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Strongly Mixing g - Measures 
by 

Michael Keane 

SUMMARY 

let T be an n - to - 1 conrering transformation of the compact metric 
space X (e.g. (XâT) the n - shift). For suitable functions g on X an " inverse -
*f of T is d8finGd : v̂> is a Markov kernel. If g is strictly positive and 

© o 

satisfies a Lipschitz condition, then there exists a unique v̂> - invariant 
meaaure, strongly mixing under T. Conversely, we associate to any T - invariant 
probability measure a suitable g, and if g is " nice M, then strong mixing is 
présent. Examples include ail Bernoulli and MarKov measures on tëe n - shift. 
The strong mixing criterion is useful, and applications to harmonie analysis, 
ergodic theory, and symbolic dynamics are given. For example : if G is any 
infinité subgroup of the group of roots of unity, there exist uncountably 
many (explicitly constructible) continuous Morse séquences whose correspon-
ding dynamical Systems are pairwise non - isomorphic and ail have as eigen-
value group exactly the given group G. 

* Laboratoire de Probabilités - Equipe associée du CNRS n° 250 - Rennes -
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$ 1 - PRELIflINARIES. -

Let X be a compact met rie space with met rie )...( , 

The following notation will be necessary : 

C (X) « the continuous real - valued functions on X. 

|f| - sup | f (x) | for f £ C (X). 

x ex 
C * ( X ) • the finite signed measures on the Borel sets of X, or, 

équivalently, the continuous linear forms on C (X). 

^ (X) = the probability measures in C # ( X ) . 

Suppose that T is a homomorphism of the space X. Then T maps each 

of C (X), C * ( X ) , and ^ ( X ) into itself, and because îP(X) is a weakly com

pact convex subset of C (X), the space 

f* T (X) « { y £ T(X) | TJJ S JI } 

is again a non - empty compact convex subset of C * ( X ) . Suppose y ç 5^.(X). 

Then 

i) y is ergodic iff y is an extrem point of 5^. (X). 

ii) y is strongly mixing iff for each pair f, g £ C (X) we have 

y (f.TRg) * y (f), y(g). 

Our purpose is to study o ^ ( X ) for spécial pairs (X,T). We call T 

a (minimal) covering transformation of X if there exist an integer n 2 and 

p > 1 real such that 

i) T is everywhere n - to - 1, 

ii) T is a local homeomorphism, 

iii) for sufficiently small 6 > 0, |x,y| » 6 implies |TxfTy| > p 6 , and 

iv) for each x € X, U T~ n (x) is dense in X. 
n>l 

Let y be any measure in C * (X) , and dénote the measure in C*"(X) 

obtaiBed by lifting y locally via T - 1 by 0 y. The total mass of Q y is n 

times that of y . If y € ^ T (X) then obviously y is absolutely continuous 

with respect to Q y, and we can form the Radon - Nikodym derivative 
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d u 
a s r 
g dQy 

Moreover, Q g _< 1 and 
I

1 g (2) « 1 
z e T~A(x) 

for y - almost every x £ X. Therefore, we are led to the following défini

tions. Set 

G » {g : X > JJD,ï]|g measurable, 1 glz) « 1 for each x ^ X } . 
2e T"A(x) 

A probability measure y on X is called a g - measure for a given g £ G if 

«g^ • g mod y . For any g É. G and y £ C*(X), define the measure ̂ y ^X) 

b y d v P g M 

Then, v|)g maps Î*(X) into 'ptX) and the following theorem is valid. 

Theorem. - A probability measure y is T - invariant if and only if y is a 

g - measure for some g €. G. For each continuous g £ G there exists at least 

one g - measure. 

Proof : The first statement in the theorem is obvious from the preceding 

explanations. To prove the rest, note that if g ̂  G is continuous, then 

f is a weakly continuous map from ^(X) into itself, By a fixed point 

theorem, there exists a y <o^X) with y = y , i.e. is a g - measure. 

