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1. Introduction

In this paper we give criteria for the modularity of certain two-dimensional
Galois representations. Originally conjectural criteria were formulated for compatible
systems of A-adic representations, but a more suitable formulation for our work was
given by Fontaine and Mazur. Throughout this paper p will denote an odd prime.

Conjecture (Fontaine-Mazur [FM]). — Suppose that p : Gal(Q/Q) — GL,(E) is a
continuous representation, irreducible and unramified outside a finite set of primes, where E is a finite
extension of Q ,. Suppose also that

@) pli, = (;; ’1‘) where 1, Is an inertia group at p
(ii) detp = we¥=! for some k> 2 and is odd,
where € is the cyclotomic character and y is of finite order Then p comes from a modular form.

To say that p comes from a modular form is to mean that there exists a modular
form fwith the property that T(¢) f= tracep(Frob,) ffor all £ at which p is unramified.
Here T(¢) is the £ Hecke operator, and an arbitrary embedding of E into C is chosen
so that tracep(Frob,) can be viewed in C.

Fontaine and Mazur actually state a more general conjecture where condition (i)
is replaced by a more general, but more technical, hypothesis. The condition which we
use, which we refer to as the condition that p be ordinary, is essential to the methods
of this paper.

If we pick a stable lattice in E?, and reduce p modulo a uniformizer A of @,
the ring of integers of E, we get a representation p of Gal(Q/Q) into GL,(@g/A). If
p is irreducible, then it is uniquely determined by p. In general we write p* for the
semisimplification of P, and this is uniquely determined by p in all cases. Previous work
on this conjecture has mostly focused on the case where p is irreducible (cf. [W1],
[D1]). In that case the main theorems prove weakened versions of the conjecture
under the important additional hypothesis that p has some lifting which is modular.
This hypothesis, which is in fact a conjecture of Serre, is as yet unproved.

In this paper we consider the case where p is reducible, and we prove the
following theorem.

Theorem. — Suppose that p : GallQ/Q) — GL,(E) is a continuous representation,
Irreducible and unramified outside a finite set of primes, where E is a finite extension of Q ,. Suppose
also that p* ~ 1 &y and that

(@) xlp, ¥ 1, where D, is a decomposition group at p,
@ el =~ (5 7).
(iii) detp = we*~! for some k > 2 and is odd,
where € is the cyclotomic character and  is of finite order. Then p comes from a modular form.
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We also prove similar but weaker statements when Q 1is replaced by a general
totally real number field: see Theorems A and B of §4.5.

In the irreducible case the proof consists of identifying certain universal deforma-
tion rings associated to p with certain Hecke rings. However in the reducible case even
for a fixed p* ~ 1 @ ¢ we have to consider all the deformation rings corresponding
to the possible extensions of % by 1. These deformation rings are not nearly as well-
behaved as in the irreducible case. They are not in general equidimensional. Indeed
there is a part corresponding to the reducible representations whose dimension grows
with X, the finite set of primes at which we permit ramification in the deformation
problem. Just as in the irreducible case, we do not know whether there is an irreducible
lifting for each extension of ) by I, but happily we do not need to assume this.

In a previous paper [SW] we examined some special cases where we could
identify the deformation rings with Hecke rings. These cases roughly corresponded to
the condition that there is a unique extension of 1 by %. In this paper we proceed
quite differently. In particular we do not identify the deformation rings with Hecke
rings. As we mentioned earlier, we consider the problem over a general totally real
number field. This is not just to extend the theorem but is, in fact, an essential part
of the proof. For it allows us by base change to restrict ourselves to situations where
the part of the deformation ring corresponding to reducible representations has large
codimension inside the full deformation ring. It should be noted that the base change
we choose depends on X.

We now give an outline of the paper. In §2 we introduce and give a detailed
analysis of certain deformation rings Rg . These are associated to an extension ¢ of ¥
by 1. They are given as the universal deformation ring of the representation

pe: GalQs/Q) — (§ 3)

where the implied extension is given by ¢. Here Qs is the maximal extension of Q
unramified outside £ and oo although in the main body of the paper Q is replaced
by a totally real field F. More precise definitions are given in §2.1. In §3 we give a
corresponding detailed analysis of certain nearly ordinary Hecke rings introduced by
Hida. We say that a prime of Ry is pro-modular if the trace of the corresponding
representation occurs in a Hecke ring in a sense that is made precise in §4.1. If all
the primes on an irreducible component of Ry are pro-modular then we say that the
component is pro-modular. If all the irreducible components of Rg are pro-modular
then we say that Rg is pro-modular.

The above theorem is deduced from our main result which establishes the pro-
modularity of Ry for suitable &7. There are three main steps in the proof of this
latter result:
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(I) We show that if p is a “nice” prime of Rg then every component containing
p is pro-modular. (The definition of a nice prime is given in §4.2; it includes the
requirement that p itself is pro-modular).
(II) We show that Re has a nice prime p.
(III) We show that R is pro-modular.

The proof of step (I) is modelled on that for the residually irreducible case and is
given in §5-8. The point is that the representation associated to Rg /p is irreducible of
dimension one and pro-modular. However the techniques of the irreducible case have
to be modified as this representation, which we now view as our residual representation,
takes values in an infinite field of characteristic p. We should note also that the analog
of the patching argument of [TW] is here performed on the deformation rings rather
than on the Hecke rings.

The proof of step (III) is given in Proposition 4.1. Steps (I) and (II) show
that some irreducible component at the minimum level is modular. Then we use a
connectivity result of M. Raynaud (see §A) to show that there is a nice prime in
every component at the minimum level. By step (I) again we deduce pro-modularity
at the minimum level. A more straightforward argument then shows that there is a
nice prime in every component of Rg , so that we can again apply step (I) to deduce
pro-modularity.

For step (II) we proceed as follows. First we show, using the main result of §3.4
(which in turn uses techniques for proving the existence of congruences between cusp
forms and Eisenstein series), that Rgs has a nice prime for some extension ¢ of ¢ by 1.
Using commutative algebra we show that there are primes in the subring of traces of
R4 which correspond to representations with other reduction types, i.e. corresponding
to a different extension c¢ (the pair 1,y are fixed though). We make a construction to
show that we can achieve all extensions in this way, and hence find nice primes for all
extensions ¢. These primes are necessarily primes of the ring of traces which do not
extend to Ry itself. The proof of step (II) is given in Proposition 4.2. At the start of
the proof of this proposition is a more detailed outline of how we carry out step (II).

We now briefly indicate the extra restriction in the case of a general totally real
field F. We need to be able to make large solvable extensions of F(x), the splitting
field of y, with prescribed local behavior at a finite number of primes and such that
the relative class number is controlled. When F(x) is abelian over Q we can do this
using a theorem of Washington about the behavior of the p-part of the class number
of Z;-extensions. In the general case such a result is not known.

Finally we note that the ordinary hypothesis which is essential to our method
is frequently satisfied in applications. For example, suppose that p (with p reducible)
arises as the A-adic representation associated to an abelian variety A over Q with
a field of endomorphisms K — Endy(A) ® Q such that dim A = [K : QJ. Then the
nearly ordinary hypothesis will hold provided A is semistable at p, or even if A acquires
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semistability over an extension of Q, with ramification degree < p — 1. This can be
verified by considering the Zariski closure of ker(A) in the Neron model of A.

2. Deformation data and deformation rings

2.1. Generators and relations

Let F be a totally real number field of degree d. For any finite set of finite
places Z, let Fx be the maximal extension of F unramified outside of T and all |occ.
For each place v, fix once and for all an embedding of F into F,. Doing so fixes a
choice of decomposition group D, and inertia group I, for each finite place » and a
choice of complex conjugation for each infinite place. Let z, ..., z; be the d complex
conjugations so chosen, and let v, ..., s, be the places dividing p. Write D; and I,
for the decomposition group and inertia group chosen for the place u;. Let d; be the
degree of F, over Q,. Normalize the reciprocity maps of Class Field Theory so that
uniformizers correspond to arithmetic Frobenii and write Frob, for a Frobenius at a
place ». Suppose that & is a finite field of characteristic p and that y : Gal(F/F) — kg
is a character such that

e xlp, 1 for i1=1,..,¢
° x(z) = -1 for =1, ..,d

A deformation datum for F is a 4-tuple & = (@, X, ¢, #) consisting of the ring of
integers @@ of a local field with finite residue field £ containing 4, a finite set of finite
places T containing all those at which ¥ is ramified together with & = {v,, ..., v}, a
non-zero cohomology class

(2-1) 0 % ¢ € ker {H'(Fy/F, Mx_l))ﬁ*@H‘(Di, KO},

and a set of places # C I\ at each of which either ¢ is ramified or x|;, is non-
trivial. For future reference write Hyx(F, ) for the kernel of the map in (2.1). A cocycle
class ¢ € Hx(F, k) is called admussible.

Let F(x) be the splitting field of x. There is a canonical isomorphism (via the
restriction map)

H'(Fx/F, Kx')) ~ H'Fs/F), ky~))ow0m,

Using this identification, one sees that for any cocycle ¢ there is a unique representation

p.: GalFs/F) — GL,(H,  p.= (1 ;)
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pdz1) = (1 _1>

0.(0) = ( ! ”‘;”) for o € GalFs/F(x)).

such that

If ¢ is admissible, then p, also satisfies

1 ) .
¢ |lp, > s 1=1,..,t
Pelo, ( X

A deformation of p, i1s a local complete Noetherian ring A with residue field £ and
maximal ideal m, together with a strict equivalence class of continuous representations

p : Gal(F/F) — GL,(A) satistying p, = pmodmy,. Such a deformation is of type-Z if
e A is an (@-algebra,
e p is unramified outside of £ and the places above oo,

(@)
® plp, ~ (Wl \;(‘i)> with y = \|l<f)modmA for each i, and
2

®pl, ~ (l ;) for each w € .

Here % denotes the Teichmiiller lift of % to A. We usually denote a deformation by a
single member of its equivalence class.
For any deformation datum &7, there is a universal deformation of type-Z

po : Gal(Fs/F) — GL,(Rs ).

We omit the precise formulation of the universal property as well as the proof of
existence as these are now standard (see [M], [R], [WI]).

A totally real finite extension ¥’ of F is permissible for & provided

® |G/ is non-split;

o if € .# and y|;, ¥ 1, then x|, ¥ 1 for each place w of F' dividing v;

o if vy € 4 and pf, ¥ 1 but x|, = 1, then p/f;, F 1 for each place w of F’

dividing v;
e if w is a place of F' dividing p, then x|p, F 1.

Remark 2.1. — If ¥’ is permissible for &, then & determines a deformation
datum &' = (@, Y, ¢, #') for F' with ' and .#' being the sets of places of F'
dividing those in £ and .#, respectively. Clearly, if p : Gal(F/F) — GL,(A) is a
deformation of type-2Z, then plg, 5/, is a deformation of type-Z".

In this subsection we give a preliminary analysis of the structure of Ry as
an abstract ring. To start, we analyze the wversal deformation rings associated to
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representations p : D; — GL,(A) satisfying pmodms = x @ 1 and detp = %. Such
a deformation is a local € -deformation if A is an @-algebra, and it is nearly ordinary if

in addition p ~ <'Z\V \th) with 1 = ymodm,. Applying the criteria of Schlessinger

as in [M], one sees that there is a versal local ¢@-deformation and a versal nearly
ordinary deformation

p%:D; — GL,RY and pl,:D; — GL,RY)

ord

respectively. The representative pf?rd can be chosen so that

i & S
pha= (4.

The following lemma gives a ring-theoretic description of Rg)rd.

Lemma 2.2. — Let ® be the character giving the action of D; on the pth roots of umity.
There is an isomorphism

@ A~ g [[xl) seey x?dﬁ“?]]/(f) if XlDi =0 orif o= 13
ord = @ [x1, ..., Xog+1]] otherwise.

Progf. — Our proof follows along the lines of that of [M, Proposition 2]. Let V
be the representation space of PO‘D,' where py = p, with ¢ = 0. Clearly, V >~ £k ® Ax).

Let adp, = Hom,(V, V) be the adjoint representation, and let ad’py be the submodule

consisting of homomorphisms whose trace is zero. The reduced tangent space of Rﬁld
has dimension equal to

r = dim, ker { H'(D;, ad’py) — H'(D;, Hom,(k(x), #) }.
A simple calculation using local class field theory and local Galois duality shows that

_[2d+2 if xlp,=® orif =1,
"= 2d;+ 1 otherwise.

It follows that Rfﬁd is a quotient of the power series ring P = @ [[xy, ..., x,]] by some
ideal I. Consider the exact sequence

0 — I/ml — P/mI — R, — 0

where m is the maximal ideal of P. The universal deformation ring RY for deformations
of the trivial character satisfies

R(p ~ O [[})1; 7_)’5]]/@)
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where
2.2) s = dim, Hl(Dl-, k) andif w®F1 then £=0.

This follows immediately from local class field theory. There is a natural map
R(I’) — Rf?,d corresponding to the character ¥. Choose a compatible homomorphism

@ [y, >l — P/ml This induces a continuous character ® : D, — (P/(mI, £))*
projecting to ¥. Choose a (continuous) set-theoretic map 6 : D; — GL, (P/(ml, £))

projecting to pg)rd such that

Define a 2-cocycle y: D; — I/(ml, A)(x) by

8(6,6,) 6(c2) " '0(c)) ! = (1 7(011> 52))

and consider its class [y] in H*(D;, (I/(ml, %)) (x)) ~ H*D;, k&x)) ® I/(mlI, k). The map

(2.3) (I/(mI, &))" — H*D;, kX)), fr— (1 &S)[V])

is injective. Here the superscript “’ denotes the k-dual. For if f € (I/(ml, k)"
maps to zero, then ymod(ml, %, ker f ) equals dB for some map B : D, —
(I/(mI, A, ker f))(x), and & = (l “IB)B is a representation into GL,(P/(mI, %, ker f))
that is clearly a nearly ordinary deformation. By the versality of Rfid there is then a
homomorphism Rf)l)rd — P/(ml, &, ker f) inducing &', and its composition with the
projection P/(mI, &, ker f) —» Ri?rd is an isomorphism. Comparing maps on reduced
tangent spaces shows that Rﬁ?,,d ~ P/(ml, &, ker f), which is possible only if f= 0.

Let ¢ = dim, I/ml. This is the minimal number of generators of the ideal I. By
(2.2) and the injectivity of (2.3),

1 if =1
o 2 .
g <dim H*(D;, Kx)) + {() otherwise
. _ 1 if =1
< dim, H(D;, kx~'w)) + { 0 otherwise.

< 1 if o=1 orif y=o
=10 otherwise.

This proves the lemma. O
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Corollary 2.3. — The ring RY| is a quotient of R® by an ideal generated by

2 if XIDi == X~1|D,‘
di+41 if xlp,=0Fx "o, xlo, Fo=x""D;, or@=1
0 otherwise

elements.

Proof. — The ring RY is a quotient of @[y, ..., y,]] with
r' = dim, H'(D;, ad’py)
3 if x=eo=y"
=3d;+( 2 if o=1 or y=oFfyx!' or xFo=y"!

1 otherwise.

Combining this with the previous lemma and the fact that RY, is a quotient of R®
yields the corollary. O

The above lemma and its corollary, together with minor variations of the methods
used to prove them, yield the following ring-theoretic description of Rg . Let 8 be the
Z,-rank of the Galois group of the maximal abelian pro-p-extension of F unramified
away from primes above p.

Proposition 2.4. Suppose that & = (O ,Z,c, Hb) is a deformation datum. There exist
integers g and 1, depending on &, such that :

Ry = O [x1, ... 5 /(fis s fr)
and
g—r>d+8 — 24— 3 -#M.

Recall that ¢ is the number of places of F dividing p.

Proof — First we introduce an auxiliary deformation problem. A deformation
p : Gal(F/F) — GLy(A) of p, is of auxiliary type-Z if

e A is an @-algebra

e detp=¥%
e p is unramified outside of X and the places above oo.

There is a universal deformation of auxiliary type-Z

P : Gal (Fy/F) — GLRZ).
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Clearly, there are natural maps @; : RY — RZ" corresponding to p5/|p, for i =1, ..., ¢

Let J; be the kernel of the projection R® — Rﬁd, and let J be the ideal generated by
Uei(J)- It follows from Corollary 2.3 that

t
2.4 J is generated by Z(di + 2) = d + 2t elements.
i=1

Now pg mod J is clearly a deformation of type-Z’, where &' = (@, %, ¢, ¢).
Using the versality of the various rings one finds that

(2-5) Ry ~Rg [J®c O [Gall(Z)/F)]

where L(X) is the maximal abelian pro-p-extension of F unramified away from X. (One
difference between deformations of type-Z’ and auxiliary deformations of type-Z is
that the former include deformations of the determinant whereas the latter do not.) It
is easy to see that there is an isomorphism

(2.6) O [Gal(LE)/F)]] =~ O [[x1, -5 X555 D15 -5 Vsl /(@15 -5 &)-

Let I be the kernel of Ry, - Rg . For each v € .46 let 1, € I, be a generator
of the p-part of tame inertia. Choose for each v € .44 a basis for pg . such that

pz (T,)modl = (1 ’lk) Write pg (1) = (‘jz ZZ) with respect to the basis. Clearly,
I is generated by the set {a,— 1, d,— 1, ¢,: v € 4 }. It follows that

2.7) I is generated by 3-#.44 elements.
Arguing as in [M, Proposition 2] shows that
RS ~ O [[x1, .oy 1/ (fis s J)
where
g' = dim,H' (Fs/F, ad’p.), 7' < dim, H}(Fs/F, ad’p,).
Combining this with (2.4), (2.5), (2.6), and (2.7) shows that
Rg ~Oxi, ..., ] /(fis s /)
where
g=gd+s5s+8 and r=r"+s5+d+2Uu+3 - H#.4.

