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REGRESSIVE UPPER BOUNDS
JOSEPH BARBACK

1.

*)

Introduction.

presented in this paper were obtained when the
following problem was considered : When does a denumerable collection of isols have a regressive upper bouiad? It was proven by
J. C. E. Dekker and J. Myhill [6, Theorem 45 (b)] that a denumerable collection of isols always has an upper bound in the isols.
However, it is easy to show that even finite collections of isols
The results

may have no regressive upper bound. There are two main aims of
this paper. The first is to give a necessary and sufficient condition
that a finite collection of isols have a regressive upper bound and
the second is to discuss the existence of regressi ve upper bounds
for three particular types of infinite collections of isols 1 ).

2. Preliminaries.

We shall

assume

that the reader is familiar with the termi-

nology and main results of the papers [1]] through [6] and [9]; in
particular with the concepts of regressive function, regressive set,
regressive isol, infinite series of isols and the ordering relations

*)
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* (between functions and isols) and
(between isols). When rewe
bound
shall
to
an
always mean an upper bound
fering
upper
which is an isol. The expression « regressive upper bound » will
sometimes be abbreviated by writing r.u.b. I)enumerable will mean
either finite or denumerably infinite, and
nality of the continuum. We let

c

will denote the cardi-

E

=

the collection of all

non-negative integers

ll

=

the collection of all

isols,

the collection of all

regressive isols.

llx

=

It is known that L e
E and ~1. - AR
where both
have cardinality c. Since every isol has only denumerably many
predecessors it follows that if a collection of isols has an upper
bound, then the collection is denumerable. It is for this reason
that the problem concerning the existence of an upper bound is
restricted to collections of isols which are denumerable.

3. Fundamentat

properties.

Throughout this section let 4 denote a denumerable collection
of isols. We recall that an isol U will be an upper bound of L1 if
A c U, for each A E Al i.e., if 4 is a subset of the collection of
predecessors of the isol U -~- 1. The following two properties of
isols and the relation ~ were proven by Dekker in [4]. Let A, B
and U be isols, then

It is

readily

seen

that

combining (1)

PROPOSITION 1. If L1 has

a

r.u.b.,

and

then

(2), yields
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also proven in [4] that 11~ is not closed under addition.
A, B E AR ,y such that A + B ~ AR then, in view of Proposition 1, we see that the collection (A~ B) as well as any collection 4 with A, B E 4 will have no regressive upper bound.
We have earlier noted that every isol has denumerably many
predecessors. Further, it is well known that every isol has c successors in the isols. If an isol has a regressive successor then, by
( 1 ), the isol itself will also be regressive. Every finite isol will
have c regressive successors, since there are c infinite regressive
isols. On the other hand,
It

If

we

was

let

(3) every infinite regressive isol has exactly No regressive

succes-

sors.

verify (3), first note that if A is a regressive isol then each
+ 1, A + 2, ... is a regressive successor of A ; hence
every regressive isol has at least No regressive successors. Also, it
was proven by T. G. McLaughlin [7, Lemma 1] that every infinite
set has at most ~o regressive supersets. Since every non-zero isol
To

of the isols A

No sets, it follows from this result that every infinite isol
has at most No regressive successors. This proves (3). With respect
to regressive upper bounds, it follows from (3), that if 4 has a
r.u.b. and also contains at least one infinite isol then J will have
contains

No regressive

upper bounds.
state another result that is related to regressive
upper bounds, the proof of which may be obtained by a construction similar to that in the proof of [2, Theorem 1.3].

exactly

We will

now

PROPOSITION 2. There exist infinite
V such that

regressive

isols

A, U

and

:I(:

and U and V

are

not V related.

The V relation was introduced in 2 ; it is a binary relation defined
between pairs of infinite regressive isols and it is weaker then each
of the relations e’* and C, in the sense that elements satisfying
either of the latter already satisfy the former relation.
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Assume that 4 has a r.u.b., and let
be the collection of all
regressive upper bounds of 4. Consider the two statements-

I’ is closed under addition.

(4)
h is

(5)

totally

ordered

by

the relation *

or

.

If A c .E then both (4) and (5) are false, for in this case AR - E c r.
In addition, if we let d = (A), where A satisfies the hypothesis of
Proposition 2, then it also follows that both (4) and (5) are false,
even though in this event I’ is denumerable. We do not know if it
is always the case that both statements (4) and (5) are false.

