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•A PB0BABIL18TIC PEOOP OF BOCHNBR1S THEOREM OH 

POSITIVE DEFIHITE FONCTIONS 

by 

M# S. Bingham &n& K. E* .Parthasarathy 

toiversity of Sheffield 

The purpese of this p&per ia to giye a proof o f Boch&erf8 theorem on p o s i t i f 

de f ixité functiona in a locally eonspact second eou&table abelian group by a purely 

probabilistic sethod vithout t^aieg the theory of B&aacfa aigebras or ge&eral theory 

of représentations « We re&uee the problem to the .Demiel-Kolsaogorov construction 

o f a etechaatic process on the baais o f finite dinensional distributions. The 

^Cramer continu!ty theorem is deduced as a cerollary» 

2 Preligaaaries 

Let X be a l o c a l l y compact second eoxmtabXe abeliaa group a M Y ite 

charaeter gronp. Y cousists of a i l co&ti&uous hojacsaûrphiens fram X into the 

asxîltiplicative oircle group K of complet nuabers vith mo&t*lim uaity. We aboli 

deaote the Hear masure on Y by H and use cîy to dénote intégration with 

respect to H* For any x € X* y é Y t ve ©hall dénote by <x t y> the valve of 

the character y at x « We assume the fact that X aad Y are character groups 

of e&ch other (cf. ftudin [21 h 
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A coœplex vaiued function <p' defined on Y is said to be positive defisite 

i f for a i l y~ t y o S . . . s y, é, Yf conxplex numbers c, t c o 3 * . » f cv and pos i t ive 

integers k f the inequality 

( 2 , 1 ) ]T c - c . f ( ^ j £ 0 

i s satisfied, With thèse notations ve bave the fcllotring tbeorem due to 

Bochner £2J . 

Tbeorem 2 * 1 Let (p be a cosrplex^valued pos i t ive definite function defined 

on Y aueh that Cp i s cont inuer at e aod *p ( e ) » l f e being the identity 

élément o f Y. Then thore exista a unique probability meaaure jjj defined on 

the Borel ~fiel& o f X such that 

f(y) = | < * , y ) df» (*) , y* Y 

X 

lu this section ve sh&ll co&si&er the ca&e vhen X ** K r vhere K i s the 

i i ïul t ipl icat ive c i r c l e group eoxislsti&g of a i l complex maabers of modules imity 

csXkà KA ia the r - f o l d cartesiaa produet of K* Thea Y - I1* f where I is the 

auditive group of a i l integers. Any point x ( X con he représente^ by 

9 « ( f 0 o f . . * t © ) vhere 0N< © .. < 2TT J « 1 , 2 t r . ¥i th this 

représentation the group opération becornes epordinatewise addition module 2Tî • 

Any point y £ Y Can be représentée by £ - (n ^ n^* **• , n J vbere a i l the 

ru*s are iategers, Then <^g * n ) « exp i E n . 8 , . Let <jj£ be s positive 
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definite fonction on I r and <p(0) * 1* ^> ia automaticolly eontikaou* becanse 

I* i s discrète* Ëven thotagh on élémentary proof o f T&eorem 2.1 i s well kncwn 

in t a i s case, we "reproduce î t for the sake of ccmplebe&esa• 

Consider tho me&sure vhich absoluiely cont inua i v i tb respect to 

the unifora distr ibution on Iff and which hm the deasity f a c t i o n 

» a? f m - ti j < a * - m ) 

Since < g , g - m ) 3 5 { â * B / • g ) » i t follows frois (2.1) tbat 

fj*& ) y 0 for a i l 9 » Trivially 

o o 

An ea&y eomjmtation ohovs that â for j - ( j . ^ j , > £ j j p ve have 

- 1 - -r l * , Oc/ S Z )O' .ï, *• »! / ' u i ? . . t 
(a.îr) T j N - k. - s ' R : : ' A - " 
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Since any set of probabi l i té measures on i s ^eakly condit ion«4ly compact^ 