The desired bound for g—r is a consequence of the global Euler characteristic formula
for ad’p,. O
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We conclude this subsection with two simple facts about deformation rings.
Suppose that & is a deformation datum. Fix a basis for pg . With respect to the basis
write pg (0) = (‘Zg Zg) for each 6 € Gal(F/F). Let R” C Ry be the @-subalgebra
generated by {ag, bs, ¢5, ds |6 € Gal[F/F)}. Let m’ = mgy N R/, where mg is the
maximal ideal of Rg . Let R, = R}, and denote by ﬁl the completion of R, at its
maximal ideal. The inclusion R; € Rg induces a map ¢: ﬁl —s Ry .

Lemma 2.5. — The map 1 : ﬁl — Ry s surjective.

Progf. — Let m; be the maximal ideal of R,. Let p; : Gal[F/F) — GLy(R))

a6  bo

be defined by p;(c) = ( o do)' Clearly, composing p; with the homomorphism

GLQ(ﬁ,) — GLy(R%) induced by ¢ yields pg . It follows from the definitions of
R, and p; that pymodm; = p,.. Let a = m;Ry . The deformation ps moda is the
same as the deformation obtained by composing pymodm; with the homomorphism
GL,(k) = GLQ(ﬁl/ml) — GL,(Rg /a) obtained from i. As pymodm, = p,, it follows
from the universality of Rg that there is a unique map Ry — R, /m; whose
kernel is necessarily mg . The composition Rgg — R /m; — Ry /a must be the
same as the canonical map Ry — Rg /a. Therefore a = mg . This proves that
dim, (R /mRe ) = 1, from which it follows that R is generated as an R,-module
by one element (cf. [Mat, Theorem 8.4]). O
For future reference we also record the following fact.

Lemma 2.6. — If p C Ry s not the maximal ideal, and if p, = Ry Np, then

Proof. — If p, is maximal, then p;, and hence also p, contains a uniformizer
of @. In the deformation py modp Rgy the matrix entries are in k. Therefore
the deformation pg modp is obtained by composing p modmg with the natural
inclusion k— Rg /p. From the universality of Rg it then follows that p =mg. O

2.2. Reducible deformations

A reducible deformation of p, is a deformation p such that p =~ (X1 X*z)

In this subsection we analyze the universal reducible deformation of type-Z where

Y =(O,%,c, Hb). Write
pS : Gal(Fx/F) — GL,RY)

for the universal reducible deformation. A consequence of our analysis of p?; will

be an upper bound for the dimension of R%'. This bound will be important in our
subsequent analysis of Rg .



16 C.M. SKINNER, A]J. WILES

Choose a basis for pg such that pg (21) = (1 _1). For o € Gal(Fz/F) write

pz (0) = (‘:g Z,g), and let I be the ideal generated by the ¢’s. Clearly,

Ry =Ry /I and pfy =py modl.

Unfortunately, this description of R"gd does not easily yield a non-trivial bound for the
dimension. Therefore we take a more pedestrian approach.
Let L(X) be the maximal abelian pro-p-extension of F unramified away from X.

Write
G = Gal(D)/F) ~ Ax T x Z,"

where A ~ Gal(F(x)/F), T is a finite p-group, and L(Z)(x) = L(Z) - F(x). Let M be the
maximal abelian pro-p-extension of L(Z)(X) unramified away from X\ and such that
A acts on Gal (M/L(Z)(x)) via the unique representation over Z, associated to x~'. Any
reducible deformation of type-Z factors through Gal(M/F).
Put
A=Z,[G] =2Z,[AxI] [Ty, ..., Ts.].

The group H = Gal(M/L(Z)(x)) is a finitely generated A-module generated by
m elements where

m = dim, H/m,
= dim, ker{ H'(Fs/F, Ax™")) — @H!(L, k™)) }
= dim, Hx(F, 4). -
Note that by our hypothesis that x|p, ¥ 1, H'(D;, kx™") ~ H'(L;, Kx~'))%. Here my

is the maximal ideal of A corresponding to ' and &’ is the residue field of Z,[A]
associated to x~'. Fix a presentation

a — PA;~H
=1

such that ¢, projects to an element 4, of H for which p.(k,) = (1 ’1‘) with « ¥ 0 and

such that if 7 ¥ m then ¢ projects to an element #; of H for which p (k) = (1 1)-
Choose an element u, € @ reducing to u. Put

A = G] [T1, o, Tsls As = [T [S1, -, St
and fix embeddings
Q; A— A®ZP[A] O ~ Ai
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where for @; the map Z,[A] — @ is that induced by ¥~' and for ¢, it is that induced
by X. Let J be the ideal of A,[[x, ..., x,—1]] generated by

{@1(@)x) + @i(agxg + - - + Q1(@n_1)Xn_1 + Q1(an)to : Zaze; € a }.
Fix a homomorphism of A-modules

T:H— B=A[x, ..., %1]/]; — x;, 1=1,..,m—1

Put R = B®psA,. Observe that GalM/F) ~ G x H. We may therefore define a
reducible deformation of type-Z’, &' = (@, %, ¢, D)

p : Ga(M/F) — GL,(R)
by

_ (cmcg) ® 92(9)

P g€G,

%@)’
o(h) = (1 T(lh)) . heH.

The deformation p is readily seen to be the universal reducible deformation of type-
Y'. As easy consequences of this explicit description of R%', we obtain the following
estimates.

Lemma 2.7. — We have dim R%y < 1 + 285 + dim, Hx(F, ).

Lemma 2.8. — If q C Rgy 15 a prime contaiming p such that po mod q s reducible and
its determinant has finite order, then dim Rg /q < 8p + dim, Hx(F, £).

A diagonal deformation of the representation 1 @ y is a representation p :
Gal(F/F) — GL,(A), A a complete local Noetherian ring with residue field £, such
that p = <¢1 ¢2) with 1 = ¢y modm, and y = ¢omodm,. Such a representation
p : Gal(Fs/F) — GL,(A) is a diagonal deformation of #pe<((? , X) if A is a local @-
algebra (@ and X as in the definition of a deformation datum). There is a universal
diagonal deformation of type-(@, ) : p?;g, 5 ¢ GalFz/F) — GLQ(R?;% %)- Later we
shall need to know an upper bound for the dimension of various primes of R?gg) 5

The proof of the following lemma is similar to, but much simpler than, the proofs of
Lemmas 2.7 and 2.8 and hence is omitted.

Lemma 2.9. — (i) dimR(Z% 5 < 1+ 28p. (i) Jf  C R 5 is a prime containing p such
that det pfg% symod q has finite order, then dim Rzﬁéfg, 5/4 < 8.
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2.3. Some special deformations

In the course of our analysis of the rings Ry we shall sometimes have to
consider some augmented deformation problems as well as deformations of various
restricted type. Here we introduce these deformations and, when applicable, their
universal deformation rings.

Let & = (O,%, ¢, #) be a deformation datum and Q a finite set of finite
places, Q = {wi, ..., w, }, disjoint from . A deformation p of type-(@,XUQ, ¢, 4)
is of ype-L  if

e detp is unramified at each w; € Q,
There exists a universal deformation of type-Zg:
Pz, : Gal (Fzug/F) — GL,Rg,,).

For a deformation datum & = (@, X, ¢, #6), X, C T is the subset of places at
which p, is ramified together with the set &”. Similarly, .Z4, = £\Z. Also, we write
Y, for the set of finite places at which y is ramified together with &. Given & we
write & , for the deformation datum &, = (@, X, ¢, 4,).

A deformation p : Gal(Fz/F) — GL,(A) of type-Z is mice if

e A is a one-dimensional domain of characteristic p,

e p is a deformation of type-Z,,

(1) =
® plp, =~ (Wl (i)) with W /y? having infinite order for i =1, ..., &
Y2

For a deformation datum & = (@, Z, ¢, #6) let Ly/F be the maximal abelian
pro-p-extension of F unramified away from Z, and let Ny be the torsion subgroup
of Gal(Lz/F). A deformation p : Gal(Fz/F) — GLyA) of type-Zq is Zg-minimal
(Y -mimimal if Q = () if detp is trivial on Ng. Let

P : Gal (Fruo/F) — GL,Rg)

be the universal Zo-minimal deformation. If Q) = @), then we just write p;jn and
R_'a}in. There is a simple relation between Rg, and R;j’(‘l. We fix for each X a free
Z,-summand Hs C Gal(Ls/F) such that Gal(Ly/F) ~ Hs ® Nx. We choose the Hs'’s
to be compatible with varying Z. Let Wy : Gal(Ly/F) - Nz denote the character
obtained by projecting modulo Hs. The representation p%’é ® ¥y : GalFy/F) —
GLQ(REZl ®c (@ [Ng]) is easily seen to be a deformation of type-Zq. It follows from

the universal properties of Re, and Rf_é}i'(‘l that

R@Q ~ R%u(ll Re @[I\Iz] and ng ~ p;g ® Ps.
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Suppose that %% is a field and that p : Gal(F/F) — GLQ(%' ) is a represen-
tation. For each place wtp at which p is ramified we distinguish for future reference
four possibilities for p|y:

Dipe A pllw:(l ’1‘), x F 0.
Dpe B p|1, ~ (q’ 1), ¢ a finite character.
Dpe B plr, ~ (q) o1 ) , ¢ a finite character.

Type C plp, = Indgwg\y where F,2 is the unique unramified quadratic extension

of F,, and v is a character of Gal(F, /F,») such that y|; # y"™|; | y|; has p-power
order, and det p|p, has order prime to p.

Note that Type C can only occur if the characteristic of F# is zero.
2.4. Pseudo-deformations

For our purposes, following [W2] a (2-dimensional) pseudo-representation of Gal(F/F)

into a topological ring A is a set p = {a,d,x} of continuous functions a,d :
Gal(F/F) — A and x: Gal(F/F)> — A such that

e a(o1) = a(0)a(T) + x(0, T),

e do1) = do)d(t) + x(t, O),

o x(o, T)x(e, B) = x(c, B)x(ct, 1),

e x(ot, aff) = alo)aB)x(t, o) + aB)d(t)x(c, o) + a(c)d(o)x(T, B) + dT)d)x(c, B),
e ol)=1=4d1),

® qz))=1=—dz), and

e x(0,9)=0=x(g,0) if g=1 or z.

The trace and determinant of p are
trace p(c) = a(0) + dlc) and det p(o) = «(0)d(c) — x(c, O).

Suppose that p : GalF/F) — GL,(A) is a continuous representation such that
pz) = (! _)). Write p(o) = ( ’). The fanctions a(c) = a5, d(0) = ds, and
x(0,T) = bge; form a pseudo-representation, and the trace and determinant of this
pseudo-representation are merely the trace and determinant of the representation p.
Let py be the pseudo-representation associated to the representation 1 @y (ie.,
a=1,d =%, and x = 0). A pseudo-deformation of p, is a pair (A, p) consisting of
a local complete Noetherian ring A with residue field £ (which we assumed finite)
and maximal ideal m, and a pseudo-representation p of Gal(F/F) into A such that
pmodm, = py. We often just write p to mean such a pair (A, p). A pseudo-datum for F
is a pair ZP = (@, %) consisting of the ring of integers @ of some local field having
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residue field £ and a finite set of finite places X of F containing &’ and those places
at which x is ramified. A pseudo-deformation p of py is of ype-ZP if

e A is an @-algebra and

e p is unramified outside of Z (i.e., 4, d, and x factor through Gal(Fx/F)).

It is relatively straightforward to verify that the functor Fg s from the category

of local complete Noetherian ¢7'-algebras with residue field £ to the category of sets
given by

F g ps(A) = {pseudo-deformations into A of type-Z'?}

satisfies the criteria of Schlessinger [Sch]. The only non-trivial point is the finiteness
of the tangent space, and this is provided by the following lemma.

Lemma 2.10. — Let k[€] be the “dual numbers”. Then #F o ps(k[€]) = (BK), where
4(#Gal(F(x)/F)) + 2(dim, H'(Fs/F(x), k) )* + 4.
Proof — If p ={a, d, x} € Fgys(k[€]), then
a=1+¢ea, d=y+ed;, and x = €x.

If pP = {d,d,¥} is another such pseudo-deformation, and if o € £, then
{1+ea(a +d), x+eaud +d), eafx; +,)} is in Fyy ps(k[€]). In particular F s (k[€])
is a k-space.

Let Gy, = Gal(Fz/F(x)). From the relations defining pseudo-representations
it follows that xllg xG, determines an element of Hom(Gy, Hom(Gy, £)) via
x) — {g+— x(,9}. If p is in the kernel of the Alinear map Fgyps(k[€]) —
Hom(G,, Hom(Gy, k)) given by p — x| xq,, then ailg,, di|c, € Hom(Gy, ). Thus

#Egrw(kED) < R - #{p : g, = dilo, = 2 = 0},
where
s =dim, H' (Fs/F(), &) .
Now let G = Gal(Fy/F) and suppose that p = {a,d,x} € Fgp(k[€]) satisfies

alc, = dilg, = xllci = 0. Then x)|g,xc determines a 1-cocycle G — Hom(Gy, Ax))

via g — x(-, . Moreover, this cocycle vanishes upon restricting to G,. Thus the
number of possibilities for x; |Gx><G is at most #Hom(Gy,, £). A similar argument shows
that the number of possibilities for x|, is also bounded by the same quantity. Thus

#F g (k[e]) < # )S o#{palg, = dilg, = xiloxc = Mloxc, =0}
< (#k)s +as+4-#GalF(Y)/ P
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Here we have used that for any pseudo-deformation p = {a, d, x} satisfying ai|g, =
di|c, = %1lcyxc = %1|cxc, = 0 the functions a;, d; and x, are constant on cosets of Gy
mG. 0O

There is therefore a universal pseudo-deformation (Rg ps, pgrps) of type-ZP.

Clearly, any deformation p : Gal(Fy/F) — GL,(A) of some p, with A an
(7 -algebra gives rise to a pseudo-deformation of type-(¢?, Z). Choose a basis for p
such that p(z) = (l -1 ) Write p(o) = (ig Zg) As we have previously noted,
{ a5, ds, %51 = bscr } is a pseudo-representation, and its reduction modulo my is po,
so it is a pseudo-deformation. One easily checks that it is also of type-(@7, X). The
entries of p(o) with respect to any other basis for which p(z;) = ( ! 1 ) are obtained by
conjugating the chosen basis by a diagonal matrix. Such a conjugation does not change
s, ds or bsc;. We call {ag, ds, x5« = bocy } the pseudo-deformation associated to p and
sometimes denote it by p as well. There is a unique map Rgps — A (P = (@, %))
inducing the pseudo-deformation associated to p. This argument shows that to any
deformation p of p,, where ¢ is some cocycle in H!(Fs/F, k(x~!)), one can associate a
well-defined pseudo-deformation. In particular, if & = (@, X, ¢, #6) is a deformation
datum, and if ™ = (€, %), then we obtain a unique map 4 :Ryp — Rg
inducing the pseudo-deformation associated to pg . We write o Ryps — R" for
the composition of rg with the canonical map Rg — R@ .

Let Z» = (@, %) be a pseudo-datum and let Q) be a finite set of finite places
disjoint from X. A pseudo-deformation p of type-(@, ZU Q) is of type-Z 8 if

e det p is unramified at each w € Q,
There exists a universal pseudo-deformation of type-Zq : (R, ps, p_@%} ) If @ =
Q

Q
(@,Z,c, A6) is a deformation datum, then as in the preceding paragraph there is
a unique map 7g  : R@g — Rz, inducing the pseudo-deformation associated to

P o Of course, if Q = (), then R@ps Ry s, p@g = pgps, and %o =17 -

Suppose & = (@, X, ¢, #6) is a deformation datum and &P = (@, X). The
following proposition reflects the relation of R, ps to R .
Q

Proposition 2.11. — If p C R@Q is a one-dimensional prime such that pg modp i

urreducible, and if pP* = 721 (p) CR @ps, then the canonical map R P ps R@ QP s
Q
surjective.
Progf. — As py modp is not reducible, p** is not the maximal ideal mP.

Therefore mPRg Z p. Let A = Ry Q/p and AP = R_ p/pP. Let K™ be the
Q

field of fractions of AP. The map 75 : R@ » — Ry o induces an inclusion AP*— A.
Q
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As we have observed, mP™A F 0, whence A/m™A is a zero-dimensional Noetherian
local ring with residue field £. It follows that #(A/mPA) < oo and hence that A is a
finite AP-module (cf. [Mat, Theorem 8.4]). Thus A is an integral extension of AP and
dim A” = dim A = 1.

