C in 9*; we call k¥*d(C* the proper

gravitational mass of dC in X*. It is related to the actual volume dC

by the following definition of the density k:

(11) k*dC*=kdC; hence k*=£kD, D= dC/dC*.

As a consequence of this definition k satisfies the continuity equation
-4 'Dk o
(12) (kuw )/azfé+ku/a:0-

Let us set ¢ 2wkdC=c¢2pdC—kdC. Then by the equivalence
principle of mass and energy wk dC can be regarded as the internal
energy of dC. Furthermore:

(13) o=k(ct+w).
We also set
(14) o*= 0D =Fk*(c*+ w) .

An arbitrary motion of C in the system of co-ordinates (x) is repre-
sented by the equations (3)

(15) rr= :i“(t, yly Y2 ys) [: ;f;“(t’ ?/L) = 53“(?/2), t= yo] .

(3) Capital and lower case letters represent material and space time indices
respectively.
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For the regularity conditions on the functions (15) and their inde-
termination in the choice of the time parameter ¢ = f(x) see Bres-
san [1]; here we only remember that {= #(x) can be chosen in such
a way that

(16) u,=uaf=0, (2= 0a%/0y")
holds at an arbitrarily pre-assigned event &.

Let now T3~ be a double tensor field—cf. Ericksen [9]—asso-
ciated to the event point x¢ and the material point yZ. We shall
think of it as depending from z¢, y* and the time parameter ¢, with x°

and y* connected by means of the equations of motions (15). Then
the total covariant derivative based on the map (15) is defined by

(17) Tgaip= Togwg + T -
It depends on the particular representation of the motion through the
time parameter ¢. In case (16) holds it is called Lagrangian spatial

derivative and denoted by T::p.
Then we introduce the first and second deformation gradient

L
(18) af =goxy ;  Ey= i,
the first and second Cauchy-Green tensor
(19) Cur= %M“% 5 Cure= aIQM“gLB ’

and lastly the deformation tensor e,

(20) aZM 4 2e= Cry -
We have (%)
(21) ofyp=0; Cum= eumn=0; Crum=0.

The spatial inverse Dyl of «f is defined by

(22) gyl = ﬂ)?;g hence %%y$=10.

(4) We use the notations 27T, = Top+ Tps; 2T10p1 = Tap— Tpy-
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If Xes is an arbitrary Eulerian double tensor, its mixed and La-
grangian counterparts are defined by

: 1
(23) Ko — Xeoplt;  YEM = ZpLEed

In the sequel Xeo will denote the Eulerian stress tensor so that
its mixed and Lagrangian counterparts defined by (23) are called
first and second Piola stress tensor, see [15].

We are interested in an elastic body C capable of couple-stress
but not of heat conduction and we assume, also for the sequel the
absence of electromagnetic phenomena. We consider an event & in
the world tube We of C and we suppose that the vector do,, represents
the infinitesimal oriented spatial surface do at §. We admit that the
forces exerted by the material elements contiguous to the negative
face of do on those contiguous to the positive one are caracterizable
by means of the resultant dR* and the intrinsic resultant moment
dM>-dR* is expressed by

(24) dR*= X*fdoy  with X*fug= 0= u, X*#
while dAM* is expressed by
(25)  dMr= Ezeumedﬁdo-ﬂ with m@9s= 0 = wu,mess = mesbyy
where Em is the spatial Ricci tensor u@e,.g, (°).
As well as the stress X8, the tensor m*#¥ of couple stress depends
on & but not on dog.
We define
(26) M= m*, L mP el Lt (0= 2m ) .
Then the total energy tensor is:
(27) ql)aﬂ: QU Up 4+ X(aﬂ) + %azﬁ .

(%) 84pys is the usual permutation symbol with &;,,,=1. The Ricci tensor
is defined by eqpy5 = V— g 8,py6 {9 = det [ g,p] <O0).
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The temporal part of the conservation equations
(28) W*=0,

can satisfactorily be taken as the relativization of the first principle
of thermodynamics and can be put into the form

Dw  dl®
K== =
Ds Ds 0

(29)

where dl© is the work of internal contact forces

)
(30) T = — WX+ NP,

The spatial part of (28)
(31) gw(@uyuﬂ + X B M) 5= 0

can be taken as the relativization of the first Cauchy equation of con-
tinuous media (¢).