An example of a g é G with no corresponding g - measure will be 

given in $ 4m Examples for covering transformations T are provided by ta-

King for X the circle and for T an n - fold wrapping, or for (X,T) the 

one - sided shift space on n symbols. If X has a differentiable structure, 

we set 

C 1 (X) » {f : X * 1R | f continuously differentiable} . 

In gênerai, let 

L (X) « {f 6 C (X)| there exists K > 0 with 

| f (x) - f (y) | < K |x,y| for each x,y £ X} . 
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We also define the map ^ g " P o r r e a l ~ valuëd functions f on X by setting 
f f (x) = l g (a) f (z). 
! g z e f 1 (x) 

Then if f is y - integrable, we have 

/ f g f d M = j f d v p g p , 

and if g é C (X), then Î C * ( X ) — - > C*"(X) is the dual transformation 
to y : C (X) > C (X). 
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$ 2 - THE STRQNG NIXING CRITERION FOR THE CIRCLE. -

In this paragraph, a proof is given of the basic resuit for the 

circle group X = (R/£ under the transformation T defined by T x = 2 x (mod V 

Points x X are assumed to lie in the interval [b*l£ . The resuit can be 

stated as fcllows. 

Theorem : Lst g £ G O C 1 (X) be strictly positive. Thfen there exists exactly 

one g - measure y , and y is strongly mixing. 
g g 

K 

Proof : The ides of the proof is to show that the séquence f converges 

to a constant for any f 6 C 1 (X) , using the Arzela - Ascoli theorem. 

This yields the maasure y (f) = lim \D f , and it is easy see that 
g g 

y is unique and strongly mixing. 
g k , 1 1 b g f I K 1 °} i s relatively compact in C (X] if f e C (X) : 

Let D - ~r • Then dx 

D C f g f) (x) - i V g (DfJ (x) + i f D g f (xj. 

being defined in the obvious manner, and 

|D vf gf | < \ |Df| • |Dg| . |f| . 

since is a contraction of C (X). Therefcre 
«g K-l 

| D f g

k f l ^ i I D f g

 fl + N I • M 

' * ' 

< ^ | Df| . i l . * * ... . - j L - J |Dg| . |f| 

^ |Df| + 2 |Dg| . |f| . 

Sut 
k 

l f g

 f l ^ l f l ^ » 1.2,...) 
so that 1. follows from the Arzela - âscoli theorem. 

2. Choose { n } such that h : = lim \f> f e C (X). Then 
k g 

h = const. = lim vf f • 

For f £ C (X) set 

a (f) » inf flxî 
X e X , 

6 (f) = sup f (x) 
xe X 
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Because g G , 

a (f) _< atvp tf) < ... ,< a(h) < eCh) < ... ̂  6 (f f) B(f), 
> g g 

and if wo set 

a = a (h) « a bf>h) = ... 

6 = e (h) = g (̂ >gh) = ... , 

then it suffices to show that a = B . Now if f £ C (X) and a (f ) s a(vp fJ = 

f (y), then 

^fgf (yî - g ) f' • g (7 • |) f • -|î 

and g strictly positive imply f . Therefore if 

A = { x G X | h (x) = a ) , 
K 

and if y satisfies >̂ h (y) = a , then 

i -^T1 I 0 < j < 2 K} c A. 
2 

A similar argument holds for g (h), and we have h = a = g . 

k ^ 

3. For f £ C (X), v p g f converges uniformly to a constant : 

Choose e > 0 and f £ C 1 (X) with |f^- f | < e. 
Let a = lim f. Then 

i ^ 8

g

 k f - f g K * i < « 

implies 

lim [ e C vp g

k f ) - a ( ĝ

k f ) ] <2z. 

and ^ converges to a constant, 
g 

4. Define y (f) = lim f (f £ C (X)). If y is a g - measure, then 
g g 

y - u è : 
For any f € C (X), 

» (f) = y(vpg

 k f) • — > y (y (f)) = ji (f) 

by the denominated convergence theorem and y = y . 
g 

5. ii is stoongly mixing : 
g 

Let f, h e C (X) . Since ^ T f = f, 

y (Tkf.h) = y (f. kh) > y (f) . y (h) 
o ta & o o 

as k tends to infinity, and iig is strongly mixing. 
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The condition that g be strictly positive can be relaxed. Fer 

such a modification only step 2. of the preof needs to be checked, tha 

other parts being independent of this condition. 