Fix a basis of pg, such that pg,(z1) = (1 —1) and pz ,(0) = (: Z),

u € @, for some o, € Gal(F/F). With respect to this basis write pg Q((5) = (fg zg)
It is easily checked that {ag, ds, ¢s, bse: | 6,7 € Gal(F/F)} is contained in im(rg ).
Let R C R, be the subring generated by im(r) and the set {4 | 6 € GalF/F) }.
Let ' = R' Nmy . where my is the maximal ideal of Ry o Put Ry = R},. Let
p’=R'Np and py = Ry Np. It is a standard fact about localizations that p, = p'Ry.
Let A’ =R'/p’ and Ay = Ry/po.

Our first claim is that Ag = A and poR& Q= To see this, first note that there
are inclusions AP C Ay C A. Since A is a finite AP-module and AP® is Noetherian, Ay
is also a finite AP*-module as is any ideal of Ay. It follows that A; is a Noetherian ring
and that it is complete as an AP-module. Since A, is local and the radical of m™A, is
the maximal ideal of Ay, it follows that Ay is a complete local Noetherian domain. It
now follows from Lemma 2.5 that the map from Ay to Ry Q/poR@ a is surjective, so
we have Ay » Ry Q/pOR@ Q™ Ry Q/PR_@Q = A. The claim follows.

We next claim that the canonical map R, P o — R, is surjective. As

pz modp is irreducible there exists some Ty such that ¢, & ro (p*). It follows easily
that {45 | 6 € GalF/F)} € R* = imR, o R}/). Therefore the image of the

canonical map R’ — R, is contained in R*. The inverse image in R’ of the prime
pP*R* is just p’, whence localization induces a map R), — R* whose composition with
the inclusion R* — R}, is the identity map. It follows that R* = R],. As a consequence
we have p*R} = p'R},.

Combining the results of the preceding two paragraphs yields

PR 4,0 = PRz ,p = PR 5 = PR (5.

We also find that AP, A’; A; and A all have the same field of fractions, namely
K. It follows that dimgp(Re /p”*Ros op) = 1. Therefore the canonical map
§@ o — Ry o 1s surjective (see [Mat, Theorem 8.4]). O

As a corollary of this we have the following important result.

Corollary 2.12. — If Q C R s any prime such that po mod Q s irreducible, and if
Q" =15 (Q) C Ry ps, then

dim Ry /Q > dimRy /Q

with equality holding if QQ is a dimension one prime.
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Proof. — Equality of dimRg; /QP* and dim Rg /Q when Q is a dimension
one prime was shown in the first paragraph of the proof of Proposition 2.11. We
may therefore assume that Q) is a prime of dimension at least two. Choose a prime
p 2 Q of Ry having dimension one and such that pg modp is also irreducible. Let
pre = T/—g} (p). We then have

dim Ry /Q = 1+dim Ry ,/Q < 1+dimRgy p m/QP
< dim Ry /Q

with the first inequality following from Proposition 2.11. O

We now collect a few results connecting deformations and pseudo-deformations.
Suppose that A is a complete DVR with residue field 4. Let K be the field of fractions
of A, and let A be a uniformizer of A. Suppose that p : Gal(Fz/F) — GL,(K)
is a continuous representation. As Gal(Fy/F) is compact, there exists a Gal(Fy/F)-
stable A lattice L in the representation space of p. Such a lattice, being a free
A-module of rank 2, gives rise to a representation py, : Gal(Fg/F) — GL,(A) such
that pp, ®a K ~ p. It is well-known that whereas the reduction p; = ppmodA is not

necessarily independent of L, its semisimplification p;" is. We call p;’ the reduction of p.

Lemma 2.13. — Suppose that the reduction of p 1s 1 @ and that p is irreducible.
(i) There exists a Gal(Fs/F)-stable lattice L in the representation space of p such that
pLlo) = (1 xb(‘é)) Jor all o, and Py has scalar centralizer.

(i) For two lattices L, and Ly as in (i), the classes in H'(Fg/F, kx~')) of the cocycles
o — x(0)"'bio), 1= 1,2, are non-zero scalar multiples of one another.

Progf. — Choose any Gal(Fz/F)-stable lattice L and pick a basis for p;, such that
puiz) = (' _)). Write pr(o) = ( %), and let n = min ordy(bo). As p is irreducible,
(o}

n < o0o. Let L be the lattice obtained by scaling L by (7‘—” 1)' The representation

prs 1s just
_ (AT A
P = 1 PL 1/

The representation clearly has the properties desired for part (i). To prove part (ii) it
suffices to show that the representations p;, and p;, are equivalent. Choose bases for

the pr,’s such that pr(z)) = (l 1 ) As pr, ® K =~ p, there exists g € GL,(K) such that

g 'p1,& = p1,. Since g must commute with (l _1), one may assume that g = (1 a).

o do'

As abs, € A, it must be that ord,(a) > 0. As the reduction of abs is not always zero, it
must be that ordy(a) < 0. Thus 4 is a unit and p;, and p;, are equivalent. O

Write py, (0) = (“" b"). By hypothesis, there exists some 6y such that bg, is a unit.
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Corollary 2.14. — If A is a complete DVR with residue field k as above, and if (A, @) is a
pseudo-deformation of po unramified away from T for which x(0, 1) is not identically zero, then there
exists a non-zero cocycle ¢ € H'(Fg/F, k™)) and a deformation p, : Gal(Fz/F) — GL,(A)
of p. whose associated pseudo-deformation is @. Moreover, ¢ s unique up to multiplication by a
non-zero scalar.

Proof. — We need only observe that there is some irreducible representation
p : Gal(Fz/F) — GL,(A) whose associated pseudo-representation is ¢, for then the
claim follows from the lemma. Fix 6, 19 € Gal(Fz/F) such that ord, %0y, To) is minimal.
Define p by

p(G) - (x(a(o-) X(O', T())/x(O'(), TO)) .

G, O) d(o)
O

Our next result also associates deformations to pseudo-deformations. Suppose
that R is a local complete Noetherian domain with residue field £ and maximal ideal
m. Suppose that p = {a,d, x} is a pseudo-representation of Gal(Fy/F) into R such
that pp = pmodm (ie., (R, p) is a pseudo-deformation). Let p be a prime of R such
that the dimension of R/p is one. Let A be the integral closure of R/p in its field
of fractions K. This is a complete DVR with residue field a finite extension of £,
say k. Suppose that xmodp is not identically zero. By Corollary 2.14 there exists a
cocycle 0 ¥ ¢ in H'(Fx/F, kx~')) and a deformation p, : Gal(Fs/F) — GL,(A) of p,
such that the pseudo-deformation associated to p, is pmodp. We will construct a local
complete Noetherian domain R* having the same dimension as R, an injective local
homomorphism R— R, and a deformation p* : Gal(Fy/F) — GL,(R") of p, whose
associated pseudo-deformation is p. Moreover, R* will have a prime p* of dimension
one such that p = RNp* and p, = p"modp”.

Let L be the field of fractions of R. Pick o, B € m, B & p, such that o/B is a
uniformizer of A. Put R’ = R[a/B] C L. This is a Noetherian domain with maximal
ideal m’ = (m, o/B). To see that m’ is in fact a maximal ideal, let ¢’ : R’ - A be given
by ¢'( f(a/B)) = f(c/B) for any polynomial f with coefficients in R. Here the “bar”
denotes reduction modulo p. This is well-defined, for if f(a/B) = 0, then f(&/B) = 0
as can be seen by first clearing denominators and then reducing. Let p’ be the kernel
of @, and let I be the ideal of R’ generated by the set { x(c, ) }. Let {4, ..., } be a
set of generators of I taken from among the x(c, 1)’s. As p, is irreducible, the image of

I under ¢’ is non-trivial. Pick an i € {7, ..., 7, } whose image has minimal valuation
in A. Define R* by ‘

R* =R'[i\/s, ..., i,/i] C L.

This is a Noetherian integral domain with maximal ideal m* defined as the inverse
image of the maximal ideal of A under the homomorphism ¢* : R* - A given by
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f@/ty .y 4/) — f(, /1, ..., 1, /1) for any polynomial f with coefficients in R’. (Now
the “bar” denotes reduction modulo p’.) Let p* be the kernel of the map ¢*. Let
R* = R:., and let m* be its maximal ideal and p* the kernel of the induced map
R* » A. The ring R* is clearly a local complete Noetherian ring with residue field .
Moreover, the inclusion R — R is a local homomorphism. To see that the dimension
of R* is the same as that of R, observe that it follows from the construction of R*
that R}, = R,, whence

dim R* = dim R}, = dim R’. + 1 = dim R, + | = dim R.

Unfortunately, R* need not be a domain. However, since the “going-down” property
holds for the pair R:. and R (see [Mat, Theorem 9.5]), there is a minimal prime
q" of R" contained in p* and such that g* NR%. = (0) and dimR*/q* = dimR*. We
replace R* by the quotient R*/q*. This ring has all of the desired properties.

In the ring R* the ideal IR* = {7} is principal. As i = x(0y, Tp) for some
0o, T € Gal(Fx/F), one can define a representation p* : Gal(Fy/F) — GL,(R") by

a(o) X0, T)/1

0= (oo do )

The reduction of p'modm® is non-semisimple as p*(z)) = (l _1) and p*(cp) =

(* i) Thus p* is a deformation of p,. for some 0 + ¢ € H'(F5/F, ¥(x™')). Reducing

p" modulo p* gives a deformation of p, into GL,(A) whose associated pseudo-
deformation is pmodp. It follows from Corollary 2.14 that ¢ is a non-zero scalar
multiple of ¢. Thus, after possibly replacing p* by a conjugate, we may assume that
¢=¢ and p*modp* = p,.

Finally, suppose that A is an @-algebra with @ the ring of integers of some
local field having residue field # and that .Z4, Q C X are sets of finite places (possibly
empty) such that

(2.8) (i) A CI\Z consists of places w such that p, is ramified at w ;
(i) Q CZ\FP U . consists of places w at which p, is unramified.

Let £ be the field of fractions of R*. It is easily checked that if
2.9) () p* ® F |, ~ (X“’“ v ) , yumodm' =1, i=1,..,4
2i
(i) p" @ L, ~ <1 7) for all we 4, and
(ii) det p*jy, =1 for all we€ Q,
then ¢ is admissible and p* is of type-Z o where & = (@, %, ¢, #). For ease of

reference we summarize these results in a proposition.
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Proposition 2.15. — Suppose (R, p) s a pseudo-deformation of type-(C , Z). Suppose
also that p C R s a prime of dimenswn one such that x(c,t)modp s not identically zero
(p={a,d,x}). Let K be the residue field of the integral closure of R/p in its field of fractions.
There exists a cocyele 0 ¥ ¢ € H'(Fx/F, K(x™")) unique up to multiplication by a scalar, a
local complete Noetherian @ -domain R* with residue field K and having the same dimension as
R, a local homomorphism R — R* of @ -algebras, a dimension one prime p* C R extending
p, and a deformation p* : Gal(Fz/F) — GL,(R") of p. whose associated pseudo-deformation
is that induced from p. Moreover, if Q, 46 C X are sets of places satispying (2.8), and if
P'RF , L the field of fractions of RY, satisfies (2.9), then p* is a deformation of type-Z o
with & = (@", Z\QJ c, -%), with @' = @ ®W(k) W(k/)

For a finite field F, W(F) denotes the ring of Witt vectors of F.

2.5. The Iwasawa algebra

In this subsection we describe how each of the deformation rings R and Ry o
is an algebra over a certain multivariate “Iwasawa algebra”. Let L, be the maximal
abelian pro-p-extension of F unramified away from &°. Let I C Gal(Ly/F) be the
subgroup generated by the images of the inertia groups I;, ¢ =1, ..., ¢ We fix once
and for all a maximal free Z,-summand I, of I (necessarily of rank &f). Fix also a free
Z,-summand G of Gal(Ly/F) containing I (this also has rank &). Finally, fix elements
Y1, .os Y5 € Gal(F/F) whose images in Gal(Lo/F) generate Gy and for which there exist

. 7] rSF .
integers 7y, ..., 75, such that y{' s eees ygF generate I,. For each 0 < ¢ < ¢ fix once and

for all _y@, e yfz € U; (the units of F,) generating a free Z,-summand of rank ;. Put

Ao = O[Ty, .., Ts,, YV, .., YI].

The rings R (and hence the Rg,,) are algebras over A via

OTi!—adetp@(yi)—l, izl,...,SF;
YO yOh -1, wh ~ (W% ) and U, s identified with
oY’ — wy(y)—1, where pg|p, =~ o and U; is identified wit
the inertia subgroup of D?b via local reciprocity.
Suppose that & = (@ ,%,¢, #b) and &' = (@O ,%, ¢, #') are deformation
data with £ C ¥ and #' C .#6. The natural map Ry, -» Ry is a map of
A -algebras.

Each universal pseudo-deformation ring Rgps and R s is a A -algebra in a
manner compatible with the canonical maps Rg s — Rg and R, p — Ro .
Q

To see this, for each 7 = 1,...,¢ fix g € D; such that y(g) ¥ 1 and for each

J = 1,..,d let Gj@ € D, be a lift of y]@. By the choice of g the polynomial
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X2 — trace py ps(g)X + detpgy ps(g) has distinct roots in Ry ps, say a; and B; with o
reducing to x(g) modulo the maximal ideal of Rg; . (The images of o; and B; in Ry
are just the eigenvalues of pg (g)). We define a map Ay — Ry s by

L] Tl’_)detp@ps(yl)_ l, Z= l,..., 8F,

° Yj@ — (trace Pgy ps (gioj@) — o trace Py ps(c-g'l))) /B — o) — 1.

The compatibility with the Ae -algebra structure of Rg is clear. Also, if
gV = (@,%) and I = (O,%,) are two pseudo-data with Z, D X, then the
natural map Reyps — R, ps 1s @ map of Ap -algebras.

2 I

3. Nearly ordinary Hecke algebras and Galois representations

3.1. Modular forms and Hecke operators

We keep our previous conventions for the field F. We write A and Ay for the
adeles and the finite adeles of F, respectively. If G is any algebraic group over F, then
we identify G(A) with the restricted direct product of the groups G(F,) with respect to
the subgroups G(@'y,,) (for finite w), writing x,, for the w-component of x € G(A), and
similarly for G(A). For a finite place w, we sometimes write x, for x,, with p the prime
ideal of F corresponding to w. Let I be the set of infinite places of F (equivalently, the
set of embeddings 7 : F— R). This description of G(A) identifies G(F ® R) with G(R)".
We also fix an algebraic closure Qp of Q, and an embedding of Q = F into Qp.

For an ideal n of @ we define various standard open compact subgroups of
GL,(A) as follows:

Up(n) = {( }) € GL(Cr®Z):c=0 modn},
U(n) = {( }) €Upm):a=1 modn}, and

Uh) = {( 7) €Uim):d=1 modn}.

For k = Xkt € Z[I] and x € C! write & for the product I'le?. Let t = Zt. To
each k£ = Zk:t, with each £; > 2 and having the same parity as the others, we associate
quantities m, v € Z[I] and p € Z as follows:

m=k—2t
and

V=3XnT, v 20, somev; =0; m+2v=p-¢
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Let H denote the complex upper-half plane. Define j: GL,(F ® R) x H' — C! by
oo, ) = (cxzn ¥ d), oo = (% ) € GLR) = GL,F®R).

Define also an action of GL,(F® R) = GL,[R)' on H' by

i = (2.
ezt dy
Denote by z, the point (,...,7) € H.

We now recall the notion of a (holomorphic) modular form on GL,. First, for any
congruence subgroup I' € GL,(F), denote by My(I") and Si(I') the spaces of (classical,
Hilbert) modular forms and cusp forms on H, respectively, of weight & (cf. [Sh]). For
a function f : GL,(A) — C and u = us- u,, € GL,(A) = GLy(A)) - GL,(F®R) we define
Sl by

(f 1)) = flttoo , 20)™" det(ues) ™' f (gu™").

Write C, for the subgroup (R*-SO,[R))' C GL;(FQR). A function f : GL,(A) — G

satisfying f |;u = f for all u € C,, gives rise to a function f; : H — C for each
x € GLy(Ay:

J2) = jluso zﬂ)k det(uw)t_k—vf (*Uso),  Uoo(20) = 2

Let U C GL,(Ay) be an open compact subgroup. A function f: GLy(A) — G is
a modular form of weight k and level U if

« /@) =f(9) Vae GLyF),

o fliu=f VueU-.C,

® i) e MY, T, =GLFENAU-GL,FORx™', Vxe GLyA).

Such a function is a cusp form if f(z) € SiI,) for all x € GL,(A). Denote

by My(U) and S4(U) the spaces of modular forms and cusp forms of weight & and
level U, respectively. For more on such forms see [Sh] and [H1].