4. Finite collections.

Assume also in this section that J is a denumerable collection
of isols. We know that if J has a r.u.b. then

6 it will be shown that every denumerable collection d of isols
satisfying ([-]) either will have no r.u.b. or else can be extended to

In §

denumerable collection of isols which satisfies (0) and having
no r.u.b.. However, in the special case that L1 is a finite collection
of isols, then (0) is a sufficient as well as a necessary condition for
L1 to have a r.u.b. ; and this is the main result of this section. We
begin with the following proposition.
a

PROPOSITION 3. Let

A,

B and C be

regressive isols

such that

Then

PROOF. The result is immediate if either A, B or C is finite.
Assume now that each of the isols A, B, and C is infinite.
Then there will be mutually separated (immune and regressive) sets
and ð belonging to A, B and C respectively. In view of the
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hypothesis,

will also be

each of the three sets

regressive.

Let

~c is an immune set, because each of the
sets
and 6 is
immune. Also n E A -~- B -f- C, and therefore to complete the proof
it suffices to show that 17- is a regressive set. This will be our goal
as we divide the remainder of the proof into three parts.

Then

Part 1. Let an,
cn, un, vn and wn be (everywhere defined and onefunctions
to-one) regressive
ranging over the sets a, fl, 67 a + fl, x -)- 3
and
let S denote the family consisting of
and fl -~- 8 respectively,
these six functions. For each of the numbers a*E a, b*
and c~‘E 5y let

that a number y E 7l is given. Then y belongs to exactly
of the sets
ond 6. Because the sets a, fl and 3 are mutually
can
the particular set to which y belongs. We
we
determine
separated,
can then also determine to which two of the three sets a + P, a + 6
and fl + b that y also belongs. Taking into account that each of
the functions in E is regressive, it follows therefore that we can
effectively find all of the numbers of the set 4Yy .
For each number y E a, let

Suppose

one

I
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We note that for each function

and number k E

E,

Also by combining our earlier remarks with the definition of the
set my , we can conclude that from a given
we can
effectively generate all of the members of the set coy. Hence my will
be an r.e. subset of ~c. Since n is an immune set, it follows that
my will be a finite set for each
Part 2. It turns out to be convenient for the discussion which
follows to assume that for
has a non-empty intersection
with each of the sets a, ~8 and 6. For this reason, we shall assume
that the values of ao , bo and co are known to us and that these
numbers are placed in each (oy. It will be readily seen that this
modification will cause no difficulty.

Some

Let yEn. Set

terminology.

k,k, 11m
l,,1n-

maximum numbers
such that ak# ,

We call the ordered

triple

and &#x3E;1*
E

respectively,

a)y

of numbers

*

(1~, l, m)

the torre-nnmber of

y.

An ordered triple of numbers is a torre-nunay, and denote it by
ber if it is the torre-number of some y E n. If t - (k, Z, m) is a
torre-number, the number L (t) = k -~- Z -f- in is called the length of
t. It readily follows from the remarks in Part 1, that

given
L
In

addition,

we

(y )

either,
or,

well

have the

LEMMA 1. If
then

as

we

can

as z

effectively

find yy

and L (z) for any

z

E coy.

following property,

(ko 7 10 mo)

and

(k1 , If , ml)

are

each

torre-numbers,
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PROOF. Assume otherwise and let

the torre-numbers

rality,

we

of yo

and y1

respectively.

and
m 1) be
Without loss of gene-

mo)

may suppose that

Consider the two numbers

o, these

Since
a

+ ~.

We conside1’
that

are

distinct numbers. Also each belongs to

Let

1~0 + 1

two cases : Case 1. q
p. It follows froln (*)
Then combining the two
and therefore up E

separately
C

facts

implies
This

that

means

that

which contradicts the
of y1

assumption that (kj , l1 , 1 mi) is the tore-numbers

·

Case 2. q &#x3E; p. One can proceed here as in Case 1 ; we shall
omit the details.
The contradictions obtained here establish the desired result of
the lemma. This completes the proof.
We obtain directly from Lemma 1, the following two corollaries.
COROLLARY 1. For all

COROLLARY 2.
one

torre-number.

Any number n E E is the length of

at most
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Part 3.

lary 1,

our remarks in Parts 1 and 2 with Corolconclude that

Combining

we can

given y E n,

we can

effectively

determine all

the numbers of the set
together with their respective torre-numbers.

