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On the functional equation f(A)+f(a)A)f(ar 1 A)=1 $ (i)5=1 

by Yasutaka Sibuya 

1• Stokes multipliers of subdominant solutions: In a study of asymptotic 

solutions of the differential equation 

( 1 . 1 ) y" ~ P(x)y =: 0, P(x) = x ^ x ^ + . ^ . + a ^ x + a ^ ( a ^ C ) , 

P.F.Hsieh and Yo Sibuya £ % ](cf. also, Y.Sibuya[# ]) constructed a 

solution ^(^(x*a) °f such that 

(i) is entire in (x,a) ; 

/ 

(li) Ql and its derivative ¿11 with respect to x admit asymptotic 
a m (/m 

representations: 

< 1- 2> *9m = x m [ 1 + 0(x-*)]exp[^Sm(xta)] , 

and 

( 1 . 3 ) ^ = x * m + r m [ - 1 + 0(x^)]exp[-.Em(x,a)|, 

respectively, uniformly on each compact set in the a-space as x — • ao 

in the sector 

(1.4) arg x < -JLlT ~ $ ( S > 0 ), 
= m+2 

where 

(,.5, B (x,a> = A * * ( B + 2 ) . 2* S I T ^ V a ^ ( m + 2 " 2 h ) 

( -\m if m Is odd, 
(1.6) r 9 { 

\ -im - b,, , (a) if m is even , 

The solution is subdominant in the sector 

(1.8) arg x < - i , 
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since — > 0 as x—y oo in (1.8). 

Set 
r 

0) = exp(12^(m+2)) , 

(1.9) - G (a)s ( 0) a l t 0) a 2 6) , k £ ¿ , 

[ ^ , ^ » a ) = ( 9 m í ^ , aV)) . 

Then, ^ are solutions of (1.1), and admit asymptotic representations 

as x—^oo in Jarg x - jl^fj^ml? ~$ ( S>0), respectively. In 

particular, are suMominant in arg x - g£? | < y r e s p . . 

Every pair ^ ^jj^ fe ^ is a set of two linearly independent solution 

of (1.1), «here ¿¡j£ m + 2 = ^ > 0 . If we set 

then 

(i) the quantities 0^(a) and Ĉ .(a) are entire in a ; 

(ii) 0k(a) = C0(G
lc(a)) , C^(a) = C^G^a)) ; 

(ili) 

Í -C0 if m is odd , 

- (|3 f(m+2; l f m l a e v e n , 

Set f 
Ck(a) 1 

(1.12) SUa) = J; 
^ %(a) 0 

Then 

and 

(1.14) S m + i (
a ) S m ^ si (a)SQ(a) = I g , 
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where I 2 Is the 2x2 identity matrix. The identity (1#14) is due to the 
fact that the monodromy group of is trivial* 
Remark 1,1: If we define u^, . u m by 

m 1 
(1.15) (x+s)m + a (x+s) " + . . . + & Ax+s) + a 

1 tQ I ill m m—1 
r= S + U ^ S + • • . + U M - 1 S + UJJJ , 

then 

I C (a) if m is odd , 

° 
exp 2Em(x,a) 0Q(a) if m is even 

(cf. Y.Sibuya[_6 ; Theorem 21.8, p.84] ). 
2» Examples: The main interest is in the study of (1.14). In this section 
we shall consider the cases m = 0,1,2,3 and 4. 

(1) m = 0 : In this case differential equation (1.1) is 

(2.1 ) y" - y = 0 
and 

Matrices (1.12) are 
C 0 1 0 1 

(2.3) S.(a) = , S^a) = ' 
0 1 0 1 1 0 

and identity (1.14) is 

(2.4) 3 1S Q = I 2 

This implies that r n 
-< 0 1 

s = s d = *> 
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and hence 0 0 = 0 and 0 1 = 0 . This result simply means that 

( e , e ) = ( e , e ) 0 1 

1 0 

(2 ) m = 1 : In this case differential equation ( 1 . 1 ) is 

(2.5) 7 M - (x+X)y = 0 

and matrices ( 1 . 1 2 ) are 

°k ( A J 1 1 r n 

(2.6) Sfc(X)= , 60 = exp[i2^3j 
-0) o — — 

Since ^ 
s2(A)sl(A)so(A) a [c^A^U)-G>]o 0(A) -o2(A)fi) o2(^)o1 (A)-0) 

-(id[MA)C!0(A)-tol - 0 ) 0 , (A) 
identity (1.14) Implies that -* 

(2.7) 00(A) = O^A) = C2(A) = - CO2 

Thus we could find the Stokes multipliers of Airy functions from (1.14) 
(cf. W.WasowL ] ). 

