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REND. SEM. MaT. Un1v. PAaDOVA, Vol. 49 (1973)

Statistical Study of Navier-Stokes Equations, IL

C. Foias (*)

6. Stationary statistical solutions, invariant measures and time averages.

1. a) Let us recall that beginning with § 5 throughout the
sequel of the paper the right term f(-) of (the abstract form of) the
Navier-Stokes equations is supposed to be time-independent, that is
f(t) = f(0) for all ¢, and belonging to N, i.e. fe N. In this case for
any (Borel) probability 4 on N satisfying (3.5) there exists a measure-
valued function u. defined on the whole (0, co) enjoying the following
property: For any T € (0, oo), the family {u}o<;<r is a statistical
solution of the Navier-Stokes equations with initial data u, satisfying
a.e. the strengthened energy inequality; the family {u}ocico Will be
called a statistical solution on (0, co) with initial data u. In order
to avoid some tedious inessential difficulties let us sketch the con-
struction of a statistical solution on (0, co) in case the initial data u
is with bounded support in N. To this aim take inductively a sta-
tistical solution {u{"},,<, constructed as in Sec. 3.2, with initial data u
for n =1 and u{*~? for n > 1, and define u,= ui”,_, for te[n—1,n),
n=1,2,.... Theorem 2 and Lemma 6 in Sec. 3.3 imply that (for
any T € (0, 0o)) the family {u}o;<p satisfies (3.13,;) and (4.2) on [0, T]
(not only a.e.); moreover it enjoys Property (j) in Theorem 2, Sec. 3.3.¢),
and supp y; is bounded in N, uniformly in ¢€[0, T']. In particular, the

(*) Indirizzo dell’A.: Académie de la République Socialiste de Roumanie,
Institut de Mathématique - Calea Grivitei, 21 - Bucarest 12, Romania.
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10 C. Foias

above properties show that {u;}o<i< i3 a statistical solution on (0, co)
with initial data u.

Let us conclude this discussion with two remarks. Firstly, that
a statistical solution on (0, co) is obliged, by definition, to satisfy the
strengthened energy inequality (a.e. on (0, o)) and, secondly, that the
above construction of a statistical solution on (0, co) can be adapted
in such a way that the solution should satisfy (5.32') for all #,>¢,>0;
plainly, this necessitates the use of Theorem 5 in Sec. 5.4.a).

DEFINITION. A stationary statistical solution of the Navier-Stokes
is, by definition, a time-independent statistical solution on (0, co),
that is a (Borel) probability ¢ on IV such that {u,;: u=u, for a
te (0, co)} is a statistical solution on (0, co) with some initial data u'.

Note that (3.16) implies the relations

(6.1) [turdu < oo, [ulrduw) < oo
N N

where, as we already agreed, |u|=co on IN\N'. (Obviously the
first relation in (6.1) is implied by the second one.) Moreover u=u'.
Indeed from (3.13,,) (satisfied a.e. on (0, 00)) it results readily that

(6.1) [P duw) = D) du )
. N N

for all @e Gyt TUsing the first relation (6.1) for 4 and the same
relation for u' (since it is an initial data), we can deduce y = u' repro-
ducing almost the proof starting from formula (5.19) and finishing
before Theorem 3’ in Sec. 5.2. With this remark, the relation (3.13.)
obviously reduces to the equation

(6.2) [P, @) + b, w, &'@) — (f, )] du(w) = 0

N

for any @ € G*%. However our solution satisfy also (4.2) a.e. on (0, o).
It is plain that this last relation for u, =y becomes

(63) o' () Ll data) < [ (), ) At
N N

for any ye ([0, o)) such that ¢’ is bounded and >0.
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Actually in (6.3), 9’ can be any bounded nonnegative function
€ 0([0, c0)). Therefore it is easy to infer that

(6.3 v [l dpw) < [(f, 0 duw)

{u: ueN, a<<lul<b} {u:ueN, a<lul<b}

for all reals b>a>0. On the other hand it is obvious that if a (Borel)
probability x4 on IV satisfies the second relation (6.1) as well as (6.2)
and (6.3) then u is a stationary statistical solution of the Navier-
Stokes equations.

Thus a more direct definition of these solutions is the following:
A stationary statistical solution of the Nawvier-Stokes equations is a (Borel)
probability on N satisfying (6.1), (6.2) for all ® € G (or only € BY)
and (6.3) for all v as specified above.

REMARKS. 1°. It is plain also that a Dirac measure J, is a sta-
tionary statistical solution if and only if %, is an (individual) stationary
solution (see Sec. 2.2).

20, By (2.6), the set S of all individual stationary solutions of
the Navier-Stokes equations is a bounded set in N, Moreover it is
easy to verify that it is also closed hence compact in N. Obviously
any probability 4 whose support is c S is a stationary statistical solu-
tion of the Navier-Stokes equation. In a certain sense these solutions
are to be considered as trivial.

We shall give now some (easy) properties of the stationary sta-
tistical solutions in the following

PROPOSITION 1. There exist some constants cg; and cgy (depending
only on f, 2 and v) such that for any stationary statistical solution u the
following relations hold:

(6.4) [1uldu) <eus,
N

(6.4") suppuc{u: ueN, |u|<cg}.

Proor. From (6.3) with y(&)=§, £>0, we deduce

oIl dutw) < 7] [l duto) < 1 [l duta))'< 1 25 ( [l dpan)'
N N

N N
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thus (6.4) holds with

(6.4") Cas = o
v

Let now 7,> 0 and let p in (6.3) be any function satisfying moreover
the condition

(6.5) p(€)=0 for 0<é<r; and 9'(§)>0 for &>r2.

Then (6.3) and (6.5) yield

v f (ol ul o) = o (12 o <
{u: ueN, lul>ry} N

<l f (l?) ] dps(w) = If] f (Jul?) ] () <
{u: uel, lul>ro}
<m f ' (Ju]?) |u]? du(u) < lfl f v (|uf?) ] *duw) ,

%o
{u: ueN, lul>r,} {u ueN, |ul>re}

so that if we put

111

6.41/1 ! —
( ) Css Vi,

we obtain
¥ ([w]?) | u|®du(u) =0,

{u: ueN, lul>c;l}

whence (6.4').

PROPOSITION 2. (a) Let the space dimension n=2. Then for any
stationary statistical solution u we have

{ pw) = pu(8(1)'w) ,

(6.62) for all t>0 and Borel subsets w of N.

(b) Let n=3. Then for any stationary statistical solution u car-
ried by a bounded set in N' we have

{ pw) =u(Tt)'w),

(6.6,) for all t>0 and Borel subsets w of N.
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The point (a) follows readily from the initial definition of a sta-
tionary statistical solution and from Proposition 1 above together
with Remark 1° in Sec. 5.1.b); while (6) is obtained, using, instead
these two (Prop. 1 above and Remark 1°, Sec. 5.1.b)), Theorem 2
in Sec. 5.1.¢).

REMARKS. 3°. There is an essential difference between the points
() and (b) in Proposition 2, namely: (6.6,) concerns all stationary
solutions in dimension » = 2, while (6.63) concerns some stationary sta-
tistical solutions in dimension » = 3. Obviously, the additional condition
in (b) is satisfied by the trivial solutions (i.e. those whose support
lies in S; see Remark 2° above) but for these solutions, (6.63) is trivially
verified.

40, Jf f =0, then the only stationary statistical solution is d,.
Indeed, (6.3), with y(&)=§, gives

v Jul*du(u) = 0,
N

thus supp uc {0}, hence u = é,. However, in this case u,= 0 is the
only stationary (individual) solution, so that in this case all (in fact
the only one) stationary statistical solution u are (in fact) trivial,
i.e. suppucS (see Remark 2° above).

b) The existence of stationary statistical solutions which are
trivial (assured by S= 0; see Remark 2¢ in the preceding Section
and Sec. 2.2), naturally changes the nature of the existence problem
for stationary statistical solutions. Moreover the Remark 4° above
shows that non trivial stationary statistical solution do not always
exist. Therefore more precise statements than a simple existence
assertion have to be made in case of stationary statistical solutions.

To this purpose let x be any (Borel) probability on N satisfying
the condition (3.5), i.e.

flul”d,u(u)< oo .
N

Let {u}o<i<co e any statistical solution of the Navier-Stokes equa-
tions, constructed as in Sec. 3.2 (see also the beginning of Sec. 6.1.a)),
with initial data u; in particular it satisfies the strengthened energy
inequality (4.2), hence also (4.5) for all r>e¢g = 2071 27}|f| N~ (see the

2
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proof of Corollary 2 in Sec. 4.1). It results

(6.7) f (L + [u?) due(u) <1+ (e50)® + f A+ |u]?) dp(u) <
N

{u: ueN, |ul>1+c5}

<14 (e5)2+ 2f|ulzd/u(u) <1+ (e)%+ 2 'flulzd,u(u) <

{u: ueN, |ul>cn} {u: ueN, lul> ¢z}

<1+ (65)% + 2'f|u|2dﬂ(“) = Cgg
N

where cgq is independent of #; moreover for ¢> 0

(6.7) f”ll Izdmu)]dK flquﬂ(uH%

so that for e C,; we have for all 1> 0

f [ f @(u)du,(u>]dz<|1¢uem. ft[ f (14 [u]-Jul) d/h(u)] dee

N
i
<|19le,, f [ Ja+ s d/h(u)] a7 < | B, (Chot 1ck)
0 N

where cga— cge are constants (independent on t). Therefore if we de-
fine on C,, the functionals M, (0 <t< oo0) by

(6.8) WM(P) = f [ f ¢(u>du,(u)]

0

we shall have
(6.8") MeCry and  |Myler, <Gy for all t>1,

where Ggq = (Cgg -+ Cgq) i8 independent of t.
Thus the directed set {IM;};<;<., has at least a w*-cluster point
in Cj,, i.e. belonging to the intersection M({}o<i<) Of the w*-closure
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of M} <i<oo for all £,>1. Note that if IM* € M({u}o<i<c0) then M*|C,
is also a w*-cluster point in C; of the directed set {I%|Ch}icicoor
bounded in C; too.

In virtue of these remarks the following theorem is not with an
empty content.

THEOREM 1. For any IMM* € M({t}o<i<w) there exists a stationary
statistical solution u*, such that

(6.9) IM*(D) = f S(u)du*(u)  for all PeC,.
N

ProoF. Let us first prove the representation (6.9) for a certain
(Borel) probably u* on IN satisfying (6.3). For this purpose let us note
that (4.2) readily implies

(6.10) f [ f]lul]zd,u, ar< f sty + I

a.e. on (0, o), thus, on (0, co), whence

2
(6.10") M*([| P [|2) < g7 = % for all m =1,2,....
1

Moreover from (6.10) we obtain also the relations

010 —~f”¢ ) Qe ]dr+ of” ) Qe )]d r<

AT e o
<max || + |D]e, ] f [N \f oL | ar <mpx 01+ 0], %

where t>1, &€ Cy, p=1, 2, ... are arbitrary and cg = (2/v)'[lu]2d,u(u) -+
N
+ ¢g7. (Let us recall that b, = {u:ueN, |u]|<p}; see (3.31).) The
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relation (6.10") implies

(6.10") M) <max | D] + |Bc, =

Now if {®,};-, is any nonincreasing sequence in C, such that @,(u) -0

for all u €N, then, b, being compact in N, max |@y|—0 for k—oo.
On the other hand it is obvious that

(6.11) M*>0, ie. MXP)>0 if DPeC,,, P>0.
Therefore

M*(Dy) > M* (D) > ... >0
and by (6.10")

. cl
0<,££ M* (D) < | D, ”G.ﬁ

for all p=1,2,...; thus the limit is 0. The functional M* satisfies
Daniell’s condition so that there exists a Borel measure u* on IN such
that
(6.9') M (D) = f D(u)du*(u),  for all BeC,.
N
Plainly, u* is a probability on IV.
Put, for o> 0,

B & for 0<é<p,
(&)= o  for p<&.

Then y,(|Pn-|?)€C, for all m=1,2,..., g> 0; by (6.9'), (6.10') and
(6.11) we obtain

[we(1 Pl durw) = (o1 P 1)) <D (1 P 19) <

whence (letting first ¢ — oo and afterwards m — oo0),

(6.12) [lulaur < .
N
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Moreover, again working on (4.2),

¢

oy (12 1) = [ | [l Pt e <

0
4

| [t ol auiw] e <

0

<% f’#’(l“lz) du(u) + %f [fzp’(lulz)(f, u)dy,(u)] dr =
N 0 N
= %fw(lulz) du(u) + My’ (|-, )
N

from where we can infer

V(' (| [2) [ P [2) < W¥(9' (|- 19y ) -
Take a nondecreasing sequence {y;};~,c C([0, o)) satisfying the fol-
lowing conditions: y;(&) = (&) for 0< &<, 0<y;(&) < (&) for 0 <& <o
and y;(£) =0 for j+1<E< o0, j=1,2,.... Then yj(|u[2)|P,u|? and

vi(|w]?)(f, ») as functions of , belong to C,; therefore (6.12) can be
written for yp = y; under the form

vfw,‘(lulz) | P | dpa*(w) <fw§(lul2)(f, w) dp*(u) .
N N
Letting firstly j— oo and afterwards m — oo, we obtain
(6.12) v [ () Ll 2 dpe*) < [ (u]2)f, ) e ()
N N

for any ye CY([0, o)), such that ¢’ is bounded and >0. Consequently
as in the proof of Proposition 1 in Sec. 6.1.a), it results

(6.13) supppu* Cc {u: ue N, |u|<cs} .

On the other hand if &€ C,, &>0, and @ is 0 for |u|<r where r is
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> ¢, then, in virtue of (4.8),

i

t
M(D) = % f “@(u) d/h(u)] dr = %f [ f D(u) dﬂr(“)] dr<
N 0

{u: ueN, lul>r}

t
<iolet[[ [ @ ) ] ar<

0 {u:ueN, ul>r}

]
<Il¢|le.-%” f (1-I-|u|2)d,u(u)]dt=
0  {u:ueN, |ul>r}
= 19le. [ (1+ ful) dutu)

{u: ueN, lul>r}

from where we can easily deduce

(6.14) WX @) <[ Ble, [ (1 + [ul?) du(w)

{u: ueN, |u|>r}

for any
(6.14") deC,, >0, such that d(u)=0 for |u|<r,

where r>¢,,. Let now @€ C,, ®>0, and for r>2, let ¢,(-) be defined
as in (3.41). Applying (6.14) to ¢.(*)D(:) — D(-) for r>¢,, it results
(since |@,®— P|e,<|Ple,) that

Hm 0 (¢, (+) () = MH(D(*)) -

But for » > ¢;, we have ¢,(u)D(u) = D(u) u*—a.e.; therefore, since
0, PeC,, we finally can conclude that (6.9’) holds for all @ e C,,
®>0, hence also for all @€ C,.

This finishes the first part of the proof. It must be still proved
that actually u* is a stationary statistical solution. In virtue of
(6.12)-(6.12'), it remains to prove only that (6.2) is verified by u = u*
for all @Gy, To this aim put

(615)  yolu) = #{(t, @' () + b(u, u, ¥ () — (f, P'(w)
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and note that for @ € Gg?, the functional ys belongs to C,,. There-
fore from the relations (consequences of (3.13ry))

:
[M:(pa)| = l%f [f‘l/)qs(’ll/) d,u,(u)] dr
6 N

2%k,

= % Iflp(u) du(u) —f¢(u) du(w)
N N

it results
(6.16) M*(pg) = 0.

In virtue of (6.15), (6.16) will coincide with (6.2) once we proved that

M (o) = (o) du*(u) .

o

N

Since »((-, P5(@))) and (f, P5(E)) € C,, it remains to prove that
(6.17) T (-, -, L)) = [b(u, 4, @) dp*(u) -
N
For m=1,2,... define
Ym(u) = b(Ppu, u, D' (u)), uweNt,

Clearly v, is defined y*—a.e. and coincides on IN' with the functional
— (P, P5(D), +) belonging to C,. Thus

(6.17,)  M*(y,) = f V() ¥ (u) = f b(Poy u, D' (w)) du*(u)
N N
for all m=1,2,.... But
| s 0y @) () — ) dp)| <
N N !
<[o(u— P, @'(w), u)| du*(w) <
N

<o [I(T = Pl du*(u) < i  [I(— P alrdu(w))’
N N
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(with some convenient constants egs— cgg), and |(I — P,)u|< |u| for
all m=1,2,..., so that, since [(I — P,)u|—0 together with m~ for

all ue N, i.e. y¥—a.e. we can apply Lebesgue’s dominated conver-
gence theorem, obtaining

f V() dp*(u) — f b(uy u, D' (w)) dp(u) .
N N

Taking into account (6.17,), m =1, 2, ..., to establish (6.17) it remains
still to prove the convergence

M*(y) > MH(B(-, -, DG@)), for m—>oo.

However this is a direct consequence of the following computations
(valid for all ¢>1 and m=1,2,...)

¢
limt(y),,.)— (b( sy D EI)) ‘<%f[f (v —P,u, D'(u), u)ldy,(u)]dt<
0

<owl f [ f (T — Pyl o] dp )| <

tl{f ” (=P m’“"dﬂvwﬂ df} { f [ [ l!u|l=du,<u)] dr}*=
— (T P17 f [ [t ] aef <

< o[ M(|(I—Py)-|2) ]} css where (cgs)? = —f[u]“d,u(u) + - mz

see (6.7');
indeed from them we infer
(6.16,)  [R¥(pa) — TH(0(-, -, P(@))| < cus- ol (L — Po) [} =
= Cgg" Cyg [f](I—P,,,)ur-’dﬂ*(u)] ’
N
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where the last relation follows from (6.9), since |(I— P,)-|*e C,. But
as we already have shown the last integral in (6.16,,) tends to 0 for
m — oo, This finishes the proof of the theorem.

REMARKS. 1°. The first part of the preceding proof is similar
with that of Lemma 3 in Sec. 3.2.a), while the second part with that
of the Corollary to this Lemma 3.

20, Since individual solutions «are» also statistical solutions
(see Sec. 3.4), the preceding Theorem 1 also concerns the asymptotic
behaviour of individual solutions.

3. Let @, be any particular functional belonging to C,; and let

(6.17) Lim My (Po) = 2.

for a certain sequence #;<<?#,<<...<t<<— oo; obviously there exists
an My € Mo({Ht}o<i<o) SuCh that

(6.17") M (Do) = A .

In particular if @, € C,, the stationary statistical solution ,u:’,‘ corre-
sponding to M, satisfies

(6.17") f Bo(w) dpl () = A .
N

Theorem 1 together with this last Remark have the following

CoROLLARY. There exists a stationary statistical solution u* which
is monm trivial (i.e. such that supp u* ¢ S) and corresponds (by (6.9)) to
an M* € M({udo<i<oo) if and only if

t
(6.18) lirtxlsup % f,u,(N\O) dr>0
1]

for some open set O in N including the set S of all stationary individual
solutions.

Proor. Let dg(-) be the distance in N from u to S. It is easy
to verify that dge C,.
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We shall prove first the following fact (of a certain independent

interest) that (6.18) holds for some open (in N) set O > S, if and only if

]
(6.18") lirtllgoup %f [fds(u) d,u,(u)] dr>0.
)

Indeed if (6.18) is valid for some convenient O, then (since S is
compact in N) inf ds(u) =¢0> 0 so that
N\

f [ ds(w) dps( ]dr>eof (NN 0) dr
0 0

and consequently (6.18') is wvalid.
Suppose that now (6.18') is valid and that

t

(6.19) hm .uz(N\O) dr =0

for any open (in V) set O>.S; in particular (6.19) holds for
1
0=0,= {u: ueNN, ds(u)< —q}
for any ¢=1,2,.... But

(6.20) fds(’“)d/h(“) fds(u)d,u,(u)—{— ds(u) du(w) <
N 0, N\O,

<§ + dse, f (1+ [u]?) dy,w)% + [ dsle,’ f (L [uf?) dpucfr) (*) +

N\O, (NN\O,) N {u: ueN, |ul<cy+1}

+ IldsHe,'f(l + u]?) du(u) < + oo it(N\O,) + Hdslle.f(l + [u]?) due(u

(NXO,) N {u: ueN, |ul>ces+1} {u: ueN, lul>cy+1}

(*) For the constant cgs see (6.13).
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where ¢ is a suitably constant (i.e. independent of ¢=1,2,... and
7€(0, c0)). Let y be a continuous nonnegative function on [0, co)
such that (&) = 0 for 0<E<1 + (cg)2 and p(&) = & for £>1 + (1 + eg5)*.
Then in (6.20) we can insert y obtaining

stw) dp.(u) <% + Coopto(N\Oy) + | ds He,'fw(l + |u|?) dus(u)

N N

whence, for all {> 0,
¢
1 1
(6.21) M.(ds) <‘q + css?J’,ur(N\Oa) dr + ||dS||C.'§mt(W(1 + I lz)) )
0

where y(1+ |-|2)€C,. Let A denote the left term in (6.18'). By
the above Remarks 30 there exists an IM* € M({u}o<i<o) Such that
M*(ds) = A. Moreover (6.21) implies for this IN* that

Rt o+ ldsle, We(p+ () = 5+ lasle [+ o) vt =

N

for all ¢=1,2,..., where the last equality follows from (6.13). It
results A =0: Contradiction! This finishes the proof of the under-
lined above equivalence.

We pass now to the proof of the Corollary. Suppose again that
the first term A of (6.18’) is > 0. As above we deduce the existence
of an M* € M({u}o<i<) Such that M*(ds) = A. Let u* be the sta-
tionary statistical solution satisfying (6.9). The functional ds belong-
ing to C, we shall have

[ds(w) dp(u) = 2
N

so that p*(IN\S)> 0, thus u* is nontrivial. Conversely suppose that
A =0, that is

lim 9% ,(ds) = 0 .
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This implies that M*(ds) = 0, so that

f ds(u) du*(u) = 0
N

for any I* € M({u}o<i<co) and corresponding u*. Since ds> 0 on
IN\S it results p*(IV\ S) = 0 for all such u*.
This finishes the proof of the Corollary.