^ /u^ ^ lias a convergent subsequenco. Let â̂ ; be any l i a i t of j * 

.for a i l j * This establisues tbe existence of a with tho required property« 

Unîqueness îollows from tho v e l l kaovn fact that any continuons tmictîon on K 1 

i s a urtifom l imi t of l i&ear corabinations of fonctions of the f o m ^ 0 , j ^ ) 

This complètes the proof• 

Beforc proceeding ta tbe proof of Theorem 2,2 in the gênerai case va shall 

mention a simple corol inry . To this and noed some notations* For any two 

abatract sets A and 3 t we shall dénote by Â'"t the set of a i l funetioBs defined 

v 
on. B and takin^ values in A. Then K" i s the spaea of a i l functions defined 

on Y and t&lii&g values in Any ei«:r,?un :i »: ;on Ne r-présentée as 

a fonction © ( y ) wher© 0 4 QCv) < - Tï \* ; v ?~ L hux \T dénote 
^ ^ ' y 

tho projection map 9 ~—> 0 ( y ) from 11* auto K. Let Jp dénote the smallest 
V 

**""~~field of subsets of K4* with rerneeb tu vhieh :UI the Tï are mea&urable. 
y 

We shal l dénote by tho char acte r *rcup of K."* the set o f a i l , integer 

volued functions n ( y ) defined o\ 7 *-v,.r^;hjj. ouu-ude u h ni te &ubedt+ 

shall dénote by 0 the funetion ^hic;^ L~ vnr.J. ^ l y u tues* notations 

we have the following coro l la ry . 

Ccrollary 3>1 Let ^ ( a ) f n % j \ f ha any pos i t ive def in i te funetion 

defiued on J$ &nd tj* (0 ) « i , Thea there exis ts a unique prcbàbil i ty measure 
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P on. < | such that 

v y y «J 

fer a i l n é * 

Proc-f For any finit?- subset F £ Y , l e t 

ve obtaia a pos i t ive def in i te fonction on. I*" » 

Renée by the v a l i d i t y of Theoreta 2.1 fer K* s we deduce tho existence of a aieasure 

P v on the Borel <r - f i e l d of ICl , sa t i s ïy ing the property 

î t follows from the unigueneas of P^ for every P that i f F., ^ F 0 are tue-

f in i te subsetfc of Y s the nieasure P p imlucea p^ through the natural projection 

from K ' onto K *' obtained uy dropping the yth coordiaat© vhenever- y <$• * V 

ïn other verds the famiiy of .neasures $ p i F C Y.t P f i n i t e ^ ia consistent* 

Hencof by the Baniei-Koliao^orov tlieoreiis \_ 1 J tnere exista a unique probabil i ty 

measure P on § with the re.quired properties* 
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Before procesdirtg to the proof o f Theorei^ 2.1 wo n e e l a s iople leosua» 

Lensaa k*l Let fiy) be a cc&iolex-v-aluod Ha&rH^aisuràble fonction satisfyi&g 

the follovi#g conditions: 

(1 ) ) i ( f) \ — 1 for' *al y é ï 

oheu there exista & unique x <* X such that 

t ( . y ) — y (H) , 

Proof Ooruddor th-i; set fuoetion 

for a i l Haar~measurafclo mtB coutoio^^t i o a compact SOT,* ï f C * y" dénotes l i e 

^raxiBlate o f C oy y ' * wo nave rrora ooe i^varLOocu of o&ar mcaaure under 

translat ions â 

M- \ v_ - y / — I j ••. ̂  / y 
S j e + V 

i 1. fo y -r y j o y 

— t ( / Vy44- 11 ; <*,. e . ( H j 
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Choose and f i x a compact set C sueh that yu. (C) 4 G. Then 

We shall now prove that ^ { C 4- y ) î& continuons in y* Indeed, we have from 

condition ( l ) of the l e iaa 

1 /V» \ /r \ l 

vhere dénotes the i.udi^ator fonction of C\ The last term on the ri^bt 

haad si de of the aboyé xn&quaixtioB i s simply t r:e B&ar aeasuro of (C 4 y - y 0 ) & r 

vhicix tenda to zzxo ac: y, ** y^ ap^ro-^acr; i.;.;i.:.ity. 