If U = U;(n), then My(U) and Si(U) are just the spaces My(n) and S;(n) defined
in [Sh]. For each n choose once and for all representatives ¢ € A* of the ideal classes

of F(: = 1,..,h) such that tli? =1 for each place w|Nm(np) - co. Put x; = (t(i) 1)
and write I; for the subgroup I, and for each f € M) write f; for f.. There are

h h

isomorphisms My(n) ~ [[ My(T;) and Si(n) ~ [[ SyT) given by f— (f). Each f{z) has
=1 =1

a Fourier expansion of the form f(z) = 40)+ > *a{w)e(u - 2) where (¢9) is the ideal

pe@)
of F associated to the idele ¢?, the sum is over totally positive elements of (1?), and
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K-z = ZT(W)-2;. For a ring A C G, let My(n, A) be the space of modular forms f € My(n)

such that each f has Fourier coefficients in A. Define S;(n, A) similarly. Shimura has

shown that M;y(n, A) = My(n, Z) ® A and S;(n, A) = S;(n, Z) ® A. For a ring R C —Qp

define My(n, R) and Si(n, R) by My(n, R) = M;(n, Z)®R and Si(n, R) = S;(n, Z)®R. If

R C Q as well, then this agrees with the earlier definitions, as Shimura’s result shows.
From now on we require each U to satisfy

U= ][] U., U, C GL,(OF ).

wt oo

We also require that Un) C U C Uy(n) for some n.

Next we recall the connection between modular forms on GL, and automorphic
representations of GL,. For details and definitions the reader should consult [De],

[Ge], and [J-L]. Let ./@,? be the space of all cusp forms on GL, (over F, of course)
of weight k. The group GL,(A)) acts on 4, via (¢f)(x) = f(xg). Under this action .4,
is an admissible representation of GL,(A,. Moreover, ./62 decomposes into a direct
sum ./62 = @V, where, for each m, V; is an irreducible admissible representation
of GL,(Ay (w?lich we often denote just by m), and the Vj are all non-isomorphic. For
an open subgroup U C GL,(OF ® Z) let TI(U) = {n| V5 % 0}. Clearly the space

(43) Vg is just Sy(U). We recall that each © € ITi(U) can be written as a restricted
nell,(U)

tensor product © = @ m, where v runs over the finite places of F and each w, is an
irreducible admissible representation of GL,(F,). Let V; = ®Vy , be the corresponding
tensor product decomposition of Vy. Clearly Vy = ®Vz”v. It follows from the theory

of newforms that dim V:” =1 for each place v for which U, = GLy(O,,).

s 7

For each g € GL,(A)) define a Hecke operator [UgU’] : My(U) — My(U’) by

(3-1) [UgUl /@ =) flxe ), Ugl'=ULUg

Of course, [UgU’] maps Si(U) to Sy(U’). For each prime ideal £ of F choose an
element AY) € @ ® Z such that }»%E) is a uniformizer of @5, and 7\.5,[) =1 for p F ¢.
If plp then we require that AY also be an element of @ such that y(AP) # 1 and
that AY € O, for each p’[p but p’ F p. (For y € F we define x() to be the value
obtained from composing x with the local reciprocity map F; — Gal(Ff}b /F;).) Denote

4
by T(¢) and S(¢) the operators [‘U(l A(Z))U] and [U<)”() l(e)>U], respectively.
These operators commute one with another. Moreover, it is easy to see that T(£) and
S(¢) are independent of the choice of A®) if U, = GLy(@% ¢). Also, if V C U and if
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GLy(@'k,¢) = Vi = Uy, then the inclusion My(U) C My(V) respects the actions of T(¢)
and S(¢).

If U= U(n), then T(¢) and S(¢) (for £ { n) are just the Hecke operators defined
and so denoted in [Sh]. These operators stabilize each My(n, R) and Si(n, R).

As S{(U)= @ Vy we find that the Hecke operator [UgU] stabilizes each Vi,

rell(U)
the action being given by
(3.1) [UgUlx= > n(g ')x, x€ VY, UgU=UUg.

&
For each place v let g, be the s-component of g. Under the tensor product decomposition

Vy = ®V,[t{”v, [UgU] decomposes as [UgU] = ® [U, g, U,] with [U, g, U,] € End(V:i"v)
being given by

UgUlx= S m@ ), xeVy, UgU, =UUk
hy

3.2. Nearly ordinary Hecke algebras

Keeping the conventions for U introduced in the preceding subsection, for each
positive integer a define U(a), U,, and U, by

UY=UNUypY), U.,=UnNU@pY, and U, = UNUEY,

respectively.

Suppose that U, = GL,(@'5,,) for each u|p. There is an action of the group
GU,) = UY. @F/U,- @F on M{U,) with x -y acting via the operator (UaU,) =
(@) ™) [UxU,] where x= (¢ ) € U and y € & Here @ : Gal(F*/F) — F~
ivs[ﬁ the Teichmiiller character, and ®(a,) is defined by composing w with the global

reciprocity map taking 77, to the inertia group of » in Gal(F**/F). Recall that we
have fixed an embedding of F into Q[), so o, which a priori takes values in Q7, can

. . . =X
be considered as taking values in F .

Let () = p,,..,p, be the prime factorization of (§) in F with p; the prime
corresponding to the place v,. For each =1, ..., ¢ define an operator Ty(p;) on MU,

by To(p) = )"V T(py). Define an operator To(p) similarly by To(p) = p“’[Ua< ‘ T))Ua]
where , = p if o|p and p, = 1 otherwise. Note that To(p) differs from l_t'[lTo(pi)ef by

multiplication by some A - [U, ! U,] where ord (A) =0 and ¢, € @}, for each p;.
P Y e p; Pi F, p;
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As discussed in the previous subsection, these operators act on each Vg",
n € MU,). If VC U and if V, = GLy(O%,,) for each up, then the inclusion
M;(U,) € My(Vy) (b > a) is compatible with the natural homomorphism G(V;) —
G(U,) and with the actions of Ty(p) and the Ty(p,)’s.

Let k£ = Tkt with each & > 2. Let © € IT(U,). Suppose that o|p and that p, is
the corresponding prime ideal. It is an easy consequence of the classification of local
automorphic representations that if there exists a line in V," on which Ty(p,) acts via
an element of F that is a unit in the ring of integers of (_lp via the fixed embedding

F— Q, then the line is unique. Call such a line v-good. A v-good line exists if and
1

D] .
) or a special

1
only if m, is either a principal series representation w(n,| - |, *, &, - |
1

1
representation w(&,| - |, %, &|-|7) such that in either case A;VE,(A, ') is a unit in the ring
of integers of Qp (cf. [H3, Corollary 2.2]). Here A, is the uniformizer of @'y, chosen
in the definition of Ty(p,). The representation w is said to be nearly ordinary if a v-good
line exists in Vg , for each v dividing p. Similarly, a newform f € S(U,) is called nearly
ordinary if the corresponding automorphic representation 7, is nearly ordinary. Let

v

H,frd(Ua) C I(U,) be the subset of nearly ordinary representations. A representation
T € l'[,c:rd(Ua) is said to be ordinary if &, is unramified at v for each o|p. Similarly, a
newform f € Si(U,) is ordinary if the corresponding automorphic representation is
ordinary.

Fix an identification of C with Q, extending the fixed embedding of Q into
— U
Q,. For each n € (U, let wn) = Qur,s) € @V,"" be a vector such that

w(r, v) spans a v-good line for each u|p. Each w(m) is an eigenvector for the Hecke
operators To(p;) for i =1,...,¢, To(p), T(£) and S(¢) for each prime ideal ¢ { p for which
Uy = GLy(C'r,¢), and for each element of G(U,), and the corresponding eigenvalues are

integers in Qp Let S;(U,) C SiU,) be the subspace spanned by the w(r)’s (recall that

SU,) = g}(U )V,[IJ"). Let Ty(U,) € End(S;(U,)) be the subalgebra generated over Z,
nell(U,

by the aforementioned Hecke operators. The ring Ty(U,) is a finite, flat, commutative,
reduced Z,-algebra. In fact, we have an injection

T(U)— I Q.

nel?™u,)

Note that the definition of TyU,) is independent of the choice of the w(m)’s. Also, if
V D U is another open compact subgroup, then there is a canonical homomorphism
Ti(Vs) — TiU,) (b > a).
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For @ the ring of integers of some finite extension K of Q,, put T(U,, @) =
Tk([ja) ®Zp @ . Put also

T..(U, @) = lim Ty(U,, &).

Suppose £ is parallel (i.e., v = 0). We now give an alternate (but equivalent)
definition of Ty(U,, ). As we shall see, both definitions will have their uses. Let 'fk(Ua)
be the subring of End(M(U,)) generated over Z by Ty(p,) for : = 1,...,¢, To(p), the
action of G(U,), and by the operators T(¢) and S(¢) for each prime ideal ¢ { p for which
Uy = GLy(@5,¢). Let T;(U,) be the quotient ring obtained by restricting the action
of the Hecke operators to the space Si(U,) of cusp forms. These rings are finite, flat,
commutative Z-algebras. Put TyU,, @) = T(U,) ® @ and T;(U,, @) = T;(U) @ @
with @ as in the preceding paragraph. For all sufficiently divisible integers m, the
operator ¢ = lim Ty(py"?" ! exists in Tk(Ua, @) and is independent of m. Moreover,

n—o00

¢ is an idempotent. Put T(U,, @) = ¢T;(U,, @).

That this definition of TyU,, @) yields the same ring as did the previous one
can be seen as follows. The ring T;(U,, @) is the subring of End(Sx(U,)) generated
over (@ by Ty(p;) for : = 1,...,¢ To(p), the action of G(U,), and by T(¢) and S(¢) for
each £t p such that Uy = GLy(@'r,¢). In particular, ¢ is identified with an idempotent
in End;(S¢(U,)) and ¢T;(U,, @) is just the image of T;(U,, @) in End;(eSi(U,)). Write

eSi(U) = D eV}f“. From the definition of ¢ we have that eV,I[j“ =0ifn¢ l'[:rd(Ua)

nenk(Ua)

and that if 7 € IT;"(U,) then Vit = {x = ®x, : x, spans a v-good line Vo|p }. It is now
immediate that ¢T;(U,, @) agrees with the first definition of T,(U,, @).

Let G(U) = lim G(U,), where the transition maps are the maps induced from the

a

inclusions U) C UY, a > b. There is a homomorphism @ [G(U)] — To(U, @). Put
U=Un@y, U=uUn@Ay, zu)=U.@x/U. o5,
and

Z(U) = lim Z(U,).

a

The map (? Z) — (E)(a_ld)v, a) induces isomorphisms

G(U,) ~ (Os/p)* x Z(U,) and G(U) =~ (O @ Z,)* x Z(U).
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For (y, 1) € G(U) we write T, for the corresponding Hecke operator. Similarly, we write
S, for the operator corresponding to (1, x) € G(U). Let

% =17%,C(Or®2) =10%,

where %, C O ? . is the subgroup of units congruent to one modulo z;. Let yj@ € %

r s
be as in §2.5. Let xy,...,x5, € Z(U) be the images of yfl,...,ygFF, respectively, via the
global reciprocity map (for the definition of y; and r; see §2.5). The x’s generate a
maximal Z,-free direct summand of Z(U). The ring T.(U, ) is an algebra over the
ring Ay = O [Xi, .., Xop, Y1, .., Yo]| via X;— S, — 1 and Y — T - L.
J
The principal goal of this subsection is to show that T (U, €?) is a finite, torsion-

free Ay -module. We only prove this for F having even degree, although the result is
true in general. Our proof involves analyzing modular forms on a twisted-form of GL,.

Suppose that F has even degree. Let D be the unique quaternion algebra
over F ramified at every infinite place and unramified at all finite places, and let
R be a maximal order of D. Let G be the unique algebraic group over F such
that GP(F) = D*. Let vp : GP — G,, be the reduced norm. For each finite
place v fix an isomorphism R ® @5, >~ My(@5,,). This induces an isomorphism
GP(A) ~ GL,(A) which we use to identify these two groups. For each open compact
subgroup U C GL,(A) put

FPU) = {f:D*\G"A)/U — C}.

Note that DX\GP(A)/U is a finite set.) We distinguish a subspace
M) gu P

I°(U) = {f € FP(U): ffactors through G°(A)/U —V—D—+(Af)x/vD(U) }.

For any g € GP(A) ~ GL,(A) there is a Hecke operator [UgU’] : #°(U) — FP (U
defined as in (3.1). It is easy to see that [UgU’] maps IP(U) to IP(U’). A theorem

of Jacquet, Langlands, and Shimizu [J-L], [Shi] states that there is a system of
isomorphisms

SP(U) = ZP(U)/1°(U) = S,y(U)

compatible with the action of the Hecke operators [UgU’]. Thus T3(U,) can be

identified with the subring of End(SP(U,)) generated over Z by To(p), To(p;) for

i=1,..,t, GU,), and T({) and S(¢) for all prime ideals ¢ for which Uy = GL,(O5, ).
Put X(U) = D*\GP(A/)/U, and define

H'X(U), Z) = { f € #°(U) taking values in Z }.
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This is a free Z-module of rank equal to #X(U). For any Z-module R, put
H°X(U), R) = H'X(U), Z) ® R. Note that H’X(U), C) = #P(U). The action of
[UgU] on H'X(U), C) stabilizes H'(X(U), Z) and hence induces an action of [UgU]
on H'X(U),R) for any Z-module R. If R is an ¢@-module then the operator

e = lim[U,,(1 };)Ua]/’"(”m_l) exists in End, (H°X(U,), R)) for sufficiently divisible m.

Moreover, e annihilates I°(U,, Z) ® R, where I°(U,, Z) = { f € I°(U,) taking values
inZ}.

Let T(U,, @) be the (7-subalgebra of End, (H'X(U,), @)) generated over @
by To@), Top;) for : = 1,...,¢, G(U,), and T(¢) and S(¢) for all prime ideals ¢ { p
such that Uy = GL,(@'y,¢). It follows that To(U,, @) can be identified with ¢T(U,, @)
(equivalently, with the image of T(U,, @) in End, ((HX(U,), @))). Put

Hoo(U) = lim eH'(X(U,), K/ ).

(K is the field of fractions of €@'.) This is a To(U, @@)-module.

For any open subgroup U put U = U/UnF*. For each x € GP(Ap) put
culx) = #{u € U | xu = x}.

Let R be any ¢@'-algebra. If each cy(x) is invertible in R, then define a pairing

(, Ju: H'X(U), R) x H'X(U), R) — R

(fgu= D |ev@®" fx)g).

x€X(U)

This is a non-degenerate pairing, and the map f —— ( f,-)u determines an
isomorphism H°X(U), R) ~ Hom, (HX(U), R), R) that is functorial in R.

The pairing ( , )y is not Hecke-equivariant, but a straight-forward calculation
shows that

([UgULf, Ay = (f, [Ug 'Ulhy

for any ¢ € GP(A). It follows that for each ¢ € T(U,, @) there exists * €
End,, (H'(X(U,), @)) such that (£, hyy, = (f, £ - Ky, for all £, h € HUX(U,), @).
Let T*(U,, @) C EndH’X(U,), @)) be the (?-subalgebra generated by {¢ :
t € TU,, @)}. Clearly the map ¢ — " determines an isomorphism of ¢7-
algebras T(U,, @) ~ T*(U,, @). For any @-module R write H'X(U,), R)" for the
T(U,, @)-module whose underlying ¢@-module is just H(X(U,), R) but the action
of t € T(U,, @) is via ¢'. It follows that the pairing (, )y, induces a perfect
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pairing (, )y, eH'X(U,), R) x eHX(U,), R)* — R of Ty(U,, @)modules. Put
HY(U,) = lim H'X(U,), K/&)".
If V C U is any subgroup, then we define a trace map tr(V, U) : H'X(V), R) —
H’X(U), R) by
oV, U)f=> fl ), UT=UVx

If V=V, and U=1U, (b > a) then it is easy to see that this is independent of the
chosen coset representatives and that it is compatible with the actions of ¢ and ¢
for t € Ty(V, @). The pairings ( , )u and (, )y satisfy the following compatibility
whenever they are both defined: the diagram

(, Ju:H'X(U), R) x H'X(U), R) — R
| [ (v, 0 |
(, )v:H'XV), R) x HX(V), R) — R

commutes. Since ¢y, (x) = 1 for all x if a is sufficiently large, it follows that by putting

M, (U) = lim eH’X(U,), @)*,

where the transition maps are just the trace maps tr(U,, U,) (b > a), we have an
identification of T (U, @')-modules

Ma(U) = lim Hom,, (H'X(U,), ©), )
~ lim Hom,, (H'X(U), K/€), K/6)
~ Hom,. (im H'(X(U,), K/ ), K/©)
= Homy, (H(U), K/©),
the Pontryagin dual of Ho,(U). Putting
M2(U) = lim HOX(U,), @)

we obtain a similar identification of M (U) with the Pontryagin dual of H?_(U).
The following proposition is due to Hida [H2, Theorem 3.8].