REMARKS. 4°. There exists stationary statistical solutions which
are nontrivial if and only if there exists a statistical solution {i,}o<i<co
with some initial data u such that (6.18’) (or the equivalent relation
involving (6.18)) holds. Indeed for the «only if» part of the asser-
tion take u,= u* and p=u*, where p* is a desired stationary sta-
tistical solution. For the «if » part apply the Corollary.

5o, For statistical solution corresponding to individual solutions
(see Sec. 3.4), the Corollary has a more intuitive formulation. To see
this let u(-) be an individual solution on (0, c©) with initial data
and observe that for {u}o<;<.. Where u, = d,, for > 0, the integral

i
%f,u,(w)dr, where w is a Borel set c IV,
(1]

represents the average of the time 7 € (0, ¢) in which u(¢) belongs to w.
The individual solution «(-) is said to converge asymptotically to S if
the above average tends to 1 for ¢t — oo whenever w is an open neigh-
bourhood (in V) of S (*). Therefore we can reformulate the Corollary
in the particular case of Dirac measure valued statistical solutions in
the following way: Let u(-) be an individual solution on (0, co) of the
Nawvier-Stokes equations (with some initial, nonsignificant, value u,).
Then there ewists an IM* € Mo({Oyp}o<i<o) fOr which the corresponding
stationary statistical solution u* is montrivial, if and only if u(-) does
not converge asymptotically to S.

6°. As it will be shown in Sec. 2 of this paragraph, in case the
space dimension n is = 2, the statement made in Remark 4° above

(*) The notion of asymptotic convergence for dynamical systems belongs
to Krylov-Bogoliubov [1].
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can be restricted only to Dirac measure—valued solutions, i.e. relating
the existence of nontrivial stationary statistical solution to the exist-
ence of some individual solutions which are not asumptotically con-
vergent to S. Unhappily in the more interesting three-dimensional
case an analogue result is not yet established.

2, a) In the case of space dimension n = 2, a (Borel) probabil-
ity u on N will be called invariant if

(6.22,) p(w) = p(St)w)

for all t>>0 and all Borel subsets w of IN. By proposition 2(a) in
Sec. 6.1.a), any stationary statistical solution (im the case n = 2) is in-
variant.

Conversely we have

PROPOSITION 3. Let n =2 and let u be an invariant (Borel) proba-
bility on N. Then u is a stationary statistical solution carried by a
bounded set in N'. (Thus in the case of space-dimension n =2 the
stationary statistical solutions coincide with the invariant Borel prob-
abilities on IV.)

Proor. The fact that supp x is bounded in IN' was proved in
Foias-Prodi [1] § 5. Therefore f]lu\]zdy(u) < oo. By Sec. 3.1, the fam-
N

ily of measures {y}o<i<.. defined by (3.2) is a statistical solution of
the Navier-Stokes equations (also satisfying the strengthened energy
inequality). Since u is invariant y; = u for all £, so that u is a sta-
tionary statistical solution.

Though the proof of Proposition 3 is achieved, we want to sketch
the proof of the fact established in Foias-Prodi [1] § 5, quoted above.
Thus, for e> 0 let y, be the characteristic function (defined on NN)
of the set {u:ueNY, |u|<ec, + ¢} (see Sec. 2.4 and formula (2.16')).
In virtue of Birkhoff’s ergodic theorem (see Dunford-Schwartz [1],
Ch. VIII, 7.4 and 7.5), for t —oco

t
fxs(S(r)u) dr — ya(u), u-ae.

0

|
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and

[sw) () = [ atw) da(a) .
N N

But (2.16') implies that y;(u) =1 for all we N, hence

ul{u: we, Jul<e + &) = [a(w) duw) = u(N) = 1.

N

Letting ¢ -0 we finally obtain

p(fu: we Ny, Juj<e}) =1,
i.e.

(6.23) suppuc {u: we N, |u|<cy}) ,

where ¢, is a constant (independent of u; actually depending on Q, »
and |f|). Using Birkhoff’s ergodic theorem in a similar way in Foias-
Prodi [1], § 5, was also proved

(6.23") f |Duj2dp(u) < c}
N

where again ¢,, like ¢;, is independent of U, and depends on 0, v
and |f|.

PROPOSITION 4. Let the space dimension n be = 2. Then all sta-
tionary statistical solutions (or equivalently invariant probabilities) are
trivial, iff all individual solutions are asymptotically convergent to S.

ProoF. In virtue of Remark 5° in Sec. 6.1.b) we have only to
show that the last condition is sufficient for the «triviality » of all
stationary statistical solutions. To this purpose, let 4 be an invariant
measure and let O be an open neighbourhood (in V) of S. Then if yo
denotes the characteristic function of O, we have

X }
;fxo(S(t)u) dr—1, fort—>N
N

and this for all » € N, since all individual solutions are supposed to
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converge asymptotically to S. By Birkhoff’s ergodic theorem

w(0) = [yolu) du(u) = p(N) = 1
N

whence taking O =0, (¢q=1,2,...; see the proof of the Corollary in
Sec. 6.1.b)) and letting ¢— co we deduce u(S)=1 so that suppucsS,
i.e. p is trivial.

This finishes the proof.

REMARKS. 1°. The first study on invariant measures (without
relating them to statistical solutions) was done in Prodi [3], where
was proved (without the assumption that 02 is of class (2, assump-
tion which was always made in the present paper) that nontrivial
invariant measures (in the case n = 2) exist if and only if there exists
at least an individual solution which does not converge asymptotically
to S; there was also proved that the support of any invariant measure
is bounded in N. In our case we can already assert that it is compact
in N since it is bounded in IN.

20, There is an amazing characterization of stationary indi-
vidual solutions by means of stationary statistical solutions. To see
this note first that if w,€ S then 4, is invariant and J, ({u.})=1.
Conversely if u is a stationary statistical solution (i.e. an invariant
probability in N) and u({uc}) % 0 for a certain u,€ N, then u €S
(i.e. u, is a stationary individual solution). Indeed, since S() is a
continuous map in N, for given ball B,(g) = {v: ve N, |v— S(t)u,| < o}
there exists a ball By(r)= {v:veN, lv—u,|<r} (where p> 0 and
r=r,> 0 t00), such that B,(r)c S(¢)"2By(g); therefore

#(Bi(0)) = u(St)By(0)) > u(Bo(r)) > p({uc}) -

It results
tsona) = e 8 (3))

hence S(t)u, as function of ¢ can take only a finite number of values;
being continuous it must be constant, that is: u,€S.

3o, Let u be a stationary statistical solution; then

(6.24) S(t)(supp u) = supp u for all t>0.
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First, if u,esuppp and S(¢)u, ¢ supp u for a certain ¢, > 0, take
in N an enough small open ball b, centred in S(¢,)u, such that b, N
N supp u = P; one has 0 = u(b,) = u(8(t)~2 b,) > 0 since S(¢)'b, is an
open neighbourhood in IV of %, € supp . The contradiction obtained
shows that no u, as above exists. Therefore

(6.24") S(t)(supp u) C supp u for all t>0.

Since supp u is compact in NN, so is S(¢)(supp u), and hence morover
(using also (6.24"))

1 u(S(0) (supp ) = p(8(1)[8(2) (supp 1) > p(supp ) = 1

from where we infer that supp u c S(¢)(supp u), finishing the proof
of (6.24).

b) In the case of space-dimension n = 3, there is no (or not yet
available) such natural definition of an invariant probability as in the
case of space-dimension n =2 considered in the preceding Sec. 6.2.a).
The only one already proposed (in Prodi [4]) is the following: In
case n =3, a (Borel) probability y in IV is called invariant if

(6.225) p(w) = u(T(t) )

for all t> 0 and all Borel subset w of IN. This definition needs some
comments. Indeed T(¢) is not defined on whole N (see Sec. 5.1.c)) so
that we have, in any case, for {> 0

(6.22;) T(t)"'w = {u: T(t)u makes sense and T'(!)ucw}cN'.
Therefore in the preceding definition it is also implicitely assumed
that
(6.224) UW(IN\NY) =0.
Moreover since
T@t)*NcT(s)*N for t>s
it results that the set
(6.25) Q=N(T®)*N)= | T(n)N

>0 n=12..,
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is a Borel subset of N,

(6.25) QcN, uQ)=1
and
(6.25") Tt L=Q for all {>0.

It is easy to verify on account of (6.25") that for any u,e£ there
exists a unique individual solution u(-) defined on whole [0, co) with
values in &, having the initial data u,, namely that is the function
w(t) = T'(t) uyy t>0.

In this manner the existence of nontrivial (i.e. with the support
not included in S) invariant measures (if possible with «large » sup-
ports) would give us the certitude that € is large. However as shown
in Seec. 6.1, there exists « many » stationary statistical solutions, but
these may, & priori, not be invariant if » =3 (in spite of the fact
that in case m» = 2, they are invariant). Of course, Proposition 2(b)
(in Sec. 6.1.a)) implies readily (compare (6.6;) with (6.22;)) that any
stationary statistical solution carried by a bounded set in N* is invariant.
In Sec. 6.2.a) it was proved that in case n = 2, any stationary sta-
tistical solution (being invariant) is carried by a bounded set in IN!
(see (6.23)), but there is not (yet?) a similar result in the case n=3.

We finish this discussion with the converse of the preceding under-
lined fact, namely with the following

PROPOSITION 5. Let n =3 and let u be an invariant (Borel) prob-
ability in N, carried by a bounded set in N'. Then u is a stationary
statistical solution.

ProOF. We have that for an enough large r9,
supp 4 C {u: ue N, |u| <rd} =b;

and that for te[0,1,] with a certain ¢, > 0, the operator T(t) is de-
fined on b} with values in b' = {u: ue N, |u| <r,} where r, is suit-
ably chosen; moreover T'() maps IN'-continuously b} into b'. There-
fore for a given @ e G we can consider the function ¢ in ¢t€[0, ]
defined by

(6.26) #(t) = [B(T()) duu) = [S(T(t)w) dp(u) -
N B
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Since @'(u) = P, ®D'(u) for some m we have @'(u)e N for all ue N
thus taking the derivatives in (6.26) and going on as in Sec. 3.1

(what is possible in virtue of T'(f)ueb? for all ueb; and te[0,1,])
we arrive to

o) 0~ f (7, 2T @) -
—o(Tt)u, PH[TEA ) )— b(T()w, T(t)u, SL[TE «))] du(w)

But since u is invariant ¢(-) is constant so that taking (6.26') in
t=0 we receive (6.2) for all @ B¢ thus (since u obviously sat-
isfies (6.1)) also for all @ e G%. Concerning (6.3), let us replace @
in (6.2) by y(|Pn-|?) where y is C'-function on [0, co) constant for
all enough large real numbers. We receive

[ (a1 Pwul? + bty w4, Pr)] da(w) = [/ (IPuf?) f, Prt) dpa(v) -
N N

Here we are permitted to let m — oo and apply Lebesgue’s dominated
convergence theorem, since for all e supp u

[b(w, %y P w)| < ]2 | P ]| <er(r3)®.
We obtain finally

(6.27) [ 1wt sl 2 duw) = [y (ul2) ¢, ) duw)
N N

from which (6.3) can be easily deduced. This finishes the proof.

REMARKS. 1°, We have actually also proved that a stationary
statistical solution u carried by a bounded set in IN' satisfies the
strengthened energy equation, i.e.

(6.28) o (12 ]2 duw) = [ (|uf2) f, w) du(w)
N N

for any bounded continuous real function ¢ on [0, co). Moreover this
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result (as its proof) is valid for both cases » =2 and n=3; by
Sec. 6.2.a) in the first case (n = 2), it concerns all stationary statis-
tical solutions.

20, Let us show that in the case n =3, the property (6.23') also
holds for an invariant measure provided we assume that its support is
bounded in N*. To prove this we first note that we can consider u as
a Borel measure in V! (*). Let us denote by o, its support as Borel
measure in N1. By our assumption 6, is bounded in N*. We can now
prove as in Remark 3°, Sec. 6.2.a), that T'(t)o, Co, for 1[0, t,], where
t,> 0 is small enough. By a convenient choice of ¢, we can suppose
that (4.267)-(4.26%), in Sec. 5.1.c), are valid for all » € B} where B} is
a closed ball (with radius 7} << o0) in IN' containing o,; in particular

ty
(4.261) f |DT(t)yu|2dt<cy, for all ueB}.
0

The last result implies easily that if «(-) is any regular (individual)
solution on [0, ¢,] (for any finite ¢,> 0) then Du(-) e L*(0,%,; N) (see
also Sec. 5.3). Consequently

@] Pru(z)|*

dr dv =

S IPuto) | — | Pat(0) |2 = f

0

to
| (du(7) o
_f( FERG DP,,,u(r)) dr =
(V]
to
f[(f, DP,u(t)) —»|DP,u(7)|*— b(u(t), u(t), DP,u(r)] dr<

0
to

j[lfl |DP,u(7)| — 9| DPu(7)[* + oo Cas| w(7) [H Du(7) [F| DPpu(7)| Jdz<
0 to

< [ DU — 5 IDPauD) + o culju(m DU a,

(*) Note that on one side any Borel subset of N! is a Borel set in N,
and that on the other side the intersection of IN! with any Borel set in IV,
is a Borel set in IN1.
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whence
t

2| Pnuto)|* — 3| Pnte(0)|* + v | [DPrnu(7)*dr <
§ ;
< [U1-1Pun)| + - culue) - Dutr 1 ar <
° t to
< 0w + do| lu(m)|*dr + & f |Du(v)|*dv;

[} 0
letting m — co, we finally obtain
ty be
(6.29) f | Du()[2d < eo + clo | u(z) |¢dv
V] 0

where ¢,,— ¢y, are constants (independent of the regular solution u(-)
and t,> 0). For u€o,, T(t) uco, for any t> 0, so that applying (6.29)
to u(+)=T(-)u we obtain, for all {,> 0

to
[IDTM ulat <on + cioto(rd),
V]
where (remember that) ) denote the radius (in IN') of the B;. Thus
ts
(6.30) li¥n sup%f{DT(t)u[zdt<c§o(rz)“ =2¢y, for all ueo,;.
o—>00 0
1]

We shall use now an argument of Foias-Prodi [1], § 5: Take @,,(u) =
=|DP,,u|? for u€o, and apply Birkhoff’s ergodic theorem to the
system {T(t)|o }o<i<o and the u-integrable function @,. We obtain

(6.31) [ @) du(w) = [#nw) duw),

where

to to
1
(6.31") D (u) = tlim ;f@m(T(t) u) dt<li{n sup t—f}DT(t)u|2dt<cu ;
0> 1 0—>00 0
(1} 0
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by (6.31)-(6.31")

f |DP,u|? () = f B () dp(w) < c1
N N

whence letting m —oco and applying Beppo Levi’s theorem to the
nondecreasing sequence {|DP,,-|* = |P,D-|?} we receive

(6.23") f | Dutf2 () < 4 -
N

This finishes the proof.

Note that contrary to the case n =2 (see (6.23')) in (6.26") the
constant ¢, depends also on u, thus the whole information furnished
by (6.26") is

(6.23") f | D)2 dpu(u) < oo .
N

¢) The discussion in the preceding Section has not taken into ae-
count the fact that Sec. 5.4 provides us with accretive statistical
solutions. We intend now to exploit the existence of these « nice »
solutions. To this purpose for a (Borel) probability x on N, satis-
fying (3.5), let us introduce the notation IM(x) for the union of all
sets M({u}o<iceo) Where {u}o<i<. runs over all statistical solutions
satisfying the strengthened energy inequality, with initial data u.
A simple overlook on the proof of Theorem 1 in Sec. 6.1.b), shows
us that the conclusions of this Theorem 1 hold also for all IR* € IM(u).
Using Theorem 5’ in Sec. 5.4 we shall prove the following complement
to Theorem 1, Sec. 6.1.b):

THEOREM 2. Let n=23 and suppose that supp u s bounded in N;
then there exists an IN* € M(u) such that its corresponding stationary
statistical solution x* is accretive, i.e. it fulfils

(6.32) ww)>u(T)w)

for all t>0 and all Porel sets w in N.

PRrROOF. Let {u}o<i<o be the statistical solution with initial data u
which is yielded by Theorem 5', Sec. 5,4. Since it verifies the strength-
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ened energy inequality there exists a constant r, (see (4.5)) such that
suppu;CB, = {u: ue N, |u|<r}, a.e. on [0,c0).

To this 7, there corresponds an r, such that any individual solution

of the Navier-Stokes equations starting from a point of B, does not
leave B, = {u: ue N, |u|<r,} and moreover that

S™B,cB, for all m =1,2,... and t>0.

Let t,> 0 and let again w, denote the set of those # € N' on which
T(t,) is defined. As already remarked, w, is open in N'. The prop-
erty (5.32') implies that

(6.33) [ Qo) > [ (T (1) w) dpac(w)
N

Wy

for any @€ Gy, ®>0. Let peC,, satisfy 0<p<1, =0 outside w,.
From (6.33) we deduce for any >,

t+ty

639w+ | f@(u)dm(u)]dr—
t N

to

__tlf [f@(u) d/h(u)] dr> %(Q)(T(t‘,)-) (- )) )

0 N
Here ¥(:) = D(T(t):)p(-) € Cy,, and

s+,

U [f@(u)d‘u,(u)] dr<||®|e, %, for any §>0
s N

so that (6.33') implies

(6.33) f B(w) du*(u) = MK(D) > M*(P) .
N

We have now to show that for a convenient choice of @ and ¢ the
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value of the last term in (6.33") can also be expressed J-‘Pd,u*. First
note that for o> 0

(6.34) w, = {u: uew,, sup |T(r)ul|< %}

0<T<ty

is open in IN' and that

(6.34") w, = Jwy1.
n=1
Secondly put
(6.35) d,(n) = distance in IN* from n to N'\ w,
for o> 0, and
1 if 0,(u)>2¢,
(6.35") Peolu) =1 linear in &,(u) if &< p(u)<2¢

0 if d,m)<e,

for ¢> 0. Then for all m=1,2,...

(635)  [Pea®) — ool Pat)| < 106(8) — 8y(Put)| < [u— Pou]
Finally let us put

(6.35") Vou(u) = D8 Putt) @e o Pu), for ue N

and all m=1,2,.... It is plain that ¥, € C,, so that

(6.36) M (W,0) = (Polw) dp*(w), m=1,2,....
N

Moreover we have
1
(6.37) I(D(T(to)u) Pe,o(®) — ¥ou(w)| <Te |w— Ppul- ”QHC-”"
+ @e,o(w)|D(T(t) u) — D(85” Pruui)| for ue N1

and m=1,2,.... Applying the same technique as in the proof of
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the convergence property given in Sec. 5.1.¢c) (before Theorem 2/,
Sec. 5.1.¢c)), one can establish (without major difficulty) that for
% Ew, We have

to
(6.38)  |Si™ Ppt— T(t)u2<colf — Puf|* + ey | (I — Po) T(t) ]2t <

0
t

<Colf — Pufl® + cuAnti| (I — P,) DT(3)u|?dt <
0
<Clf — Puf|? + g Auki1,

where ¢,— cz are some constants depending on ¢ > 0, but independent
of m=1,2,... and uew,. Therefore, for any o' > 0,

(6.38') I8P Pu— T(t)u| -0, for m—oo
uniformly on w,, in particular on w,,. Since {u:ue N*, |u] <1/o}=0b?
is compact in IV, for 6> 0 there exists an > 0 such that |[v—v'| < 7,

veb! implies |DP(v) — DP(v')|< . By (6.38)-(6.38') and the definition
(6.35)-(6.35") we deduce from (6.37) that

(6.37) |D(T(to) 1) o) — Pin()| < 6 + %nu—Pmuu ‘[Pl

for all weN* and m>m(5) where m(d) is an enough large number.
(6.37') implies that for m>m(d) we have

|mt(¢(T(to)')‘Pe,o(’)) _wat(![lm)l <0+ %Il‘plle.,?mt(ll « =P, ”) .
whence

(6:39)  [DH(B(T(0)") pual ) — WH(P)| <8 + 5 [P, WH(] - — P )

Plainly (6.39) shows that S)R*(SF’,,,)—>§7R*(¢(T(t,,)-)<p,,9(-)). Taking into
account (6.36) and (6.37') once again, we can finally deduce that

T B(L(1)) Gl -)) = [ O(T(te) ) peglor) dp*(a) =
N

= f D(T (1) ) e g(w) dpe*(w) .

Wy
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Thus taking ¢ = ¢,, in (6.33"), we obtain

[ @) aur ) > [D(T00) 4) guglw) dpa¥(a)
N

)

Letting first ¢ — oo it results

@) aurw)> [@(T(t)w) dus(w) .
N w,

Putting ¢ = n, letting » — oo and taking into account (6.34') we
finally obtain

(6.40) f () du* () > f ®(T(to)u) dpu*(u), for all PeC,.
N

wWo

It is now easy to deduce (since we already did a similar deduction)
that (6.40) implies (is even equivalent to) the validity of (6.32) for
t =1, and all Borel sets w in IV. Since ,> 0 is arbitrary, the proof
of Theorem 2 is finished.

REMARKS. 1° Borel probabilities on N (actually on IN') satis-
fying (6.32) for all >0 and Borel sets w c N, were firstly attached to
the study of Navier-Stokes equations in Prodi [4] (see also Prodi [5]),
where they were called semi-invariant. A simple analysis of the proof
of Theorem 6 in Sec. 5.4.b) shows us that a semi-invariant (Eorel) prob-
ability u on N satisfying

(6.41) [l du(w) < oo
N

is invariant. This fact was established (with proof different of chat
resulting from Sec. 5.4.b)) already in Prodi [4], [5].