(3) m = 2 : In this case we consider the differential equation 

( 2 . 8 ) y" - (x2 + X ) y = 0 

Then, matrices ( 1 . 1 2 ) are 
k n ff((-DkA ) 1 

( 2 . 9 ) 3.(0,\) = S ( 0 , ( - 1 ) A ) = 

where ^(^(-ijexpl - i ^ ) • ( N o t e a l s 0 t h a t \ ( a ) = So< G < a ) ) ( c f # O* 1 2) 
and property (ii) of Ck(a) and'cjc(a^, and that (j) - exp(i|TT) = i ) . Hence 
identity (1.14) becomes 

( 2 . 1 0 ) s0(o,-X )s0(o,A)s0(o,-A)s0(o,X) = i 2 
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This means that , If we set A = SQ(0,-X)Sq(0,X ), then A = A - 1. Since 
(-l)exp ( - m i ) J(-X) A = , 

(-1) yU)e2p(*T01) (-i)exp(iTU) 

we must have $ ( - X ) 9 ( X ) + (-i)exp(-£lTAi) = - (-i)expUTTAi), i.e. 

(2...) y - X ) ^ ) . . ^ ) . ^ ^ , ^ , ^ , , • 

In fact, 
(2.12) <J(A) s 2 * X ( 2 1 T ) L _ _ _ ! _ exp(-iirU-lH ) 

P(i(1 + X)) 
To derive ( 2 . 1 2 ) from (2.11), we need some additional informations on ^ 
(cf. Y.Sibuya £ G 3 )• 

(4) m = 3 : In this case we consider the differential equation 

( 2 . 1 3 ) y" - (x 3 + ax + b)y = 0 

Then, 6)= exp(1 2 7 7 / 5), and matrices (1.12) are 

C( 0f 2 1 Ca, 6tf3\) 1 
(2.14) 3̂ .(0,a,b) = , 

- a) 
where 0(a,b) = 0Q(0,a,b). Identity (1.14) implies that 

s 4s 3s 2s 1 = S Q" = 0 ~of] 

1 6f^0(a,b) 

Since 
S ^ S * = b ( W 2 ( k + 1 ) a , fiT3<k+1>b)0(tfaa,©*b)^*0(*)-2^+1)afCir3(k+1 

-uWco^a, ft>"3kb) -a) 

we must have 
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[o (0)2a f C0
2b) 0 (of1 a, 6) b) - (J) [c (<i)a, of1 b) C (6)" 2a, ííb) - (¿] =6)C (ftf2a ,ü>2b) C (ü>2a, ü5"2b 

[o((i}2a,üí2b)C(6)*1a,a>b) -ü)] C(ü)a,(W1b) -0)C(íD2a,ü5"2b) = - ü)~1 , 

[o«0a,íü1b)C(aT2a,tiJ b)-ííj] C( O)"1 a, ü)b)-tt)C(aT2a,í£?b) = - O)"1 , 

-(DOíaí^^bJOÍíúa .arS) + (ú2 = ai"1C(a,b) 

It is not difficult to verify that these four realtions are equivalent to 

(2.15) C(Gf1a,0)b)C(<Da, oT 1b) ~6) = - ü)"2C(a,b) . 

p 

If we set F(a,b) =£0 0(a,b), ( 2 . 1 5 ) becomes 

( 2 . 1 6 ) F(a,b) + F(aT1a,0)b)p(ü3a, 6T 1b) = 1 

In particular, if we set f ( X ) = F ( A , 0) or F ( 0 , A ) , (2.16) becomes 
(2.17) f(A) + f(fi>A)f(ftT1A) = 1 

(5) m = 4: We consider only the differential equation 

(2.13) y" - (x 4 +A)y = 0 . 

In this case, 6) = exp(i27T/6) ,and identity (1.14) is 

( 2 . 1 9 ) s((o" 2 0A)s((o 1 6A)s(cú" 1 2A)s(a}" 8A)s(a)" 4A)s(A) = i 2 , 

where f 

9 (A) 1 
( 2 . 2 0 ) S(A) = , <?(A) = 0 ( 0 , 0 , 0 , A ) . 