Proposition 3.3. — If the action of every element of U/UNF* on D*\GP(A) s fixed-point
Sree, then M (U) and M__(U) are free Ay, -modules of rank equal to

0 0 order of the torsion
rank@’ eH O((Ul)> @7) x ( subgroup of G(U) )
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Proof. — We first claim that the Pontryagin dual of H°X(U,),K/@) is
a free @[G(U,)]-module of rank equal to the @-rank of the Pontryagin dual
of H'X(UY), K/@). Clearly, it suffices to prove the claim without having ap-
plied the operator ¢, in which case it is a simple consequence of the fact that
HO(X(U)), K/@) = H'X(U,), K/@)%V2 and that #X(U,) = #X(U") x #G(U,), the
latter equality a consequence of the assumption that G(U,) acts freely on X(U,).
The assertion of the proposition for M (U) will follow if we can establish that
HX(U)), K/@) = H'X(U)),K/@), for then we will have that the dual of
H'X(U,), K/@) is a free @ [G(U,)]-module of rank equal to the @-rank of the
dual of H(X(UY), K/¢@) which in turn equals ranke H'(X(UY), @). Now, if a > 2,

then US(* S JUD = UE(1 5 UL s0 Tul - HOGK(UD), K/69) € HUK(ULL,), K/69),

whence eH'X(U)), K/@) = eH'(X(UY), K/) as desired. The same argument applies
to the Pontryagin dual of eH'(X(U,), K/@)" yielding the assertion of the proposition
for M!_(U). O

Corollary 3.4. — For any U, T (U, @) is a finite, torsion-free Ay -module. In particular
T (U, @) is a semilocal ring complete with respect to its radical.

Proof. — Choose a prime ¢ of F for which V = U N UE) is such that
V/V N F* acts freely on D*\GP(A/). The existence of such an ¢ is proven in
Lemma 3.5 below. The induced map M (U)— M(V) is compatible with the action
of T (V, @) and hence is a map of A -modules. As M (V) is a free Ay -module
by Proposition 3.3, M,(U) is a finite, torsion-free Ay -module. As there is an injection
TU, @)— EndA,@ M, (U)), the same is therefore true of T (U, @). O

Lemma 3.5. — If £ + 6 is an unramified prime ideal of ¥, then U()/U()NF* acts freely
on D*\GP(A).

Proof. — If 8x = xu for some & € D*, x € GP(A), and « € U((), then & € T,
where T, = D* NxU(f)x~!. We claim that I,/T, NF* has finite order. To see this, note
that the canonical injection i : DX /F* — GP(A)/A* identifies D*/F* with a discrete
subgroup of GP(A)/A*. Now let V= GPR @ F)/(R ® F)* x (xU(€)x~'/UE) N (Ap*).
This is a compact open subgroup of GP(A)/A*, so W = V Nim() is a finite group,
and it is clear from the definitions that I',/T, N F* — W. This proves the claim. Thus
some power of § lies in F*, and the same is true of u. By the choice of £, u must
itself be in F*. O

Corollary 3.6. — Let M be the exponent of the torsion subgroup of D* /F*. If {£\,... €}
is a set of unramfied primes of ¥ such that

(@) £;16 and Nm(€) — 1, M) = 2" for each i,
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(i) for each y € O'F that is totally positive some £; does not split in ¥(n/—y),
then Uy(€y ...4,) / Uy(ly ... £) NF* acts freely on D*\GP(A)).

Proof. — If 8x = xu for some & € D*, x € GP(A), and u € U;(¢, ...£,), then
&x = xut for e = ﬂ(Nm(f,) — 1). Since & € U(¢,; ...£,) it follows from Lemma 3.5 that

' € F*, and therefore & € F*. It then follows from our hypotheses on ¢; that 8 € F*
for some 7. If r = 0, then 3, u € F>< We may therefore suppose that r > 1 but that
8" ¢F< Put y=8" and @ =4’ Then vy, ® ¢ F*, but ¥, ? € F*. Let a and B
be the eigenvalues of 7. As (ot/ |3)2 = 1 it must be that either a =B or a = —B. f . = B
then y € F* since 200 = o+ B € F. Therefore o = —B. Note that det(y) = off must be
totally positive. Since o and B are also the eigenvalues of ® and since ® € U,(¢; ... £))
we find that o and P are in F,, for each 7 and that af € @'§. Therefore each ¢; splits

in F(/—aP) = FW/0?2), contradicting our hypotheses. O
Suppose A : T (U, @) — Qp is a homomorphism of @-algebras such that
= Azw) and @ = Al @ yez,< are finite characters. (Recall that we have identified
G(U) with Z(U) X (@ ® Z,)*.) It is not difficult to deduce from the definition of
T (U, @) that A factors through some Ty(U,, @) and hence corresponds to some
n € My(U,). That is to say, there exists a unique © € M3*(U,) and an eigenvector

v € V}tja for To(U, @) such that the eigenvalue of each ¢ € T (U, @) acting on v,
viewed as an element of Qp is just A(f). The existence of such a m follows from the

ord

definition of Ty(U,, @). It is also easy to see that any © € II, (U,) determines such

a homomorphism A. Therefore there is a correspondence between homomorphisms

as at the start of this paragraph and nearly ordinary automorphic representations

T E Ungd(U,,). This correspondence generalizes to other weights £ as summarized in
a

the following remarkable result of Hida [H2, Corollary 2.5].

Proposition 3.7. — If A : T (U, @) — Q is an @ -algebra homomorphism such that
Mz = wet, w > 0, with y and © = A yoz,x finite characters, then there exists a nearly
ordinary automorphic representation T of weight k = (W+ 2) - ¢ for which M(T'(€)) and MS(¢)) equal,
respectively, the eigenvalues of T(€) and S(f) acting on the newform associated to ™ for all prime
ideals £ 1 p for which Uy = GL,y(O%,¢).

Here, as in the preceding section, € denotes the cyclotomic character giving the
action of Gal(F**/F) on the Z,-module lim Ky, My being the group of p'th roots of

unity. The character € factors through Gal(F?/F) where F¥ is the maximal abelian
extension of F unramified outside of those places dividing p and oco. Global reciprocity
determines a homomorphism Z(U) — Gal(F¥ /F) via which we view € as a character

on Z(U).
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We continue to assume that the degree of F is even. A prime P of T, (U, @)
that is the kernel of a homomorphism as in Proposition 3.7 is called an algebraic prime.
The associated element £ = m + 2t € Z[I] is called the weight of P. For an algebraic
prime P of T.,(U, @) there are finitely many homomorphisms A : To,(U, @) — Q
whose kernel is P since T, (U, @)/P is a finite extension of @. Let .7 (P) denote
the set of such homomorphisms. The set of algebraic primes of T (U, @) is Zariski
dense, as the following lemma shows.

Lemma 3.8. — Let Q be a mimimal prime of To(U, @) and let % (Q) be
the set of algebraic primes of weight 2 containing Q. The set & (Q) s Lanski dense in
spec(T (U, @)/Q).

Progf. — By Corollary 3.4, T (U, @)/Q is an integral extension of Al . Call
a prime p C Ay algebraic (of weight 2) if it is of the form p = Ay NP for some
algebraic prime P of T, (U, @)/Q of weight 2. The algebraic primes of A); are just
those corresponding to kernels of homomorphisms Ay, — Q, sending 1+YJ@ — (pgyj(-l))
and 1+ X; — y(x;) for finite characters ¢ and y of (¢ ®Z,)* and Z(U), respectively.
That such primes are Zariski-dense in spec(Ay ) is immediate. O

Corollary 3.9. — Let Q be a mimimal prime of To(U, @). If V 2 U s such that some
A € F (P) factors through the map T (U, @) — T (V, @) for all P in a subset of & (Q)
that is Zariski-dense in spec(To(U, @)/Q), then Q s the inverse image of a minimal prime of
TV, @).

3.3. Hecke algebras, representations, and pseudo-representations

In this subsection we assume that F has even degree. Let U C GL(@fF ® 2)
be as in the preceding subsection. Write n for the product of those prime ideals ¢
for which Uy ¥ GL,(@'F,¢). Suppose that £ = k- ¢ with ¥ > 2. Let ® € Hzrd(Ua)
and let A : Ty(U,, @) — Qp be the corresponding homomorphism. Suppose that & is
ordinary. In [W2] it was shown that there exists a continuous, irreducible representation

pr : Gal(F/F) — GLQ(@) such that
Pr(z1) = (] —1)

Pr i1s unramified at all primes ¢ { np
trace pr(Frob,) = MT(¢)) for all £ t np
det pr(Frob,) = A(S(¢))Nm({) for all £ { np
det pr(x) = A(S,)e(x) for all x € Z(U)
(@)
* prlp, = ("’1 (,.)) with y)(3) = M(T,) for all y € @,
\'D) o
and W) = MTo(p)) for all i = 1, ...,

(3.2)
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ord

Now suppose that & is any element of IT, (U,). Given any finite set S of finite places
of F distinct from those dividing p, there exists a finite character y unramified at S
and such that © ® y is ordinary. The representation pp = (prgy) ® ¥ is independent
of y, and by varying S one finds that (3.2) also holds for this py.

Now, for any representation p : Gal(F/F) — GLQ(Q—P) and for any finite place
v+t p let m(p) be the automorphic representation of GL,(F,) corresponding to p|p, via
the local Langlands’ correspondence (see [Ca] and [Ku]) normahzed as in [C]. So,

in particular, if p|p, ~ (” ! :2) then m,(p) = m(u; |- |, 2, 1y '| - |, ). For any ordinary
representation T € I1"(U) it was shown in [W2, Theorem 2.1.3] that T,(Pr) =~ T,. Now
suppose that 7 is any element in TI"(U) and that y is a finite character unramified

at v such that ® ® y is ordinary. It follows from the preceding observations that
T, Q VY, = (MO V), ~ T(Proy) = T(Pr @ ¥ ') = n,(pr) ® y,. We therefore have that

(3.3) T, ~ m(pn), 7 ETU), v1poo.

The representation p; can be generalized as follows. Suppose that Q is a prime
of Too(U, @). Let R = T(U, @)/Q and let L be the field of fractions of R. Note that
R is a complete local domain. Hida has shown that there is a continuous, semi-simple
representation pq : Gal(F/F) — GL,(L) such that

(34) O pale)=(" 1)
(i) pg is unramified at all primes £ { np
(iti) trace po(Frob,) = T(¢)mod Q for all £ { np
(iv) detpq(Frob,) = S(¢) Nm({)mod Q for all £ {np
(v) detpg(x) = S, g(x)mod Q for all x € Z(U)
(1)
vi) pglp, = (wl (i)> with \pQ ) = T,modQ for all y € Oy ,
D) !

and WO") = To(p)mod Q for all i = 1,...,1

By pqo being continuous we mean that there is a finitely generated Gal(F/F)-stable
R-module .4 in the underlying representation space of pg such that Gal(F/F) acts
continuously on .Z4. We give a proof of the existence of pg in the next few paragraphs.

If Q is an algebraic prime of weight 2, then the desired representation follows
immediately from the existence and properties of the representations pg. For let
A € F(Q) and let © be the automorphic representation corresponding to A. The
homomorphism A : T(U, @) — Qp determines an embedding R — Qp which
extends to an identification of L with Q/}. Under this identification we may take
Pq = pr. Properties (3.4i-vi) follow from (3.2).

Suppose now that (Q is a minimal prime. Using Lemma 3.8 one then deduces
the existence of pg as in the proof of [W2, Theorem 2.2.1]. Of the properties of pg



40 C.M. SKINNER, A]J. WILES

listed in (3.4) the only one that is not immediate from the construction is the final
one concerning the restrictions pg|p,. This can be deduced from the corresponding
properties of the pp’s, P an algebraic prime of weight 2, as follows. First, arguing as
in the proof of [W2, Lemma 2.2.4] shows that the semisimplification of pg|(p, is the
sum of two characters W(f) and \y( with \|I (y) T, for each y € @ ,. Moreover,

we may assume that )|1 F \|I>|1 for otherwise there would be nothing to prove.

Choose 19 € I, such that \y(f) ‘ro =|= \|12 1:0 Let 4 C %°(Q) be the Zariski-dense
subset of primes P for which \|ll (to) ¥ \|l (1:0 ymod P. Choose a basis of pQ such that

pof) = (* ) and palp, = (¥ ) with cither 11 = i or 11 = wi. If palp, is
split, then property (vi) is immediate, so assume otherwise. Let 6y € D; be such that

po(oo) = (* ) with by % 0, and let g € Gal(F/F) be such that pofeo) = (i ) with

0 *
6 ¥ 0. Let R C L be a finite integral extension of R containing o and B. Let %/
be the set of primes in R consisting of those primes P such that PNR is in Y . Let
& C % be the subset consisting of primes P such that bycy € R~ The set & is
non-empty. For each P € & it is not difficult to see that pg = (1 bo) pQ(1 b—l)

0
takes values in GLQ(ﬁ;). As péIDl_modf’ is nonsplit for each prime P € & it follows
that for P € & , xlmodf’ = \v(pmod P. Since W(Q') F w(ll)modf’ and either x; = \y(f) or
wg) we conclude that Xl = \vf Note that arguing again as in [W2, Lemma 2.2.4]
shows that either \V(QZ)(LP ) = To(p;)mod Q or \y (?\,p ) To(p;) mod Q. Arguing as before
shows that the former must hold. This proves property (vi).

Note that the representation pg gives rise to a pseudo-representation into
R = T (U, @)/Q. This is just the pseudo-representation associated to pg (cf. §2).
For a non-minimal Q' C Q) the representation pg can be constructed in the usual
way (cf. end of the proof of [W2, Lemma 2.2.3]) from the pseudo-representation into
T, (U, @)/Q’ obtained by reducing modulo Q’ the pseudo-representation associated
to pg. The only property that is not immediate is (3.4vi). For this we note that if pg is
reducible then there is nothing more to prove (as one of the characters has the desired
property), so assume that pq, is irreducible. Let R be a finite integral extension of R
containing the values of \V(ll) and \,;‘2’), and let Q' be an extension of Q' to R. It is easy to
see that the semisimplication of pq|p, is the sum of the characters W(() and \V(Ql) modulo

Q If \|ll) = @mod Cl’, then there is nothing more to prove. If \y(ll) = \|l(21)mod Q, then

(1) =
for a suitable choice of basis pg takes values in R~ & and satisfies pg|p, = (Wl (i)).
Y2

Reducing modulo Q' yields the representation pg. Property (3.4vi) is now immediate.
Suppose now that m is a maximal ideal of T (U, @). Patching together the
pseudo-representations for the various minimal primes () contained in m yields a
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pseudo-representation p2°? into T, (U, @), (here we have used the fact that T.,(U, @)
is reduced) satisfying

(3.5) (i) p™d is unramified at primes £ f np,

m

(i) trace pm°4(Frob,) = T(¢) for all £ t np,

m

(iii) detpmd(Frob,) = S(¢)Nm(¢) for all £ { np.

m

Let y and £ be as in §2. Henceforth @ is the ring of integers of a finite extension
of Q, having residue field £.

A maximal ideal of T (U, @) is permissible if m N @ [[G(U)] is the maximal

ideal corresponding to the character G(U) — Z(U)m k, if m contains Ty(p,) — 1 for
each : = 1,...,¢4, and if pn, >~ x @ 1. Such a maximal ideal, if it exists, is unique. For
this reason we will drop the subscript m from the notation for p™“ whenever m is
permissible.

Suppose that m is a permissible maximal ideal of T (U, @). The ring
T (U, @), is an algebra over Ap via 1 +Yj@ — Ty(? and 1+T; — detp™d(y). The

homomorphism Ay, — Ap determined by 1+ X; — (1 + Tj)pgs(yj»_p j) is compatible
with the Ay -algebra structure of T (U, @), and makes Ax a free Ay -module of
rank 7 = Zr;. Consequently, we obtain the following lemma.

Lemma 3.10. — If m is a permissible maximal ideal of Too(U, @), then

(1) Too(U, @)y is a torsion-free, finite Ao -algebra,

(i) for U satisfying the hypotheses of Proposition 3.3, Moo(U)w and M (U)y, are free
A -modules of equal rank.

Let X be the places of F for which U, ¥ GLy(@'s,,) together with o,...,7. If

m is a permissible maximal ideal of To (U, @), then it is easy to see that p™! is a
pseudo-deformation of type-Z? = (7', X). Consequently, there is a map

(3.6) R@ ps — Too(U, @)m

inducing p™d.

Lemma 3.11. — Suppose that m is a permissible maximal deal of T(U, @). If S
is any finite set of primes of ¥ containing all those for which Uy ¥ GLy(O'5,¢), then the ring
Too(U, @)y, is generated over A by the operators { T(£), S(¢): £ ¢S }.

Proof — Let TS C T,(U, @), be the subring generated over As by
{T(), S): £ £S}. Note that T® is a local, complete A -algebra. Let p™* =
{ (o), d©), x(c,7)} and let £=SU{,...,s }. The pseudo-representation p™ factors
through  Gal(Fg/F). Since  Gal(Fy/F) is  topologically  generated by
{Frob, : £ ¢ =} and since trace p™ and detp™ are continuous maps, it follows
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that T® contains trace p™4(c) and detp™%(c) for every 6 € Gal(F/F). It remains to
show that T® contains T, for each y € (O ®Z,)* as well as Ty(p,) for each i = 1, ...,
Let g € D; be such that x(g) ¥ 1. Let o; and B; € TS be the roots of the

polynomial X? — trace p™(g)X + detp™(g) with o; reducing to 1 modulo m. One
then has

T, = B; — o) (B;trace p'“"d(cy) — trace pm°d(gi6])) eTs

for y € @ ,, where 6, € D; is any lift of the element of Gal(Fi:) /F,) corresponding to
y via local reciprocity. Similarly, one also has

To(p) = (B; — o) (Bitrace p™°%(t) — trace p™(g)) € T

where 1T; € D; is any lift of an element of Gal(FZL:) /F,) corresponding to (k;zi)). These
expressions for T, and Ty(p;) can be checked for each pg, Q a minimal prime of
To(U, @), using (3.4). O

Corollary 3.12. — If V C U, then the natural map T.(V, @)y — T (U, @), is
surective.