Theorem ; Let g £ G O C 1 (X) satisfy one cf the following conditions : 

a) g has only one zéro in X. 

b) g has finitely many zeroes, none of which wonder into periodic 

orbits under T. 

1 3 1 3 
c) the zeroes of g lis in [— , — ) or (— , —J 

Then there exists exactly one g - measure , and is strongly mixing. 
8 g 

Procf : The notation of the preceding proof is usée. 
k 

a) Let g U) = 0 end x Q X with h (x) = a . Either x < z or 

x+2 -1 
h( — ) = a . Since h G C (X), we have a = £ . 

2 

b) Let A = {zj g (z) = 0} have r éléments. The convexity argument of 2. 
k 

can be applied to h = unless fer soms 1 je i ̂ < k and 0 je j < 2 , 

±±A e a. 
2 1 

Now, if y ^ = z G A does net wander into a periodic orbit, then i is uni-
2 1 

quely determined by z. Thus 

h = a 

k i for ail 0 j < 2 except possibly those of the form 2 p + q^, for at most 

r différent values cf i. As k increases, the subset on which h = a still 

becomes danse. 
k 1 3 

cî If ^ h (y) = a and y Q , - ] , then either 

*2 ^ o r \ + "2 ^ &>^) a n d W S C a n a p p 1 ^ t h e technique used in a). 

Condition c) and the proofs of a) and c) were su^gested to me by 

L. KAUP. In $ 4, we give an example cf a g £ G C\ C 1 (X) with t»o g - measures 

because of zeroes at the points of periodicity of T. The abosre theorem can 

certainly be sharpened. 
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$ 3 - THE STR0IM6 MIXING CRITERION FOR COVERING TRANSFORMATIONS. -

In this paragraph, the results of i 2 are extended to covering 

transformations T of the compact metric space X. 

Theorem : Let g £ G o L (X) be strictly positive. Then there exists exoctly 

one g - measure y , and y is strongly mixing. 
ë g 

Proof : Only part 1 cf the proof of 5 2 needs modification to : 
k 

1. If f G C (X), then f | k _> 0} is relatively compact in C (X) : 

For any f £ C (X) and 6 > 0, let 

e (f, 6) = sup | f Cx) - f (y)| 
|x,y | je 6 

Let f ê C (X) and suppose that K is a Lipschitz constant for g. 

Then for sufficiently small 6 > 0, {x,y| <_ô implies 

max I z. , z.I < p * 6 , where T 1 x = { z 1 , . . . , z } , T 1 y = { z 1 , . . . , z 1 

, . 1 i i 1 — l n l l<i<n 
and thus 

n 
e W>'f. 6) = sup | * (g(z.)f(z.) - g (z,)f(z,))| 

|x,y| _< 6 

n 

< SUp l g ( Z 4 ) | f (Z ) - f (2 )| 
"|«.y| < 6 1 - 1 

+ , S U [? Jl lf ( z i } H Ê ( z i } " g ( zi ]l |x,y| _< 6 

_< e (f,p " 1 6 ) + n . | f | . K . p " 1 6 

By induction we conclude that 

e tygf, 6) < e(f,p"k6) + n K | f |. 6 (p - 1 + p ~ 2 + ... +p " k + 1) 

-1 
<_ constant + n K |f | 6— 2 

1 -P k 

and this implies fehe &:ui - continuity of the set f | K 0} . 