-63 o 0 

Setting H(A) =S(0T 4 A)S (A) , we write (2.19) as 

( 2 . 2 1 ) H(<ü" 4A)H(íd" 2A)H(A) = I 
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Now, observe that 

H(X) = 
L -<a$(x) -ш 

н«.Г2А)н(А) 

= [9(А)$(6Г2Л) ~$[<!!((fi2A№\) - ^ - * ) f « 2 Й(А)?(йГ2А) -u>] -<u5>(A) 

j - W ^ ^ A ^ A ) ^ $(с<Г2А) +<о23(Я) -W?(aT 2A)?(|AO +fl>2 

and 

h ( w " A A ) " 1 = af 2 - 4 ) -ф(аГ2А) 

<*>9(tf"4A) 9(вг2А)?(АгЪ.) ~a> 

Thus, we conclude that (2.21 ) is equivalent to 

( 2 . 2 2 ) 9(A)9(of2A)5'(u)2A) - U ) [ < J ( A ) +5>(u5"2A) + <J(u)2A)] = o . 
If we set 

(2.23) 4 ( A ) = ^(U^X)^iX) -&) , 

then 
(2.24) Да)Д(йГ2А)Д(<1>2А) =(0 2 [Z\(A) +Д(йГ2А) + Д((02А)] • 2 a ) 3 

(cf. A.Voros [7,83). Note that 

3. f ( A ) + f(ft>A)f(a>"1A) = 1> 6d=:exp(12fl/5): In this section, we shall state 
some known facts concerning equation (2.17). 
(I) There exists a non-trivial entire solution f ( A ) of (2.17) such that 
(3.1) f(X) = -(j + o(1)] ехр[К(1 + (0 ̂  )Л ] asA-^oo in the sector 

(3.2) - | Т +S £ argA £ 2ЧГ- 7̂T-£ ( S 0 ) , 
where 
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K = J [ ( t 3 + 1 ) * ~ t ^ ] d t y 0 ; 
o 

(1+0(1 ) ) e x p [ K ( 1 + W ? )X*J + (1+o(1 ))exp[K(1+a) t f)X r] } 

as \ — > oo in the sector 

(3.H-) a r g X + | T T - 21T ( S > 0 ) ; 

and 

( 3 . 5 ) f ( 0 ) = tf£ + of2 

Remark 3« 1 : 0{ = O) + 0)""1 and ^ = 6 ) 2 + 6rt"2 are two zeros of x 2 + X - 1 • 

( I I ) Y t Sibuya and R^Sameron t ^ ] constructed a solution of the form: 

I [u> f a )+6) %\) -B[6D f a ) + ofnu) -1] J 

where \ and f are arb i t rary functions such that ^ (ft)>0=fi)§(A) and 

^(GJA) = ( i ) " 1 ^ ( A ) « S imi lar ly , we can construct another solution of the form: 

( 3 . 7 ) f ( X ) = f i H ( i + e > 2 ) 7 — ; n r i e = r r , 
J I r [(i)f(A) + 60 - 1 ^ (A ) - l ] [ o T f (A)+ (07(A) -1J J 

where ^ and ^ are arb i t rary functions such that ^(U)X )= &)2§(AJ and 

*j(0)X) = flf^ft). Note that i f we choose | and ^ s 0 that | ( 0 ) = 0 and 

? j ( 0 ) = 0 , then ( 3 . 6 ) and ( 3 . 7 ) respectively y ie ld 

( 3 . 3 ) f ( 0 ) = o c [ l - ( 1 + o < 2 ) £ 2 ] = $> 

and 

( 3 . 9 ) f ( 0 ) = J , [ l - ( 1 + J . 2 K 2 ] = C< 

( I I I ) U t i l i z ing the identity 
A a C o C a T A c A C a c 

B b D d D b B d J B D l b d 

we can derive 
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(3.10) 6>a(o)2A) &{0)X) O)a(A) a(W~ 1 A ) 

6T1b(0)2A) b(6)A) (J1 b(A) MflfV) 

(Oa((0A) a(A) ft?a(0)2A) afcfX) 
flT1b(6>A) b(A) ar3b(a>2A) b(6)"ll) 

^ 6>3a(A) a(0J2A) W?a(0)"1A) afoAJ 
~~ aT3b(A) b ( ^ ) <53b(6f1A) M«)A) 

Therefore, if 
c A ^ A ) a(A) 

= 1 
(03b(U?A) b(A) 

then 
0) a(o>A) a(A) 

f(A) = 
oJ1b(&>A) b(A) 

is a solution of (2.17) and f(0) = ^ . More generally, if = 1 , j> / 1, 
and -i 

i>a( fc^A) a(A) 

/ 1b(0) 3A) b(A) ~ 1 

then 2 
? a(wA) a(A) 

f(A) = J 

5"2b(coA) b(A) 

is a solution of (2.17) and f(0) = j> +J>"1 . 