There will be infinitely many torre-numbers ; and by Corollary
difierent torre-numbers will have different lengths. Let to ,
L
be an enumeration of all torre-numbers, such that L (tn)
E
number
each
for
E,
Define,

2,
...

Clearly,

be the unique one-to-one function having domain E and range
such that when reading from left to right the numbers in the

Let In
7l

enumeration,
every number of 4p appears before every number of Ap-tl, and the
numbers of d p appear in their natural order according to size. If
we combine the beginning remarks of this part together with the
definition of the sets 4k , it follows that the function fn has been
defined in such a way as to be regressive i.e., the mapping,

has
this

partial recursive extension.
completes the proof.

a

COROLLARY. Let

Ao, ... , Ak

Hence a is

be

regressive

a

regressive set,

and

isols such that, for

k, Ai + Aj E AR . Then

0

PROOF. If k = 0

Proposition 2,
ction.

k = 1 the result is clear. For k ~ 2 use
associativity of isols under addition and finite induor
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A -~- B for any isols A and B.
We know that A
this fact with Proposition 1 and the previous corollary
THEOREM 1. Let L1 be
b. if and only if

a

Combining
yields,

finite collection of isols. Then L1 has

a r. u.

5. Two collections.

We want to consider two particular types of denumerable collections of isols. Each of these will be defined in terms of recursive
functions.
DEFINITIONS AND NOTATIONS. We recall from
where defined) function f (x) is increasing if

and

[1]

that

an

(every-

eventually increasing if for some number n, the function g (.x)
= f (x -~- n) is increasing. Let f (x) be an eventually increasing recursive function and let Df (x) denote its extension to
One of
the main results [1] is that Df maps d~ into AR . We let 0 denote
the family of all increasing recursive functions. Let h (i, x) be any
recursive function of the two variables i and x, such that for each
i, h (i, x) E 0. Henceforth we assume that the function h is fixed ;
also we shall sometimes write hi (x) for h (i, x). For
E, we
=

define

Let T be
Also it can be

regressive isol. We note that 4Tc Tr .
readily proven that FT is a denumerable collection of
regressive isols, in6nitely many of which are infinite and which is
closed under addition. This means that I’T as well as AT will satisfy the condition (~1). We wish to establish the following two rean

infinite

-

sults.
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THEOREM 2. Let

rT

THEOREM 3. There is
has a r.u.b..
PROOF

is

Then f (x)
ction. In

(1) f is

(3)

or

a

then
an

a r. u.

recursive function since h
seen

vs (x) = f (x) -= hi (x)

T such that

f (x) by,

(i, x) is

a

recursive fun-

that

(eventually) increasing function

the function

b..

regressive isol

THEOREM 2. Define the function

addition, it is readily

an

infinite

AT has

is

and for each

number i~

eventually increasing.

It follows from (1) that
To complete the proof we
show that D f ( T ) is an upper bound of AT. For this purpose let
and assume that A = Dh (T), where h (x) = h (i, x). Tn view
of (2), we obtain
now

where v (x)
vi (x). Identity (4) concerns only recursive functions
and therefore yields, by a well known theorem of Nerode, that
=

into account that T is an infinite regressive isol and that
each of the functions f , v and h is eventually increasing and recursive, we can conclude from (5) that

Taking

Hence
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We have thus shown that

and this

completes

the

proof.

With every regressive isol T and function an from E into E,
We reDekker [3] introduced and studied an infinite
call the principal definition, in the special case that T is an infinite
regressive isol.

NOTATIONS. Let j denote the familiar primitive recursive function defined by j (x, y) = x + (x + y) (x -f - y + 1)/2. For any number
n and set a, let v (n) _ ~x
I x n) and ,; (n, a) {j (n, y) y E a). We
recall that the function j maps .E2 onto .E in a one-to-one manner.
=

DEFINITION. Let an be any function from E into
any infinite regressive isol. Then

and T

E,

where tn is any regressive function ranging over any set in T.
By [3, Theorem I], Zr an is an isol, and depends on the infinite regressive isol T but not on the particular regressive function
whose range is in T. In the special case that an is a recursive
function, then ZTan is a regressive isol [1, Theorem 1 ]. Infinite
series of isols summed with respect to a recursive function and the
extension to ~1R of increasing recursive functions are closely related. Let TEAR-E; then a useful result which can be obtained
from [1] is
an

a

recursive function

We shall use this representation of FT in the
Theorem 3. We also need the following lemma.

course

of

I.
proving

LEMMA 2. Let 2cn be any function from L~’ into .E. Then there
exist retraceable functions tn such that, Un
for n E E.
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PROOF. Let

denotes the n + 1st prime number.
and satisfies the property, un
function
able

where pn

is a retracefor n E E.