In spécial cases, the strict positivity of g can be relaxed as in $ 2, 

e. g. for (X,T) a one - sided shift space. 

We note that y i y f implies y J. y f because of the strong mixing 
ë ë ë ë 

property. 
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The idea behind the existence of measures as shown in this and 

the preceding paragraph is not new - similar and more gênerai existence 

problasas hâve been handled in various settings (e.g. [i] , [3] , [5] , j. 

What is original is the strong mixing of ail thèse measures with respect 

to the same map T and the resulting orthogonality. 
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S 4. EXAMPLES. -

1. Bemoulli schémas. 

Lct X = Çi = — — { 0,l,...,n-l } and let T be the shift 
1 n 

transformation on X. Under the metric defined by 

| w,n_ | = | inf { i | Wj_ / «]i } I" 1 

X is compact and T is a covering transformation of X. 

If p * (p ,p ,...,p , ) satisfis» p > • and E p s 1, then lut y P dénota 

O 1 n™ JL K K 

the product measure on X with distribution p in each component. An easy 

P D 

calculation shows that y is a g - measure with 

g P (w) - P. (w (i X, w = k) 
K O 

Since g p is a continuous, locally constant, and positive function on X, 

we have g p £ G O L (X) and the results of $ 3 apply to Bemoulli schames. 

2. Markov measures. 

Let (X,T) be as in 1., and let P = (p^) b e a Narkov kernel en 

{0,1, ...n-1} . Choose a probability vector TT = ^ ï ï o " ' " ïïn-l^ w * t h 71 p = ïï 

and dénote by m the Markov measure on X generated by the initial distribu

tion and transition probabilitise P. 
H a a. ... a. is a séquence of states, let o 1 k M 

[ a a. ... a, 1 = {w X ! w. = a. for 0 < i < k} u o 1 M 1 i i — — 

Now, m £ (X) beeause P = , so that m is a g - measure for some 

g é G. We may calculate g as follows. Fixing the states i and j, the ratio 

m ([ija2 ... aj) T K P ^ 

m (|ja2 ... aj)
 ïïj 

is independent of q^» * Therefore if 

TT p w rw w 
g (w) - — - — — — (w e x) , 

* wl 

m is a g - measure. If P and i\ are strictly positive, then m is the 

unique g - rôèasure and is strongly mixing, since g e L (X). 
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3. Let X - R/E. and Tx = nx mod 1 for scme n > 2, For scme a with 

j et | 1, set 

f i 1 + a COS 2 ïï X . r v l g (x) = (x É X). 

Then obviously 0 je g (x) je 1 and 
n-1 

I, g (z) * 1 + - . £ n c o B 2TT "-^JL= 1. 
z eT^Cx) ° J = ° 

Therefore g £ G ^ C*1 (X) and § 2 shows that exists a unique g - measure 

y , which is strongly mixing. In particular, the ergodicity of X (Lebesgue 
ë 

measure) and y implies À 1 ii , and we h ave a singular measure y , on X. 
g g g 

It is easy to see that y ^ is continuous iff a t + 1, and y is pointr 

mass at 0 if a = + 1. 

4. Let X = fi/l and Tx = 2 x mod 1. If g 4 G with g (0) = g (~) = 

2 1 g (—) = 1, then point mass e at zéro anti the measure — (e. + e_) are 3 o 2 1 2 
3 3 

both g - measures, and cur method does not produce results because of the 

periodicities in the orbits of trie zeroes of g. 