20. From the proof of the preceding Theorem 2, it is clear that
its conclusion concerns any I* belonging t0 Mo({#}o<i<oo) if {H}o<i<oo
is chosen accordingly to Theorem 5’ in Sec. 5.4.a); but by Remark 3°
in the same Section, any individual solution is, as statistical solution,
of this kind. We can therefore conclude that if u(-) is any individual
solution on (0, co) (with some initial data u,€ IN), then for any IM* e
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€ Mo({Sun}o<i<w) the corresponding stationary statistical solution u* is
aceretive. This result includes the existence theorem for semi-invariant .
probabilities in Prodi [4].

30. Concerning the discussion in the preceding two remarks let
us mention that the present study connecting semi-invariant prob-
abilities with stationary statistical solutions, involves new features
which were not considered in Prodi [4].

3. a) We shall prove now two propositions which will be used
later in § 8.

Let us begin by noting that if 4 is a stationary statistical solution
then from (6.3) (with y(£) =& for £>0) it results readily the ine-
quality

. 12 _
(6.41) (L + []2) du(u) <1+ = = cop

4
N

whence for all PeC,,

<I®le,s (L + ul-ful) duu) <
<max (L, %) |@le,. [(L+ [u]?) du(w) <cul le...,

(6.41') ] f () dp(w)
W

with a constant c¢,, independent of u. Therefore if C,,, denote the
closure in C,, of C;, the map

M, D> f () dy(u)
N

on G, , is continuous and uniquely determined by its restriction to C,.

PROPOSITION 6. Let § denote the set of all functionals M, e€C,,,
corresponding to the stationary statistical solutions of the Navier-Stokes
equations and let in case n =3, 8° be its subset formed by those M, for
which u is accretive. Then both S and S are convex sets in C:;m compact
in the w*-topology of Cj,, ..

PRrOOF. The convexity of both 8 and 8¢is obvious. Since by (6.41')
both sets are bounded in Cj,,, it remains only to verify that they are
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closed in the w*-topology of (3;‘;1_1. To this purpose let first {9, }.
be a directed set c 8, converging in the w*-topology of C;,, to some
MeC;,,. It is plain that in virtue of (6.41') we can regard M, (for
any uc8) as belonging to Cj, and verifying |9, |e: <cy. Thus we
are allowed to suppose that {9t,.} has a w*-cluster point I* in Cj,;
obviously 9t = M*|C,,,;. Reproducing the proof of Theorem 1 in
Sec. 6.1.b) in the same way in which the proof of Theorem 1 in
Sec. 4.2.a) reproduces that of Theorem 1 in Sec. 3.2, we can deduce
that 9 = M,« for some stationary statistical solutions u*.

Suppose now that n» =3 and that all x4, are accretive. Then using
the same notations as in the proof of Theorem 2 in Sec. 6.2.c)

[ B o) > [ D(Tt0) ) dptala) > [D(T 1) 1) peg(w) dpta(u)
N W,

Wy
whence

(6.42) f D) du*(w) = M*(D) > THD(T(t)*) el -))
N

for all ®eCy, >0, and ¢ p> 0. Now, exactly as in the proof of
Theorem 2 in Sec. 6.2.¢) we can show that (6.42) implies that u* is
accretive. We consider that this is sufficient to conclude the proof
of Proposition 6.

REMARKS. 1°. Let n=2. Then all stationary statistical solu-
tions are invariant (and vice-versa). On the other hand it is well
known (and easy to verify) that extremal invariant probabilities (see
for instance Choquet [1], §31) are the ergodic ones. In our case
ergodicity of an invariant probability in IV means that if for a Borel
set wC N we have S(t)'w =w (up to a set of u-measure 0) for all
t>0, then either u(w)=1 or u(w)=0. It is obvious that in our case
if u,e8S (i.e. u, is a stationary individual solution) then 4§, is ergodic,
and that if u is an ergodic invariant probability on IV, then either
u(8)=0 or =9, for some u,eS.

Now let us suppose that all ergodic invariant probabilities in IV
are of the form 4,, #,€S. Let I, be an extremal point of §, and
let 4 be the corresponding stationary statistical solution. Plainly if,
as invariant probability, x4 is not ergodic (i.e. extremal), neither I,
could be extremal. Therefore I, = I, for some u,€S. Thus by
the Krein-Milman theorem (see Dunford-Schwartz [1], Ch. V, 8.4)
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any M, € 8 is in the closed (in the w*-topology of (o ;1) convex hull
of {IM,,,: u, € S}; therefore there exists a directed set {It,,}, such that
supp u, C S for all a, converging in the w*-topology of C:;l_l to M,.
Since if d(u) = distance in IV of « to S (for w € N), then d(-)eC,cC,,,
and M, (d)= J' d(u)du,(u) =0 for all «, we infer

N

Jacw) duu) = mud) =0,
N

whence suppucCS, i.e. y is trivial. In virtue of Proposition 4 in
Sec. 6.2.a) the fact that all stationary statistical solutions are trivial
implies that all individual solutions converge asymptotically to S.
Concluding, ¢f n =2 either all individual solutions converge asympto-
tically to S or there exists a nontrivial ergodic invariant probability on N.

20, In case n =3, since neither the stationary statistical solu-
tions are known to be invariant, nor the invariant probabilities are
known to be stationary statistical solutions the above discussion has
no analogue. Moreover in this case we don’t know if 8¢ really differs
from S.

b) Let be a (Borel) probability on IV satisfying (3.5). For any
v € N consider the integral

I(v) = f (0, v) () .
N

Since

643) I <ol luldu(w) <ol [ [ urdu(w)]’, veN,
N N

the map v+ I(v) is a continuous linear functional on IV, thus there
exists an element U#e€ N such that I(v) = (U# v), i.e.

(6.44) (U¥, v) = f (4, v) du(u), for all veN.
N

This U* is, by definition, the barycenter of u. Actually, if we use the
theory of vector valued integrable functions, we can write (see Din-
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culeanu [1], § 15)

(6.44") U+ = |wdp(u) .
N

Let now {#}o<i<o be a statistical solution of the Navier-Stokes
equations (with some initial data which needs not be specified); if

(6.45) U,= U+ for t>0
then by (6.43) and (6.7) we have

¥
(6.45") 1T <( f [ul2dudw)) <o, a.e. on (0, o0),
N

where ¢, << co is independent of {. Sine the functional (-, ») is (for
any ve N) N-weakly continuous on NN, the integral

Ju, o) du.w
N

is measurable on (0, co) (see (3.16")), so that (U.,v) is measurable
on (0, o) for any v e IV; this means that U. is weakly measurable
on (0, c0). But N is separable so that U. is also strongly measurable
(see Hille-Phillips [1], Ch. ITI, §1). Taking into account also (6.45')
we deduce that

(6.46) U, =

|

‘
fU,dr exists and |U,<e¢,  for all t>0.
0

By the last inequality it results that the directed set {U},<ic. has
cluster points in the IN-weak topology. Thus the content of the next
proposition is not empty.

PRrOPOSITION 7. Let U be a cluster point in Ny of the directed
set {ﬁt}1<,<w, where U, were defined in (6.46). Then there exists am
IM* € Mo({Ueo<i<oo) Such that U is the barycenter of the stationary sta-
tistical solution u* which corresponds to M*.
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ProOF. Since, on {u: u € N, Iu[<cu}, the weak topology of IV is
metrizable, there exists a sequence 1<#;<<?,<<...— oo such that

U,-~U for j— oo, in Ny,
i.e.

7]
1 .
wtj((-,’v)):'t;J‘U,dT-—)(U,’U), fOI‘]-—>C>o,
0

where v € N is fixed but arbitrary. In virtue of Remark 3¢ in Sec. 6.1.b),
there exists I* € Mo({t}o<i<o0) SUch that for the corresponding station-
ary statistical solution u* one has

(U, o) = [(u, ©) du*(v)
N

and this for all ve N, thus U is the barycenter of u*. This finishes
the proof.

. REMARKS. 1° Applying the preceding Proposition to the case

g =0y, t>0, where u(-) is an individual solution of the Navier-
Stokes equations and taking into account Proposition 3 in Sec. 2.a)
and Remark 1°-2¢ in Sec. 2.¢) we readily deduce that if u* is a cluster

11
point in N,y of the directed set {1/tfu(t)dr}0<,<°°, where u(+) is an
o

individual solution, then w* is the barycenter of a stationary statistical
solution u* which is invariant in case n =2 and semi-invariant in case
n=3.

20. In the case, considered in the preceding Remark, if n=2,
the cluster points in Ngg, of {U}¢<;seo are actually cluster points
in N. Indeed in this case in virtue of (2.16’) we have

lim sup

t—>o0

<6

¢
%fu(r) at
1]

so that if (see the proof of Proposition 7 above)

7]
(6.47) tlfu(t) dr —u* (in Nyey), for j—oo

)



Statistical study of Navier-Stokes equations, 11 43

the sequence
¢

{1 fu(z) dr}w
t; i=1
0

is contained in a bounded ball in N, thus in a compact set in IN; there-
fore, in (6.47) the convergence holds even in IV.

30, Let n (the space dimension = 2 and let N, denote the set of
those w,€ N for which

t

1
Lim— | 8(7)u,dr
t—>o00
0

exists in N. Then u(N\,) =1 for all stationary statistical solutions. To
prove this assertion we shall exploit the fact that any such solution u
is an invariant probability in IN. Let now, for a ve N, E, denotes the
set of those u,e€ N for which

t
limlj(ﬂ(r)uo, v)dt
&—)oot

0

does not exist. By Birkhoff’s theorem u(E,)=0. Choose a dense

0

countable set {v;};~, in N and put E=JE,. Then for u,¢E, de-
i=1
noting by u(-) the individual solution S(-)u,, and using the preceding

notations (see (6.44)-(6.46)) we have that

¢

(Uty 'Uj) = —I(S(T)uo, ’0,-) dr

0

is convergent for t—oco and this for any j=1,2,.... Since {U}e<:
is bounded in N, the preceding conclusion implies that for ¢ — oo,
U, is convergent in N....- But repeating the argument from Remark 2,
{U}< (for a t,> 0) is bounded in N, thus the convergence for ¢t — co
of {U} in N,,,, implies that in N. In this manner, N\EcA,. But

WE) =0; hence u(f\,) =1.



44 C. Foias

40, Of course it would be very interesting if a similar fact to
that underlined in Remark 3°, holds also in the case n =3 for all
accretive stationary statistical solutions. This would perhaps neces-
sitate a nontrivial generalization of the classical Birkhoff ergodic
theorem in a new direction, not yet tried (as far as we know).

50, The results given in this See. 6.3.b) will be useful in §8
for the study of Reynolds equations.

7. Study of the invariant measures and the corresponding dynamical
systems.

1. We have shown in the preceding paragraph that the asymptotic
behaviour of statistical or individual solutions of the Navier-Stokes
equations is intimately connected with the existence and mnature of
stationary statistical solutions. In case the space dimension n (of
the fluid, i.e. the dimension of Q) is = 2, these solutions are pre-
cisely the invariant probabilities in IN. These facts justify the interest
of studying such invariant measures. All this paragraph 7 will be de-
voted to the study of the invariant probabilities on N, for two-dimensional
fluids, i.e. to the study of those (Borel) probabilities g in N which
satisfy

pu(w) = u(8(#)'w) for all Borel set wc N.

As already observed in Sec. 6.2, the support of any such u is bounded
in IN* and thus compact in N. We ghall complete this fact with the
following

THEOREM 1. Let u be an invariant (Borel) probability in N. Then
(7.1) 7(8) = supp{|w — | : u, ve supp u, |4 — v|< d}

tends to 0 for 8 —0. Consequently on supp u the topologies of N and N*
coincide, hence supp u is also compact in N

ProoOF. It is plain that we have only to prove the first statement
that is: %(8) -0 for 6 0. To this aim let r, = sup{[]u” : U € SUpp p}.
Note that r,< co and ||S(t)u| <7, for all >0 and wesuppu. Let
now u,vesuppu and put U(t) = S(t)u, V(¢) = S(t)v for t>0. Then
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w(+)= U(-)— V() is an N-valued absolutely continuous function sat-
isfying a.e. on (0, co) the relations

5 2 W]+ v|w]* = —b(w, U, w) <V20w[t-[w|t-| U] -] |w|t<
2
<V2rw|- IIWII<—|IWI| +2 = Joo]?
that is, |w(-)[? satisfies the differential inequality

2r3
7 [wl? +olw]e< —vl|w|2, a.e. on (0, co) .

It results readily (with cs = exp [2v7192] and cy; = (r2/»%) exp [2v193] +
+1)

(7.2) [w(t + 8)[2< cq5|w(t)]?
t+s

(7.2) [l j2ar < cighoto)
3

for all £>0, 0<s<1. On the other hand we have also a.e. on (0, oo)

(7.3) "w” + v[Dw|* < |b(w, U, Dw)| + [b(V, w, Dw)| <

2 dt
<2teiwlt-Jw] - T} [DUR- |Dw| + 2te,| VI | V[H-[w]t [Dw<

<ew| DU[*[w]? -+ clolw]* + 3 | Dol?,

where cyq— ¢y are some convenient constant depending only on r,, 2, »

and |f|. Analogous calculus, made on U instead w, provide on (0, o)
the following differential inequality for U:

d
| U1+ DUE<eslf|* + en| U[* + 5 IDUI2 a.e.,

RO =

where again ¢y — ¢y, are constants depending on 7, Q,» and [f|.

4
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It results

t+s
(7.3 [wompar<2e 4

14

n
1= Co7

2(0:17 +1) 2
14
¢

for all t>0, 0<s<1; here obviously cg, is a constant depending only
on ry, £, v, |[f|. Integrating (7.3) and taking into account (7.2)-(7.2')
we deduce easily that

t+s

(7.4) leo(t + 8) |2 -+ »[|Dew(z) 2 dT < easlww(®) |2 + ()]
t

for all t>0, 0<s<1; here again ¢y is a constant depending only on
71, 82,9, |[f|. In (7.4) take t 4+ s =1, + 1 where ¢,>0, neglect the in-
tegral and then integrate in s e (0,1). It results

to+1

Jw(ts + 1)< f (o] + 0(®)|?) dt <

te
to+1

c ¢
< (—“‘f + 1) f lw(®)]2dt < (—”f + 1) cislolty) |2
Al }’l
to
where (7.2') was used. Thus we can conclude with:
(7.5) 18(t -+ 1)u— 8(t + 1) ]| < ool — |
for all u,vesupp u and t>0, ¢y being a constant depending on u, 2, v

and |f;.
Suppose now that 5(6)+ 0 for 6 —0. Then there exists 6> 0

u;y VzESUPP U, §=1,2,..., such that

(7°6) lu;— v, >0, for j—>oo
and
(7.6") |us—v;|=6, forall j=1,2,...

In virtue of (6.24) (see Sec. 6.2.a), Remark 3°) we can suppose that
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there exists uj, v} € supp u such that S(1)uf=u;, S(1)0]=1;, j=
=1,2,.... Since supp u is compact in IN wWe can also suppose (pas-
sing to subsequences if necessary) that u)—u° v)—°in N for j— oo.
Since §(1) is a continuous map in NN for any ¢>0, we deduce u; =
= 81)u; -~ 8(1)u), v;=28(1)v}—8(1)?* in N for j—oo; by (7.6),
S(1)u® = 8(1)+°. But (7.5) implies

fu;— S(1)ul] = | S(1)ud — S(1)ul| < ClS(1)u? — S(1)u°| -0,
[v;— 8(1)2°] = [8(1)v§— 8(1)v°] < eg|S(1) 0§ — S(1)v°| -0,

for j— co. Since S(1)u® = S(1)° the preceding convergences contra-
diet (7.6').
The proof of the theorem is now finished.

REMARK. A precise evaluation of the function #(-) defined by (7.1)
would be extremely interesting. For instance if

(7.1 n(d)=0@) for 60

(that is if 7(8) <100 for all 0> 0 sufficiently small and a certain
fixed constant c¢;y,<< oo), then supp u would be of finite dimension.

To verify this assertion take u, vesupp u and remark that for
all m=1,2,...

A (I — P)(u — ) P (I — Po) (w— 0) 2 < Ju — o2 <np(Ju — v]) <
< oo [ — V< oo [P — ) [2 + oo [(I — Pru) (u — ]?)
implies
(/’{m+1— cioo) I(I - Pm)(“ — ) 12 <Cﬁoo IPm(u — ) I2
so that, for m sufficiently large (i.e. such that A..,> ¢2) it results

that P, |supp p# is injective, hence a homeomorphic map of supp u
onto a compact set of the m-dimensional real Euclidean space.

2. a) We have mentioned in Sec. 2.2, that if S denotes the set
of all stationary individual solutions of the Navier-Stokes equations
and if m is large enough then P,, is a homeomorphic map from S
into P, N, i.e. S is a compact in IV of finite dimension. In case the
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invariant measure u is trivial i.e. supp #c S, supp x# will also be a
compact set in IV of finite dimension. One of the main mathematical
problems in this framework is that of the nature of supp x4 for any
invariant measure u, for instance, if supp u is always of finite dimen-
sion. We shall comment later this question, after we have studied
some connections between supp x4 and P, for an invariant measure u
and m large enough.

We begin our discussion by observing that if 4, € 8, the invariant
probability Dirac measure 6, has the property that P,(supp u) is
reduced to a point (namely {P,u,}) and that for m large enough this
is the only Dirac measure valued invariant probability for which
P,,(supp u) = {Pn%}. This trivial remark can be completed by the
following:

PROPOSITION 1. Let u be an invariant (Borel) probability in N such
that P, (supp u) is reduced to a point for m large enough. Then u is a
Dirac measure, that is u = 0, with u,€ S.

Proor. Let

Uy = U"(zfud,u(u)) .

N

Then u, € D, (see (6.23'), Sec. 6.2.a)) and for any u e supp u We
have

%% [8(t)u — u,|* = (S(t)u-—uo, g—t S(t)u) =

= —»((S(t)u— uo, S(t)w)—b(S()u, S(t)u, S(¥)u—u,) +

+ (f’ S(t)u‘_ul)) :_vHS(t)u‘_uouz_b(S(t)u_uor Uo s S(t)u_uo) +
+ (f —vDu, — B(uo, %), S(t)u—u,) , a.e. on (0, co) .

(1.7)

Let now 7, = sup{|u|: wesupp u}; then r,< co and |u,| <r;. Let m
be subjected to the condition

(1.7") Ampr> 812072,

Fix now an m such that P,(supp u) is reduced to a point and that
(7.7") be valid. Plainly

(7.8) P, (supp u) = {Pno} .
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Consequently we have S(t)u — u, = (I — Pn)(S(t)u —u,) for all ¢>0
and uesupp u, so that (7.7)-(7.7') yield

80w — o] -+ 8(2) 0 — | * < 238(8) 0 — tg| | 8(6) 0 — |

2o | =
SIRSY

o | 4 (we, S(t)u— uo) = 2¥(I — P,,) (S(t)u—u,)| - | S(8)u — uy]-
Jo] + (wyy SE) U — ) = (2474 2| S(B) w— 1o || [ wo || +
+ (uy, B()u— ) = (205 A1) S (1) — w2+

» 1
+ (g, ()0 — 1) <§||S(t)u—u0]|2 + 3 (uyy S(t)u— u,)
a.e. on (0, co). Here above 271u, = f — v.Du,— B(u,, 4,). We can con-
clude these computations with the relation

t
(7.7 |S@) u—wo|® 4 v | | S(E) u— uo | 2dT < |u— |2 +
0

t
—I—f(ul, 8(7)u— u,) dv
0

valid for all te (0, o), u € supp u. Denote by f(u), resp. g(u), the
functions (in wesuppu) ||u— w2, resp. (4., —u,). Plainly f, ge
€ L”(u) c L'(u) so that by Birkhoff’s ergodic theorem (see Dunford-
Schwartz [1], Ch. VIII, 7.4 and 7.5)

¢ ¢
*u) = ]imltff(S(r)u) dr, g*u)= limt1 9(S(7)u) dv
t—>o00
1]

t—>oc0

0

exist u - a.e. and
[##0 dutw) = [fw) duu) , [g() duw) = [g(w du(w) .
N N N N
But in virtue of (7.7") we will have f*(u)<v'g*(u) u - a.e. so that
0. [ 0 — o dpu(w) = [1*(w) ) <= g*(o0) dps(a) =
N N N

= v, w— ) dpu(w) = v~ (s, [ () —w0) = 0,
N N
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whence % = u, u - a.e. This readily implies that supp u = {u,} so that
u=90, and consequently (since u is a stationary statistical solution)
U € S.

The proof is now complete.

REMARKS. 1°. Comparing the preceding Proposition 1 with Re-
mark 2° in (Sec. 6.2.a), it looks very plausible that the condition that
P, (supp p) be a singleton might be replaced by the weaker one that
w(PH&})> 0 for a certain &eP,N. We taught once that this fact
is rather obvious, but finally we couldn’t prove it.

20, Another open related question is the following: If for an
invariant (Borel) probability we have P,(suppu)c P,S for large
enough m, does it follow that u is trivial, i.e. that supp u c S?

b) We shall now give some estimations on the support of an in-
variant (Borel) probability in IV, which gives us an insight on the posi-
tion in IV of the support. To this aim we shall introduce the following
definitions. For a compact set Zc N and m =1, 2, ..., we shall put

9) { hu(Z) = sup {|I — P,)u|: u€suppu} ,

tw(Z) = sup {|I — P,)(w—)|: u,veSuppy, P,u = P,v}

and will call k,(Z), resp. £,(Z), the highness, resp. the thickness, of =
in the orthogonal direction to P, N. It is clear that h,(Z)=0 means
that Zc P, N and that t,(Z) =0 means that P, is injective from Z
in P, N (and hence that X is of finite dimension being homeomorphic
with P, (Z).

For the highness of the support of an invariant probability u in IV,
we have the following estimation

(7.10) hm(supp p) < C274,, m=1,2,...,

where C is a constant depending only £, » and |f| while 4,<4,<...
are the eigenvalue of D (see Sec. 2.1). The estimation (7.10) was
proved in Foias-Prodi [1], § 5.