Olearly tn

PROOF OF THEOREM 3. Let ai (it) be an everywhere defined
function of the two variables i and n such that, every recursive
function of one variable, and no other function, appears in the
Let the function un be defined by
sequence

Apply Lemma

2 and let tn be

a

retraceable function such that

Let T = etn. Then T is retraceable set. It was proven in [5] that retraceable sets are either recursive or immune. If T is a recursive
set then tn will be a recursive function ; but this is not possible
in view of (1) and the definition of
Hence is an immune regressive set. Let T
Req T. Then T is an infinite regressive isol.
We claim that
=

I T has

a r. u.

b..

We first note that combining the remark before Lemma 2 and the
definition of the function ai (n) implies,

Define the set

It follows from

is

a

(1)

1 for

every n E E. Hence,

one to-one enumeration of all the elements of the set

o.

An
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easy consequence of the fact that tn is a regressive function is
that (*) represents a regressive enumeration of the elements of o.
Hence a is a regressive set. Regressive sets are either. r. e. or immune [3, p. 90]. If o were an r.e. set it would then follow that tn is
a recursive function, which we know is not the case. Thus a is an
immune regressive set. Set

To complete the proof we will show that U is
bound
of
and assume
I’T . For this purpose let
upper
that

Then

an

It follows from

(1) and

the definition of the

function un,

that

Set

It is

easily

seen

that lVl and N

are

regressive

isols and

We would like to prove that A ~ U. In view of (5), (9) and (10),
it will be sufficient to show that M c N. For this purpose, we first
note that (6) implies
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Hence

In addition since a,n is a recursive function and tn is
function, it readily follows from (7), (8) and (11) that

i. e.1 6 and q - 3 are separated sets.
and (13) implies that
This
therefore shown

and hence

rT has

a r. u.

b. This

a

regressive

Finally, combining (7), (8), (12)
means

that A U. We have

completes the proof.

6. The collection

In this section we wish to introduce and study a particular
collection ZT of regressive isols associated with any infinite regressive isol T. The principal properties of ~T that will be proven are,

(c)

¿T is

(g) ~T

a

has

denumerable

no

regressive

collection,

upper bound.

REMARK. Before we proceed to give the formal definition of
the collection ;¿ T,y we want to state some observations about the
collection ¿T based on the above properties.
We first note that, by (a), (b) and (e), 2.’T will be a collection of
regressive isols containing T as well as every (regressive) predecessor of T. Regarding regressive successors of 1’, some of these will
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for example, according to (a), (b) and (d), IT will
belong to
contain T + n and n - I’ for any
2, and each of these reT.
a
of
need not be true that
it
gressive isols is successor
However,
every regressive successor of T belongs to Zr . To see this, recall
that, by Proposition 2, there are infinite regressive isols having
regressive successors whose sum is not regressive. If T is an isol
of this type then, in view of (b) and (d) it follows that at least
one regressive successor of T will not belong to ~T.
We also note that combining (b) and (d) gives,

Renee -YT satisfies the condition (U). It is easily seen, that if a
collection of isols has a regressive upper bound then it has a regressive upper bound which is infinite. Assume that 4 is a collection of isols having T as an (infinite) regressive upper bound. Then,
in view of (e), it follows that LI c :¿ ’1’. If we combine these previous
remarks with (a), (b), (c) and (g), we can draw the following con-

clusion,
if a collection of isols has a
a denumerable collection of isols
having no r. u. b..
We shall now introduce the
definition of the collection :¿ T .

b. , then
satisfying the

it is the subset of
condition (0) and

preliminaries

necessary for the

r. u.