5. Let X = R/l and , x = 2 x mod 1. We set 

1 + ces 2 ÏÏ x 1 

, , 2 (x t 0, -il 
g (x) = 2 

i (x = 0 or j) 

Then, g C G and for f G C (X), n f converges te f (0), but 
g 

is not a g - measure because cf the discontinuity of g at 0. 
o 
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$ 5. APPLICATIONS TQ HARMQNIC ANALYSIS. -

Let X = R/l and T x = n x mcd 1, |a| _< 1, n j> 3. Products of 

the form 

K 1 
P. (x) = (1 + a cos 2 ÏÏ n J x) 
K . ÏÏ, 

J = l 

are spécial cases of Riesz products (see [q] ). Lot g be as in $ 4, examplo 

3. Then if X dénotes Lebesgue measure, we have 
KÛ a - p . A 
1 g 

and the theorems of § 2 show that X converges, to the continuous singu-

lar measure y of the example. If n = 2 and a 4 + 1, then the measure y . 

remains singular and continuous, but if a = + 1 and n = 2, we get y = e f . 

In this case, the products (x) are just the Fejer kernels 

k-1 2 

„ f , 1 { sin 2 . 2 ÏÏ x . K o k . (x) = , _— { — : } 2 K-1 k-1 2 sin ÏÏ x 

2 

and form an approximate identity. Dur methods yield in fact for n = 2 an 

approximate identity whenever is the only zéro of g, and it is concGivoLlj 

that approximate identities with désirable properties could be censtruetbj. 

We note also the ccmbinatorial connections : if y dénotes the Fourier 
g 

transferm of the measure y , a simple calculation yields 
S 

y (k) = {—) 
g r 2 

Number of ways to write 

k = t n i ... + n , 

and y (k) = lim v̂j ̂  (e 2 T r^^ xj gives an analytic expression fer this 
g j ->» g 

combinatorial quantity. 
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§ B. SPECTRAL CALCULATIQNS FOR ÎIORSE SEQUENCES. -

In this paragraphe we calculate the spectral measures correspen-

uing to the continucus spectrum of a generalized Morse séquence. We assume 

familiarity with Ql [ , and begin by describing the results in |4| that 

neeci. 

Dénote Ly 

n = {0,1} 

the space of bisequences cf zeroes and unes, with the left shift a . Let 

each of b°, b̂ ", b 2 , ... be a finite blcck cf zeroes and ones of length 

at least two and starting with 0. To exclude periodic cases, assume that 

an infinity of the b x are différent from 00 ... and an infinity différent 

from 0101 ... 010. Assume aise that the séquence 

# = ta0 x b 1 x b 2 x ... 

is a continucus florse séquence (see définitions 7,8 and theorem 9 cf [4j h 

This implies the following : 

I - The orbit closure & of x in l9„a) is strictly ergodic. 

II - Dénote by the unique a " invariant prcbability measure conce;r-

trated on and set x 

^ {f é L 2 (tT , m x ) | f = f} 

J x = {f É: L 2 (^,m r ) | f = - ^} 

Then, L 2 l& ,m ) = 5)^*9 ë and 3) and 6 ~ are a ~ invariant. 

III - a has discrète spectrum on with eigenvalue group 

4 = { exp (2 ï ïi -J n ) I j,k=0,l,2,...} , 

where n^ is the length of b 1 . There is a map y — > f from -{j^ te J ) ^ 

such that a f = y . f , f x = - p f . # 
y Y Y o y 6 

{f^ | y £ '"j x } is a complète ofchonormal basis for and 
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. n .. .n. -1 

£, s <L y 1 Cv = exp (2ïïi 1 ! )) 
y j = 0 Aj n o...n k 

with a ^ A = A. for • < i < n - •. n, - 1, the A. being open and closec o j — — o K j 

in ©" x. 

IV - o has continuous speotrum (no eigBnvalues) on ^ . If we put 
x 

h (w) = (-1) 0 

then {h.f y| Y t -JJ y } spans £ . 

• 1 2 V - Let b = b b. ... b . and y = b x b x ... o 1 n-1 J 

Then y is aise a continuous Morse séquence. If y = exp (2îri -~ ) then the 

sets A , A-, ... , A .in III can be chosen (choose them as in § 4 of |4l } 
o 1* n-1 u-' 

such that the (strictly ergedic) Systems CQ^>a) and (Aj,an) are isomorphic, 

and 
b. + b. . 

a 1 (h 1 ) = (-1) 1 1 + J h 1 
i +j j 

for 0 < j ̂ < i + j < n. 

