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A PROBABILISTIC PRCOF OF BOCHNER'S THEOREM O

POBITIVE DEFINITE FUNCTIONS

by

M. S. Bingham and K, . Parthasarathy
University of Sheffi=zld

1. Introduction

The purpose of this paper is to give z proof of Bochuer's theorem on positi..
definite functions in a locally compact second countable abeliamn group by a purely
probebilistic method without using the theory of Banach algebrasg or genersl theory
of representations. We reduce the problen to the Daniel-Kolmogorov comstruciion
of a atochastic process on the basis of finite dimensionsl distributions., The

“ee-Cramer continuity theorem is deduced as a cersllavy.

O

Preliminaries

Iet X be a locally compact sccond counteble abelisn group exd ¥ ite
character group. Y consists of all continuous homomorryhiens from X into the
miltiplicative circle group X of complex mabers with modulus wnity. We sholl
denote the Haar measure on ¥ by H and use dy to denste integration with
respect to H., For eamy x ¢ X, y ¢ ¥, we shell dencte by (x,y} the valve of
the character y at x. We sssume the foct that X end Y oare character groups

of easch other ({cf. Rudin [2] ).
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A complex velued function 4‘;:7 defined en ¥ is said to be positive definite

if for all Yis Yps eevs ¥ € Y, complex numbers €y Cpy veny O and pcsitive

integers k, the inequality
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is satisfied. With these notabions we hove the foliowing theorem due %o

Bochner {2] .

Theoram 2,1 Let g; be o complex-valued positive definite function defined
oo Y such that g{ is continuous at ¢ and @ {e) = 1, e being the identity
element of Y. Then there exisis a unigue probability messure "L(, defined on

the Borel o -field of % such thet

) = ;f {x, ¥) c{/b, (¥}, Y¢ Y

, ‘The cooe when X dis & finite-dimensionnl horus

b e oase vien X e K vhere K oisg the

in thig gestion we

multiplicative cirele group consisting of all comslex numbers of modulus valty

kol " taer .
st K is the r-fold cartesiern produrt of K. Then Y = I°, where I is the

additive group of ll integers. Any point x ¢ X con be representsd by
2W L, 0 m L, By se.y o With this
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representaiion the group operotion becomes coordinatewise addition modulc 27 .
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Any point y ¢ ¥ cap be represented Ly n = (nl, Dy sesy nr} where all the
F
n.'s are integers. Then (& , 1) =expi I n.6.. let @ be s positive
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dufinite funetion on I and {0 = 1. gﬁ is sutomaticelly continuous because
b ~

L = 4> - . a - ~ooa : “@ 4

" im diserete. Lven though on elementary proof of Theorem 2.1 18 well known

in this cose, we reproduce it for
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Since gny set of probability messures

has a converpgent subsesuvence.
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The general case

-1 oo simple lemma.
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