PRELIMINARIES. Throughout this part let
bn and cn denote
functions
from
.E
into
E.
any
We
if there is a partial recursive function
I
p (x), such that

We

p (x)

such that

bn,
(1)

if there is one-to-one partial recursive function
holds. It is readily verified that
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Also, it was proven
functions, then

in

[4] that,

if an

and b.

each one-to-one

are

Let tn be any (one to-one)
nition of the relation c~, it is

regressive function. Using the defireadily shown that there are exactly
that tn ~ ~r,~2 . Also, since tn is a regressive

o functions a.

such
it
follows
that tn * ~z. From this fact, we can conclude
function,
*
for
that tn
an ,
every recursive function an .
Let T be any infinite regressive isol. We write
if there
is a regressive function tn ranging over a set in T such that
It is well know that if Sn and tn are two regressive functions rantn . In view
ging over sets that belong to the same isol,
of (2) and (4), this means that if
then
for every
regressive function tn ranging over a set in T. We also lave the

following properties,

(6)

an

a

recursive function

--&#x3E;

T ~~

an ,

y

We obtain

(5) from (3), and (6) follows from the fact that if tn is
any regressive function and a,, any recursive function, then tn
To verify (7), let tl’ be a regressive function ranging over a set
in T + 1. Let tn =
Then tn is a regressive function ranging
over a set in T. We note that tn ~~ t~~ ~ since t’n is a regressive
aunction. Hence by (2),
·

fnd this relation implies (7).
For each infinite regressive isol

T,

we

let

It follows from our previous remarks that F (T) is a denumerably
infinite family of functions and every recursive function belongs

264

to it.

Also, by (5),

The
Then

have

we

principali definition,.

Let T be any infinite

regressive isol.

REMARKS. We shall assume from now on that T is an infinite
regressive isol and held fixed. We let F = F (T), and let t’n be a
particular regressive function ranging over a set in T -~- 1, and let
tn
t£+i . ’fhen tn is also a regressive function and it ranges over
a set in T. We sets
and T
ot.
In order to establish the properties (a) to (g) for the collection
IT we shall need several propositions and lemmas. The lemmas
that follow can be verified in an easy manner and for this reason
we shall omit their proofs.
=

=

NOTATION. Let 8 be

an

infinite regressive isol. Then

PROPOSITION 4. T E IT and Fc IT.
PROOF.

By (6),

know that

we

for every recursive

function an . Hence

NT ,
In

particular,

and k E

Therefore

for every recursive function an .

T E IT because

for every

number k, since

and

PROPOSITION 5. ZTC
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and

PROOF. Let

assume

that

Then

Let

denote the set appearing in (10). To prove the proposition,
want to show that A E
and this is equivalent to showing
that a is an isolated and regressive set. By our remarks in § 5, we
oc

we

know that A E 11 and therefore a will be an isolated set. It remains
to prove that a is regressive. Since finite sets are regressive, we
may assume that a is an infiinite (immune) set. In view of the definition of a, it then follows that the set

will be infinite. Let
A. Then

f (n)

be the

strictly increasing function ranging

over

is
is

an enumeration of all the elements of a. Also, this enumeration
one-to-one, because each of the fuiactions t’ and j (x, y) is one-toone. We now proceed to show that the enumeration in (11) is reand therefore also
gressive. To begin, note that, by (9),

Let the number
be given. We wish to show that
find
each
of
the
numbers
effectively

Using the regressiveness of the function tn
of f(n + 1), as well as the numbers

we can

we can

find the value
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together
compute

with their respective indices. In view of
the numbers,

(12),

we can

then

Because f (n) + 1 ~ f (n + 1), it follows that by determining the
numbers in (14) that are positive, we can effectively find the value
of af(n) and also the number f (n). Therefore the value of
can be
found. Since we know the value of f (n), we can locate the number
can also
among the elements in (13). Hence the value of
be found. We can conclude from these remarks that each of the

mappings,

has a partial recursive extension. Combining this property with
the fact that j (x, y) is a one-to one recursive function it is readily
seen that (11) represents a regressive enumeration of the set a.
Therefore a is a regressive set, and this completes the proof.

PROOF. Use

(5),

the definition of

and Lemma 3.

0 and
PROOF. Let the function bn be defined by, bo
and by (7) also, T ~~ b~, . Clearly,
Then 1’+
=

Therefore,

and hence

=
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PROPOSITION 8. Let A C T. Then A
an with ’1’

for

some

function

~~ an .

PROOF. If A is finite, say ...1
k, then the result follows by
= 0.
be
the
function
letting an
given by, ao = k and
(recursive)
Assume now that A is an infinite (regressive) isol. Then there
will be a strictly increasing function f (x) such that, if a = etf(n),
then
=

In this case, let the

-

In

addition,

a;

function an be defined by,

it follows

it is

readily

Combining (15)

and

(16)

This

the

proof.

completes

that tn

seen

and hence also

that

with the fact

that a E A,

we

obtain

COROLLARY. A C T &#x3E; A E
PROOF. Use
LEMMA 4.

number

n.