Now, ee can begin our spectral calculations for a on 

Dénote by y _ the measure on jR/Z such that 
Y ? 6 1 

< a K (hf ), hf . > = y fk) = / exp (-2irikt) y x (dt) 
y 6 - i y J

0 

for each k e 2 , < . , ,> denoting the scalar product in L (^m^). Then 

< a K («,f ) , hf . > = Y

n < fn (h.lî , hf . > 
Y 6 - 1 6 - 1 y - 1 

and f. = 1, so that the measures y* r and y. are related by a 
1 Y û l,y 6 

translation of log y = " on 
-* 1 n ... n, 

c k 
Now let y = b ^ " x b ^ x . . . , b C = b b. ... b - # 

c 1 n-1 
j » 

y = exp (2ïïi ~ ), and let v be the measure y ^ ^ for the point y, 

c'est à dire 

v (k) = < a K h, h > 

L (ET, m ) 
y y 

For fixed m c Z, we obtain, using III and IV, 
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A rr,r<, 
p„ (mn] - < o 'h, hf > 
i *Y Y 

m-1 . n-1 
<? 1 HP. ^ r- T 

- X . y < a h, h 1 > = v [it,J y 
J - u « • J = u 

u 
a , i n-1 . , 

, - rn n +1 i rn n +1 
y 1 v (mn+1) = <• a h,hf > - Z Y

 J < a n Xh, h 1, > 
1,.' y J = 0 >V 

P r 2 j mn+l f. , . , , ^ n~l (m+l)n, n-1. _ = . L

R Y < a ^h-1- 3>hlA > + Y < a h,a (hl)„ > 

J +i J n-1 

= v (m) (-1) J J + 1

Y

 J • v (m+l) (-1) 0 ^ ^ 

and in gan^r^l fer 0 ̂  j f 

A n-l-j b.+b. . n-1 b.+b. . 
u (mn+jj - v (m) . Xr.. î-1) 1 J Y ~ + v tm+1) . Z . (-1) 
1#Y

 1 = u i=n-j 

Dencting by 0 the opération defined in $ 1 for the transformation 

Tt = nt mod 1, we see by simple opérations with Fourier transforms 

that y is absclutely continuous with respect to 0 v and 
IfY 
, n-1 

yl,Y = i l ex (n°,Y,K3 exp (27Tikt) 
dQv n k=0 

I n" 1 

+ ~ E Q 3 (b ,y ,k) oxp (2Tri (k-n)t ), 

wherb , , 
n-l-k 

r^o , , 1 y î r î î+k 
a ib ,y, k) = - £ Y C-l) 

n-1 
b . + D . 

r. n o , x 1 r i , _ . i i + k-n 
* C b ' Y' K ) = n i=n-k Y 

In particular, for Y = 1* wehave a (b c, 1,0) = 1 and 

a £b G,l,k) = B (b0,l,n-k) , k = 1, ... , n-1 
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ThUs, if we set . 
1 + [ë, 2 ot(b°, l,k) ces 27rikt 

g (b ) = g (b ,t) = , 

g (b°) e G and 

* 1.1 "fg (b°J V > 

where v is itself the measure y . cnrresponding to the séquence y. In 
±t x 

gênerai, dénote by X . the (probability) measure y corresponding te 
J X, 1 

i 1 + 1 

the prodact b J x b u x ... , and set 

g (t) = g (bj,t) 

Lemma, 

For each j > 1, À ^ "M ĵ-i ^ j' 

horeover, for any f, f £ € , the measure y d8fln'dd by 

k 1 

< a f,f > = | exp (-2Trikt)yCdtî (kç/Z) 

? 

satisfies y < < X Q . 