We shall improve now (7.10) by the following

PROPOSITION 2. Let u be an invariant (Borel) probability in N.
Then
log [hm(supp u)]

(7.10' limsuyp———————— =—1.
) m——>oop log 2m+1
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Proor. Let @,(-) be defined for u e supp u by
D,o(u) = »|(I — Pu)u|® + b(u, u, (I — Pn)u) — (fy, (I — Pn)u),

and let @ € C*([0, c0)). Plainly @,(-) and ¢(|(I —P,)-|?) belong to
Li(u). Note also that for any u €supp 4 we have

(I — P (1) ul?) + ¢'(I(I — Pr) S(5) u]?) Pn(8(t)u) =

RO |
&

so that

11
l%fq)’(l(l— P,)8(v)ul*) D,(8(7)w) dv | =
0

— |(p(|(I_Pm) S(t)ulz) '—“(p(I(I‘_Pm)u!z)l < M
o 2t T

for t>0,

where ¢, = sup{|p(&)|: 0<&<rs}, ro = sup{|u|: u esupp u}.
It results that

Y. (u) = limlt f¢’({(I—Pm) S(7)u|?) D,.(S(v)u)dr =0
>0
0

for all € supp u, thus x - a.e. By Birkhoff’s theorem (see Dunford-
Schwartz [1], Ch. VIII, 7.4 and 7.5) we have

(7.11) f<p(|(1 P ul?) @on(u) du(u ——f‘Fm(u du(w) = 0.

n (7.11), ¢’ is actually any continuous real-valued function on [0, co),
therefore (7.11) implies

(@ () dps(u) =
{u: ueN, a<<|(I— Pm) ul<b}
that is
(1.117) f[vn(I—P,,,)unz + b(ty Pty (I — P) )] da() =

{u: ueN, lal<|(I— Pm) ul<b}
- f (f, (I — P,)u) du(w)

{u: uelN, a<<|I — Pn) ul<b}
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for all b>a>0. From (7.11'), (2.2), (2.3') and (2.15) we infer

[ 1 —Po)uldu(u) < |- [|(T— P vl du(u) +

{u: ueN, a<<|(I— Pm)ul<b} {u: ueN, a<|(I— Pnm)ul<b}

+ [1ulo 18128 P t]zarp /(T — Py) | dps() <

{u: ueN, a<<|(I— Pm)ul<b}

< Il [I(— Pyl dpsu) +

{u: ueN, a<<|(I— Pn)ul<b}

+ oy [ |ull-[D¥+0 Py (I — P u] dufa) <
{u: ueN, a<<|(I— Pm)ul<b}

<(Ifl + riea 43 [I(2— P dpa(u)

{u: ueN, a<<|(I— Pn)ul<b}

where 7, = sup{|u|: uesuppu}, m=1,2,... and b>a>0; it results

(.11) J1a—Poyupraun <
{u:ueN, a<|(I— Pn)ul<b}
1+ A )
<0102( + 4 )

; (I — P,n)u| du(u)
m+1

{u: ueN, a<<|(I— Pn)ul<b}
where m =1,2,..., b>a>0, p>2 are arbitrary and ¢, is a constant
(i.e. independent of them). If h, = h,(supp u)> 0, take b = h,, and
a = h,/2. Then
Ap={u: ueN,a<|(I— P,)u|<b}

must satisfy u(A4,)> 0 and from (7.11") we can deduce

hm

C102(1 - 2%],)

lm+1 hm ,M(Am) ]

whence for all m =1,2,...

hm<4e50,(1 4 l:r/a”) }*1;11 < 40;02 lr_nﬂm
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which obviously implies

. logh,,
712 lim su
( ) m—>oco p 10g 1m+1

1
<—1+4+-.
p

Letting p — oo in (7.12) we obtain (7.10’), concluding the proof.
We proceed now to the main result of this Section, namely to the
following

THEOREM 2. Let u be an invariant (Borel) probability in N and
let h, = hn(suppp), m=1,2,.... Then for any &€ (0, }) there exists a
constant ¢, (depending also on 2, v and |f|) such that

(7.13)  |(I— P,)(u — V)| <hnexp[— ¢, AL¢] + ¢, AE¢| P, (u — v)]|

whenever u, vesupu and m>c,.

In particular the thickness t,, =t,(supp u) and highness h,, =
= hn(SUpp p) of supp u satisfy

(7.13") tm<hm-exp[—ec,- Al  for m>e,,
hence
.. Jdoglogh,ty 1
7.13" 1 f— .
(7.13) 1;&21 log A, 2

Proor. Let &(-) be a real functional on N with continuous Fre-
chet differential. (This means, as usual, that

D(w + dw) — D(w) = (D' (w), ow) 4 O(|éw|)  for |dw|—0
where w € N is arbitrary and @’ as N-valued function defined on N

is continuous). Put w(-) = S(-)u— 8(+)v with u, vesupp u. Then
@(w(-)) is absolutely continuous on (0, co) and

(7.14) %@(w) + »(Dw, @' (w)) + b(w, u, D'(w)) + b(v, w, D'(w)) =0

a.e. on (0, o). Putting

(7.14")  ¥(u, v, w; ) = v(Dw, D' (w)) + b(w, u, D'(w)) + b(v, w, P'(w))
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and integrating (6.14), we obtain for all ¢> 0

¢
D(w(t)) — B(w(0)) =f¥’(u('r), v(7), w(t); D) dr,
[}

whence
12

(7.14") lim% Y(S(r)u, 8(7)v, S(7)u— 8(7)v; D) dv =
t—>o0
0

Applying Birkhoff’s ergodic theorem to the dynamical system S(f)®
® 8(t) defined in suppu xsuppu by S()& S(){u, v} = {S(t)u, S(t)v}
and its invariant measure u Q@ p, from (7.14") we infer as in the
proof of the preceding Proposition 2 that

(7.15) f W(u, v, u—v; ) dp(w) du(v) =0 .

NxN
Let fe C*((— oo, o0)). By the definition (7.14') we have
Y(uy v, w, fo D) =f oD -¥(u, v, w, D)
therefore (7.15), applied to fo @ instead of @, yields

(7.15) f f 1 (B —v)) - Py v, u— v; B) () dpu(v) =

NxN

Since, in (7.15'), f' can be chosen any function eC((— 00, + ©0)), one
can easily deduce from (7.15)

(1.15") f Y, v, u—v; D) du(u) du(v) = 0
{{w, v}: {u, }eNx N, Blu—v)>a}

for all reals a. We shall take @ equal to the functional
(7.16) Dy p(w) = (I — P,)w|2 — 3 F(|Pw|?) ,
where F e (*([0, c0)); then

(7.16)  ¥(u, v, w; Pp,p) = ["’”(I_Pm)u“2 +
+ b(w, u, (I — P,)w) + b(v, w, (I —P,)w)] —
_F/(,mela) ["’“me”2 + b(w’ Uy Prp) + b(vy w, me)]
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where

(7.16")  »|PLw]|? + b(w, w, Pnw) + b(v, w, P,w)<
<[ Pnw|® + Coa| Prtw| | Prmw] + [b((1 — P)w, P, w)| +
+ 16(v, Puw, (1 — Pp)w)|<v|Ppw||® + 10| Prnw]|* | Puw| +
+ €100/ (1 — Pp)w| - (| Puw] + [ Puw|}| DPnw]t) <
< Hme”[(Vﬁfn + 0105)|me| + Cro6(1 + Z;*,‘)‘(I—PM)WH
where ¢;o;— ¢,4, are constants (depending only on 2, and |f[). Con-
sequently denoting by ¥,, the function in u, v, w occuring in the first
bracket [...] in (7.16’) and by 6),, that occuring in the second bracket
[...] in (7.16'), we shall have
(1.16")  P(u, v, w; Pp.p) = Yty v, w) + F'(|Prwl|?) O, (u, v, w)
where (by (7.16"))
(7.16™) |@,a(%y ¥y W)| < Cro7(Am + 1)|w]

with a constant ¢,,, (depending on 2, » and |f|) large enough, and
w=u—7v, u, veEsuppu. Let now

(7.17) F e ([0, 0)) N C1((0, oo0))
satisfy also

(7.17") lim sup [F'(£)| VE< oo .

§—>+o

Let r, = sup{|u|: u€ supp u} and choose a sequence {F,}>, c 0*([0, o0))
such that

, F (&) — F(¢&), (for p — o) uniformly on [0, (27,)?],
@17\ Fye) > F(®), (for p—oo) on (0, 2r)],

and

(T.177)  sup {|Fy&)|VE:p=1,2,.., £€(0, 2r)]} < oo.
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For instance define F,(0)= F(0) and F, (x)=F'(1/p) if O0<w<1/p
and F,(x) = F'(z) if #>1/p. Then, for p — oo,

(7.18) &, = sup {|Pm,z,(u — 0) — Dy w4 — ) |: U, v EsUPp u}—> 0
and

(7.18") P(uy v, u—0; Pp5) > VP(u, v; F)  on suppu Xsuppu
where, by definition we set on supp u Xsupp u

(1.18")  Wo(u, v; F) =
(U, vy u—v) +
= + F'(|Pp(u—1)[?) Op(u, v, u—v), if [Pn(u—2)|>0,

Yo%y v, 4 —) , if |Pu(u—v)]=0.
Moreover
(7.18") (Y (u, v, 4 —v; Dy p)| <c(m, F)< oo

for all p=1,2,... and 4, vesuppu. Put
A = {{u, v}: {u, v} e supp u X supp Yy Do p(u—v)> a}
and
A, = {{u, v}: {u, v} €5UPP 4 X SUPD pt, P (U—1)> 0+ &} .

Plainly AcA4, (p=1,2,...) and

i3
TC8

(ANA4,) =0,

hence

(7.19) lim g ® u(ANA,) =0,
P>



Statistical study of Navier-Stokes equations, II 57

Using (7.18'), (7.15"), (7.18") and (7.19) (in this order) we obtain

U f Y(uy 05 F) du(w) du(v)l <
A

P—>00

<lim sup \ ffT(u, 0y U —V; Dm,5,) du(u) d,u(v)! =
A

p—>00

= lim sup ’ fﬁl’(u, 0y U—0; Dy p,) du(u) du(v) —
4

— f f Y, v, u—; Bppy) du() du(v)| < const-lim supp @ u(A\4,) =0,
AP

p—>0

that is
(7.20) f f W, (u, v; F) du(w) du(v) = 0

{{u, v} :{u, v} € supp pu x supp u, G, #(u— v) >0}
for all reals a and all functions F satisfying (7.17)-(7.17').

Let us suppose that for a convenient choice of a function F satis-
fying the conditions (7.17)-(7.17’), the functionals @, r and ¥,(u, v; F)
enjoy the following property
(7.21) Dy pu,v)>0 and w,vesuppy = ¥nl(uw,v; F)>0.

Then the relation (7.20) (with a = 0) becomes

(7.20") u® ;u'({{'uy v}: U, v € SUPP K,
(I —P,)(u—0)|*> F(|Pn(u—0)[*)}) =0.

If for certain w,, v, € supp 4 we have
(I — P)(uo— vo) |2> F(iPm(uo*‘ Vy) |2)

then the same relation will hold for all {u, v}e U,xV,, where U,
and ¥V, are some open balls (in V) centred in w,, resp. v,. By (7.20'),

H(Uo)',u(Vo) =u ®,u(Uo>< Vo)=0,

thus at least one of u,, v, does not belong to supp u: Contradiction!
Consequently we can conclude that if F satisfies (7.17)-(7.17') and
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if (7.21) is also valid, then
(7.22) (I — Ppn)(u—v)P<F(|Pn(u—v)]?) for all u,vesuppy.

It remains to find a convenient choice for F. To this aim note first

the relations

(7.23) u(y vy w) = »|(I — Pp)w|? + b(w, u, (I — P,,)w) +

+ b(v, 0, (I —Pp)10) = 2| (I — Pp)w]® + b((I — Pp)10, uy (I — Prr) ) +

+ b(Pnw, u, (I — P,)w) + b(v, Pnw, (I —P,)w) >

>v|(I— Pp) ] —v/2[u] [(I— Pw) o] [(T — P)w| —

— V2|Ppwlt | Pow|u]|(I— Pp)wlt (I — Pp)w|t —

— [0, |grad (Pnw)|epw-2" [(I — Pm)w| >

>9](I — Pp) 1] — e105|(I — Pp) 0| | (I — Pp) 0] —

— Cuoo| Pt0] 2 A7k | (L — Pr)w] — eygg[0] - D ¥+10P,y00)

NI = Po) 0] >9(I — Py ][ — C106] (I — Po) 0] | (I — Py o] —

— Cuos| Pout0| [ (I — P) w| — €130 ™| Pryw] - s | (1 — Pr)w] >

> (I —Pu)w|[ (I —Ppn)w|— 108/(I — Pp) w| — e110(Amis + 1)| Prmw|]>
>v|(I—Pr)w|-[(Ah+1— C108)* |(I — Pr) | — Chro A’ | Prmnw]]

and similarly

(7.23") O (U, v, w) = v | Ppw]||? + b(w, %y Ppw) + b(v, w, Prw) <
<?|Puw|® + V2| u|: |Puw]- | Puw] + [b((I — Pn)w, Pnw, u)| +
B0, (I— Pp) 10, Pto)| <3| Pto]* + crosPto]-| P +
+ (I — Pn)w|- |grad (Pnw)|epo-2 (4], + [2],) <
<V Puw]? + €108/ Pt * | Pmw| + €y10|(I — P) w|+ | D¥H1P P, w| <
<P Puw]|* + €105 Prt] | Pruto | 4 €130|(I — P ] A | P <
<v[Pnw|[(2} + €108)|[Pt0] + Chao An’|(I — Pu)w|]
where we used (2.4), (2.3') and (2.15'). In (7.23)-(7.23"), m=1,2,...

and p (2, co) are arbitrary, c¢;ps— ¢,0, are suitable constants depend-
ing on 2, v and [f|, While ¢,,,— ¢,;, depend also on p, the last one



Statistical study of Navier-Stokes equations, II 59

being chosen sufficiently large. Choosing a suitable large constant c,,
we have (see (7.18”) and (7.23)-(7.23"))
(71.24)  Wnlu,v; F)>v|(I— Pu)w|-[(AL —e1y)|(I — P w| —
— 11 A [P ] — F' (|Pww]?) ]| Prw |- [(2} +
+ €111) | Pnw| + €114 A:rlzpl(I_Pm)w”
whenever

(7.24") [Ppw|> 0, w=u—v and u,vESUPpPYK.

Note that in (7.24)-(7.24"), m=1,2,... and p € (2, co) are still arbi-
trary (of course with ¢;;; depending on p).
Congider now the solution @(s) of the differential equation

do (AL, —c)w — eA?e

(7.25) do~ (AL +e)o + Ao’

(where ¢ = ¢,1,)

in the interval (0, ¢,,] where

(7.25") Om=2h, (At —¢)c 22", hp= hn(supp ),
determined by the initial condition

(7.25") D(Op) = 2Ry .

(We take already m sufficiently large in order that 4,,> ¢2 and ¢,> 0.)
It is easy to verify that actually & extends by continuity on [0, ¢,]
and that this extension, still denoted by ¢&(-), belongs to C*([0, o.]).
Finally we shall put

@(VE)z, for £€0, 03]

7.26 F(§) =
(7:26) © { (2hn)?,  for £e[d, oo).

This function will satisfy the conditions (7.17)-(7.17'). We shall now
prove that the relation (7.21) is also valid for this function F (i.e.
defined by (7.26)). To this purpose, observe first that if for a point
{0, w} € R* we have 0<o<o0, and w> @d(c), then

(A —¢)o — AP > (A} — ¢)@(0) — cALP0>0 5
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therefore if
(7.27) D, p(w) = |I—Pu)w|*— F(|Prw})>0 and |P,w|<on
where w=u— v and %, vesuppu, we have
(A —o)|[(I — Pp)w|— cAXP|Pw| >0,
so that, if moreover
(7.27") |[Pmw|>0,
the relation (7.24) will yield

(7.27") ¥, (u, v; F)>vit (I — P,)w|
‘LA — o) (I — Puyw| — e2?|Puw|]— F'(|Pmw|?) 92} |P )|
[} + ¢) |Pnw]| 4 6A)? (I — Pr)w|] = vAE[|(I — Pp)w|— &(|Ppw])]-
L2 — o) |[(I — Ppyw|— oAV?|Ppw[]> 0.
If instead (7.27') we have

(7.27") |Pow|=0,
then, by (7.23),
(7.27™) Yoty v; F)> 92 (A2 — ) |(I — Pr)w[2>0

(since otherwise w = 0, so that @, p(w) =— F(0)2<0). Finally since
|Pmw|> o implies

P, p(w) = [(I — Pu)w[2— (2hn)? < (|(I — Pp) | + |(I — Pn)v])2—

— (2hn)* < (2hn)* — (2hm)* =0,
we can conclude that the last condition |P,w|<os in (7.27) is redun-
dant; therefore the verification of (7.21) is achieved.

By (7.22) and (7.26) it results

(7.28) I — Po)(w— )| <5( |Pu(u— 0)])
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for
(7.28") all w,vesupppu.

An elementary integration of (7.25)-(7.25") yields (with some suf-
ficiently large constant ¢,,, depending on p, 2, » and |f| (but, of course
independent of m))

(7.28")  @&(0)<2h, exp[— ¢;,A27]  and  @(0)<B(0) + e VP o

for all sufficiently large m.
Taking ¢ =1[p and choosing the constant ¢, large enough, from
(7.28)-(7.28") we deduce readily (7.13), finishing the proof of Theorem 2.

REMARKS. 1°, The relation (7.13') was, in the particular case
e =1/4, already given together with a sketch of its proof (actually
almost the present one) in Foras [1], § 8; the only improvement in
our present proof lies in the use of (2.3') and (2.15) (instead of (2.1)
and (2.3)) in the relations (7.23)-(7.23'). However, as it will be seen
in the next Section (see Sec. 7.3) this will sensibly ameliorate our pre-
vious limitation of the ¢-entropy of the support of an invariant proba-
bility in .

20, Since A, — co for m — co, the relation (7.13') shows that
the support of an invariant (Borel) probability in IV has, for m — oo,
the tendency to take the shape of a slice once it is regarded in N
considered as the Cartesian product P,Nx (I — P,)N.

c) It is plain that any efficient estimation on the eigenvalues
{Am}m-1 of D will provide a more useful form for (7.13)-(7.13'). Such
an estimation is the following

(7.29) CrisM<Am<Cam  for al m=1,2,...,

where ¢,;,— ¢,,, are some suitable constants (depending only on £2).
Let us recall that the relation (7.29), as well as the whole content
of §7, concerns the case when Q is a bounded domain (with a C*-
boundary) in R2, i.e. the space dimension n is = 2.

5
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PrOOF OF (7.29) (*). We start by observing that, by a Sobolev’s
type inequality (see Agmon [1], § 13, Lemma 13.2), any u € H? can be
considered as a continuous function from 2 to R? satisfying

(7.30) |u(@)| < Cpallul} jult  for all xe 2

where ¢,,, is a constant depending only on £ Taking into account
(2.14), (7.30) can be given the form

(7.30") lu(@)| < ¢t |Dult [ut  for all e 2, ue D,.
m

In particular for =Y a;w; where {w;};>, is the orthogonal basis, for-
=1

med by eigenvectors of D, introduced in Sec. 2.1, and {ai, a,, ..., @}

€ R™ is arbitrary, we shall have

<Ci15hn

m m H m m N
I Zajwj(w)‘Kcm i w0, ,wj‘z = cllSAmza’m .
i=1 i=1 i=1 ' i=1

Since this is valid for all {a,..., a,}€ R™ we must have
m
2 [w(@) F<2¢1154m
i=1

and this holds for all xe Q2 and m =1,2,.... Integrating over 0,
we finally obtain

m
= 2 |w5]2<20115 meas () An = 116" Am

which yields the first relation (7.29) with ¢, = ¢f:
To prove the second relation (7.29), we consider an open (again
with a C*-boundary) domain QcQ. All the entities N, N*, D, A,, etc.

will be denoted by N N D Am, ete. if they refer to Q instead £.

(*) Actually (7.29) results also from some deep and general asymptotic
spectral formulae for elliptic systems; as sample see Grisvard [1].
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With this convention we shall prove first
(7.31) In<An forall m=1,2,....

To this aim observe that

(7.32) )tha,wj <Jl S 0,
j=1 =1
where all norms are taken in N, and {ai, ..., a,}€ R™ is arbitrary.

Let A, <Z,< Aw.,- Then from (7.32) we infer

2
)

()'m'+1_ j"rn)l(I - Pm’) z aiwj 2<(1m_ }‘l)le’ 2“#7’5
i=1 ! i=1

m m
so that if P, > a;w;=0 we must have also (I—P,)> aw,=0
m i=1 i=1
i.e. > a,w; =0, that is, P,.|P,N is injective. Therefore the dimen-
sion, olf P, N is > than that of B,N ; this means that m’>m hence
lm<lm,<1m, which establishes (7.31). To comple:te the proof of (7.29),
in virtue of (7.31) it is sufficient to show that A, =0(m) (for m — o)
for a suitable choice of . Since we can suppose that the origin {0, 0}
belongs to £ we can henceforth take Q= {z:2={z,, .} € R?, 0,<|r|< 0}
with some g,> p,> 0. Using the invariance to rotations of { one can
obtain, after some tedious computations, that {A.},,-; are precisely the
eigenvalues A in the following boundary problem for a differential
equation

020" () + ov'(9) —v(0) + Av(0) =0, on [g,, 0:]
(7.33) and
v(01) = v(0z) = 03

therefore A, = 0(m) for m — oo (see for instance Sansone [1], Ch. IV.
§ 7). In virtue of (6.31), the last conclusion achieves the proof of (7.29),
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Introducing the estimation (7.29) in (7.13)-(7.13") we can supple-
ment Theorem 2, in Sec. 7.2.b), with the following

THEOREM 2,;,. Under the assumptions of Theorem 2, Sec. 7.2.b),
we have, for any € (0, 1),

(7.13,,) (I — Pp)(u—v)|<exp [— c.m¥~%] + c,m~¢|P,,(u — v)|

whenever w, vesupp u and m>c., where c, is a convenient large con-
stant (depending on &, Q, v and |f|); also

" .. Jdoglogh,t,; 1
(7.13pis) hmm-:;lf Togm > 5

Though the proof of Theorem 2;, is straightforward (and there-
fore will be omitted), in the sequel we shall use Theorem 2, instead
of Theorem 2.