Corollary 3.13. — The map (3.6) s surjective.

We conclude this subsection with a few results about the “level” of a prime of
T (U, @). The first of these is a generalization of Carayol’s &, ~ n(c,) result (see [C]).
Indeed, its proof boils down to Carayol’s result as generalized in [W2]. For w a finite
place of F write ¢, for the prime ideal of @' associated to w and write A, for the
Sylow p-subgroup of (@'g/€,)*.

Proposition 3.14. — Let w1 p be a finite place of F. Suppose that U C GL,(O'r @ 2) s

such that U, 2 {(Z Z) € GLy(@r,0) i c,a— 1 € £} for some s. Given a minimal prime
Q C T (U, @) there exists a subgroup V 2 U such that Q s the inverse image of a prime of
To(V, @) and V satisfies

(1) of pq s unramified at w, then V 2 GLy(O'y, ,);

£y
(ii) of pq s type A at w, then V 2 (2’ z) € GL(Cr..) ¢ € };

amod/, € A,
(it} if pq is type B at w, then V2 { (¢ }) € GLy(@r):a—1,c€ f;}, where €,

is the conductor of & = detpqlr,;

(v) of pg s type C at w, then V 2

—— —N

(¢ 4) eCL(Cr)a—1,c€ f‘i}.
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Proof. — Recall that types A, B, and C were defined in §2.3. We first claim
that for P € #°(Q) the representation pp is of the same type at w as pg and that if
pali, = (' 4) with cond,(@) = £ then pely, = (/) with cond,(¢) = £, as well.
In light of Corollary 3.9 it then suffices to show that some A € F# (P) factors through
T, (V, @) for some V as in the statement of the proposition.

To prove the claim, first assume that pg is unramified at w. In this case it is
obvious that each pp, P € #'(Q), is also unramified at w. This can be seen, for
instance, by observing that the pseudo-representation associated to pq is trivial on I,
and hence the same is true of the pseudo-representation associated to pp. As pp is
irreducible, this forces pp to be trivial on I,. Next assume that pgy is type A at w.
If P € & (Q), then it is easily deduced that the semisimplification of pp|p, is just
Y @ ey for some character y unramified at w. If pp|p, were unramified then this
would contradict (3.3). Therefore, it must be that pp|p, is ramified, and it follows from
the description of its semisimplification that it must be of type A. Now suppose that
pq is type B at w. Write pgly, = Wiy, @ 1 with y; of order prime to p and y, of
p-power order. Note that cond,(yy,) = max(cond (y;), cond, (y;)) and that both y,
and , take values in T(U, @)/Q, It follows that pp|;, ~ (y1yymodP)® 1. As p ¢ P
one sees that cond,(y;y, modP) = max(cond, (y;), cond (o)), proving the claim in
this case. The remaining case (i.e., pg being of type C at w) is proved similarly.

Now let P € #°(Q) and choose A € F# (P). Let m be the automorphic
representation corresponding to A. To prove that A factors through T, (V, @) for
some V as in the statement of the proposition we need only show that n € ngd(V).
In other words, we need to show that if Wy is the underlying representation space
for m, then WX F 0. Let x = ®x, € W}tj and let x/, € Wy, be the new vector at w. It

follows from our hypotheses on U, and the theory of newforms that x/, € W,[tjww Put

= @ % ®x,. We claim that y is fixed by a subgroup of the desired type. For this we
vFw
note that it follows easily from (3.3) that «, is fixed by a subgroup of GL,(@¢ ,) of
the desired type necessarily containing U,. O
As a variant of the above we have the following result. For a place w of F, let

(@)t,)" = A, X AL, (Recall that A, is the p-Sylow subgroup of (@r/£,)*.)

Proposition 3.15. — Let w p be a finite place of F and let U, = {(¢ ) € GLy(Or,.) :
¢ € £,, ad'mod ¥, € A,}. Suppose that Q C T (U, @) is a minimal prime such that

pall, =~ (¢ q)_1) with & of p-power order. Put U’ = £I U, x U,,. There exists a minimal
prime Q' C T (U, @) such that po =~ po and such that Q and Q' have the same inverse

image n T.,(UNU', O).

Progf. — We prove the existence of a minimal prime Q' C T (U’, @) such that
Q' and Q have the same inverse image in T, (UNU’, @). Clearly the assertion that
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pg = pg will follow from this. Upon replacing U by UNU’ and Q by its inverse image
in T,(UNU', @) we need only show that Q is the inverse image of some minimal
prime in T (U’, @). By Corollary 3.9 it then suffices to show for each P € .%’(Q) and
A € 9% (P) that A factors through Too(U’, @). Fix such a P and A. Let © € TI3(U,)
be the automorphic representation associated to A. To know that A factors through

T.(U’, @) it suffices to know that 1 € Iy *(U’). Now suppose that x = ®x, € Vi
We will establish the existence of a non-zero vector x, € V:i;”w. The non-zero vector
7= ® % ©, will then lc in Vo* showing that Vo’ # 0, from which it follows that
n € I;"(U)).

/
We now establish the existence of ¥/,. First we note that pp|1w ~ <¢ ¢,_1) with

¢ a character of p-power order. To see this observe that by hypothesis pgl;, factors
through a quotient of I, of p-power order and detpg|;, = 1. Hence the same is true
of the pseudo-representation associated to pg. As the pseudo-representation associated
to pp is obtained by reducing modulo P the one associated to pq, it follows easily
that ppl;, factors through a finite quotient of p-power order and that detpp|;, = 1.
That pp|;, has the form asserted is now immediate. It follows from (3.3) that =, is a
principal series representation m(W;, Mo) with WM, trivial on @'y, and each W trivial on
a subgroup of @y , of index a power of p. Let vy € Vy ,, be the vector corresponding
to a new vector of T, ® ¢ where ¢ is a finite character such that ¢|@>; = ul_l|(§; g
It follows that (j j)vo = Wi(@pa(d) for all (¢ ;‘,) € U',. Thus «, = 4 is the desired

1

vector in V%, O
Next we record for later reference the following relations between pg|;, and the
subgroups U,

Lemma 3.16. — Suppose that w t p is a finite place of F. Suppose also that
Q C T (U, @) is a minimal prime and that U, D {(‘j Z,) :c€ L, amodl. € A} for
some 1> 1.

@) If polr, =~ (¢1 ¢¢2) with & and &y of p-power order and ¢ non-trivial of order prime
to p, and if cond (¢) = €,,, then ¢, and o are trivial.

(i) If polp, =~ (eq’ ?I;) and if (Nm(w) — 1, p) = 1, then 0|1, is a finite character of order
prime to p, and if r =1, then ¢|;, = 1.

Proof. — Let R = T (U, @)/Q, We first prove (i). The characters ¢, ¢, and
¢ take values in R, so they may be reduced modulo P for any P € .%°(Q). We
denote these reductions by ¢, p, ¢s p, and ¢p, respectively. The reduced characters
have the same orders as the corresponding non-reduced characters. Now fix a choice
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of P € %' (Q) and A € F (P). Let © be the nearly ordinary automorphic representation

01, p
opo2 p

this description of pp|;, and from (3.3) that cond(m,) = cond (¢pdo p)cond, (¢; p) =

corresponding to A. It is easy to see that ppl, =~ . It follows from

¢, - cond(¢, p). However, since by hypothesis m, has a vector fixed by {(f Z) :

¢ € £, amod?, € A,} it follows that cond(n,)|¢, and that the restriction to I,
of the central character of m, has order prime to p. From this we deduce that ¢; p and
¢9,p are both trivial. As ¢; p and ¢y p have the same order as ¢, and ¢, respectively,
the latter are trivial as well.

We now prove (if). Our hypothesis on Nm(w) ensures that ¢ takes values in R.
As in the proof of (i) we write ¢p for the reduction of ¢ modulo P. The character
op|r, has the same order as does ¢|; . Again, fix a P€.%'(Q) and a A € F (P). Let &
be the automorphic representation corresponding to A. From the hypotheses on U we
find that cond(r,)| ¢, and that the restriction to I, of the central character of m, has

order prime to p. It is easy to see that pplp, =~ (eq’P q;). It follows from (3.3) that
cond(n,) = max({,,, cond(¢p)?) and that the restriction to I, of the central character
of 7, is just ¢12’|Iw' From this, one deduces that ¢p|;,, and hence ¢l , has order prime
to p. And moreover, if r = 1, then cond(¢p)’ | £,,, hence ¢p1, (and so ¢ly,) is trivial. O

We conclude this subsection with a simple observation about twists of the
representations pq.

Lemma 3.17. — Suppose that Q C p C T (U, @) are primes with Q minimal. Let L
be the field of fractions of Too(U, @)/ Q. and suppose that R C L is a finite integral extension of
To(U, @)/Q, If ¥ : Gal(F/F) — R* is a character of finite order, then there exists primes
Q' Cp' C Too(UN U (cond?(P)?), @) with Q' minimal and such that Py ~ po ® Y and
P = pp @Y.

Here cond?(¥) denotes the prime-to-p part of the conductor of V.

Proof. — Let V = UNU(cond(¥)?) and let Ry = T, (U, @)/Q, Let .Z&"(Q) be
the set of primes of R extending those in & (Q). For each P € &7 (Q) we write .7 (P)
for F (PN Ry). Now, for each P € .Z&7(Q), let ¥p = YmodP. Let n be the product
of those primes £ such that either £|cond”(¥) or Uy ¥ GL,(Cr ¢). We claim that for
each P € .Z"(Q) there exists a homomorphism 1p : To,(V, @) — R/P such that

(3.7) o w(T({)) = (T(¢)modP) - Wp(Frob,) for all £ {np;
o p(S(¢)) = (S(¢) mod P) - Wp(Frob,) for all £ { np;
o (S,) = (S, mod P) - W(x) for all x € Z(U);
o t(To(p) = (To(p) mod P) - WpAe)~! for i = 1, ..., ;
e 1p(T,) = (T, mod P) - Wp(y) for all y € @, and each i = 1,...,¢
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We construct Tp as follows. Let A € J# (P) and let & € M;(U,) be the corresponding

automorphic representation. We fix an embedding R/P — Q extending the embedding
Ry/ ker(A) — Qp coming from A. We thus view ¥p as taking values in Q: and hence

in ' (via the fixed embedding F— Q) Clearly n ® Wp € ngd(V p) for some b > a.
Therefore there exists an algebraic prime Py of T, (V, @) whose corresponding
representation is just pp, ~ pp @ Wp. Let 1p € F (Py) be the homomorphism
corresponding to © ® ¥p. Viewing R/P as an ¢@-subalgebra of Qp as above, we
see from the fact that pp, ~ pp ® Wp that Tp takes values in R/P and satisfies (3.7).

Now consider the map 1t : T (V, @) — , gﬂ(Q)R/P given by 1(f) = ITtp(d).
e 7

It is easily deduced from (3.7) that the image of T is contained in the image of the

diagonal embedding R — . 31;@ R/P. In particular, T determines a homomorphism
e 7

1:To(V, @) — R such that
(T(¢)) = (T(¢)mod Q) - ¥(Frob,)

3.8 for all £ {np
7(S(¢)) = (S(¢) mod Q) - ¥2(Frob,).

Let Q' = ker(t). By (3.8) we have py: =~ pg ® ¥. Moreover, by comparing dimensions
one sees that QQ’ is minimal. Let p; be any prime of R extending p. Let p’ be the
kernel of the composition T (V, @ )—1—>R — R/p;. Obviously p’ O Q. Also, it
follows from (3.8) that py ~p, @ ¥ as well. O

3.4. Eisenstein maximal ideals (existence)

In this subsection we establish sufficient conditions for the existence of a
permissible ideal of T (U, ). We continue to assume that the degree of F is even. An
equivalent definition of permissible maximal ideal is a maximal ideal m of T (U, @)
such that

(3.9) ¢ mNA@[G(U)] is the maximal ideal corresponding to the character
-1
G(U) — Z(U) 5k,
e m contains Ty(p;) — 1 for z=1,...,¢, and
e m contains T(¢) — 1 — x(Frob,) for each £ { p for which Uy = GLy(@'f, ).

We will also call a maximal ideal m of any Ty(U,, @) satisfying (3.9) a permissible
maximal ideal since any such ideal determines a permissible maximal ideal of
T, (U, @). Clearly, to conclude that T.,(U, @) has a permissible maximal ideal it
suffices to show that Ty(U,, @) does for some a (and hence for all sufficiently large a).
This we do, provided a certain p-adic L-function is not a unit.

Let n be the prime-to-p part of the conductor of xo~'. For each prime £|n
let £™®||n and write A for the Sylow p-subgroup of (p/£)*, which we think of as a
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subgroup of (@'¢/£")*. Define an open compact subgroup U* = [JU% C GL,(@ F®Z)
4

as follows:

Uf = {(f Z) € GLy(@r¢): c € £, amod ™ € Aﬂ} if £]n,
X =

GL,(@'v,¢) otherwise.

Let Ly(F, s, xw) be the p-adic L-function associated to xo (cf. [Co], [D-R]). Let =
denote a uniformizer of @.

Proposition 3.18. — If ord (L,(F, — 1, xw)) > 0, then some To(U*, ©) (and hence
T (UX, @)) has a permissible maximal ideal.

Progf. — Let y = yo™'. For each integer n > 2 let M,(pn, y) C M,(pn) be the
subspace of modular forms having nebentypus character y. Define S,(pn, y) similarly.
For a pair of characters ¢, and ¢y for which ¢;0o = y and cond(d;)cond(do)|np let
E.(01, 02) € M,(pn, y) be the Eisenstein series whose associated Dirichlet series is
L(F, s, ¢;) LF, s—n+1, ¢9) (cf. [Sh]). A complement for the space S,(n, ) in M,(n, y)
is spanned by the set { E,(¢;, ¢2) }. It is well-known that

NI

(3.10) a1, ¥), 0) = 27L(F, 1 — n, y)Nm(t)

where the a(E, (1, y), 0) are the constant terms of the Fourier expansions of E,(1, y)
described in §3.1.

Let y be a generator of the Galois group of the cyclotomic Z,-extension of F,
and let /= ord,(e(y) — 1). Now let n. =2+ 2 (p— )m € Z be so big that there exists a
modular form g € M,(np, y) N M, (np, @) such that

(3.11) g, 0) = 2-Nm()?, i=1,..,h

The existence of such a g for large n is proven in [Ch, §4.5]. Let E; = E,(1, y).
It follows from our choice of n and standard facts about p-adic L-functions that
ord (L(F, 1 — 2z, y)) >0 as well. Thus Eq € M,(np, @).

Consider the form f= L(F, 1 —n, y)g— E,. By (3.10) and (3.11) this form satisfies

a(f,00=0, i=1,..,h

We also have f € M,(np, @). Let ¢ € T, (U, m) N U(p), @) be the operator defined
in §3.2. It is easily checked that E; = ¢E; is the modular form whose associated
Dirichlet series is just {p(s)L?(s — n + 1, ), where for an ideal a we write L( - ) to
mean that the Euler factors at places dividing a have been removed. In particular, E,

is an eigenform for the ring T,(U () N U(p), @). Let & € T,(U,)NU(p), @) be the
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idempotent associated to the corresponding maximal ideal. The form fcan be expressed
as f=F+ G with F € S,(np, @) and G a linear combination of Eisenstein series, say
G = Z(0)E.(0, ¢~ '), where the sum is over those ¢ such that cond(¢) - cond(¢~'y)|np.
It follows that &G = ZdA)E,QA, A~ 'y) where the sum is now over the unramified
characters of p-power order. Since the constant terms of f are zero, the same is true
of those of & Thus €G must have all constant terms zero (i.e. a(gG,0) = 0 for
¢ =1,..,h). Arguing as in the proof of [W3, Proposition 1.6] shows that £,G = 0. It
follows that F| = gy fis a cusp form. Moreover, since w|L(F, 1 — n, ) by hypothesis,
we have

F,=E, modr.

As E; #0modrn, F, 0.

As E; is an ordinary eigenform (in the sense of [W2]) and F, = E, # 0, it
is easily seen that there must be an ordinary newform f; such that & f; ¥ 0. The
form ¢ f; is a p-stabilized newform in the sense of [W2]. Let 9t be the maximal ideal
of the ring of integers of Qp The non-vanishing of € f; means that the coefficients
of the Dirichlet series L"(¢ fi, s) associated to ¢ f; are congruent modulo 9 to those
of Ci(s)LY(F, s —n+ 1, y). By the theory of “A-adic forms” developed in [W2] (see
especially [W2, Theorem 1.4.1]) there is some p-stabilized newform f;, € So(np?, ), for
some large a, such that the coefficients of L"( f;, s) are congruent to those of L'(e f;, s)
modulo 9, and hence are congruent to the coefficients of (p(s)LY(F,s —n+ 1, ).
Being a p-stabilized newform, f; spans a v-good line in the associated local automorphic
representation for each place u|p. Thus f; is an eigenform for the ring of operators
Ty(U,, @) (U = U(n)). Let m be the corresponding maximal ideal. We claim that m
satisfies (3.9). The second and third properties listed in (3.9) are consequences of the
connection between the eigenvalues of the Hecke operators and the coefficients of the
Dirichlet series L"( f;, s). The first property listed in (3.9) follows from the fact that f
is ordinary (so the operators T,, y € (Or ® Z,)*, act trivially) and that f, € Sy(np?, y)
(so S,, x€ Z(U), acts via o~ '(x)).