Proof, 

The first statsment is the resuit of the preceeding calculaticnn. 
Since any f £ £ can be expressed as an infinité linenr combination of 

Je 

the f , il suffices to show that y < < X for aach pair y * <$ ê 

This follows frem the facts that g (b1) has only a finite number cf zeroes, 

ail measures X ^ are continuous and équivalent to their translations by 

amoants of the form . 
n .. • n, 

o k 

Restafcing the conclusion cf the lemma, the spectral measure corres

ponding to a on is absolutely continuous with respect to X . Thus 

the class cf measures équivalent te X q is an isomorphism invariant for a 
on io . 

X 
Next we show how to calculate the measure X and dérive s orna of 

c 
its preperties. 
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Theorem. 

For an y f £ C tFi/Z ), 

. I l n l f j"l f o f = A c ( f ) 

un iformly. 

Procf : 

Let f L>e a trigonométrie polynoœisl of degree K. Applying . c'k: 

using the spécial ferm cf g (bJ) given above, we see that vp f is again 

a trigonométrie pclynomial cf degree 

j 
provided that K > 1. Thus dog (f) = k implies 

'fi fj^i f 0

 f = ^ + ^ û ( 2 7 T i t ) + 4 " ( ~ 2 T T i t } 

fer j j> k. Applying ^j+i* W d cbtain 

in view cf ja (bJ + 1,?.,n. = 
] + 1 1 1 • T 

J4 1 

Thus, ^ . . . v̂p_ f converges uniformly te a constant y (f) for trigonc-

metric pclynomials anc nenc».- fer each f C (R/Z). New 

X f Cf) = ^ ; . . . f J X j + 1 (f) = Xj + 1 (spj ... ̂  f) (f) 

and 
y Cf) - X o Cf). 

Thecrem (Strcng mixing property) 

For f,g é C ÛR/2) 

X _ (f.TJ . . .T.g) 
lim — T ~ = X (f), 

X CT T _...T.gj e 
J -><* ù c l J 

where T. t = n. t med 1 and if the denorbinator remains nen - zéro. 
J J 
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Proof : 

Becausa is the identity, 

X Q (f . T q ... T j gî = -fQ ... vf> j T. T Q X o (f . T o . . . T. g) 

- X j + 1 Cg . V P . . . . Y Q F ) 

and ... f son verge s uniformly to X c (f). Since X j + 1 (g) 

X q (T Q ... Tj g), the theorem follows, 

We can use now ocr information about X to show that in général, 
o 

o 1 

Morse séquences are non - isomorphi6. Let x = b x b x ... and 

x' = c° x c 1 x ... be continuous Morse séquences with length (b1) = 

length (c1) = n for each i, and dénote the corresponding basic measures 

by X and X' . 
3 O G 

Lemma. 
Either X J_ X 1 or X X ' . If X X 1 , then 

C C 0 0 0 0 

IJXj - ^ ' j l l "—^ Q* where || . || is the variation norm. 

Proof. 

For each n write 
X = X S + f . X» 
n n n n 

where 
s s s X J L - X . Then 1 s >p X - for each n, so tbat 
n ^ n T n . n+1 .. ~ruvt 

* o C f ) = *o •••fn C l I f î 

= X n +l
 (,Pn---fof] C • X o C f K 

Thus, either x S = 0 or £ . If X 85 f . X ' , then 
0 o o o c 

X n + 1 = (fn'- fn-1 ' " f o f ) ' C l 
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New, if f is continuous, ... f converges uniformly te 1, so that 

by approximation, any, f Cr Lv- (X J) with j f d \ c = 1 satisfies 

[ \"p • - - V f - i I d X y — > 0 
1 n < c ' n 

Thecrem, 

li there ex:: b1:s e cnBetent K such that 

I = { i 2 0 | n < K and g (b 1) ^ g (c1) } 

is infinité, ano 
j 

2) À . [or X J converges weakly to a continuous measure v aleng 

s orne subsequonce along some subsequence of I * i = (i+l! i :.. 

tnen X_, J. \̂  . 