2. One of the main questions concerning the invariant (Borel)
probabilities in IV is that of the dimension of their supports, that is
if these are of finite dimension (i.e. homeomorphic to compact subsets
of some R™)? This question was raised in an explicit manner by
Prodi [3] in the early sixthies. It seems to be one of the most deep
open problems in our approach which though of a purely mathematical
character has also an important interpretation in the theory of tur-
bulence (see the next § 8). In this Section we present our contribution
in the study of this question. It seems convenient to use for this purpose
the notion ¢-entropy of Kolmogorov (Kolmogorov-Tihomirov [1], § 1).

Let us recall this notion. Let A be a totally bounded metric
space. For any ¢€ (0, }), let N(e; A) denote the smallest number of
subsets c A of diameter <2¢ covering A. Then the function

(7.34) H(e; A) =logN(e; 4),

in g 1is the e-entropy of A (*). If 4 is a bounded set in Rm,
m=1,2,..., (endowed with the usual metric of R™), then a rough

(*) Actually the logarithm is taken usually in the basis 2. For our pur-
poses it is more convenient to work in the natural basis e.
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elementary estimate is

1 1 1
(7.34") .S'g(e;A)<m(cA+§-logm+log;), 0< s<§;
conversely it is a well known fact that if for an arbitrary A we have
” ! 1
(7.34") g)(e;A)<cAlog—8, for e >0

then A is homeomorphic with a bounded set in some R™.
It is plain that (7.34") implies

. log H(¢; 4)
7.34" 1 <1.
(7.347) lf"li?.p loglogl/e

Therefore an estimation of

. log H(e; 4)
13 =
(7.35) d(A) =1lim il;p Tog log 1z

will provide some knowledge on how for or near is A to be of finite
dimension (*).
After these short preliminaries we can state the following

THEOREM 3. Let u be an invariant (Borel) probability in N. Then
(7.36) d(supp p) <3

where supp u s endowed with the metric of IN.

(*) For instance if A is the subset of ([0, 1]) endowed with the usual
supremum metric, formed by:
Case (a): All functions ¢ which can be extended to analytic functions
on {z: 2€ 0, |s— }| <1} and which satisfy 012351 lp(x)| < 1.

Case (b): All functions ¢ € 0?([0, 1]) satisfying max lpPN(x)| < 1,
0<e<1

then d(4) = 2 in Case (a), and d(4) = oo in Case (b) (see Kolmogorov-
Tihomirov [1], § 3).
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ProoF. Let 6,e€(0, }) and let m be the first integer satisfying
(7.37)  m>max {cs, (4¢;)~21~2}  and 4 exp[— csmi~®]<e.
Set

(7.37) n= exp [— ¢ mi~?]

and let d and N be the first integers satisfying
(7.37") vmd-i<ny and N>sup{|u|: uesupppu}.

For iy, 4y ..., in€{0, £1/d, +-2/d, ..., £ Nd/d}, let q(iy,..., i) denote
the hypercube

(7.38) {u: u=Y &w,e PN, i;<b<i;+1,j=1,2,.., m} .
=1

7

Set piyy -.ey tm) =q(l1 ..., tm) N Py(supp u), and if p(i, ... 9.) %0
choose (i, %gy ...y 9m) ESUPD p Such that Puu(tyy...;tm) EP(1y Tay.eny im).
Let P(iy...,%,) denote

(7.38") {u: UESUPD Uy Prth € P(Tyy uvy tm)y|(I —

*Pm)(u_u(iu ) iM))I<

}.

DO o

We shall show now that

(7.39) diameter of P (%, 4y ..., im) <2¢,
(7.39") supppu= U Pl1y..crtm).
ipix, ...,'im

To this aim observe that if u, ve P(i,...,%,) then
[Pm(u—v)| <vMd1<n
since the diameter of q(¢y, ..., %,) is = +/md-1. Consequently

[t — 0] < [Pt — )| + (I — P) (e — 0)| <7 +
T = Po) (s — sy ey )| A (L — P) (0, .y i) — 0)| <7 + £<2¢
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since n<e, by (7.37). This establishes (7.39). Let now w e supp u.
Then P,u belongs to some p(i,%s,...,4%,) S0 that, on account of
(7.13,;) and (7.37)-(7.37') we shall have

I(I— P,,,,) (u—‘ u’(iu e 11n))‘ <exp [—— Osm}_d] +
+ camA=2 | P (4 — U(lyy ...y tm)) | <€xXp[— csmP~] +
+ csmi=?-5 = 2 exp [— ymi~°]< 5—;
thus w € P(¢yy ...y %m). This concludes the proof of (7.39').

In virtue of (7.39)-(7.39"), N(e, supp ¢) is < than the number of
the sets P(iy,..., tn), that is <(2Nd + 1)m, thus

RN(e, suppp) <[2N (p~*v/m + 1) 4+ 1] <
< (BN v/m)mym < (3N /m)™(cymi=2- exp [c5mt—*])m
whence

(7.40) N(e, supp p) < (3Necs)™m™ exp [esmt=?]

for all ¢,0€(0, 1) and all m satisfying (7.37). If
1 4)\2/1-28)

a0y (Groed)" T S man o, (i) 4+ 2
¢

(i.e. if ¢ is sufficient small) then necessarily we have

4 exp[— cpm — )i~ > ¢,

1 4\ 2/1-20) 1 4\2/1-29
m<(—,log—) +1<2(—,log ) .
Cs &€ Cs

€

whence

Introducing this estimation in (7.40), we obtain

D (e, suppp) = log N(e; suUPP u) <m(6y1 + logm) 4 esmt=2 <
, 1 4 2/(1—29) , 4\ (8—20)/1-29)
< (0117+ C115 log log ;) (10g _6) + €118 (10g _8) <

1) (3—-20)/(1-29)

< €119 + Ci1o (log—

1 8/(1—-20)
€

< 011/19 (10g %
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for all sufficiently small £> 0 satisfying (7.40’). Here ¢;;;,— ¢j;9 are
sufficiently large constants depending on 2, », |f| and 6. Therefore

. log $ (e, supp p) 3
1 < .
Mo " logloglle ~1—20

Finally letting 6 —~ + 0 in this last relation we arrive to (7.36), con-
cluding the proof of Theorem 3.

REMARKS. 1°. Our previous result on $(e; supp ) announced
in Foias [1], § 8, was

1 5
(7.41) (e, supp ) < €450 (]og E) fore >+ 0.

It is clear that our result (7.36) implies
, , 1\«
(7.41") H(e;supp p) < G0 (o) * (log—e) fore >+ 0,

where « can be any number > 3; obviously (7.41') is much stronger
than (7.41) (which corresponds to « =>5). Thus our estimation (7.36)
improves our former result (7.41).

20, One should observe that (7.36) is independent (at least
explicitly) of the size of £, » and |f|, thus independent of the so called
Reynolds number. For physical reasons (see for instance Landau-
Lifshitz [1], § 19) any definitive result concerning Navier-Stokes equa-
tions must depend in a certain sense of this Reynolds number; more
explicitely the dependence on £, » and |f| must be visible (or at least
possible to evaluate) in the definitive result. From this point of view,
for instance the results (6.4)-(6.4') have more definitive feature than
(7.18;;,) or (7.36), since it is easy to verify that the constants cg— cgg
are increasing in 1/», thus have a behaviour of the same kind as the
Reynolds number. The above discussion justifies the hope that (7.36)
can be substantially improved.

3o, It is worth to remark that if

(7.42) A, ={u: we Dy, |D*u|< g}
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(where p,q=1,2,...), then
(7.427) d(A,,) = oo.

Indeed, in virtue of (7.29) we have
Aw.qDB = {u: u€N, zm%‘(uy wm)|2<c§21}

m=1

where ¢;,; iS a convenient small constant (namely ¢ = ¢ (Cus)™?).
So it suffices to show that d(B) = oco: For a fixed m let k(m) denote
the greatest integer < ec;,;(3em?%)~1, where e€ (0, }). Then the set

(7.42") B(m) =

- {u: w= 3 kw, where k=0, +-3¢, +2-3¢, ..., :[;k(m)-3e}

=1

is contained in B and the distance (in IN) between any two distinct
points of B(m) is >3e> 2¢. Thus N(e, B) must be > than the car-
dinal of B(m) which is (2k(m) -+ 1)". Suppose now that

mPris et (m—1)PtE,
Then k(m)> cypi((m — 1)/m)?*+¥(3e¥)-1— 1, whence

’

1\m2 1 (1 /e)1/(p+E)
N(e, B)> (20{21(38*)_1 - 1)m> 0’1’21 (;) > 0o (E)

so that (e, B)>1%(1/e)V®*V-log1/e + ciyy. It results

1

1
IOg ci)(E, B) >2p—+i IOg_e .

Therefore d(B) = co. This finishes the proof of (7.42’).
In virtue of (7.42') we can say that A4, \suppu is « much more

massive » than supp p. Indeed it is plain that (7.42') and (7.36) imply

(7.43) (A, \supp ) = oo

for any p,q=1,2,... and any invariant probability 4 on N.
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40, Perhaps it is also useful to show that there is no hope to
exploit in a better way the relation (7.13,;) aiming at the improving
of (7.36). This results readily from the following fact: If 1> > 0,
Byy>0 and

(7.44) T.s, — {u -ueN, zlexp [26m#] | (4, wa) |2 < yz}
then
(1.4 (T — Po)(w— v)] <e(o, B, 7) exp [— gm]

for all w,veT,p,, m=1,2,..., and

(1.447) ATy > 1%

Proor. For u,veT,;, we have

(I—Pow—v< 3 [w—vum)l<( 3 expi—2])

i=m+1 i=m+1

+

.(j §+lexp[2ﬂja]](u——v, w;)|? ) ( eXp[—zﬂjﬁ])é 2y <

=m

[} o

< (fexp [—2/3m°‘]dw) 2y<exp[ gm“] (fexp [—ﬂm“]dm)*-2y ,

m (]

whence (7.44'). To prove (7.44") we shall proceed as in Remark 3°
above. Let thus £€(0, 1) and k(m) be the greatest integer smaller than

y(3emt exp [Bm])-!

and define B(m) as in (7.42"). Then RN(¢, T, 4,)> the cardinal of B(m),
e. (2k(m) 4 1)™.

Suppose now that

exp [— B(m + 1) <&t < exp [— fm*] .
Then

1/« -1
k(m) > y(38*m*)‘1 —1>y {38*[(513 log 18) — 1]} —1>0pe7t
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with a convenient constant c¢,,,. Hence

m 1 '
(e, Taz,ﬂ,y) >m-log(2¢:2. et 4 1) >’2— log % + Ci2a >

1 1 1 1/ 1 , ” 1 (14 o)/ " "
> 5[(5—3 log ;) — 1] log < + €122> C29 (log ;) — Ca3 4 €135>0,

from where we can readily infer

1+«

o

i

1
log log; — Oy -

log $(e, Tapy) >

Therefore letting ¢ —co we will obtain (7.44"), finishing the proof.

Note that if a<}, then (7.44") yields d(T,p,)>3. Consequently
the conclusion of Theorem 3 is the best possible once only (7.13,)
is used.

4. a) The study of the stationary statistical behaviour of the
Navier-Stokes equations in dimension n = 2, cannot be reduced only
to that of the stationary statistical solutions of the Navier-Stokes
equations, i.e. to that of the invariant probabilities in IV, but it must
involve also the dynamical system {S8(t)}. Therefore a more compre-
hensive study of the stationary statistical behaviour of the Navier-
Stokes for plane-fluids (i.e. n = 2) must concern the measure-preserving
dynamical system {S(f)}o<;<., OD supp # whose invariant measure is u,
receiving thus a strong ergodic character. We were not yet able to
exploit in this special topic the powerful tools developed in Ergodic
Theory (except the now a days classical Birkhoff’s ergodic theorem).
However using the notion of isomorphism in Ergodic Theory we shall
give a fact, which in spite of its simplicity, yields some mathematical
consistency to the fact that a plane fluid behaves statistically as a
random point in an Euclidean space R™, where the number behaves
similarly to the Reynolds number.

Before passing to our specific case let us introduce some definitions
and conventions from Ergodic Theory. In Ergodic Theory, two dy-
namical systems {8'(f)}oci<oo 3NA {8”(?)}o<ico With invariant proba-
bilities u’, resp. u’, are called isomorphic if there exists two maps ¢
and v such that y o = identical map u' - a.e. and ¢ oy = identical
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map y" - a.e., transforming u' in u” and 8'(t) in 8”(t) for all >0, i.e.

WA = p(eHAn),  wd) =@ (pHd)
and

8'()op=go8(t) (u-ae), 8(t)oyp=1vpod () (4 -a.e.)

for all £>0 and measurable sets A’y A" (with respect to u', resp. u')
(see Jacobs [1], Ch.X). Let {&(!)}p<i<c e a stationary stochastic
process with values in some E™; let us recall that this means that
there exists a probability P on a ¢-algebra € of subsets of a certain
set E such that for any ¢>0, &(¢) is a function on F, measurable with
respect to €, and that

P({e: e€ By {§(t)), &), ..., E(t)} € 4}) =

=P({e: e€E, {&(t, + 1), ..., E(t + 1)} € A})
for all ¢, 4,1, ...,4>0, k=1,2,..., and Borel subset A of R™ (see
Doob [1], Ch. 2, §8). To such a process there is a standard repre-

sentation in a product space (see Doob [1], App., §2, Ex. 2.3 and
Nelson [1]), namely in X =[] X,, where X, is for any ¢ the Alexan-

0<i<oo
droff one-point compactification of R and X is endowed with the
Tihonoff product topology. Indeed for any real function @ on X of
the form

D({}ocico) = (@, @ty ...y @)

where ¢ is continuous on X, X..xX X,,, set

(@) =[p(E(t), .., £(t) dP(e) .
E

It is easy to see that J extends uniquely to a Radon integral on X,
thus

J(D) = f D(2) dn(2)
X

with a certain regular probability = on X (see Dunford-Schwartz [1],
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Ch. IV, 6.3). Defining on X the map
7(t) ({Tot< o) = T+t ost<oo

we obtain a dynamical system {t(f,)}o<;<. Preserving the probability
7 on X. A dynamical system {8'(t)}o<;<. pPreserving the probability
p' is said to correspond to the stationary Rm-valued stochastic process
{&(t)}oct<oo if it is isomorphic to {S"(f)}<icoo With 8(t) = 7(?), 1>0 and
u'=m.

b) We are now in state to return to the study of the Navier-Stokes
equations.

Let u be an invariant (Borel) probability in IV and let m=1,2,....
Set

E =suppu, P=y and &(t)=pra(t)

where
(7.45) Pra(t)(w) = {(8(t)u, w,), ..., (S(t)u, wn)}e R™.

PROPOSITION 3. The dynamical system {8(t)}ocicoo With invariant
probability u, corresponds to the stationary E™-valued stochastic process
{prn(®)}oci<c (defined above) whenever

20

*
C113v?

(7.46) M > Cro3 =

Proor. Define the map ¢: suppu X (where X is the product
introduced in the preceding Sec. 7.4.a)) by

p(u) = {P"'m(t)(’“)}ogkm .

It is plain that ¢ is continuous from supp u (endowed with the topo-
logy of N) to X. Also

‘P(S(to)u) = {prm(t)(s(to)”)}0<t<oo = {Pru(t + 1) (W) }o<t< o = T(to)((p(“)) y

(*) See formulae (2.16’) and (7.29).
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ie.
(7.47) po8it)=1(t) o for all t>0.

Moreover for any real function @ on X defined by D({z}ogico0) =
= (@4, ..., ®,) Where ¢ is continuous on X, X...xX,, we have

[@(@) dn@) = T(®) =[p(pratts) u, Pra(t) 0, ., Pra(t)0) du(w) =
X

supp 4

- f B o p(u) du(u) .

supp u4

Since by the Weierstrass-Stone theorem the functions involved are
dense in the Banach algebra C(X) of all real continuous functions
on X, we deduce that

[@(@) dn(@) = [@ < p(u) du(u)
X

SUpDp 4

for all ®e C(X). Therefore

(7.47") () = p(p~(4))

for all Borel subsets 4 of X. Suppose now that for w,, v,€supp u
we have g(u,) = @(v,). This means that

(7.48) P,.St)uy = P, 8(t)v, for all t>0.

In virtue of (6.24) there exists _,, v_, € supp u such that S(1)u_, = u,,
S8(1)v_;=7,. Repeating indefinitely this argument we obtain two indi-
vidual solutions u(-) and v(-) of the Navier-Stokes equations on the
whole (— oo, co) = R such that

(7.48") u(t), v(t)esuppp for all te B and u(0) = uy, v(0) =u,] .

But »(-) and v(-) are N-valued analytic functions in ¢ (see Masuda [1])
thus so are P,u(-) and P,v(:). By (7.48) we conclude

(7.48") Pu(t) = P,o(t) for all te R.
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For w(-)=u(-)—wv(), we will have, by (6.23), and (7.48")

1 djw|?

2 dt + v|w|?® = —b(u, u, w) + b(v, v, w) =

= — b(w, u, w) — b(v, w, W) = — b(w, u, w)<\/§”u” |wi ”w”<
< Ve ][] = VI — )| [([— Pp)wo]-¢; <
<2 = Payw]* + 2 I — Pa)wl?
whence

‘%IWP 4 (vl —2—) (I —Pn)w|?<0.

Since w2 = |(I — P.)w|* we conclude that if

(7.49) An>2(c,v71)?
then
(7.49') lw(t) [*< exp [— e(t —to)] [w(to) |2

for all real numbers ¢,<?¢, where e=yl,—2¢3»"1> 0. But |w(%)|2<
<4(cg)? (see (6.4')), so that letting t,—— oo in (7.49') we get |w(t)|=0
for any ¢; for t = 0 it results 4, = v,. This conclusion proves that ¢
is injective. Let y be, on A, = @(supp u), the inverse of ¢, while on
X\ 4, take y equal to an element fixed of supp u. Since 4, is com-
pact in X, y is obviously a Borel map from X to N which, on A4,,
is continuous. Taking A = A, in (7.47') we obtain m(4,)=1 thus
poy(w)=x - a.e and ypop(u)=u u - a.e. All other necessary rela-
tions for the «isomorphism» between {S(t)} and {pr.(t)} given in
Sec. 7.4.a) can now be easily verified on account of (7.47)-(7.47'). The
proof finishes by the remark that, in virtue of (7.29), the relation (7.46)
implies (7.49).

REMARKS. 1° A simple analysis of the constants occuring in
(7.46) shows that ¢;,; behaves in the same manner as the Reynolds
number, that is it is an increasing function in 1/», |f| and the «size»
of 0.

20, As we already said in the beginning of this Section, Pro-
position 3 and Remark 1° above are coherent with the physical behav-
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iour of a fluid. A first rigorous mathematical content to this behav-
iour was given in Hopf [1], who, also exhibited a mathematical model
(based on other equations than the Navier-Stokes equations) in which
this behaviour was valid. A more precise conjecture was given in
Prodi [3], namely that any invariant (Borel) probability (in the case
of plane fluids, i.e. » =2) has a support of finite dimension. The
results above can be considered as a weakened form of this con-
jecture, as well as of the behaviour which is expected for turbulent
flows (see again Hopf [1]).

¢) An Rm-valued stochastic process {&:}o<i<. is called a Markov-
process if for any 0<?, <, <...<l << oo we have

(7.50) P({ftkeA}lft,y ft,v ) ft,_,) = P({fthA} I‘ka-;)

for any Borel set 4 in R™ (see Doob [1], Ch. II, § 6). Let us recall
that if Be € (see Sec. 7.4.a)), then P(B|&,, &, ..., &, ) is the con-
ditional expectation of the characteristic function of B with respect to
the ¢g-algebra @, ,  generated by &,'(4,) where j=4,i41,...,k—1
and A4; are Borel subsets in B™; this means that P(B Ets Etppr oo E,,H)
is a Rm-valued function on E, measurable with respect to €,
and satisfying

[

.P(B N B') =J.x1; dP =fP(B)(El(7 ‘Shﬂ! ceey Stlt-x) aP
B' B’

for all B'e@, ,, .  (see Doob[1], Ch. I, §8-9). Most stochastic
processes Which occur in the mathematical description of phenomena
in nature (and society) are actually Markov processes. Therefore it
is natural to ask whether our process {pr.(t)}o<i<co is Or not a Markov-
one. The answer to this question is surprisingly simple:

PROPOSITION 4. Let m satisfy
(7.46") m > 4¢;y, .

Then {pram(t)}ocicoo 18 @ Markov process if an only if there exists a Borel
set ¢, C supp u such that u(c,) =1 and P,lo, is injective.

(REMARK. Since up to a u-null set any Borel set is a o-compact
set in supp u, if a o, with the specified conditions exists, then o, is



Statistical study of Navier-Stokes equations, I1 77

up to a u-null set a countable union of compact sets of dimension <m;
indeed if o, = [J K, modulo a u-null set, where K, are all compact,
=1

b4
P,|K,, being injective, is a homeomorphism from K, onto P,K,, so
that K, is of dimension <m.)

Proor. If o, exists, then pr,(0)|c, is a continuous injective map;
since we can suppose that o, is a o-compact set, the inverse map
q = (prm(0)|o,)~* will be a Borel function (from pr,(0)e, in supp u).
Therefore if e S(t—)*o, we will have

DT mlte) U = prm(0) S(te) u = pru(0) St — ti—y) S(t—) u =
= Prm(0)8(te— ti—1) ¢ Prm(0) S(ti-1) U = [PTm(tr — ti—1) QDT m(trs) ) .