As far as entire solutions of (2.17) are concerned, the converse of 
the results given above is also true, owing to the following result obtained 
by W.Messing and Y.Sibuya[4-] ' 
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Let H(A) be an n-by-n matrix whose entries are entire inA, and let 0) 
be a complex number such that 6) r = 1 for a positive Integer, but cdP 4 1 

for anj_ positive integer p less than r . If H satisfies the condition 

(3 . 1 D H(6)r"1A)H(o)r"2A)...H(a)A)H(A) = i n , 

where I Q is the n-by-n identity matrix, then there exist two n-by-n matrices 
B(A) and 0 such that 
(i) the entries of E(A) and E(A)~ 1 are entire in X » 

(ii) 0 is a constant matrix satisfying the condition C r « I Q ; 

(ill) H(A) = E(o)A)"*10 E(A) . 

Remark 3 . 2 : 

(a) This result is a generalization of Theorem 90 of Hilbert (of.EoR.Kolchin[3 ; 

3hap.V, $ 1 2 ] ) | 

(b) v« believe that we can prove a similar result in several variables; 

(c) If we set E~*dB/dA = -A(\), then 

(3 .12) dH/dA= 0) A(ft)A)H(A) - H(A)A(A) , H(0) = 0 . 

!»-. Remarks on entire solutions: Let us consider a relation 

(4 .1 ) f(A) + f(cA)f(c'1A) = h 
where f(}0 is entire in X » 0 ^ d n a r e complex numbers; and c ̂  0. 

(i) If f does not have any zero, then f does not take h J and hence 
f must be a constant identically due to a theorem of Picard, if h ^ 0 , 

(11) If f(\0) = 0 , then f(cA Q) = h and f(c""1 A Q ) = h 5 hence h 2 = h . 
Phis means that he 1 or 0 . 
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(III) f(A)+f(cA)f(c~1A) = 0 implies f(cA)+f(o2A)f(X)=rOf and hence 
f(oA) - f(o2A)f(cX)f(c""1A) = 0. Therefore, if f(A) is not identically 
zero, we must have f (c2A)f (c~1A) = 1 identically. This, in turn, 
implies that c = exp(i2#/6) and f(A) s - exp[A<f>(A?) + A 5 x f f U 6 ) ] , 

where $(u) and ̂ (u) are entire in u • Note that two zeros of X + X 2 

are 0 and -1 • The equation f(A) + f(cA)f (c~1A) = 0 does not have 
non-trivial entire solution satisfying f(0) = 0 • 
(iv) The following question is still unanswered:"Does exist a non-trivial  
entire function f(A) such that f(A) + fWOffaTU) = 1» f(0) = 0 + , 
where 6) = exp ( i2T/5) ? , r 

5# Riemann-Birkhoff problem: There are many non-trivial entire solutions 
of (2.17) #In fact If a(X)and b(AJ are entire functions such that a(fc)A) = <Ua(A) 

and b(G)A) =r(if1b(A)T then f(^) = F(a(A),b(>.)) satisfies ( 2 . 1 7 ) , where F 
is the function in (2*16), In order to understand the general nature of 
this solution, It would be helpful to quote the following result concerning 
the Rlemann-Birkhoff problem: 

Let (a) = exp(i27T/(m+2)) for an odd Integer m , and let 

L -0) o j k 

If P P.P ..«.P P = I- , then there exists a = (a. , ..., a ) e (TVm 

— m+1 m m-1 1 o 2 1 m 
suoh that Ck(a) = ? k ( k = 0, 1 m+1 )(cf. Y. Slbuya[6]) . 

Furthermore, we can choose a1 = 0, There Is a similar result for an 
even integer m (cf. Y.Sibuya[ € 3). After some normalization being 
made, I.Bakken showed that the correspondence between a and o 
Is locally bi-holomorphic. Probably, most of the mysteries surrounding 
the equation ±(\) + f (6)A)f ( 6)~1A) = 1 are hidden in the function F(a.b)# 
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