3. Variation of world lines in the elastic adiabatic case.

Introducing the Lagrangian counterpart.
(32) myPM = D=2yg Ly mi

of mP*#, the constitutive equations of the elastic body C capable of

(¢) For more detail on the definition of A*# and on the acceptability in
general relativity of the equations (29), (31) and the expression (30) of the
work of internal contact forces see the works of Bressan. When thermodynamic
and electromagnetic phenomena are taken into account, Eckart’s tensor Q.
and the electromagnetic tensor E*f should also be added to the expression (27)
of U**. However no equation involving Q.s or E,s will be considered in the
sequel.
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couple stress but not of heat conduction are

ow
W=10(e.y Opparr y*); ~mPLY = K* + Ag*BLM
oC
(33) [(BL1M
Yam — _ Rg* ow zm(LAB_Gbu)s Corni ow 0
0€ 10 ) 0C a1y

where A= A(ezy, Cpra) and £*2X¥ ig the spatial Ricci tensor is Sj.
Now we suppose the field g,; and the motion A of C as given in §,.
We consider a regular motion A(; depending on the real parameter A

(34) #="*22(1,y%)  with *(0, y*) = £2(y%),
and the functions 2*(4, x¢) defined by the condition
(35) 2= 224, #2(y")] = *2*(2, ¥°) ;

furthermore we set

It follows that &edA is the displacement of the material point y=
(at the instant {= y°) in the correspondence M,—> My;.
Consider the functional

(37) I =fg V_gdv (A = duw,dw' da? dz®)
Cy

and the variation & di of the motion AG of C that is of class C® and
satisfies

(38) fe=0=_§e,

on the boundary FC, of C,.
Then in [6] it is proved that for these variations we have

(39) éfg \/:?)_dm - dlf(gueu"—}— Xeo) M), 8, \/——gdw .
Cy Cy
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Hence the validity of the variational condition
(40) 0I=0

is equivalent to the conservation equations (28).

4. Mixed form of the dynamical equations.

In the absence of electromagnetic and heat conduction phenomena
the spatial part of U= 0 is:

(41)  Guplow’uP + X 4 M7P) 5 = (0Gay + X)) AP+ Gy X775+
+ gLazy‘/KJ?p/ﬂ =Y.

We call M*= — 53‘%"5,,9 the resultant of the forces due to couple
stresses and, in analogy with Bressan [2], we introduce the resultant

(42) Me— DM

of the same forces per unit volume of reference configuration.
By a useful formula proved in [2] we have

(43) ZDX(W)/E: _KVM,M.

Let us multiply (41) by D(s£0) then by (14), (23), (41), (42) and
(43) we have

(44) D, (ou’uf + XY 4 M) 5= (0* fup + K Matzy) AP +
+ éayKyMlM_ M: ’

from which the following mixed form of the dynamical equations
follows

(45) (099 + K Matgyr) AP + G, K™ 5 — ME=0 (7).

() Recalling that K, ¥ = o, Y%#, from (45) we can also deduce the com-
pletely Lagrangian form of the same equations.
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5. Varational principle for equilibrium problems.

We now suppose that the space-time S, is stationary and intro-
duce a stationary system of reference (). Let C, be the intersection
of the world tube W of C with the hypersurface z°= 0.

We want to consider the equilibrium of C with respect to the sta-
tionary frame of reference (x). We identify the arbitrary parameter ¢
in the equations (15) of the motion of C with #° and denote the con-
figuration of C in C; by #"= x"(y*). Then the equations of the mo-
tion of C can be put into the form

Xy =1
(46)
o =a(t, yt) = y'(y?) -

The functions y7(y%) are such that (46) satisfy the regularity condi-
tions requested for the equations of motion.
The hypothesis of stationarity of (z) implies

(47) 9apo=0 .

Consider the functional

(48) Jr=JH(p) = o Vardy  (dy = ay?, dy*-dy)
g

where p* = 0* (e, Oprar,) and J* depends of y" through &g, and Cippyy,
and an arbitrary variation dy" of 47, that is of class C®) and vanishes
on the boundary F8; of S; together with &y .

‘We shall prove the following:

a) the first principle of thermodynamics holds for the body C
(not capable of heat conduction);

b) for the aforementioned variations 0" we have

L —
(49)  oJ* = f ((0* gro+ Klorgr) A+ g, K0 — M3} 05" Va*dy
5

Hence the validity of the variational condition

(50) 8J* =0
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is equivalent to the dynamical equations (45) of the equilibrium (®).
Let C undergo the motion (46). We first prove (a). Since heat
conduction is absent, the first principle of thermodynamics reads

Dw  dl®
(51) k Ds -+ Ds = 0

By (46) Depy/Ds = 0= DCig1y/Ds. Hence on the one hand from
w = (&g, Crpryr) We deduce Dw/Ds= 0. With regard to dl/Ds we
know from Bressan [6] that (°)

) () o
ﬂ_ l axl — %[Y(BR)+ ngBLM CR)SCSLM] .

(52) Ds D Ds

Degp  mBUM DOBIM
Ds D Ds ’

so that, on the other hand, we have di;/Ds=0.

Now we consider the set C, of the points #° of W with |2°|<a +1
(a real positive). Let C; be the subset of C, where [2°|<a, let G be
the subset where a<a®<a + 1, and let C; be the subset were
—(a+ 1)<’ <—a.