The function &> (prm(ti—ti—1)q)(£) is an R™-valued Borel function
defined on prn(0)c,. Extend it by 0 on E™\ pr,(0)s, and denote this
extension by B. Then since u(8(t-.)"'c,)=1, the above relations
show that

Pra(t)u = B(praltia)u)  p-ae..

In virtue of this fact it is immediate that (7.50) is satisfied for & =
= prm( : )‘

For the converse statement we need the following property of
invariant probabilities:

LEMMA. Let m satisfy (7.46'). Then for all 0 <t <t,<..<
< gy << oo and u, v e supp u we have

(7.51) 18 (tm) 1 — S(tiy) ]2 < | (I — P) (S(8) 1 — (1) 0) >

-exp [—v%m(t,ﬂ—tl)] + ¢y3- max |P,8(t;)u— PnS(t,)v|®+

1<i<k-—-2

!
4 €100 mMax (t4,—1;)
1<i<k—-2

where 15, — €124 are some constants depending only on Q, v, |f|.

We shall prove this Lemma after we have achieved the proof of
the Proposition. To this aim let w,, v,esupp g such that P,u,=
= P,v, and |u,— v,|> 0. As in the proof of the preceding Proposi-
tion 3, we can show that there exists two individual solutions u(-),

6
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v(*) on (— oo, 00) = R, such that wu(t), v(¢) e supp p# for all te R and
u(0) =y, v(0) =1v,. Since they are analytic in ¢ (as N-valued func-
tion; see again Masuda [1]) and since P,u(t) = P,v(t) for all te R
implies u(t) = o(t) for all t€ R (see again the proof of the preceding
Proposition 3), we can find, for any 6> 0 and any I> 0 a system
1< 1< o < iy < T3y = 0 << 175, SUCh that

(7.52) max |t —7,|<d, ™nel, 1], n<—1
1<§<k—2

and

(7.52") Pu(t;) #= Pnuo(t;), for all j=k—1.

Take p sufficiently small that

753 {A(g):{u:uesupp,u, [u—uo| < 0},
(7.53) B(o) = {u: uesuppy, |u—v|< o},
be disjoint and also

(7.53') (PnS(7:)A(0)) N (PrS()B()) =0 .

By (7.51) we have

(7.51') [8(— 71) u— 8(— 71) 0|2 < XD [— €125 1](270)* +
+ €14 Max IP,,,[S(T,— T)u—8(7,— T)"’]|2 + 01240
1<i<k-2
where

ro=-sup{lul: wesupp p#} and ey = vey(m—eoy) .
Take ! and 6 such that
2
(7.51") OXP [— €155 11(270)2 + €124 6 < (g) .
Then (7.51') becomes
Q 2
(7.61") [8(— ) u—8(—71)v|2< (é) + C12a°

» max |Pu[8(7;— 7)u—8(7,— 7,)v]|?
1<i<k -2
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for all u, vesupp u. Take now 7> 0 sufficiently small that

a; = {u: wesuppu, |Pn(v—u(r,))|<n},
(7.54)
b, = {u: uesuppy, |Pa(u—o(r,)|<n},
be disjoint, for all j=1,2,...,k—2, and that
g 2
(7.54") 0124"72<(§) .

The sets a;, b; are open in supp . On account of the analyticity
of S(-)u (for any u € N; see again Masuda [1]) the maps 8(t), 1>0,
will be injective. Therefore S(¢)|supp x is a homeomorphism of supp u
(onto itself). It results that

A=8(—7)la,N8(t.— 7))@ N ... N 8(Tip — 7))L ay]
and

B = 8(—7)[bi N 8(7,— 7)) b N ... N 8(Tp—y — 7)1 by ]
are open in supp u. Moreover

(7.55) u,cd, wv,eB and AcA(p), BcB(p).

Indeed since S(t;— t,)u(t,) = u(t;) we deduce first that u(r,) ea; N
NB(T,— )@, N ...N 8(Tp—y— T1) '@y, and consequently that u,=
=8(—n)u(r)ed. I wuea,NS(t,— 1) aN...N 8(Tes— 71) @i
then, by (7.51”) (with v = u(7,)) and by (7.54)-(7.54') we get

e\, (e}’
|S(— rl)u—uo|2<(§) + (5) < 0%

hence S(— 7,)ueA(p). The same argument applies for v,€B and
BcB(p). Therefore there exists 0<< g,<< ¢ such that
(7.56) A(g)cA and B(g,)cB.
Set t,=0, ty=7,—7,, j=1,2,..., k and

4; =pr,0)a;, B; = pr,(0)b;, i=1,2,...,k—2,
(7.57) Ayy = pra(0) A(0) (= pra(0)B(o))

A, = pra(0)S(t) A(0) ; B = pra(0)8(7:)B(p) .
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Since supp p is compact and pr.(t) is (for any ¢>0) a continuous map
from supp x4 to E™, and since thus any open set ¢ in supp # is ¢-com-
pact and therefore pr,(t)e is g-compact in R™ too, we deduce that all
the sets A;, B;, defined by (7.57), are Borel sets in R™. Moreover
for j=1,2,...,k—2

Prat)ucd; if and only if 8(v;—7)uca;,

(7.57) {pr,,,(t,.)ueB, if and only if S(v,—7)uch,,

therefore

A" = {pra(t) €Ay, ..., Pru(ti—n) € Ao} =
={u: uesuppu, Pra(t)Ucd,, ..., pro(tis)uc 4, =
=a;N8(1,— 7)) N .. N S(Thmy — 7)) 2 As—s

and similarly

B’ = {pra(t)) € By, ..., Prm(ti—s) € By} =
=b,NS(T,— 7)) b, N ...\ B(Tp—y— 71) 10— .

In virtue of (7.55) and (7.57) we can now deduce that

Pra(ti—1) U = pru(0) 8(— 7)) U € Ay,

(1.58) ) pro(ti)u = pra(0)8(7:) 8(— 71) u € pra(0) 8(7) A(o) C 4y,

for ue 4’,
and
Pm(bi—1) % = Pra(0) S(— 7)) uE 44—y ,

(7.58) | pra(ty) u = pra(0) 8(z:) S(— ) u € pra(0) 8(z:) Ble) c B,

for uebB,

where (by (7.53))
(7.58") A,NB,=0.

Suppose now that {pr.(t)}o<i<e IS & Markov process. Then in par-
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ticular we must have

(759) P({_’p'rm(tk) € Ak}lprm(tl)’ eeey prm(tk—l)) =
= P({prm(tk) € Ak}lprm(tk—l)) .

This implies in an obvious way that
(7.59) .u( YN {pra(ti—1) € Ay—r, pralte) € Ak}) =
= f P({pru(t:) € Ai}|pro(te-s)) du

YN\ {Drmte-1)€Ak-1}

where for Y we (can and) will take either 4’ or B’. On account of
the fact that supp u is a metric compact space, for any real valued
function ¢ on supp 4 measurable with respect to the g-algebra gen-
erated by {pr.(ti—1)"*4: A Borel subset of R™} there exists a Borel
function § defined on R™ such that

(p(u) = ﬁ(prm(tk—l)u) ) u - a.e.

(see Doob [1], App., Th. 1.5). Therefore for a convenient Borel func-
tion f defined on R™ we will have yu - a.e. that

P({pra(te) € A |Pra(ti)) = o pralti-) -
It is plain that we can choose § such that 0<f<1. By (7.58),
A N A{proti—) € Ay} = A N {Pro(ti—y) € Ay, Pra(t) €A} = A’
$o that with the choice Y = A’, (7.59') becomes
(A = [B(prati)u) duu) ,
&

whence
(7.60) B(Drm(tis)w) =1, u-a.e. on A'.
On the other hand, by (7.58')-(7.58") we have

BN {prm(tk—l) €A} =B,
B' N {pru(ti-1) € Ay, pra(ti) €A} =0,
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so that with the choice Y = B’, (7.59') becomes
0 = [B(Bralte-s) ) du(w) ,
B

whence

(7.60") B(prm(ti—)u) =0, pu-ae. on B.

From (7.60)-(7.60') we infer, using the invariance of u, that

(7.61) B(pra(0)u) =1, u-ae. on A4,
(7.61") B(prm(0)u) =0, pu-a.e. on B.
Set
(1.62) o = {5: EER™, |E— pra(0)u| < 922}
and

o = {w w €SUPP py (I — Pp)(u— u,)| <Q29} ’
(7.62)
Bo= {w wesuppy, [(I— Py)(u—v,)| <%} .

Then by (7.56) we have
(Prm(O)“‘yo) Na,cA, (P?m(O)“yo) Ne,cB,
hence, by (7.61)-(7.61')

B(pra(0)u) =1, p-a.e. on (pra(0)~1y) Nay,

(7.61") { B(pra(0)u) =0, u-a.e. on (pra(0)~ty,) NB,.

Set ¢, = {£: €9,y f(6) =1}. Then (7.61") implies that
(7.62")  pra(0)~1g > (prm(O)“yo) Nay, (prm(O)—l 80) NBR,=9
up to some sets of u-measure 0. Let now u, be defined by

po(4) = pu(prm(0)-14) for all Borel sets A c R™,
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Then we can desintegrate x4 by means of pr,(0) and u, (see Dincu-
leanu [1], § 20, 3 and Bourbaki [1], § 3, n. 1), namely there will exist
a probability valued function A, defined on pr,(0)(supp u) = S,(c B™)
such that

(7.63) u(w) = f Ae(w) duo(£)
So

for all Borel sets w C supp x; moreover we can suppose that

(7.63") Supp Ag C (supp u) N pra(0)-2{&}

for all £ Sy(see (Dinculeanu [1], §20, 2 and 3)).
It results (in virtue of (7.62"))

[26(00) o) = pu{(pra(0) &) 0 te) =

" = (B0 17) O 20) = [e(a) hn(®)
hence "

(7.64) Aelcte) = 0, o - B0, OD Yoo -

On the other side, again in virtue of (7.62"), we have also
[76(B0) @uo(&) = ((Prm(0)e0) O Bo) = () = 0

hence
(7.64") Ae(Bo) =0, uo-a.e. on g.

Thus we have proved that for any u,, v,€supp u satisfying P, u, =
= P, v, and |u,— v,|> 0 there exists open sets oy, By, o of the type
(7.62)-(7.62") and a Borel set ¢, C y, such that (7.64)-(7.64') be valid.
Since (ate N pru(0)~1p0) X (Bo N Prwm(0)y,) is a neighbourhood of {uy, vy}
in supp u Xsupp 4 and since

M = {{uy, vo}: {Uo, Vo} € SUPP  XSUPD py Pty = Py, |thg— 0| > 0}
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is a metric separable space there exists a countable family of sets
al, B, vj and ¢, j=1,2,..., of the kind described above such that

(7.65) MC.Q[(“; N pra(0)=193) X (Ba N rm(0)~2p3)] .

Let 7] denote the set of £€y, such that either

Ae(B))>0, if fcep
or

A(ag)>0, if EeypNe .

By the relations of type (7.64)-(7.64') we have uy(ni) =0. Put 5, =
= [Jne; then p(n,) =0. Let & ¢, be such that the support of Ae,

i=1
contains at least two points wu, % v,. Obviously {u,, v,} € M, thus by
(7.65), there exists a j such that

{ug, Vo} € (0th X Prm(0)~133) X (Bs N prm(0)~177) .

Since pr.(0)u, = pr.(0)v, = & ¢ 5, we have either 4, (a;) =0 or 4, (B]) =
=0. In the first case u,¢ supp A, while in the second v, ¢ supp A, .
Contradiction! Therefore we can conclude that

(7.66) Ag = Opg for all &€ S\, ,

where {h(£)} is the support of 1,. Since for any ve N and & e So\7,
we have A+, v))= (h(&), v) we deduce that h(-) is an N-valued weakly
Ho-measurable function thus (since IV is separable) a strongly u,-meas-
urable function. Therefore changing the definition of A(-) on a Borel
set of u,-measure 0, we can suppose that h(-) is an N-valued Borel
function defined on a Borel set T\, c 8, such that u,(S;\Tp) =0. Let

o, = {h(&): €Ty}

and observe that pr,(0)h(§) =& (for £ € T,) shows the injectivity of
h(-). Therefore o, is a Borel set (see Kuratowski [1], § 35, V). Intro-
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ducing w = ¢, in (7.63) we obtain

w(on) = [ Re(on) dpa(&) = [ A(o,) (&) =

8o To

- j Snie(G) Apto(€) = ol To) = o) =1 .
Tl

Since it is plain that P,|o, is injective, we finished the proof of Pro-
position 4.

PrOOF OF THE LEMMA. For w(-)=wu(-)— v(-) where u(*) = S(-)u,
v(-)=8(-)v, u, vesupp u, we have (a.e. on (0, o))

(I —Pp)w|® + (I —Pp)w|*< |b(u, uy (I — Pp)w) —
— b(v, v, (I — Pn)w)| < |b(w, u, (I — P,)w)| +
+ |b(v, Pnw, (I —P,)w)| < |b((I — Pun)w, u, (I — P,)w)|+
+ |0(Pmw, 4y (I — Pn)w)| + |b(v, Pnw, (I — P,)w)| <
<242 ¢,|(I — Pu)w|- [ (I —Py)w|+

1a,
2 dt

+ sl (L — Po)w]|- [Pl [ Patolt <2 | (I — Pu)o* +
8¢t
v

+ — [(I—Py) w]* + y0| Puto] | Puw]

whence
a 2 2 / ! 3 2
p (I — Pp)w|% 4 v6,55(1 — 2€155) (I — P) W|2 < 26106 €115 M| P, w2

By an elementary integration we have for ¢>%,>0

(7.67)  [(I—Pp)w(t)|2< |(I—Pp)w(t,)|? exp [— ey 5(m — 2¢y55)(t—4)] +
¢
4 |exp [— vey15(m — 2¢,25) (t— T)] c;'%mﬂme(T)!” dr<
t

<|(I — Pp)w(t,)|? xp [— vey15(m — 2€,55)(t — 1,)] 4

mt

(AL 2 (I — Po)w(ty)|-

+ e o hrr;a:iIme(r)l <|( )w(ty)|
e

t—t — max |(P,w(T)|?

( 1)]+\/m tl<t<‘|( w(7)|?,

VCy13M
2

exp [_
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by (7.46'); here ¢, — ¢, are some suitable constants (depending only
on £, », |f|). On the other hand, a.e. on (0, co),

|P w| 4 »||P,w|2< |b(u, u, Pw)| + |b(v, v, Pw)| <

2 dt
1,
< Cioy|Pnw|t+ | Prw |t <v||Pnw|? 4 g G
whence
(7.68) [Paw(t)|2< |[Puw(t')]? + 15:(t"—1)

for all ¢ >1'>0; here again c,,, depends only on £, », |f|. From (7.67)-
(7.68) we infer easily

(I — Po)wltes)|* <|(I— Payw(ty)|? exp [— 22 1 — )] +

nn /1

[ C 6'
+ —= max [Ppw(t,)|*+ — =" max (t,—1,),

VI 1<i<i—2 \/~ 1<i<k-2
whence
m
(7.69) lw(tk—l)l2<|(I—Pm)w(tl)|’exp[ fuis (tx—1 tl)]
nn c” c
1 lf) max |P,w(t;)|? (m_l_z’ c'.,) max (t;4;, —%;) .
+( +\/ 1<5<k—2| @)+ vm + G 1<5<k—2( n—H)

The relation (7.51), results readily from (7.69). This concludes the
proof of the Lemma used in the proof of the preceding Proposition 4.

8. Turbulence and Reynolds equations.

1. a) The first mathematical attempt concerning turbulence was
made by O. REYNOLDS [1] (see also Hinze [1], §6.1), who replaced
the individual solutions w(?, ) = {u.(t, ), us(t, @), ..., u.(t, )} of the
Navier-Stokes equations (1.1)-(1.2) (which experimentally were for tur-

bulent flows impossible to determine) by their « mean » value u(¢, x) =
= {u,(t, @), ..., u,(t, )} which differs from the «real» solution by a
«turbulent term » du(t, x) = {ou,(¢, x), ..., Ou,(t, x)}; these entities are
related by the Reynolds equations (1.3). As already told in the Intro-
duction, the arguments leading from (1.1)-(1.2) to (1.3) were and still
are formal. The aim of the present paragraph 8 is to show that from
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the statistical version (3.13;) of the Navier-Stokes equations, the pas-
sage to the Reynolds equations is absolutely natural and rigorous
and moreover to show how the results of the preceding paragraphs
can be subsequently applied to the study of the Reynolds equations
and thus to the theory of turbulence.

To this aim, let {u}o<i<r (*) be a statistical solution of the Navier-
Stokes equations (with some initial data u satisfying (3.5)). This
means that for any test functional @ satisfying (3.8), {u:}o<i<r satisfies
the equation (3.13)), i.e.

T

(8.1) f{f[ ity w) + v((w, Dult, w))) + b(u, u, Bt w))] dps(w) }dt

[0, w) du(u [ [, @it w) duw)] @t

Let us set
(8.2) % = U* = [udu(u)
N
and
(8.2") u(t) = Un = [uduu), for te(0,T).

N

By (3.16"), the function (in te (0, T))

(u(0), v) = [, v) dus(w)
N

is measurable for all v € N, thus “T—) is a (strongly) NN-valued meas-
urable function on (0, T'); actually, by

) < [l dp) = ([t
N N

)< | ol dpuw))r < [ldudw),

(*) Firstly we shall consider the case T'< co.
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we infer (in virtue of (3.16)-(3.16')) that

(8.3) w(-) = L0, T; N) N L0, T; NY).

We take in (8.1), the functional

(8.4) D(t, u) = (u, v(t)) , for weN, te[0,T],
where
(8.4") v(*)E Co([O, T); N‘) N C’;([O, T, N) .

Then (8.1) becomes

T T

@1) [ (utt), o'0) + (), o)1t + [ [ o, u, o)) dpas |t =
) 0o N
0 1] .
= (&, (0) + [(f(0), olt))dt .
0

But if f]|u||’d,u,(u)<oo (thus if also WGNI), which is true a.e.
N

on (0, T), then

(847 [b(u, u, o(t)) dui(u) = [b(u—u(D), w—uD), o(0) duilw) +
N N

+ [b(ud), u—ult), o(8) dua(w) + [b(u— u(d), u(t), v(®) dpw) +
V N

N

+ b(aft), w(®), o(8) = [b(w— w(®), 1w —u(d), v(t)) dyus(w) +
N

+ ([ (u—00) du ), w0, 0(8)) + b(w) [(u— wD) duw), o)) +
N

N

+ b (), w(t), o(t)) = [b(u— w(®), u— w(t), o)) dplu) +

N

+ b(u(®), u(t), o(t))
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where we used the fact that b(-, -, -) is a trilinear continuous func-
tional on N* X N1x N1, In virtue of (8.4"), the equation (8.1') can be
given the following form

T

8.5) = (), v'() + »{(u(0), o(0)) + b(u(D), u(t), v(®)]dt =

0

T
= (@ %) +[[ (0, o) —[b(u—u{d), u—u(d), 0(®) dus(w)] @
0 N

Let now v(-) be any function satisfying the conditions (i)-(iii) in
Sec. 2.3 (i.e. the conditions to which are subjected the test func-
tions in (2.8)). Introducing in (8.5) instead of v(-) the function de-
fined by
t+1/m t+1/m
Vo(t) = mfv(r) dr, (hence also v,,(f) = mfv’('r) d‘t)
11 1

on [0, T— 1/m) and v(t) =0 for te [T — 1/m, T] where m is sufficiently
large in order that v(-) satisfy (8.4’) and afterwards letting m — oo,
we finally can conclude that (8.5) holds for any function v(-) satisfying
the conditions (i)-(iii) in See. 2.3. Introducing the bilinear continuous
map B(-, -) (from N'x N! in N-1) defined by (2.4'), we will have that

T
8.6)  [[— @), v'®) + (@), b)) + bu(d), u(d, olt)1dt =
0

T

= (@, v(0)) +[(#(t) — Blu—u(t), u—u(t)), v(0)) at
0

where

(86)  B(u—uft), u—u(t) = [Blu—u(d), u—u(d) du(u)
N

is taken in N-' for those values of ¢ for which f w2 du,(u) < oo
¢

(i.e. a.e. on (0, T')); moreover in (8.6), v(-) is any function satisfying
the conditions (i)-(iii) in Sec. 2.3.
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DEFINITION. A (weak) nonstationary solution of the Reynolds equa-
tions on (0, T) is, by definition, a function u(-) satisfying (8.3) and a
N-valued stochastic process {0u(t)}o<;<r Such that

du(t)(= Mean of du(t)) =0
8.7) @( ()
[6u(-)|?(= Mean of |du(-)|?) € LY (0, T)

and that

(8.8) j[— w(®), v'(0) + »((u(d). o)) + b(u®), u(t), ()] dt =
T —_—
— (%o, 0(0)) + (1) — B(6u(t), 3u@), () at
0

for some u,€ N and all functions v(-) satisfying the conditions (i)-(iii)
in Sec. 2.3. In case f(-) does not depend on t, a weak stationary solu-

tion of the Reynolds equations is by definition a solution {u(-), du(-)}
which does not depend on ¢, that is (*) a stationary solution of the Rey-
nolds equations (with right term f independent of t) is & we N' and a
random variable du in N such that

(8.7") bu=0, |ou]*<oco,
and
(8.8") (%, v)) + b(%, @, v) = (f — B(du, du),v) , for all ve N
A nonstationary solution of the Reynolds equations, resp. a stationary

one, will be called real if moreover the family of probabilities {U}o<icoos
resp. the probability u', defined on IN by

(8.9) pi(w) = Prob ({0u + u(t) € w})
(8.9") #'(w) = Prob ({0u + % € w})

(*) We let to the reader the care to verify this (along the same line as
for the similar fact concerning the statistical solutions; see Sec. 6.1).



Statistical study of Navier-Stokes equations, II 91

(where w s a Borel set c N) is a statistical solution of the Navier-Stokes
with some initial data w, satisfying (3.5) and f udu(u) =u,, resp. a sta-
N

tionary statistical solution of the Nawier-Stokes equations.

