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ON THE BESSEL POLYNOMIALS

Nota

(*)

di S. K. CHATTERJEA

(a Calcutta)

1. Introduction.
In connection with certain solutions of the wave equation
Krall and Frink [1] considered a system of polynomials
(n 0,1, 2, ... ), known as the Bessel Polynomials, where y"(x)
is defined as the polynomial solution
=

°

of the differential

equation

Recently Bajagopal [2]
for
viz.,

in the iterative

has

given an interesting representation

sense.

(*) Pervenuta in redazione il 19 febbraio 1962.
Indirizzo dell’A.: Department of mathematics, Bangabasi College,
Calcutta (India).
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In this paper we present two determinant representations
for y"(x), one is derived from the Rodrigues formula and the
other from the recursion relation. These determinants have been
studied in some details. A continued fraction-expression for
derived. Two determinantal representations for
are also given. Moreover
the Laguerre polynomials
which are supposed to be new,
some recursion relations of
are obtained.

2. Determinant

representation

from

Rodrigues

formula.

It is well-known that for the sequence of the Bessel polynomials ~y"{x)}, there is a generalised Rodrigues formula through
which the nth. element
of the sequence is determined by
the relation

In a recent paper, Pandres [3] has shown that if the nth. element
of a sequence of polynomials is given by the relation

then

(2.3)
where
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and

Now for the Bessel

It

polynomials,

f ollows, theref ore,

we

have

that

Thus we have the following determinant
the Bessel polynomials:

Next using 4n
of equations:

=

n!

H II’

we

easily

representation

derive the

for

f ollow ing system
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Now since D,~,,~ depends on n, HI: also depends on n and
thus it is better to write Hit.,. for Ht - Consequently from (2.8)
we immediately derive the following solutions:

’and

80 on.

Generally

we

have
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Lastly

we

have

where

and

3.

Determinant representation

from recursion relation.

The recursion relation

together
uniquely

determine
with the given values of yo(x) and
the value of
Indeed from (3.1) we have
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which is a continuant determinantal
n + 1) for y,~(x).
Now using E. Pascal’s result [4]

we

obtain from

representation (of

order

(3.2)

which also follows from (3.1).
Again noticing the following relation between the Bessel
polynomials and the Laguerre polynomials

we

at

some

once

derive the

particular

cases

following determinant representation
Laguerre polynomials:

of

for
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Again

from

4. Some

(2.7)

we

recurrence

have

relations.

It is well-known that the Bessel

polynomials give

rise to the

following properties:

Now
we

differentiating

both members of

(4.2) with respect

to x,

get

Again differentiating (4.3),

Next

eliminating

we

between

derive

(4.7) and (4.8) and using (4.1)
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we

finally

obtain

Changing n

into n - 1,

we

derive

which may be compared with (4.6). It may be noted that (4.5)
is readily obtained by subtracting (4.10) from (4.6). Consequently
(4.10) will be readily derived by multiplying both members of
(4.5) by n and then subtracting the result from (4.6).
Now considering the recurrence relation (4.10) and differentiating k times with respect to x we obtain

where

One can easily compare (4.11) with the following result obtained by C. K. Chatterjea [5]:

Here

From

we

also notice the result

[5,

p.

69[:

(4.11) and (4.13) it follows that

which may well be

compared with [5,

p.

69]:
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Next

using x

When k

=

=

-

1/n,

we

derive from (4.14)

0, (4.16) shapes into

REFERENCES

1] KRALL H. L. and FRINK O.: Trans. Amer. Math. Soc., Vol. 65,
pp. 100-115, (1949).
[2] RAJAGOPAL A. K.: Amer. Math. Monthly, Vol. 67, pp. 166-169,
(1960).
[3] PANDRES D.: Amer. Math. Monthly, Vol. 67, pp. 658-659 (1960).
[4] PASCAL E.: I determinanti, Hoepli, Milano 1923, p. 229.
5] CHATTERJEE C. K.: Bull. Cal. Math. Soc., Vol. 49, pp. 67-70 (1957).