Proof ; 

There ère ce!y a fiiite number cf blccks of length net excee^l. 

se that we can ehecee a séquence i + 1 in I + 1 sueh that Aj_i + } —
> v 

i ? d ' 

and b = b, c = c. with g (e) ̂  g (c). Fhie implies that 

g le] , G v - g (r.) . 0 v . 

Sut bec au 3t-; ef the ,'crm cf g (b ) and g ( c ), { 11 g (b,t)}= g (e, t. • } 

is f ir.ite. 3 in ce \> ie continuées, we h ave a contradiction. 

Vie note two simple conséquences o* this tbecrem. The first is 

that if x = b x e x , .. and x' ~ c x c x ... are continuous Morse se née; e e 

with (h) •/ g (ej, then A X X' and the dynamical Systems (& ,\v. ) en e 
" e G yC X. 

(©".m .) are net isomorohic. Fer a direct prGcf note that X and X 
xf x ' e 

are g (b) respective 1 y g (c) measures in the sensé of § 1. Sin ce X ?? X 

and sinee beth are ergedic onder T t = n t mod 1, n being the cemmon I-egt , 

cf b and c, we have X i X The second conséquence is the followin/ 
c o 

theorem. 
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Thecrem : 
Lot /j, be an infinité subgroup of the group of roots of unity. 

There exists an unccuntable number of dynamical Systems whose eigenvaluo 

group is exactly ^ , such that any two of the Systems are non - isorncrphio. 
This tbeorem generalizes the resuit in jY[ , where the case 

ri ? R 

J [ = { X | n : X = 1 } is dealt with. 
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* 7 ~ ^isceTlanecus, 

Lot G^C X = bc f''~e subgroup cf ail dyadic rationals. Ir J7| 

an example of a quasi - er^odic measure class différent from the Lebesgue 

measure class with respect to the group G was eivan, If we define 

Tx = 2x mcd 1 and let g £ G O Ĉ " (X) be strictly positive, then it is ces y 

te sec that the maasure ^ is quasi - invariant and quasi - ergodic with 

respect to G^. Moreover, we obtain différent classes for différent g, anc 

thus uncountably many such classes exist. 

We note that there is one - te - one correspondent between the 

invariant measures on the one - sided n - shift and those on the two - siJee 

n - shift, since thèse measures are uniquely determined by thèir values en 

cylinder sets. The properties of ergodicity and strong mixing are compatible 

with this correspondance, sa that the examples for the one - sided shift - re; 

aise valid for the two - sided shift. 

We remark that the thecrem in 5 2 answers negatively a conjecture 

of KARLIN [3] , since our measures are singular with respect to Lebesgue 

measure. 

There are a nurnber cf questions left answered : 

1. If g £ G C\ C (X) is strictly positive, is there only onu 

g - measure ? In L3j , KARLIN states a thecrem to this effect, but the 

proof seems te use dérivâtives of g. It wculd suffice te show that the 

Cesaro means of vp ^ f converge unffcrmly. 

2. The entropy cf the g - measure y should be - / leg g u y -

Is it ? 

3 - Which dynamical Systems (X,y ,T) are isomorphic ? 

4 - Let b = b ... b , be a 0 - 1 séquence, and call 
o n-1 

c = c ... c n similar to b if it is obtained from b by interchance of G 
0 n-1 

and 1 and for orcicr reversai. If b and c are similar, then g (b) = y (c). 



- 153 -

Dces g (b) = g (c) imply that b and c arc similar ? 
Hopefully, the criteria in $ 2 and § 3 will turn eut ta be 

effective "in preving the ergodicity of dynamical Systems. A note announcin 
the results cf this paper has appeared in Comptes Rendus, Narch 1931. 
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