It is clear that physics must be interested only in real solutions
of the Reynolds equations. Also it is plain that the equation (8.8)
is with regard to (1.3), as (2.8) is with regard to (1.1)-(1.2). Usually %

(or () in the nonstationary case) is called the mean velocity.
We conclude this Section with the following simple but basic

THEOREM 1. (a) Let {i;}o<i<c0 D€ a statistical solution of the Navier-

Stokes equations with initial data p satisfying (3.5). Define m for
0<t< T and u as in (8.2)-(8.2"). Then there exists a stochastic process

{0u(t)}ocicr Such that {u(-),du(-)} be a real solution of the Reynolds
equations such that

(8.10) pe=p, for 0<t<T (see (8.9)).

(b) Let u be a stationary statistical solution of the Navier-Stokes
equations (with right term fe N independent of t), let w= U* and du =
= the random variable u > u defined on N, endowed with the probability
Prob ({0u ew}) = u(w + ), w Borel set c N. Then {u,du} is a real
stationary solution of the Reynolds equations such that

(8.10") u=u' (see (8.9")).

ProoF. We shall prove only (a) since (b) can be proved much

simpler. Concerning (a), define on X =] X,, where X,= NN for all
te(0, T)
te (0, T'), the product probability P of the Borel probabilities u, on X,

(see Loéve [1], Part I, Ch. I, § 4.2) and for any t€ (0, T, define on X
the function du(t) by

Su(t) ({udo<t<r) = U, — u(t) .

Then obviously {u(?)}o;<r satisfies (8.7) and

Prob ({6u(t) + u(t) € w}) = Prob ({{so<t<r: i€ ®}) = pyw)

for any Borel set w c IV, this {0u(t)}q<;<r satisfies also (8.9)-(8.10).
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Finally in virtue of
B(du(t), du(t)) = Mean (B(du(?), du(t))) = Mean (B (u,—u(t), u.— u(?))) =
—[B(u— uft), w—u(®) duiw),
N

the equation (8.8) follows directly from (8.6)-(8.6); with this we con-
clude the proof of the theorem.

In virtue of the preceding Theorem 1 the study of real solutions
of the Reynolds equations, concerns the statistical solutions of the
Navier-Stokes equations. In the next Sections we shall present some
properties of the statistical solutions, the meaning of which is better
understood if they are considered as properties of the real solutions
of the Reynolds equations (*).

b) Our definition of a real stationary solution of the Reynolds
equations can be also justified by a further argument. Namely, our
definition allows a rigorous proof for the deduction of the time inde-
pendent Reynolds equations (and its solutions, i.e. the real stationary
solutions) by the time-average method (see also Monin-Yaglom [1],
§§ 4.7 and 5.1).

Let us recall this formal approach to the Reynolds equations.
Let u(-) be an individual solution on (0, cc) of the Navier-Stokes
equations with initial data w,€ N. Set

to

ju(r-l—t)dr, I<ti< oo, 0< i< 0.
[

| =

(8.11)  Mu(t) =

S

0

We are allowed to suppose that as statistical solution (i.e. {0, }o<i<w)
our solution satisfies the strengthened energy equation (see Sec. 3.4
and 4.1). Then u(-) e L*(0, co; N) thus

(8.11") [ M u(t) <y for all t>0, t,>0,

(*) From now on, throughout the present paragraph 8, we shall suppose
that the right term f is time independent and belongs to IN; henceforth we
will be concerned with solutions on (0, co), that is, with entities defined on
the whole of (0, co) such that their restriction to any (0, T), T < oo, are
solutions in the sense of our definitions.
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and

(8.11") | M, u(-)| <es  for all t,>0,

where ¢,,,— ¢;,s are some suitable large constants (depending on u(-))
Since moreover u(-) € L (0, co; N1), M, u(-) is an N-valued absolutely
continuous funections such that

(8.11™) (M u)5([2]) € Lioo(0, 00; N*) N L2(0, 005 N) .

On the other hand, in IN-2 we have

to
©12 tap(E) =7 [wlEEDar-

0

to
- tl f[f—vDeu(t + 7)— B(u(t + 1), u(t + 7))]dv =
0

&

= f—vD, M uf(t) _tl fB(u(t + 7), u(t + 7)) dv
0

so that if v(+) € 0([0, o0); N) N O([0, o0); N?) then, by (8.12),

(8.13) dﬂt (M u(t), o(®) — (Myu(t), v'(t)) + »(M,u(t), o)) +

to

+ tl b(u(t + 7), u(t + 1), 0(7)) dr = (f,0(t)) ,

0

where the integral is equal to (see, as sample, the computations (8.4"))
to
b(Myu(t), Myu(t), v(t)) + ;‘; b(u(t + ) — Myu(t), u(t + 7) —
0
— M, u(t), v(t)) d = b(Mu(t), Myu(t), v(t)) +
to

+ (tl fB(u(t + 7) — My u(t), w(t + 7) — M, u(?)) dr, v(t)) .
0
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Therefore integrating (8.14) we finally get the equation

(8.14) f [— (Myu(t), v'(t)) + »(My,u(t), o(2))) +
0

+ b(Myu(t), Myu(t), v(®)] dt = (Myu(0), v(0)) +
0 tﬂ

|7
+ f (f—tl f B(u(t + 7) — M,(2), u(t + 7) — Myu(t)) dr, v(t)) dt
0

0

where o(-) is an arbitrary function satisfying
(8.14") v(+) € 01([0, 00); IN) N Cy([0, c0); N?) .

(One should not forget that N2 = D,; see Sec. 2.4). At this point,
in any treatise on hydrodynamics where this approach is presented
(of course with different notations, etc.; see for instance: Schlich-
ting [1], Ch. XVIII, §§2-4) the equation (8.8') is formally obtained
from (8.14) simply letting f, —oco. As far as we know there is no
proof in the literature that this passage from (8.14) to (8.8') is per-
mitted. Our more careful approach to the Reynolds equations will
allow us to prove the permissibility of the passage at least if the space
dimension n is = 2.

To this aim note firstly that (8.11”) implies that there exists a
sequence 0 <i,<t,<...<t;— oo such that, for some u*e NG,

(8.15) My,u(0) >u*, in N' weakly,
that is,
(8.15) (My,u(0), v)— ((w*,v)), for all ve N1,

Since the imbedding N'c N is compact, (8.15) implies that

(8.15") M,u(0) >u*, in N (strongly).
Note now that
7]

H 1 fB(u(-r) — u*, u(t) —u¥) dr
tl IN-!
1]

<
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17}
1
< [IB@o -t w0 — ) vaar<
0

7] 7]
<01t1 f||u(r)— u*|2dr<2¢ (tl f”u(r) |2dT + ||u*[|2) < Cpgp
i j
[1] 0

where ¢4, i8 2 convenient constant; the last boundness is a consequence
of the fact that u(-) satisfies the energy inequality. In virtue of the
established boundness, we can suppose (passing to a subsequence if
necessary) that

4
(8.16) t_l, fB(u(r) —w*, u(t) —u*)dr—b, in N-! weakly
)
for some be N-1, that is
/]
(8.16") t—l, fb(u(r) — u*, u(t) — uw*, v) dv — (b, v), for all ve N

0

Since
i+t t

1 1
(8.17) Myu(t) = Myu(0) + . fu(r) dT_t_. ju(r) dt

! 17} ’ 0
we have for all j=1,2,... and t>0

t

(8.17") | Myu(t) — Myu(0)] <=2
thus, by (8.15"), for j— oo
(8.18) M, u(t)—>w* in N, uniformly on [0, 77,

for any T € (0, oo).
In virtue of the Remark 3¢ in Sec. 6.1.b), there exists Me
Mo({8up}o<t<co) SUCh that

]

(8.19) M(P) = limt1 &(u(r)) dr
ool
0
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for all @eC,, for which the last limit exists. Fix such an 9%t and
let u denote the stationary statistical solution of the Navier-Stokes
equations corresponding to I (i.e. related to M by the relation

W) = [Bwduw), for all Pe
N

see Sec. 6.1.b)). Then for, any ve N,

]
(u*, v) = lim il- (u(7), v) dv = M((+, v)) =f(u, v) du(u) = (T4 v),

j—>o0 Uj
N

so that

(8.20) w* = Ur=|udu(u) .
N

Using (8.16), (8.19) and (6.17) (with the choice MM*=9IM, u*=pu
and P(-)=(-,v), veN?) we infer that

(b, v) = M((, -, v)) =[b(w, u, v) du(w)
N

for all ve NY, that is

)
(8.20') ;—l fB(u(r) — w*, u(t) — u*) dv —
7
[}
—> B(u—u,u—u), in N-1 weakly,

where

(8.20") G=U=u* and Bu—u, u—au) =fB(u—a, u— ) du(u) .
N

In this manner, any limit point for the time average of the velocities
(see (8.11)) is the mean velocity uw (= U¥) of a real stationary solution
of the Reynolds equations (namely that corresponding to u). This solu-
tion can be choosen in such a way that (8.20') shall hold. Plainly these
conclusions hold for both cases n» =2 and n =3, i.e. for the plane
fluids as well as for the three-dimensional fluids.
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In the case n =2 we shall prove now that taking in (8.14) the
values t; for t, and afterwards letting j — oo, one obtains the relations
(8.7)-(8.8"), with the solution {w, du} corresponding to the stationary
statistical solution u. Thus let » =2. Then by (2.16) we will have
here

(8.211 [ M u(t)| <era for £,>0

and also, by (8.17),

0131(1 + 1)

(8.21") | Miyu(t) — Myu(0)| < ——,

for j=1,2,.

and all £>0. It is plain that by (8.15) and (8.21') we have, for j— oo,

(o]

— [ (M u(t), v'0) dt— (3 u(0), 0(0)) ~— [ (¥, () di+ (¥, 2(0) = 0,
0 0

[o=]

f (M u(t), o(t))) dt »f((u*, o(t)))dt,

0

and moreover, using also (8.17'),

©o

yfb(Mb“(t)’ Myu(t), o(t)) dt — | b(u*, u*, v(t)) dt’ <
0 (1]

<f[|b(Mt,“(t) —u¥, Myu(t), o(®)| + [b(u*, Myu(t) — u*, v(t))|Jdt <
0

1+1¢
2

(o] (o] *
< ch‘ lo() | | Myu(t) — w*|}dt < 01'32J’||v(t) | ( + | Myu(0) — u*[) at—0
0 0

where cm—c{32 are some convenient constants. Thus taking v(:) =
= p(+)v, with ge Cy([0, ©)), veD,, and t,=1; in (8.14) and letting
j— oo we arrive to

(=]

(8.22) f o) [¥(T, ) + (3, 7, v)— (f, )] di =

1]
[ t;

=lim | () (t} J.B(u(t + 1) — My, u(t), w(t + 7) — Myu(t))dr, 'v) dt
)
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where g(-) € C5([0, oc)) and veD), are arbitrary and % = u*. But

7]
(tl fB(u(t + 7) —, u(t + ) —u) dr, v) _
t
0

<
i
0

4
— (21- J-B(u(t + 7) — Myu(?), w(t + 7)— M,u(?)) dz, '”)

Y
<z f [1b(u* — Myu(0), u(t + 7)— Mqu(®), )| +
)
0

+ bt + 7) — u*, w* — Mu(t), v)|]dr<
171

1 /
< t_ fclaalu* —_ Mt;u(t) |* [ ”u(t + 1) || + 6131] ar< 0133,’“* —_ Mt,u(t)l

7

and

2]
(t1 fB(u(t + ) —%, u(t + 7) —u)dr, 'v)
’0

ty ¢
_(21- fB(u(r)—ﬁ, u(t) —7) dr, v) <t1 flb(u(f)——u*, u(t) — u*, v)| dv +
t 5 jo

s+t
+2 [loqun — ut, wte) —ut, o) <
]

Ciaa(1+ 1)
t;

(for some convenient constant ¢5,), so that, by (8.17') and (8.20'), we
can give to (8.22) the form

==}

(8.22") j o()[¥(@, v)) + b(@, @, v) — (f, v) + (Blu—u, u—w), v)]dt =0.

0

Since (8.22') is true for all g € C}([0, c0)) we deduce finally that

(@, v) + b(a, u, v) = (f — B(u —u, w—u), v)
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is valid for all v € D, thus also for all ve N'. This finishes the proof
of our assertion.

2. a) In this Section we shall give some properties concerning
the stationary solutions of the Reynolds equations. We begin with
the following

ProPoSITION 1. Let {u, 0u} be a real stationary solution of the
Reynolds equations. Then

(8.23) 0w <v1(B(Su, 6u), @) .

Proor. Let p be the stationary solution of the Navier-Stokes
equations to which corresponds # and du. Then

ﬁzﬁ[ud,u(u),

(8.24)
[Sul® = [ lu—a|*dp(u) = [u]* du(w) — @] .
N N

On the other side, since u satisfies the energy inequality (namely (6.3)
with y(§)= 5) we have

(8.24) o[ lul*du(u) < [ (f,  du(w) .
N N

Replacing in (8.8'), v by % (which is permitted since u e N') we
obtain

(8.25) v|w|? = (f, u) — (B(0u, ou), u) ,

whence, by (8.24)-(8.24"), it results (8.23).

REMARK. 1°. In spite of its simplicity, the relation (8.23) has a

certain physical meaning. Indeed (B(0u, 6u), W) represents the amount
of the energy transfer from the mean velocity # to the turbulent
fluctuations by work done agains the so called Reynolds stresses (see
Hunt [1], Sec. 6.2.). Thus (8.23) shows that if there is no enmergy
transfer from the mean flow to the turbulent fluctuations then the stationary
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solution is a Dirac measure (namely d;) that is there is no turbulent fluc-
tuation. :

We pass now to out main result in this Section. It seems reasonable
to measure the degree of turbulence by the amount of the energy trans-
fered from the mean velocity # to the turbulent fluctuations, i.e. by
(B(du, 6u), w). There are physicists who believe that to determine the
turbulent flow of a viscous incompressible fluid one has to search for
that one, among all possible ones, which maximizes the dissipation
of energy (see Malkus [1], Sec. 3 and Nihoul [1]).

In our case this principle would ask to determine a real solution
of the Reynolds equation which maximizes (B(du, du),%). Our next
theorem yields a definitive rigorous mathematical background to this
principle:

THEOREM 2. Among all real stationary solutions {u, du} of the Rey-
nolds equations there exists at least one {uy,., Ou,,.} such that

(8.26) (B(0%masx, OUmax); Umax) > (B(u, ou), %)

for all {u, 6u}. Moreover Umaxy and B(0Umax, OUmax) are uniquely deter-
mined (though the corresponding stationary statistical solution yielding
{Ummaxy OUpee} might not be uniquely determined).

The proof of this theorem is a direct consequence of the following

LeMMA. The set MV of all mean wvelocities w occurring in all real
stationaty solutions {u, du} of the Reynolds equations is a convex compact
set in IN.

Proor. Obviously MV = {U*#} where u runs over the set S of
all stationary statistical solutions of the Navier-Stokes equations, so

that, again obviously, MV is convex. Let now u,e MV. Then there
exists a sequence {u;};, of stationary statistical solutions such that
U¥—u,, in N, for j—>oco. Let M, be a cluster in § (considered
in Cj,,; see Sec. 6.4.a)) of the sequence {IM,};>,. Since (-,v)eC,
and (for j— oo)

9)?,,,((', "’))“> (%0, V) for all veN,



Statistical study of Navier-Stokes equations, II 101
we infer that

(Uoy ®) = M((+) v)) =|(u, v) du(u) , for all ve N;
N

thus u, = U#c MV. This finishes the proof of the Lemma.

ProorF oF THEOREM 2. Set

(8.27) A = sup (B(du, du), u)

where the supremum is taken with respect to all real stationary solu-
tions {, 0u} of the Reynolds equations. By (8.25)

(8.27) — A=inf[v[u]*—(f,u)]

where % runs over the whole of MV (see the Lemma above). Let now
{u;};>., c MV be chosen such that

(8.27") v|%;)*—(f, u;) >— 4, for j—>oo.
Passing if necessary to a subsequence we can suppose also (in virtue
of the Lemma) that w; —u, in NN, for some %, e MV, that is, for some

real stationary solution {w,, du,}. Consequently

V| Pmilo|* — (f, %) = lim [ Pmts |2 — (f, w5)] <

<!im [”Nﬁili“—(f, ﬁi)]z_}"
j—>oo
for all m=1,2,.... Letting m — co we obtain »|u,|2— (f, %)< — A

hence »|%,|%— (f, uy) = — A. By (8.25) we have
(8.27") (B(0uo, 0up), Ug) = 4 .

This establishes the existence of {u,,,, du, }. It remains to prove
only the uniqueness of %,,.. This results readily from the fact that
-] is a striet convex function on MV, thus the proof is complete.

In the same manner one can prove the following theorem similar
to Theorem 2:
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THEOREM 2'. Among all real stationary solutions {u, ou} of the Rey-
nolds equations there exists at least one {Upy,, OUqy} such that

(8.28') [tomin | < %]

for all {u, du}. Moreover Uy, and B(0Umin, Otmm) are uniquely deter-
mined (though the corresponding stationary statistical solution yielding
{Uminy O} might mot be uniquely determined).

REMARKS. 20. A simple (and perhaps strange) connection between
Upmin DA Uy, is the following:

(8'28) (f; izmax - amln) = 0 9

the equality holding if and only of Upey = Upy,. Indeed (8.28) results
readily from

v"amln”2<v”amnx”2 9 v”amaxnz_ (fi amax) <v“amin”2_ (f’ am]n) ’
moreover if in (8.28), we have equahty, then |%ppl = |#mn| thus by
the uniqueness of u,,, we will have Uy, = Up.,-

30, One should notice that from a physical point of view, the
mean velocity un, is also distinguished since it minimizes the total
dissipated energy; indeed for u € N' we have

iyi= 1 892

(8.29) Juj? = E (a“ ai) dx:ﬁrotu(m)]zdw
2

and the right term in (8.29) measures (up to a constant factor) this
energy (see Landau-Lifschitz [1], § 16). For (8.29) we send the reader
to Serrin [1], formula (72.1').

b) The aim of this Section is to show that to some extent the
preceding results concerning the stationary case have analogues in
the nonstationary case. In order to avoid some artificial difficulties
we shall still suppose that the right term is time-independent.

THEOREM 3. Let u be a (Borel) probability on N satisfying (3.5)
and let T>0. Among all statistical solutions {u}o<i<r of the Navier-
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Stokes equations satisfying the strengthened energy inequality, with ini-
tial data u, there exists at least one {ui™}o<;<p minimizing

(8.30) fT” f u d,ut(u)szt .
0o N

If {17(—)?‘“, Ou(- )™} denotes the solution of the Reynolds corresponding
to {umin} o icqp then u™n(t) and B(du(t)™n, Su(t)™) are uniquely deter-
mined a.e. on (0, T).

Proor. The proof will follow the same line as that of Theorem 2,
Sec. 8.2.a). We start by choosing a sequence {{u{"}o<;<r}j=1C 8" (see
Sec. 4.2.a)) such that

T

([l feancolf

0

converges to the infimum A2 of the integrals (8.30) where {u.} runs
over 8%. In virtue of Theorem 1 in Sec. 4.2.a), $* considered as a
subset of £7 ., is a compact convex set, thus there exists a {u}o<;<r€ 8*
which is a w™-cluster point in £ ; of the sequence {{u{"}o<;<r}, Since
for v(-)e L(0, T'; N), the function ¥(¢, -) =((*, v(t))) in ¢, belongs to
L0, T'; C,;) =£,, it results without difficulty that

(8.31) f w dpa(u) = u(+)
N

is a cluster point of {W(-) = fudy“"(u)};";l in the weak topology of
N

L0, T; N1). Since weak convergence in a Hilbert space does not
increase the norms we will have

~

Ju() | 220, 7: Ny <Him [u®(+) | 2o, 73 1y =

so that in virtue of the definition of 4,

T
2 [u®)2at = [ul) |20, 7m0 < 2%
0
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thus

T
(8.31) f [u(®) | 2dt = A2,
0

It remains to prove the uniqueness part of the theorem. For u,(-),
this results readily since the norm is strictly convex in L2(0, 7'; N1)
and the set

{f’u dpe(u): {peyo<i<r € 5“}
N

is convex in L%(0, T'; N'), while for B(du(¢)™i, du(¢)™) this follows
directly from (8.8) and the uniqueness of wmin(-).
This concludes the proof of Theorem 3.

REMARK. 1°. Similarly to the stationary case, one can consider
other extremum problems for the mean velocities u(-). For instance
in Foias [1] was considered instead the integrals (8.30) the integrals
(see Foias [1], § 6)

T t

(8.30') f ['“‘2’"2 + f Ju(z) sz,] a
0 1]

where

(8.30") u(t) =|udu(t), 0<i<T

N

Plainly the above proof also works for (8.30’)-(8.30") instead of (8.30).

20, Theorem 3 has some obvious weak features. The main one
is the following: Take T> T and denote by w=k(-) and @==(-) the
two means velocity functions given by Theorem 3 applied on (0, T)
resp. (0, 7). One should expect that if the extremum principle used
to peak up w==(-) on (0, T) and %==(-) on (0, T) has some real signi-
ficance, then #==(-) has to agree with wmi(-) on (0, T'), this by causa-
lity reasons. We don’t know if this « causality » is respected.
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9. Hopf’s equation for turbulence.

1. In the researches of E. Hopf ([3]; see also Monin-Yaglom [2],
Ch. X, § 28, Sec. 28.1) concerning turbulence, as a statistical mechanies
based on the Navier-Stokes equations, the fundamental equation is
expressed in terms of a functional of positive type on NN, supposed
to be the characteristic function of some hypothetical probability on IV.
In this paragraph we shall firstly establish in a rigorous way Hopf’s
equation for turbulence (see equation (9.6) below) as a consequence
of our basic equation (3.13;); this approach to Hopf’s functional equa-
tion automatically solves the initial value problem for Hopf’s equa-
tion. We shall conclude this paragraph with some immediate prop-
erties on the solutions of Hopf’s equations which are direct conse-
quences of properties of the statistical solutions of the Navier-Stokes
equations.

