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SOME MULTIPLICATION FORMULAS

Nota (*) di LEONARD CARLITZ (a Durham)(**)

Some years ago Rainville [5] proved the formula

(sm P(cos a) — z( ) (sm 6 — ) P, [cosf),

~o 3in

where P,(x) is the Legendre polynomial. The writer [1] showed
that

2) (?i—g)" C(cos @) = i (21 T 1)(8'2&3;@)'0,{ (cos B) ,

r=0 r sin «
where CX(z) is the ultraspherical polynomial defined by
(1 — 22z + 22)* = 3 Ciz)e~ .
n=0
For 4 = 1/2, (2) reduces to (1).
Chatterjea [2] has recently proved the following formulas:
(3) (cot a sin B)"D,(x tan a) =

220(':)('%—“)) (o8 B)*~r®,_,(x cot a tan f) ,

8iln «

where @,(z) is defined by

(*) Pervenuta in redazione il 3 dicembre 1961.
Indirizzo dell’A.: Department of Mathematics, Duke University.
Durham, North Carolina (U.S.A.).
(**) Supported in part by National Science Foundation grant G 16485.
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oo tr
eI (at) =”§o¢n(w) w1’

and
(4) (cot @ sin f)L,(tan a)
- 1:0(:) ((—SE—S{_IISI—é——a—)>' (cos B)»-*L,,(tan ) ,

where L,(r) is the Laguerre polynomial.
These results and in particular (3) suggest the consideration

of the functional equation

®) (cot & sin B)"fu (2 tan a)
=,:0(:) (s‘l%;—al) (co8 B)"~"f.(x tan B) .

If we take f = m/4 it is easily verified that (5) reduces to

(cotafuotana) = 3 (V) (L= 1 ).

r=o\7 sin o
For A = tan « this becomes

n

©®) futho) = 3 () (0 = i fucsto)

r=

For # = 1, (6) becomes

» In
™ i = 3 () @ = aye-ren,,
where
(8) Cp = fr(l) (T = 0, 1, 2, ...).

Conversely if f,(4) is defined by (7), where the ¢, are arbitrary
-.constants, it is easily verified that (6) holds. Indeed we have

futto) = 3 (") 11 — 2+ 20 — )G,

r=0
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=3 (7) var— 2 () @ — Haret — oy-ven,

8=0

_3 (Z) (1 — 2ydn=s S (’: ~ j) (1 — ay-wanre,.,

r=8

:8;(:) 1 — A)an=+f, (@) .

We see therefore that (6) is equivalent to (7) and that the
general solution of (6) is given by (7) with arbitrary ¢, . Moreover
it follows from (6) with  replaced by ux and A replaced by 4/u that

peti) = 3 () (1 = 2) (2)" f-otum),

r=0 M/ \u
w(n
prtati) = 3 (%) (u = ayae—fuc o)
If mow take 4 = tan a, u = tan 8 we get (5). Thus (5) is equi-
valent to (7).
We recall that Feldheim [3] has proved that the Laguerre

polynomials L®(x) are the only orthogonal polynomials with
a multiplacation theorem of the form

}*"fn(m/l) z An(A — 1) "fu(@) .
It may be of interest to note that (7) implies
(wZ)"

3 falo) 2 = oo S

or, if we prefer,

®) St S=e3a Y
with
(10) d. ‘,Zo“l () 6 = (e — 1),

16
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where the last is symbolic. Rainville [4, p. 244] has noted that
the polynomials f,(z) defined by (9) satisfy (6).
It follows from (9) that the polynomials

11)

ou@) = ()

constitute an Appell set, that is

(12)

9.(®) = nga,(2) .

Also (6) becomes

(13)

n

g.02) = 3 () (4 = 1ywgusto)

r=0

Conversely if the Appell set {g.(x)} is assigned then the
polynomials {f.(x)} defined by (11) satisfy (5).
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