Then we consider any function, of class C®, ¢(&), of the real va-
riable &, for which

?'(0) = ¢"(0) = ¢"(0) =0
¢(0) =1; ¢)=¢'1)=0

1
[o@az—o.
0

(8) It must also be remembered that the vector on the left hand side
of (45) is purely spatial, hence it vanishes if and only if its components with
a=1, 2,3 vanish.

(°) If di'?/Ds and d*l;/Ds represent the power of internal contact forces
for unity of actual and reference configuration respectively, we have

d*¥16) = D dio .
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Next we introduce the arbitrary variations dy7, of class O®, that
vanish on F8; together with 0y’ 1; we also consider the correspond-
ing dxr of the zr as given by (46) and we set d2°=0. We regard
these 0z~ as functions dx'(x*) of the space time co-ordinates x* by means
of the inverses of the functions "= y"(y%). Then dz"= 0= d2", on
FC,. We also suppose that, for =7 in C,, the functions that appear
in (39) are given by

&dA=0 in C,

(54) dxr(2*) |°| <a
&(x% xm)dA = @(x°— a) 0w (x?) a<r'<a-+ 1
p(—az’—a)dz'(x®) —(a+1)<a’<—a.

By (53) these functions are of class O® in C, and vanish on FC,
together with &e ;.

For these variations we have, remembering that g 4/—g does not
depend on z°,

(55) 6fg V—gdzx —_—.fga% 0x" p(x°— a)y/— gdx =
of of

a+1

= f 88:5’ ox™\/—g dsxftp(w°— a)dz’=0,

Cs a

and likewise

(56) afgv—_gdxzo.

Y
Then, as pu,us + X,5+ M,z does not depend on z°,

67 a[TEE V=G = [(eur ot Xioy+ Hor)*p(dz*— a) b7 /=
of (73 a+1

=f(gu,ua+ KXoy + Moys) b2, \/:—gd3wf<p(w°——a)dw°= 0,
Cs a

and analogously

(58) 42 (Queta+ Xigo)+ M) 780/ =G = 0.

‘s
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We then have
69)  [ov=gde—[da*[o=gdsw = 2afov=gdw =
02’ —a Cs Cs
= 2afg Va*Ddy = 2afg* va*dy ,
83 53
hence, see also (55) and (56),

(60) afg W’—gdwzzaéfg* Va*dy
Cy s;

for the variations &edA and dyx” considered above. Furthermore, re-
membering (57), (58), and that the temporal part of U*8,; vanishes
identically (first principle of thermodynamics), we have

(61) d}'f(eue“a‘i‘ X (go)y+ Mogo)/? &0 v/ —gdz =

C,
- f (0Urtto - Xroy- Mopa)/007 /=G d —

g

1
:fgfe(QuQu"‘f‘ X (@) 4 M2),500" /g —da =

of
4 1
:fdﬂfofgm(guguax(qa)_*_ M) 100" \/— g g A5z =
—a

L
= 24 gro(Queus+ X+ )08 (y) Mo /@ dy =
53
L
= 2af{(g*gre+ KfOCGL)AQ—f— grQKQMIM'— M;}ﬁx’y a*dy .

83

From (60), (61) and (39) we obtain the validity of

— L €L
(62) d|o*va*dy :f{(Q*grq‘l‘ Koer) A+ gro KoMy — M3} 67 +/a* dy
s 53

83

for the variations dy" of y" that are of class C® and vanish on F8;
together with their first partial derivatives. Q.E.D.
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6. Comparison with a classical principle.

We now consider an elastic body C not capable of couple stresses,
in classical physics. If W is the elastic potential energy, the consti-
tutive equations of C are (1°)

ow

aSLM

(63) YIM —

where p* is the mass density in the reference configuration.

We suppose that the body forces are conservative, that is there
exists a potential U= U(x) such that
(64) fr=10Ur.

Then the equations of the equilibrium of C are

(65) (u* aW) +prUr=0.
H7

60:, L
Consider the functional

(66) J (") = f W dCH* — f w* U dC*
C C

and any variation dxr of z* that vanishes on FC. Then it has been
proved that the variational condition

(67) 8J(27) =0,

is equivalent to the equilibrium equations.

If we remember that in general relativity body forces are taken
into account by means of the metric, we see that our theorem in §5
generalizes this classical equivalence theorem involving the statio-

(1%) The quantities ¥Y*¥, ¢, etc., occurring in classical physies, are defined
in substantially the same way as we did in general relativity. See for example
[14], [15].
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narity of potential energy. Furthermore in our principle we also take
into account possibly vanishing couple stresses and the energy due
to the mass of C, as requested by the principle of equivalence of mass
and energy.

(1]
(21
(3]
[4]
[5]
(6]
(7
(8]

[9]
[10]
[11]

[12]
[13]

[14]
[15]

(16]
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