It remains to show that this maximal ideal occurs in Ty(U*, @). This follows
from the fact that mg;, the automorphic representation associated to the p-stabilized

newform fy, is in ngd(Uf). This last fact can be seen by considering the possibilities for
Pr,|p, at primes £ | n (P, being the algebraic prime of To(Ui(n), @) corresponding
to f5) and invoking [W2, Theorem 2.1.3] or (3.3). O

3.5. Some miscellaneous results

We keep the conventions of the previous sections. Suppose that U = ITU, C

GL,(@¥ ®2) is a compact open subgroup as usual. In this subsection we consider the
effect of altering U at one selected place w.
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Let w { p be a place of F such that U, = GLy(?’,.). Let A, be the Sylow
p-subgroup of (@x/{,)* and let A, be a complementary subgroup (so (@§/f,)* =~
A, X A). Put

U, = {( 1) € GLy(Or )i c € ew}
and

Ul = {( 1) €U, ad'mod, € A;,}.
Put also

U=U,-[[U, and U"=U,-[]U.
vFw vFw

There is a natural isomorphism

3.12) U /U =5 A,

given by (¢ ) — (image of (ad), in A,). Recall that U, = U’ N U and
similarly for U”. The group U, acts on SyU/) with g € U/ acting via the Hecke
operator [U”g~'U”]. This action clearly factors through the quotient U’/U” and hence
determines via the isomorphism (3.12) an action of A, on Sy(UY). Under the Jacquet-
Langlands correspondence (see §3.2) this action is compatible with usual action of
UL/UY on { f: DX\GP(A))/Ul — C} = HYX(UZ), C) given by (¢£)(9) = f (xg) for
g € U/, This action clearly stabilizes H°(X(U”), Z) and hence we obtain an action of
A, on HX(U”), R) for any Z-module R. It is straight-forward to check that the action
of A, commutes with that of G(U/) and the Hecke operators Ty(p;), 1 = 1,...,¢, and
T(¢) and S(¢) for primes £ { pw for which U; = GLy(@'f, ¢). Moreover, the action of A,
is compatible with varying a. We also have that

(3-13) H'X(U7), R)™ = H'X(Uy), R).

If every element of U'/F*NU’ acts without fixed points on D*\GP(A,) then much
more is true, as the following lemma shows.

Lemma 3.19. — If each element of U’ JF* N'U' acts without fixed points on D*\GP (Ay)
then

(i) Mo(U") and M?_(U") are free A [A,]]-modules,
(i) Mao(U"s, = Mao(U) and ME(U")s, = M, (U)

Proof. — By (3.13) we have
#H'X(U;), O /'), = #H'(X(U)), @ [n) = #H'(X(U)), € /).
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On the other hand, it follows from the hypothesis on U’'/F* N U’ that #X(UY) =
#A,, #X(U). Combining these observations we find that H'X(U”), @ /n") is a free
O |n'[[A,]]-module. The lemma follows from this, the definitions of M., (U”) and
M/ (U"), and Proposition 3.3. O

It is a consequence of the lemma that many characteristic p primes of T, (U”, @)
(i.e., primes containing p) come from primes of T.(U’, @). We state this more precisely
in the next proposition. Note in particular that we are not assuming anything about
U’ /U NF*.

Suppose that p C T (U”, @) is a prime such that

*pED,
e detp, =,
*
® pylp, (“’1 \Ilz) with (y;/¥,)|1, having infinite order for some o[,
® p, is irreducible but not dihedral (i.e., not induced from a one-dimensional
representation over a quadratic extension).

Proposition 3.20. — The prime p is the inverse image of a prime of To(U', @).

Proof. — Choose ¢ € I, such that w(c) = 1, detp,(c) = 1, and p,(c) has
infinite order. Such a o exists by the hypothesis on p,|p,. We claim that there exists

7 € Gal(F/F) for which @(t) ¥ 1 and an 7 such that p,(c"t) has infinite order. To see
this, choose a basis of p, for which p,(c) = (a ol ) If py(7) € {(* " )} for each 1
such that @(t) ¥ 1, then it would follow that p, is dihedral. Therefore there exists some
To, (To) F 1, for which p,(t) = (? Z) with either @ ¥ 0 or d ¥ 0. Suppose now that
Pp(0"1) always has finite order. In this case, the roots of X? — (a"a + o "d)X + x(to)
are roots of unity lying in some quadratic extension of the field of fractions of
T (U"”, @)/p. As there are only finitely many such roots of unity, there are only
finitely many possible values for o"a + o™"d, which is easily seen to be absurd.

Let X be the set of finite places » such that U, ¥ GL,(@'r,,). Fix now an ny for
which p,(6™1) has infinite order. Let Frob, € Gal(Fz/F) be a Frobenius element such
that £ 1 6 is unramified in F, detp,(Frob,) = %(t), @(Frob,) = &(ty) ¥ 1, and p,(Frob,)
has infinite order. Such a prime £ can be found by choosing a Frob, sufficiently close

to 6™1, in Gal(Fy/F). Put
V' =UNUE and V' =U"NUE.

The prime p of T (U”, @) determines a prime of T (V", ) (the inverse image
of p) which we also denote by p. We now claim that p comes from T (V’, @). To see
this, note that by Lemma 3.5 and Lemma 3.19, M (V") is a free Ay [[A,]l-module.
Let T C End A Moo (V")) be the ring generated by A, and T (V”, @). This is a finite
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integral extension of T (V”, @). Let p; be an extension of p to T. As p 3 p, it is
clear that {8 —1:8€ A, } Cp;. As M (V”, @) is a faithful T-module, we have that

Fitty , Moo (V", @)/p1) = 0.

Since T/p; is a domain, it follows that it acts faithfully on M, (V”, @)/p,. Put
B =T.V",O)/p C T/p,. It follows that B acts faithfully on M, (V”, @)/p;. On
the other hand, M (V”, @)/p; is a quotient of M, (V", @)y, = My (V', @) by
Lemma 3.19(ii). As the action of T (V”, @) on M (V’, @) is via the natural map
T(V", O) - T (V', @) we have T (V", @)/p = T(V', @)/im(p) which proves the
claim. Write py for the corresponding prime of T.(V’, @) (so ps = im(p)).

Our final claim, which proves the proposition, is that p, is the inverse image
of a prime of T (U, @). Let Q C py be a minimal prime of T (V', @). It suffices
to prove that QQ comes from a prime of T, (U’, @). Consider leDe' As ¢ does not
divide p, pt+ (Nm(¢) — 1), and p,, >~ p, is unramified at ¢, there are three possibilities
for pq|p,:

(i) polp, is unramified at ¢,

(11) leDf is of type A,

(11]) pQJD[ 1s of type C.

If the first possibility holds, then the desired claim is a consequence of Proposition
3.14. We will now show that the second and third possibilities cannot occur. If pg|p 0
were of type A, then the eigenvalues of p(o¢) (6¢ a lift of Frob,), say a and B, would

satisfy %= g(f) or %= g(¢)”". The same would then be true of p,,(c¢). However, since

po contains p and detp,, =y it would follow that the eigenvalues of p,,(c¢) would have
finite order, contradicting our choice of £. Similarly, if pgy were of type C at £ then
trace pg(0¢) = 0, but we have chosen ¢ so that trace py(c¢) ¥ 0. This final contradiction
completes the proof of the proposition. O

We now assume that T, (U, @) has a permissible maximal ideal. The same is
then true of T (U’, @) and T, (U", @). We also assume that the place w satisfies
x(Frob ) =1 as well as w(Frob ) = 1.

Let 6, € I, be a generator of the p-part of tame inertia. We identify 6, with
an element of @'f , via local reciprocity. The element §, = (G“’ 1) generates A, via
(3.12). Recall that both A, and T, (U", @), act on the module M, (U"),,.

Lemma 3.21. — The element trace p™¥(0,) € To(U", @)y acts on M,(U"), via
8, + 8,

Remark 3.22. — Since both T(U”, @), and A, are contained in End (Mo (U")y),

the lemma identifies 8, + 8;1 with an element of T, (U”, @),. Moreover, this identi-
fication behaves well with respect to varying U.
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Proof. — Let V C H'XU), O), ®¢ Qﬁ be an eigenspace for the action
of To(U"”, ). The space V is stable under A,. Under the Jacquet-Langlands
correspondence V is identified with a subspace of So(U!). Let A : T(U”, @) — Qp
be the homomorphism giving the action of T, (U”, @) on V. Clearly A factors thrg)ugh

Ty(U), @) and hence is an algebraic homomorphism of weight 2. Let n € II; " (UY)
be the corresponding automorphic representation. The space V is identified with a

subspace of V;“. We now determine the action of §, on V, which is via ©t Ow 1

First we note that m, cannot be supercuspidal. To see this, let P = ker(A). The prime
P is clearly contained in m. It then follows from (3.3) that if &, is supercuspidal then
prlp, is type C, but clearly this can only occur if x(Frob,) = —1 contradicting our

assumptions on w. Now suppose that &, = p(ii, ;| |,') is a special representation.

It follows from the definition of UJ that u; is unramified. From this we find that

nw(cw 1) = 1. If m,, >~ m(,, Mo) 1s a principal series representation then it must be

that pu; and py are tamely ramified and ppy is unramified. Moreover, the action of
UII _
(°v ) on Vi, is by cither wi(0,) or ka(ou) = by (0):

Now it follows from (3.3) that if = is either a principle series representation
*

or a special representation then pp(c,) = (“l(cw) “1—1(%)). Thus we find that

trace pp(0,) = 1 (0,) + 1) (0,) =8, +5,'. O

3.6. The rings Ty and Tg“

In this subsection we associate Hecke rings to various deformation data.
Essentially this is done by first defining a suitable open compact subgroup of
GL,(Of ® 2) and then localizing the corresponding Hecke ring at a permissible
maximal ideal. To ensure the existence of such a maximal ideal we henceforth assume
that L,(F, — 1, xo) is integral but not a unit (see Proposition 3.18). We are, of course,
also assuming that the degree of F is even.

Suppose that ' = (O, Z, ¢, #b)q is an (augmented) deformation datum. As
in the previous subsections, for each finite place w we write £, for the prime ideal
of F corresponding to w and we write A, for the Sylow p-subgroup of (@'§/{,)*
which we identify with a subgroup of (@'x/{.)* for any r > 1. We also write A, for
a complementary subgroup of (@'§/{,)" (so (O§/,)* ~ A, X Al). We define r{w) by
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€3"|lcond(x;,"). We define a subgroup U, = II Ugy, S GL(Or ® Z) by putting

wt oo
GL,(OF. ) if w¢E\P)UQ
{(‘Z 1) € GLy(@r )i c,a—1 €™ ""’””} if w € I\(2 U A0)
{(‘; f,) € GL,(Op,, : ¢ € L2071

amod £ ) eA} ifwe Ab.

{(? d)GGL (OF,0): ¢ € Ly, ad‘lmodEwEAz’v} ifweQ,

Let m be a permissible maximal ideal of Too(Ug @). Put
T_@Q = TOO(U.@ Q,’ @)m-

We define Ty to be Ty ,. We write p%‘)dQ for the pseudo-representation into T

described in (3.5). This is in fact a pseudo-deformation of type-ZG,, 4 = (O, D),
and we write Tz :Rgp » Ty and 1y, : R » Ty, for the correspondmg maps
Q

@v =)

Suppose now that P = (O, Z, ¢, A#)q is an augmented deformation datum.
At times it will be necessary to work with a quotient T_'g“}"Q of Tg,. This quotient
is defined as follows. As in §2.3 let Ly /F be the maximal abelian p-extension of
F unramified away from the places in £\M. Let Gal(Ly /F) ~ Hy @ Ng be the
decomposition fixed in §2.3 (Ng is the torsion subgroup). It is a consequence of our
definition of Ug , that if ¢ € Tg, is a minimal prime, then X! detp, factors through
Gal(Lg /F). Let A6(Z ) be the set of minimal primes q of Ty, and let AN D )
be the subset of those q for which (™' detp,)|, is trivial. Define Tg_}nQ by

m1 _
qG% min(_@'Q)

For this definition to make sense we must show that ™ (Zq) ¥ 0. To this end,
fix another decomposition Gal(Lg /F) ~ Mg X Ng with Mg the free Z,-summand
generated by ¥y, ..., ¥s,. (For the definition of the v;’s see §2.5.) Write det pmo‘; =0-¥-x
with ¥ trivial on Ng and © trivial on Mg . Let ® be a square root of O (ie.,
@* = ). It follows from Lemma 3.17 and from the definition of Ug , that given
any q € Mb(Z ) there exists some qo € Ab(Zq) such that p,, ~ p, ® ®~'. Clearly
X! - detpg, is trivial on N, and so go € A™(ZDq). This proves that ™ (D) is
non-empty.
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We now relate ng‘:l to T , more directly. Let Lo/F be the splitting field of ©.
A vpriori, Gal(Lg/F) is a quotient of Ng . We claim that Gal(Lg/F) ~ Ny . To see
this, let & : Ny — _Q_: be any character. Extend & to a character of Gal(F/F) by first
setting it to be trivial on Mg and then composing with the projection of Gal(F/F)
onto Gal(Ly /F). Choose q € A™"(Z ) and P € .%(q). By Lemma 3.17 there is an
algebraic prime Pg of T , such that pp, = pp ® & By the choice of q, x~!detpp is
trivial on Ng ,, whence ! det pp, = &, It follows that & = @ mod Pe. As & can be
any character of Ng , O|y,, has trivial kernel. This proves the claim.

Now let X(Z) be the group of Q:-valued characters of Ng , which we view

as characters of Gal(F/F) that factor through Gal(Lg/F). For each q € .Z(Z) let
R(q) = T@Q/ q and let L(q) be the field of fractions of R(q). We identify Q with an

@ -subalgebra of L(q). In this way we may view each § € X(Z) as taking values in

L(q). For each q € .4 (Z) and £ € X(Z) let R(q, §) be the subring of L(q) generated
by R(q) and the values of & This is again a complete local Noetherian domain. By
Lemma 3.17 there is a prime q¢ € .44 (Zg) such that Pae > P ®E&. We next claim that
the set M6’ = {qz : q € M™ (D), &€ X(ZD)} is just Mb(Dy). For let q € Ab(Dy),
and let & € X(Z) be the unique character such that ® = Emodq. Let ' = qe-1. Clearly
q € A™"(Dq). Also, q; = q since Pe; Spy ®E~p, ®E ®E = p,. This proves the
claim.

Given a prime q € #™"(Zq) and a character & € X(Z') we have used that
Lemma 3.17 ensures that there is a prime q¢ € .#6(Zq) such that Pay = Pg ® E.
However, more is true. It was shown in the proof of Lemma 3.17 that there is a
homomorphism 1(q, &) : Tz, — R(q, €) whose kernel is q¢ and such that

a.14) %, &) (T(6)) = (T(¢) mod g) - &(Frob,)
' (d, &) (S(0)) = (S(¢)modq) - EX(Frob)

for all primes £ € U Q, There is also a homomorphism ¢(q, &) : Tg”Q ®e O[N]
— R(q, &) such that

(@, &) (T(¢) ® Frob,) = (T(¢) mod q) - §(Frob,)

(3.15 0(d, &) (S() ® Frob,) = (S(¢)mod ) - EX(Frob).

Now define

T:T_@'Q*—) H R(‘])&)
a€M6 ™Y )
EeX(Z)
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and
0:Tg, ® ONg]l— [ R@9
qE./% min(-@' Q)
Eex@)
by

1=][q,8 and ¢o=]]0@,¥),
0 & 0§

respectively. It follows from (3.14) and (3.15) that im(t) = im(¢), from which one deduces
the following proposition. (Note that ©(Frob,) and ®(Frob,) are mapped by each 1(q, &)
to £%(Frob,) and &(Frob ), respectively.)

Proposition 3.23. — There is an isomorphism of A -algebras T?;Q@) ©C[Ng]—Tg a
such that T(£) ® n+— T(¢) - ®(Frob, ' - n) and S(¢) ® n —> S(¢) - O(Frob, " - n).

Corollary 3.24. — TEDQ 15 a finite, torsion-free Ao -algebra.

Lemma 3.25. — Under the isomorphism in Proposition 3.23 the element 8, + 8;1 € Tg«"q
maps to 8, + 8, € Te o

We now define a To Q—module M_@Q for each deformation datum & g. The
obvious choice for Mg Q is Moo (Ugm Q)m, where m is the permissible maximal ideal of
To(Ugz Q). However, for technical reasons we find it better to define Mg o o be

Mg o = Meo(Ug' Jns

where Ug/ = I1 Ug', , C GL,(@r ®Z) is such that

wt oo
U o0 if wePUAUQ orif w¢gX
mn  _ JUgow-d(* 1) :amod 2™ e p b it we M\
U@Q, = Q 1 w
{(2’ }) € GLy(Or ) c= Omodei,} otherwise.