We begin our discussion by some simple definitions. By a Fourier-
Stieltjes transform of a bounded Borel measure » on N we mean the
function ¥ defined on N by the formula

9.1) %y) = [explitw, y)ldr(w), yeN.
N

If v is a probability on N then, ¥ will be called the characteristic func-
tion of v. In this case v is positive definite that is

D = A
(9.2) ) kil E:&Ev(Y;—Y)>0
i=
for all complex numbers &; and elements ;€ N, j=1,2,...,p, and all
p=1,2,.... Note also that » is always a continuous function on N.

For a bounded Borel measure in IN let »™ denote the Borel meas-
ure in P, N defined by

(9.3) ym(w) = »(Py'w), w Borel set c P, N,
m=1,2,.... Let now »(y)=0 for all ye N. Then for ye P,,N we
will have

Jexplitu, y)1dym(u) = [expli(Pnu, )] dr(w) = F(Pny) =0,
N

PaN
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so that the uniqueness theorem for the Fourier-Stieltjes transform
on R™ (see Rudin [1], p. 17) we deduce »™ = 0. But for any PG,
we have

f ®(u) dv(u) = lim fdi(P,,.u)dv(u)zlim fds(u)dv(m)(u):o

N m—>oo N m—>oo PuN
so that ¥ = 0. Therefore as in the classical case, ¥ determines uni-

quely ». This simple remark will permit us to introduce one of the
main operators occuring in Hopf’s equation, namely: For any » satis-

fying
(9.4) [1ulrdis < oo
N

(where |v| denotes the modulus of »; see Dinculeanu [1], § 3, Sec. 4)
and any ve N* the function b(u, %, v) in « is, plainly, belonging to L(»)
(since b(Pnu, P,u, v) —b(u, u, v) v - a.e. and both are dominated by
Cis5| %2 with some convenient constant e¢;), thus

[bta, w, v) exp Liu, )1 dv(w)
N

makes sense for all y € N; moreover this integral is a continuous linear
functional (in v) on N therefore it defines an element — 4(L#)(y) of N-.
In this manner we have obtained an operator L applying all Fourier-
Stieltjes transforms » of Borel measures on NN, satisfying (9.4), in
N-1-valued functions defined on IV; let us emphasize that L is defined
by the formula

(9.5) ((LP)(w), ©) = i- [b(u, u, v) expi(w, )]dv(w)
for "
(9.5") all veN', yeN.

With these preliminaries, we can state the following

THEOREM 1. Let {u}o<i<p be a statistical solution of the Navier-
Stokes equations with initial date u satisfying (3.5). Let x(-,t) denote
the characteristic function of u, and y that of u. Then for any ye N*
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and any o(-) € CY([0, T)) we have

T T
06)  —[o'®xlw a +fe<t (s, 0, 9) + (T 0) @), )] dt =
0
—0(0)1 +zfet>f<t,y)xy,t)dt

DEFINITION. A functional x(y,?) defined on Nx (0, T) satisfying
(9.6) for all o(-) € C3([0, T')), ¥ € N* and for some functional y(y) de-
fined on N is by definition a solution of Hopf’s functional equation for
turbulence. This is justified by the fact that (9.6) is for Hopf’s func-
tional equation (see Monin-Yaglom [2], formulae (28.18)-(28.19)) what
(2.8) is for the Navier-Stokes equations, namely a more elaborate form
in the framework of Functional Analysis.

The function y occuring in (9.6) is called the initial data of y(-, -).
With these definition we can reformulate shortly Theorem 1 in the
following manner: Let {u}o<;<r be a statistical solution of the Navier-
Stokes equations with initial data p satisfying (3.5) them the characteristic
function of u., 0 <<t<<T, yields a solution of Hopf’s functional equation
for turbulence with initial data the characteristic function of u.

Proor oF THEOREM 1. Fix ye N' and o(-) € C3([0, T')), and de-
fine

(9.7) ¢(t7 u) = Q(t)' exp [@(uy 9)]

for (t,u)e (0, T) X N. Clearly

(9.7') Dy (t, u) = '(t)- exp [i(u, 9)]
and
(9.7") D, (t, u) = ip(t) y-exp [i(u, y)] ;

(9.7)-(9.7") show that @(-, -)e B and satisfies (3.8') (see Sec. 3.1.a)).
Therefore we can replace this @ in (3.13;) obtaining

T T
—[e' ) 2w, 1y at + o] [1i((w, y-expliu, 1) +
0 0 N
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+ ib{uy w, y-oxp[i(w, 9)])] dus(a)} at =
T

= e0)29) + i[e] [ (1), y-explitu, ) duw) a1 =
0 N
T
— 0(0)- ) + o0 (1), 9) 1w, )t

]

so that taking into account also (9.5)-(9.5’) it remains only to show
that a.e. on (0, T) we have

(9.8) if((w, v) expliw, )] dudw) = (19, 9, 9) .
N

Taking into account that f”u]lzd,u,(u)< oo a.e. on (0, T') it will suffi-
N
cient to prove that if v is any (Borel) probability on N satisfying

(9.4') f ] dv() <oo
N

(hence also (9.4)) then #(-) is differentiable in IV and its Frechet dif-
ferential »;(m) satisfies

(9.9) (@), v) =i(u, v) expli(u, y)ldv(w) it veN,
N

9.9) (@), 0) =1 f (u, w)) exp[i(u, y)1dv(u) if ve N2
N

Let now g, ve N, y being fixed. Then

1

ol Wy + v)—ﬁ(y)—if(u, v) exp [i(u, y)]dv(u) | =
N

1 fexp [i(y, w)[exp [§(u, v)]— 1 — i(u, v)] dv(u)| <
N
) f lexp[i(u, )] —1—i(, )] g
\N [v]
- [l o)

— dy(u) < |v|f|u|“dv(u) -0
o] J
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for v >0 (in N). Thus v is differentiable and (9.9) holds. By (9.9)
we have

(9.9") ¥(y) = i[u exp[i(u, y)1db(u)
N

thus for any m =1, 2, ...

2

15 (w) |2 = [i- [P exp i, y)1av(a)| <

N

2
<([IPnulasw)’ < [1Pulzastu) < [Juj2dsta)
N N N

so that lim | P, % (y)| <oo. It is plain that this implies that »'(y)e N

But then, since in virtue of (9.4’), the integral in (9.9") is actually
taken only over N1, by scalar multiplication in N of (9.9”) we obtain
directly (9.9). This finishes the proof of Theorem 1.

REMARK. One should note that in our form (9.6) of Hopf’s func-
tional equation for turbulence all entities involved have a consistent
mathematical meaning.

2. a) We shall give, as samples, existence and uniqueness theo-
rems for the solutions of Hopf’s equation (9.6) which are direct con-
sequence of the corresponding facts for the statistical solutions of the
Navier-Stokes equations.

THEOREM 2. Let x(-) be a positive definite functional on N such
that x(0) =1 and x"(y) exists (*) and satisfies

(9.10) Tracen[— x"(0)]< oo (**).

(*) For a functional y on IV, %"(y,) denotes the second Frechet differential
of y in y,, that is a linear continuous operator y"(y,) from IV into N such that

ﬁlxh(@)—xh(@ — Z'@o)e|>0,  for [o]>0.

Thus for the existence of x"(y,) it is necessary first that x'(y) exists in a
neighbourhood of y,.
(**) For a linear continuous operator A>0 from NN into N, by Tracey 4

o2
we will denote the usual operator-trace, namely Z(Aem, ¢m) (Where {e,}m—y, i8
m=1

8
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Then there exists a solution x(-,t) on (0, T') of the Hopf functional equa-
tion (9.6) with initial data x(-) such that for any te (0, T'), x(-,1) is a
positive definite functional on N for which x(0,t)=1, yy(@,t) ewist and
satisfies

(9.11) Tracen [— x4([0], -)1e LX(0, T).
(9.11') Tracen:[— (0], -)1e L~(0, T),

ProoF. In virtue of the next Lemma 1 (3ee below) there exists
a Borel probability u on N satisfying (3.5) such that y=pu. Let
{u}o<i<r be the statistical solution of the Navier-Stokes equations
(constrocted in Sec. 3.2) with initial data w and let x(-,?) = m.(*).
By Theorem 1, Sec. 9.1, x(-, ) is a solution on (0, T') of Hopf’s func-
tional equation, with initial data y. The relations (9.11)-(9.11') follow
readily from the relations (9.12)-(9.12') below (for u. instead of u).
The proof is complete modulo that of the following

LEMMA 1. Let u be a (Borel) probability on N satisfying (3.5). Then
4 is a positive definite functional on N, u’ ewists and

(9.12) Tracen [— 3(0)] = |ul*du(w) ;

moreover N

(9.12") Tracem [— i"(0)] = J' o] 2dpu(w) .
N

Conversely if x is a positive definite functional on N such that y(0)=1,
x" exists and

(9.13) Tracen[— z"(0)]< oo

an orthogonal basis in V), which does not depend on {e,}n-1; We shall also
use the notation
Tracen: (4) = Y An(AW,, W) -
m=1

We must also remark that for a positive definite functional y on N, if x"
exists then — 4”(0) >0. Indeed fixing a v € N and defining ¢(s) = x(sv) for
s€ R, we will obtain a positive definite function ¢ € C%(R) such that ¢"(0) =
= (%"(0)v, v). The positive definitess of ¢ implies — [¢(s) + @(— s) — 2¢(0)]> 0
for any s >0 which, by s—+ 0, yields ¢"(0) <0. Thus (((— x"(0))v,v) >0
for all veN, ie. — "(0) > 0.
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then y=pu for some (uniquely determined) Borel probability pu on N
satisfying (3.5).
Proor. We have already verified (see (9.9”)) that u' exists and
iy = i[wexpli(w, y)ldu(w), yeN.
N

Now note that for 250

L Wy +2)—p'y) +f(u, &) w exp [i(u, y)] du(u)
N

<
l#| h

<t [l explitn, 21 —1— i, 9] dutw) <
N

¥
< iupaun + 2 widuc = 80l 7
{u: ueN, |ul<r} {u:ueN, |u|>r}

for any re (0, o). Let ¢> 0. By (3.5) there exists an r, such that

2f}u|2d‘u(u) <—§ .

{u: ueN, |ul>rg}

Thus letting |2| be small enough we will have 6(|2|,7,) <e. This fact
shows that u’(y) exists and

(9.14) ' (9) 2 = —|(u, 2)u exp[i(u, y) du(w)
for N
(9.14") all y,zeN.

Now it is clear that
(4(0) 0, 0n) = —[1(a1, 0,) 2 dpa()
N
hence

Tracen (— 1"(0)) =m§; (— §"(0)) Wy W) =

[ 3w woleduta = [t duta
& m=1 N
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which, by (3.5), is finite. This establishes (9.12). For (9.12'), observe
that

> Anl|(uy wn) 2= |u|2  for all ueN

m=1

(where as usual we put [u| = oco if weN\IV'), and then proceed
exactly as for (9.12).

It remains to prove the converse part of Lemma 1. By Bochner’s
theorem for the abelian locally compact group R™ (see Rudin [1],
Ch. 1), we can find a Borel probability u™ in N carried by P,N
(m=1,2,...) such that

(9.15) %) = [exp Li(u, y)1dum(u)
PaN

for

(9.15) all ye P, N, m=1,2,....

Now for any seR and j=1,2,..., m, we have

— X(8w;) — x(—sw;) + 2x(0) =

- f [— exp [is(u, 0,)]— exp [— is(u, ;)] + 2] du™ () =

PaN
=f4(sin s(L’;f’_)) aum(u)
PnN
whence
sin s(u, w;)/2\? L
f (W) |(y w;)[* dum(w) =
PuN

= 51—2 [2(swy) + 2(— sw;) — 2x(0)]—— (2"(0) w;, w;)

for s+ 0, s 0. By Fatou’s theorem (see Riesz—Sz.-Nagy [1], Ch.II,
§ 20), we conclude that B fles

i, w) @) <~ (0w, )

PuN
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for all j =1, 2,..., m. It results

06 [lulaun = [ g =
N

PuN

= z | (%, w;,)|2dpt™ (w) ﬁ( 2"(0)w;, w;) < Tracen[— x"(0)] = ¢y55

PN
for all m=1,2,.... Let By={u:ueN,|u|<k}, be endowed with the
weak topology of N, for all k=1,2,.... Since C(B,) is separable,

for all k=1,2,..., by Cantor’s diagonal method we can choose a
subsequence {u™}? such that for any k, there exists a Borel meas-
ure u, on B satisfying

(9.17) Jptw) @) o) duuu)
B; By

for all ¢ € C(B;). As we already observed in Sec. 3.3, u, is actually
a Borel measure on N such that supp y,cB,. On the other side
since for any h,k>1

{‘PlBk5 @pE C(Bk+h)}

is, by the Weierstrass-Stone theorem, dense in C(B,), it results that
for Borel subsets w of B, the measure u, agrees with u,. Thus if
for any Borel subset w of IN we set

(9.18) () = (> O By) + 3 pers(0 0 (B \By)

we will have u(w)>0 and

(9.18) ww) = pp(w)  if wcB;.
Moreover, since by (9.16),
<1
(9.19) x(By) =J.1 dpr(u) =lim |1 du™)(u) = lim pu™)(B,) >1 Ciss
j—>o0 j—>oo T
By By kz

we have

fet1 (Bt \By) = pu(Byyy) — (Bk><“—,jz—‘ ,
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so that, in (9.18) we will also have

g(w N (B \By) <€kl% , forall k=1,2,..

and all Borel subset w of IN. This fact easily implies that u is a bounded
Borel measure on N. By (9.18)-(9.19) we have

¢,
(9.19") 1— —i:l <u(B) <1

whence letting k— oo we deduce u(IN)=1, thus x is a Borel proba-
bility on N. Let now m (=1, 2,...) be fixed and let j be sufficiently
large so that m;>m. Then

cus/flulzdu‘m»(u) = f [l dum () =

Pm,N

J( 2 |(uy w |2) dﬂ(m’)(u)>f(§l|(u) wi)lz) d,u(”'l)(u) =
N

m;

B,
"’f( E [(, w’),z) dp(u) =f|Pmu|2d,u(u)
B, =1 5

for j—»>oo0 and any k=1, 2,.... It results (letting firstly ¥ — co and
then m-—oco) that

fl“lzd,u(u) < O35

N
Thus u satisfies (3.5). It remains to show that = y. To this aim

take ye P, N, fix m and let j be large enough (that is, such that
m;>m). Then since ye€ P,,N, we will have, by (9.15),

lx(y) — fa(y)| = f exp [i(ym, u)] du™(u) — [exp [i(y, w)]du(u) | <
N N

20135

< f exp [iy, u)] dum)(u) — f exp[i(y, u)]du( u)}

By By
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where we used (9.19)-(9.19') and where k=1, 2, ... is arbitrary. Let-
ting j — oo we deduce

2645

Ix(y)—ﬁ(y)K*kT ,

whence letting k— oo we obtain y(y) = u(y) for all ye |J P,,N, which
m=1

is dense in IV, hence y = u. With this the proof of Lemma 1 is
achieved.

b) A positive definite function y on N will be called of exponential
type if for any y e N, the function s> y(sy) defined on R can be ex-
rended analytically to an entire function x({;y) on the complex
plane O, satisfying

(9.20)  |x(; 9)| <Ciss 0XP((€15s|ITm |- |y[)), for all {€C, yeN,

where ¢35 and ¢,3, are some constants depending on y (but independent
on { and ).

LEMMA 2. Let u be a Borel probability on N. Then u is of expo-
nential type if and only if u is with bounded support in N.

ProOF. The only non immediate implication is that if u is of
exponential type then u is with bounded support in V. Let thus
(L35 y), Le 0, be the analytic extension on the whole C of u(ty), t€ R.
We have

Aty y) = u(ty) = |exp [it(w, y)]du(u) = |exp [its]dv,(s)
N R

where for any Borel set cC R we set
v(0) = u({u: wueN, (u,y)e0}) .
By the Paley-Wiener theorem (see for instance Hormander [1], Ch. 1,

where the theorem is given for distributions, in particular for meas-
ures) we deduce that

suppw, C {t: te R, [t|<ci(i)|y|} -
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Consequently

(9207 suppuc(){u: we N, |(u, y)| <ew(m)yl} =
VE,
={u: ueN, |u|<cy(un)} .
This finishes the proof of Lemma 2.

THEOREM 3. (a) If in Theorem 2, Sec. 9.2.a), we suppose more-
over that the initial data y is of exponcntial type then the solution of the
Hopf functional solution y(-,t) on (0, T) given by Theorem 2, Sec. 9.2.a)
can be chosen such that

(i) x(-,t) is for any te (0, T) also of exponential type uniformly
in t (that is (9.20) will be valid for all y(-, ¢) with a same constant ¢y,);

(ii) for any y e N, the function x(y, -) will be continuous on [0, T'7:

(b) If n=2, the solution y(-,t) on (0, T) with initial data y given
by Theorem 2, Sec. 9.2.a) and the statement (a) of the present theorem is
uniquely determined.

The proof of this theorem is straightforward. Indeed Part (a) fol-
lows directly from Theorem 1.2, Lemma 2 (in this paragraph) and
Theorem 2 in Sec. 3.3. Concerning Part (b), by the preceding Lem-
mae 1-2 (in this paragraph) a solution x(-,t) fulfilling the properties
stated in Theorems 2 and 3(a) above, will be of the form x(-,?) =
= (), where {u}o<icr is a statistical solution of the Navier-Stokes
equations with initial data u such that (on account of the preceding
Lemma 2; see (9.20')) has a bounded support in N and u; have
their support uniformly bounded in N, for te (0, 7). In virtue of
Sec. 5.1.a)-b), this is sufficient to assure the uniqueness of u, a.e. on
(0, T). Thus x(-,?) is uniquely determined a.e. on (0,7). By the
continuity property (ii) in Part (a) of the statement, it results readily
that x(-,t) is uniquely determined for all ¢t € (0, T). We can conclude
here the sketch of the proof of Theorem 3.

We hope that the content of this Sec. 9.2 is suffcient to illustrate the
manner by which one can obtain significant results on Hopf’'s functional
equation for turbulence as direct consequences of our previous results on
statistical solutions of the Navier-Stokes equations. Therefore we con-
clude this Section with the following

REMARK. The time independent Hopf’s functional equation has
plainly the form

9.21) ('), )+ (L)), y) =if, y) xy), for all yeN,
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where on y one has to suppose that it is positive definite, x(0)=1 and
(9.21) Tracen (— x"(0)) < oo,  Tracem (— 2"(0)) < oo;

plainly by our preceding discussion the only solutions of (9.21)-(9.21')
are the Fourier-Stieltjes transforms u of the stationary statistical solu-
tions u of the Navier-Stokes equations. Again some of our results
on these last solutions can be restated for the time independent solu-
tions of Hopf’s functional equation. We don’t go into any further
detail concluding here our comments.

3. The aim of this short last Section is to give to the operator L,
involved in Hopf’s functional equation for turbulence (see (9.5)-(9.6)
and (9.21)) a «concrete » form which essentially coincides with that
of Hopf [3] and is more adequate for computations. However this
form will be valid only under some additional regularity conditions,
thus we will suppose that » =2 or 3 and that the Borel measure
occuring in (9.5) satisfies a stronger condition than (9.4), namely

(9.22) f (]s) 2dv(u) < oo

N

(where we put |u], = co for weN\IV?). By Sobolev’s theorem we
have H*(2)c 0(R2) (see Agmon [1], Lemma 13.1), where the imbed-
ding is a continuous map, so that the Dirac functional ,: ¢ — p(x)
is continuous on H:(Q) for all x € Q. Consequently for any »e IN!
we will have

(9.23) (L3 (y), v) = ifb(u, u, v) exp [i(u, v)]dv(y) =

N

- f (s, v, u) oxp [i(u, ¥)] do(u) =

B f[ f(j,k_—lu( ) ak”( ) k( )) !l ’ I Exp [l(u7 9)] ‘l"(u)
N o

1,k 1
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where we have used Fubini’s theorem and the fact that actually the
integrals on IV can be restricted to V2, by (9.22). By the same proof
as that of (9.14) we can establish that v" exists and is given by the
formula

(0.24) Pz =—[(u,»Huexpli(w, y)ldr(w), y,zeN.
N
But
16" @) 2l < ( [ lulidow)) vl
N

so that the bilinear functional
%1y By > (a”(?/) 21y zz)

extends by continuity to a Dbilinear continuous functional on the
whole N-2 (since IV is dense in N-2). We shall denote the value of this
extension in the poinr {2, 2} € N-2xN-2 by V"(y)(2:, 2,). Let now
d,¢; denote the functional on N2 defined by (d,¢;)(%) = 0.(u;) = u;(x)
for all v = {u,, ..., u,}€ N? and € 2. Then from (9.23)-(9.24) we can
readily infer that

(9.25) (@), 0) =1 Z f SOUD) 150y (Baes, Bues)] do
for
(9.25") all yeN and v={v;,...,0,}eN.

The formulae (9.13)-(9.13') give a way to compute Lv directly
without passing to the representation (9.1) which was explicitely in-
volved in the initial definition (9.5) of L.

CoNCLUDING REMARK. We hope that it is clear that our statis-
tical version (1.8) (or (3.13;)) of the Navier-Stokes equations can be
consistently handled in the framework of the nowadays linear func-
tional analysis (§§ 3-7) and that it permits a rigorous mathematical
approach to turbulence (§§ 8-9). We intend to study in the future
in more detail some typical concrete cases, following the line devel-
oped in this paper.

Connections of our paper with those of Bass [1], [2], Malkus [1],
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Nihoul [1], Kolmogorov, Monin, Obukov, Yaglom (see Monin-Yag-
lom [1], [2]), Rosen [1], Vo-Khan [1] will also be given in some sub-
sequent papers.
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