Thus £ { y ) alnost everyvh^re equtiX to a continuons fonction g(y). 

ï t fo l lova from the conditions of the lexœûa thaï ] g ( y ) j - J... for a i l y € Y 

and fî(y ) *g(y 0 * g ( y + y " ) for a i l y . * ' £ ï « In other words g i s a 

ch&racter on Y, Hence? hy the du&lity tn$oren t Uiere la a unique point x € X 

sueh that g ( y ) - <f x^y J> for a i l y . This e complet tbe proof of the lesjma* 

^ g ^ r - g . - ;Tfaeore& 2,1 Adopting the notations descrxbed De fore the Etatement 

k o 

of eorol i^ry 3.1» we xatroduct? the fmiction y' defined on JK4 by 
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The pos i t ive dëfiaitenesâ of Cù in 1 i isolies the pos i t ive definiteness o f ^ 

in M' * Further K¥ (o) •« q > ( - } a i , Thus» bv eoro l la ry 3*1* there exiats 

a prob&bili ty measure P on q? such that 

Consider the prcbàbi l i ty space ( K \ JJ , p) vhere § dénotes the 'P-cojspîetion 

o f <|s , Treating the éléments o f Y as a tisse var iabla , de f ins the stochastic 

procèss 

For a i l y^ 9 y ^ , . . t y v 4 Y s ifcteçers * n p t . ** f und pos i t ive integer^ 

k s "W's hâve 

vhere S dénotes expectatioa with respect; t o P. In nart icular . 
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SiBce the random variable -Athin the expec/tat'ioîx sign above i s o f modiuus unity, 

i t f o l l ovs that 

for every pair y 8 y " e Y* oleo ûave 

Frorn ( ù . l ) au eacy commutation gives 

that z(y** ô } 1 - irocxV?ïtn c--\ * .i^ucr ~ < ». It c/ *\ rt,* nv .j xhi'oru. sir^l&r 

to Theorem 2*6, page 61 of Boob f 1 ( # rjay as£u&&- that s{y*£J) i s H x IMBfjïasttrahle* 

applying Fuhini*s i t t^reD to the function f M y - %{y + y % ) j 

v 

xn the apace 0 x C x IC for every commet C : : y» ^ -.ct.r.; :- r» i/. \~ oùr-rc tssîrtfô 
Y 

a #et A. S suc h that 1$ cuod fer evexy © *: /w 

I t now follows froxn. lainrua ^-1 that tbere £X.lsts an élément, &( 8 } € X »ucb 

thî&t 
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for eyeiy Q € A. De fine x{ 6 ) * e f the ident i ty of X$ for every & f A. 

B.iru-c C £ ^ *•? ^ - r : : r • y for ov^ry 0 , i t fo i lovs that 

^ V ^ C O j y / i"-fa*ia--'rtilûi' JL-; t : for LVfry ; s y. ôinct: the smailest or - f i e l d 

with respect to whieh a i l the eh&r&etors are ee&3utuble 5 i s the Borei <r - f i e lâ in 

X f i t fo i lovs that x( 8 ) i s rm X~value& random variable defined on ( K \ |p > P ) . 

Let ^ be the distribution of x{ D } in X'. 

Usîng Fublai 5^ ttoeoremâ we de duce from équation ( &. 6 ) that 

[ < * ( § } , . , > J P ( # - \*(y,Q)<i%§) / M 

Oince the l e f t hand intégra.], in the abowî eqmixon i s simply ^x^y^?- d ^ 4 ( x } f 

equatiou (h,k} gi^en 

Farlher, (4.^) uiï.x O ' " ? ) r ; ; .^ , : ) '^ ; o f £P < Î points of Y, Henee 

ij 

ç 
j.r , rcer :i :vc*. - : - , : y, * * - • 1 i, r ? î ;* a dense subsct j y K ? , 