Propositions

7 and 8.

Let an be any function such that, an &#x3E; 1 for every

Then T

REMARK. We wish to mention that while the infinite series
referred to in Lemma 4 will be an isol it need not be a regressive
isol.
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LEMMA 5. Let 6 be

a

regressive

set such

that,

Then there is a regressive function dn that ranges over 6 and which
also preserves the order of the set 7: as determined by the function
in the sense that, if
7:, then

PROPOSITION 9. Let Y E
sive isol B such that,

All

and 1’::;: TT. Then there is

PROOF. Let 6 be a regressive set
Tm V, it follows that there exists a

belonging
regressive

a

regres-

to V. Because
set z*E 1’~ such

that

and -c* belong to T and therefore 1: ~ z*. For reasons of notation, we wish to assume that z z~‘. Because z 2t? z*‘, it will be
seen that this modification does not cause any difficulty in the proof.
With this identification, (18) can be rewritten as,

Both

T

=

Apply
b and

5, and let dn
satisfying (17), i.e.,
Lemma

It will be

be

a

regressive

function

ranging

over

that there is no loss in generality if we assume
that do to ; and once again for reasons of notation, we shall assume from now on that this is true. Let f (n) be the strictly increasing function such that,
=

seen
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We note that

tions tn

combining (16),
y yields

Define the function

e

with the

regressiveness

of the func-

(n) by,

Then e (o)
0, and for every number n, e (~n + 1) ~ 1.
account that is a regressive function it follows from
=

Taking into
(20), that

and hence also that

(24)
Set

Then,

in view of

(24), B E ~T .

In

addition,

since

e (o) = 0~

we

have

that
and therefore

Combining
number n,

also,

Lemma 4 with the fact
it follows from (25) that

that,

e

(n + 1) &#x3E;

We have shown so far that both B E IT and T
the proof we now verify that,

Let

1 for every

B. To

complete
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T is an inIn view of (25),
B. We know that both T
it follows therefore that B is an infinite
finite isol. Because
regressive isol and P is an infinite regressive set. By employing
an argument similar to the one in the proof of Proposition 5, one
can readily show that

represents a regressive enumeration of the set fl.
Let b. be the regressive function ranging over # that is determined by this enumeration. Taking into account the definitions of
the functions f(n) and e (n), we note that the fnnction bn has the
following property;

In order to establish

(27), it suffices

to prove that

and this will be our approach here. For this purpose let the number dn be given. We wish to find the value of
Since dn is a
function
we
can
find
number
the
n.
be the larLet
lc
regressive
=
number
such
gest
it; and recall that tn
d f(k~ . Because
z
d 2013 T and dn is a regressive function, we can determine both of
the numhers f (k) and tk ; and hence also the number r such that,

We

can

then

compute the number,

In view of

(29), this

of

can

We

means that we can effectively find the value
conclude from these remarks that the n&#x3E;apping,
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has
ves

a partial recursive extension,
(30), and completes the proof

PROPOSITION 10. IT has

and therefore dn C~‘
of the proposition.

regressive

no

b~ . This

pro-

upper bound.

PROOF. Assume otherwise and let U be a regressive upper
bound of -YI7.
then also U+ 1
We first note that
For if
which would mean that U -t 1
since U is an upper bound
U is false
of ~T . But it is well known that the relation U -+- 1
for isols.
Because 11 E ZT and U is a regressive upper bound of IT, it
follows that T
U. Hence by Proposition 9, there will be a reand
gressive isol B such

Since B E

it follows that B ~ U and hence also that

Combining (31)

and

(32) implies

This would mean that
case. We can conclude
bound.

that

which

therefore,

we

already

that -YT has

no

know is not the

regressive

upper

REMARKS. This completes the results necessary in order to
verify the properties (a) to (g) for the collection ZT . We note that
properties (a) and (b) follows from Propositions 4 and 5. Property
(c) follows directly from the definition of ~,~ and the fact that F
is a denumerable collection of functions. Property (d) is Proposition
6, and property (e) is the corollary to Proposition 8. Lastly, properties (f) and (g), are Propositions 9 and 10, respectively.
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