Je 2., 2 , * » * of Y* Coasidsr tn.e nap 

o f X into the ;:>pace K vhich is a ccunfcable product of K* Gince cheracters 
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are eorriinuous and sajarate points, it follova that T is a one~one and continuous 

.tûap of X into K" . Since X a, ecuatable ardon of compact sets* i t f o l lovs 

by OOBB: jcrlizj. &ho f i n i ^ * .\ * T -*» c^ap<^t sots that C is 

iseasurahie, I;< --or -A ;\?;̂  X i ,»\-* * ^ • \or*>"<rx3h h*.%men X and the 

cr -cosipâct oet *C(X'K If aj<,d -y arc tvo .^usures satisxying 0±.8)^ then 

yu ^ ~ u aiKi y T ~ oro me as arc s in vit h ths n;eme f i n i t e dimexisionaJl. d ia t r ibe 

utions* Furtber yu« " * and v "C are conoentraled in X (X). Therefore jx * V * 

Thia complètes tho procf o f ïheorem 2.1* 

For my probabil i ty moasure yu* defi^ecl on the Borol cr - f i d d of X f the 

funetien <p ciefiBed on Y by the equatioxi 

i calieâ. toe charge teristic itmetion of yu , ït is eaay to shov that Ç> i s 

eontinuouD and positive do fixai te « Bochi;arf 3 the-oresa asoerts that overy coatinuous 

pos i t ive de fini te firnet-i on. ?;.ri&er- ïti thïs Purthor the correspondance 

<p one-enc;, The unifons contruaùty of the charaeters impïies the 

isiifora conti.miity • >f ip * Purthor ; f ^squ-^e of prob&bi liiy me astres n 

convergea veaicly to % tl<m the corr oopa&di n& cbara t ter is t ic functions (p 

converge uxtiforrdy over commet sets oo the ^h&rncterist \o functien tp of JU> * 

The foiiawing theorem asserts a much stronger version of the converse* 
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( ) 
'Cheorep H # I U.t • ,u \ * v - . v o, - .- oo a. séquence of prob&bility 

<; •) 

neoouroa l e f ined on the Borel o~ -f IcOoi ot 0 and / C> ̂  l , o s-- 1 $ 2 S be 

too ecrroepoudiog t;te;r.vet-;. \ rli•; fuiiCtior^* Or -00 ... converges pcintviso to a 

L-.ïi,el±-::.xi <p voooO. in : N I : : o-̂  • ,. t tii-, :,t:-:t.oo ot t> the-i 0> is the 

;:ooraot--r.i Jtj-: :\x^vlou ' :. o~-'to i-.i :o ::;*:;̂oi • Ai ' - - l ^ converges vcakjy 
tO r 

[:l°t.£, Fi.ro t of ait it io; ot^ious that a> if.? a pos i t ive défini te fonction 

on t and O l e ) - u t.^ee by Tteoram 2,1 there exists a measure £t v i th Cp 

ÛO • \-z eharacteriBt i c fonction* 

OJ' '.-r:!'-; - - v - v : tho " -oi..7e-sf.'-c*. c-.^-jd-*.. " le *iar l-cncribvd 1A 

o ^ . o , J ' ' , ' L — - 4 ho roro'ae^^ 

' , p o t J i t w- * ^ r ( , . * ~ ; » ̂ * , 

Ci, . - : / * xv> ; ^ 1 * \z i\ Vfijt -A r*ulor of X 

<: y T - a M . O F A O / . 
ru —7 

http://Fi.ro
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aubseta of K ^ and M. . ~ x couvertes w n k l v to U. X m liyve 

>jL ( ' A • - t ,/ — v r * - % J 

Coiabinxng ( 5 . 1 " and bave 

^ n c e r 1 3 ^ ^rovtr^ry oioseà it fcù.^v;* that jut ^ converges voa&ly to 

[1] J. L. Doob, Stochastic Processes. John Wiley & Sons, New York, 1953. 

:[2] W. Rudin, Fourier Analysis on Groups Interscience Pub. Co., New York, 1962. 