The module Mg , is a T -module (and hence a Tgnq-module by Proposition 3.23)
via the natural map Tg , - TOO(U%}"Q),“.

We write mey : Ry — Tg for the composition of gy with the canonical
min

surjection Ty —» Tg .
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3.7. Duality again

We now make some important observations concerning the modules introduced
in §3.2. Fix an open subgroup U C GL,(@'r ® 2) as in the preceding subsections. We
assume that U/UNF* acts freely on D*\GP(Ap). Thus by Proposition 3.3 M,,(U) and
M (U) are free @ [[G(U)]]-modules of (the same) finite rank.

Let tr(a) : @[G(U,)] — @ be the “trace map” given by Zx,g —— xiq (where
“id” is the identity element in G(U,)). We have an identification of T (U, €@)-modules

Hom,, |[G(U)]](NI:<>(U)> @[G(U,]) = Hom,, [G(Ua)](eHO(X(Ua)’ @), @IGU,)])

tr(a)ol

" Hom,, (H'X(U,), @), @)

(, )Ua

= H'X(U,), O).

Denote by A, this identification of Hom, |[G(U)]|(M:o(LI)7 CGU,]) with
H°(X(U,), @)". For b > a we have a commutative diagram of T.,(U, @)-modules

Hom .. 10y M2(U), @ [GUY)T) —2 HOX(Uy), @)
|, U
Hom,; [G(U)]](M;O(U)’ aGUL)]) _)i’ H'X(U,), @)

where the left vertical arrow is induced from the natural projection @ [[G(U,)] —
@[[G(U,) ]. We obtain therefore an identification

Ao : Hom s 160,,(Mo,(U), @ [G(U)]) = Moo(U)

satisfying Aoo(tm) = fhoo(m) for all ¢ € T (U, @).

Recall that there is an isomorphism G(U) ~ (@5 ® Z,)* x Z(U) inducing an
identification @ [[G(U)]] = Ap [[Zo]] with Z, a finite group. Composing A, with the
isomorphism

HomA,@ M, (U), A) ~ Hom, [[G(U)]](NI:O(U), aIGU)])
coming from the trace from @ [[G(U)] to Ap induces an isomorphism

Buo(U) : Hom,,  (MZ(U), Als) 2 Moo(U).

Moreover, if ¢ : M (U) — M/ (V) is any map compatible with the canonical map
G(U) — G(V) then ¢ can be written as ¢ = lim¢, with ¢, : H'X(U,), @) —

a



RESIDUALLY REDUCIBLE REPRESENTATIONS AND MODULAR FORMS 57

eH(X(V,), @), and there is a commutative diagram

Boo (V)
HomA/@ MZ(U), Ap) == Mu(U)
[BX: |8 =1im9,

Boo(V)
Hom,, (ML(V), A%s) = Mu(V)

where @, is the adjoint of @, with respect to the pairings ( , )u, and (, )v,.
Now suppose that p € T (U, @) is a prime. Let P = Az N p. It is easily
deduced from the above that B.,(U) induces an identification

o~ o~ Al
(3.16) Moo(U), = Homy, (ML (U, Arsp)

of To(U, @ )p-modules.

Recall that we defined in §3.3 an injection Ay — Ap which identifies A with
Ay [Z,] for some finite group Z;. Suppose that m is a permissible maximal ideal
of To(U, @). By Lemma 3.10 both M, (U),, and M7 _(U),, are free As -modules, so
composing with the trace map from As to A induces an isomorphism

Hom, ,(MZ, (U, Ac) = Hom,, (M2, (U)w, Azz)
of T (U, @)n-modules. Combining this with (3.16) yields an isomorphism

(3.17) Meo(U) > Hom, , (M (U, Acr)

of Too(U, @)n-modules. This will be important in our later computation of various
congruences.

3.8. Congruence maps

In this subsection we prove a number of results that will be helpful in our
analysis of “congruences” between Hecke rings in §8. As always, U C GL,(@'f ®2) is
a compact open subgroup such that U =IIU, and Uyn) 2 U D U(n) for some n. Let
w{ p be such that U, = GLy(O,,), let £ = £, and let A =A%) be as in the definition
of T(¢). For any f : GP(A;) — R (R an @-module) put (o f)(g) =f (g(l ;\)) Let
V=UnNUy®).

Consider the map §; : H/(X(U), R)> — H°(X(V), R) given by &( f, g =f+ og.
The following is the analog of Ihara’s Lemma (cf. [Ri]) in our setting.

Lemma 3.26. — The kernel of &, is annihilated by [U(1 @ )U] — 1 — Nm(g) for any
prime ideal q of ¥ that splits completely in the ray class Sield of conductor n - co.
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Progf. — Our proof of this lemma is a straight-forward generalization of [DT,
Lemma 2, p. 445]. Put § = (1 }‘_1). Suppose that (fi, f5) € ker(&;). We first
claim that fi(gw) = fi(@ for all ¥ € 8 'GLy(@',,)5. This is an easy calculation: if
u=8"d -8 €8 'GLy(CO% )3, then

Silgw) = —fi(gud™")
~fo(g8~!
(
).

)

—f2(g87")
= fig

As SLQ(@ o) and &~ ISLQ(@ )0 generate SLy(F,) it follows that
(3.18) filgw) = fi(g) for all u € U - SLyF,).

Now let ¢ be a prime that splits in the ray class field of conductor n - oco. It
follows from class field theory that such a prime has a uniformizer ® € F that is totally
positive and satisfies £ = 1 modn. Suppose now that y € GP(A) is any element such
that vp(y) = n~'. For any g € GP(A), Sgyg™' € Gll)(Af), where G} C GP is the kernel
of the reduced norm vp and 8§, € D* is such that vp(dy) = ®. Such a §, exists as T
is totally positive (cf. [We, XI, §3, Proposition 3]). As Gll) is a twisted form of SL, for

which G],)(Fw) = SLy(F,), it follows from strong approximation that dygys~' = &'gug™'
for some & € D* and u € U - SLy(F,). We have then by (3.18) that

(3.19) Alg) = £i(85 ' 8aw) = fi(gw) = fig)-

Nm(g)+1
As U(l @)U = U Ugi with vo(g) =, it follows from (3.19) and the definition

of [U(l x(q))U] that [U(l X(‘I))U]fl = (1 + Nm(q)) fi- The lemma follows. O
Now put U” =UNU,¢"), r>0.

Lemma 3.27. — For r > 1 the sequence
H/(X(U), R) = H'X(U"), Ry - H'X(U™"), R),
with 8(f) = (f, —of) and y(fi, /) = afi +fo, is exact.

Proof. — To establish exactness, it suffices to prove that if (fi, f2) is in the kernel
of ¥ then f; € HOX(U"Y), R).

For any function f : GP(Ay) — R put a~'f (g = f (g(l a1 )) Suppose that
(fi, /o) is in the kernel of y. As af; = —f; we also have fi = —a~!f;. Now observe
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that o~ 'fo(gu) = o~ fy(g) for all u € U’ = {(f Z) €U:a—-1€l,cel " be Z}.
It follows that ; € H'(X(W), R) where W is the subgroup of U generated by U” and
U'. This subgroup is just UV, O

Now consider the map & : HX(U), R)*> — HX(U®), R) given by &( £, fo, f3)
= fi +a f + o*f;. As a consequence of Lemmas 3.26 and 3.27 we obtain the following.

Lemma 3.28. — The kernel of & is annihilated by [U(1 A7) )U] — 1 —Nm() for any
prime ideal 1 of F that splits completely in the ray class field of conductor n - co.

Progf. — We can write & as the composite

HYX(U), R)* - BYX(U), R~ B (UY), Ry - HUX(U?), R

where B(fi, fo, f3) =0, fi, fi, fo) It follows from Lemma 3.27 that { £, 0,0, —f}
C H°X(U), R)* surjects onto the kernel of v. If B(fi, f2, f3) € ker(yo (&, DE,), then
there exists some f € H'X(U), R) such that (—f, £, fi, +f) € ker(§, ®&,). Therefore
by Lemma 3.26, f, f;, fi, fo +f are annihilated by the operators in question. This
proves the lemma. O

We conclude our discussion of congruence maps with an important application
of Lemma 3.26. Let U C GL,(@'r® Z) be as at the start of this subsection, only now
we assume that (n, p) = 1. Suppose that p C T (U, @) is a prime such that

epeEp
® p, is irreducible and not dihedral.

For simplicity we shall also assume that

e p is contained in a permissible maximal ideal.
Suppose that £ is a prime ideal of F such that

o linp

® pt(Nm(f) — 1)
e the ratio of the eigenvalues of p,(Frob,) does not equal Nm(¢) or Nm({)~

Put U® = UN Uy(¢) and UY = UN U, ().

1

Lemma 3.29.

(@) To(UY, @), =

(i) Moo(U"), = M
Too(UY, @),-modules.

Progf. — Let m be the permissible maximal ideal of T, (U, ) containing p.
Write m for the inverse image of this maximal ideal in T,,(U?, @) and T..(UY, @).

T <U ), O) = Too(U, O),. R R
o(U), = Myo(U)y and ML (UY), ~ ML (U?), ~ ML (U); as
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By Corollary 3.12 we have surjections T (UY, @), - To,(U?, @), - To(U, O),.
To prove part (i) it suffices to show that every minimal prime of T, (U, @), contained
in p is the inverse image of a prime of T (U, @),. Let Q C T (UY, @), be such
a prime. An analysis of the possibilities for pg|p, shows that pg must be unramified
at £. It then follows from Proposition 3.14 that Q) is the inverse image of a prime of

Too(U, O)n.
We now prove part (ii). For each a > 0, let &, : eH'(X(U,), @)2 — HX(UV),
@) be given by &, f,g = f+ og where o is as in Lemma 3.26. Let & = lim¢, :

MZ (U2 — M (UM). Also for each a >0, let I, = ker{ To(UY, @) — To(U,, @) }.
Then I =1lmI, C T(U?, @) is just ker{ T,.(U?, @) — T, (U, @)}.

We claim that
(3.20) M, (U); = MZ, (U],
For this we note that ML (U] = lim H'XUY), @)[1,]. Recall that we have

fixed an identification of C_lp with C (see §3.2). The map &, extends to a map

£,®0 C : H'X(U,), G2 — H XU, C). By the Jacquet-Langlands correspondence
(see §3.2) we have Ty(U,, @)-equivariant isomorphisms

)
HXUY, O~ P Vi and H'XU),C)~ @ Vi

neny el )

o)
It is easy to see that V;* [I,] ¥ 0 if and only if & € ngd(Ua). On the other hand, if
)
UAS H(Q)rd(Ua)z then Vﬂ:a = V}tja + a(V:;Ja), whence

H’X(U,), C) [I] = im(, ® C).
Let K be the field of fractions of . It follows that
(3.21) HX(U,), K) [1,] = im(&, @ K).

Now consider the commutative diagram
lim&,

lim H'X(U,), @Y ‘= limeH'XUY), ©)[I] — C — 0

0 — lim im&, ®K) = lmH'XUY), K] — 0 — 0

a



RESIDUALLY REDUCIBLE REPRESENTATIONS AND MODULAR FORMS 61

where the vertical arrows are the natural ones. Applying the snake lemma we find that
C embeds into a quotient of limker(§, ® K/@).

a

Now, for each a > 0 let F, be the ray class field of conductor ¢np® - co. Let
Fo = UF,. Let I be the maximal extension of F unramified away from places dividing
{np - co. Any element ¢ € Gal(F'/F,) is the limit of a sequence of Frobenii {Frob, }

with 7, splitting completely in F,. It follows that trace p,(0) is the limit of the sequence
{T(r,)} and g©) is the limit of {Nm(r,)}. It then follows from Lemma 3.26 that
trace ppn(6)— 1 —¢€(0) annihilates C,, for all 6 € Gal(F' /F,.). Thus if C, ¥ 0, then it must
be that trace p,(6)— 1 —¢(0) is in p for all 6 € Gal(F/F.). It is easily deduced from this
that p|G lF/Foc) is reducible, and hence p, is either reducible or dihedral, contradicting

our assumptions on p,. Therefore C, = 0. The same argument shows that ker(€), = 0.
This proves (3.20). It follows from part (i) that M’ (U%), = M (U%,[1] = M (UY[1],,
whence

(3.22) M, (U, = M (U).

We next prove that

(3.23) MY,(UY), = MY, U),.

For this we note that M (U) = M (UD)[S(¢) — 1]. By part (i),
M,(UY), = MUY, [S(6) - 1] = MLU[SE) - 1,

from which (3.23) follows. A similar argument shows that M, (UY), ~ M (U),. O

4. The Theorems

4.1. Pro-modularity and primes of Ry

We assume throughout §4 that F, x, and £ are as in §2 and that the degree of F
is even unless indicated otherwise. In this subsection we also assume that L,(F, —1, xo)
is not a unit (so Ty exists for any &).

Suppose that & = (@, X, ¢, #6) is a deformation datum for F. Let &P =
(@, %). Let q be a prime of Rg . There is a map @, : Ry » — R /q corresponding
to the pseudo-deformation associated to py modq. The prime q is pro-modular if
@, factors through mg : Rgpi — Tg. That is, q is pro-modular if there is a
homomorphism 6, : Ty — R /q such that

(4.1) QO =0,0my .
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(Throughout this section, if a deformation datum & = (@, X, ¢, A6) is given, then
27 will denote the pseudo-datum P = (@7, X)) Note that in (4.1) 6,(T(¢)) =
trace po (Frob,)mod g for all £ ¢ X. Similarly, a deformation p : Gal (Fx/F) — GLy(A)
of type-Z is a pro-modular deformation if the kernel of the corresponding map Ry — A
is a pro-modular prime.

It is immediate from the above definition that if q is a pro-modular prime of
Rs and if p O q is another prime ideal, then p is also pro-modular. In particular,
if a minimal prime of Rg is pro-modular, then so is every prime ideal on the
corresponding irreducible component of spec(Rg ). In this case we say that the
component is pro-modular.

4.2. Good data and properties (P1) and (P2)

Our primary goal is to show that for certain “good” deformation data & the
components of spec(Rg ) are all pro-modular provided the data have certain properties
(labeled (P1) and (P2) below). In this subsection we describe these “good” data and the
relevant properties.

Let ¥ = (O, Z, c, #6) be a deformation datum for F. The pair (F, &) is good if

e the degree d of F is even

o LF, —1,xw) € @ but L,F, — 1, yw) ¢ @~

e d>2+8 +8-(#ZL+dim, Hy (F, k)

e for each y|p the degree d, of F, over Q, satisfies

d, >2+2t+ 7 (#X + dim, Hy (F, £))

eif pfi, ¥ 1 and wtp, then either i, F 1 or x|p, = L.

As before, t = #7, where &? = {y;} is the set of places of F over p, Z; is the set of
finite places at which % is ramified together with &, and

res

Hs, (F, k) = ker{H'(Fy, /F, kx ")) — @ H'D,,, Kx ")}
i=1

Note that if & is good and if ¥’ = (@, Y, ¢, #6') is another datum with &' C X,
then (F, &) is also good. However, being good does not behave well with respect to
change of fields, meaning that if (F, &) is good and if L/F is permissible for & (as
defined before Remark 2.1), then it can happen that (L, &) is not good. On the
other hand, it can also happen that (F, &) is not good but (L, & 1) is. This will be a
key ingredient in our reduction in §4.6 of Theorems A and B to the Main Theorem.

Let ¥ = (@, %, ¢, #6) be a deformation datum for F. Let p be a dimension one
prime of Tg . Let p, be the representation described in §3.3. Let A be the integral
closure of T /p in its field of fractions K. If p, is irreducible, then Lemma 2.13
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associates to p, a representation p : Gal (Fz/F) — GL,(A) such that p® K ~ p, and p
is a deformation of some p, for some cocycle 0 ¥ ¢ € H'(Fy/F, ¥(x™")), ¥ some finite
extension of k. We claim that ¢’ is admissible and that p is a deformation of type-
(@', %, ¢, D), where @ has residue field £. To see this, let o; be one of the places over
p. Choose o; € D; such that x(0;) ¥ 1 and choose a basis for p such that p(c;) = ( ¢ B)
with Bmodms = x(c). As p ® K ~ p, it follows from (3.4) that with respect to this
basis either p|p, is split, p|p, is non-split and p|p, = (¢1 o ), or plp, is non-split and
plo, = (% ¢, ). If plo, is split then clearly 0 = res,(¢) € H'D;, K(x™")) and plp,

satisfies the desired criteria. If p|p, = (¢1 ¢*2), then ¢o(A,)modm, = x(A,) ¥ 1. (Here
A, is the uniformizer of & ¥, ,, chosen for the definition of Ty(p;) — see §3.2). However,
as p@K = p,, it follows from (3.4) that To(p;) modp = ¢(A,) and by the permissibility
of the maximal ideal of Tg , Ty(p;)modms = 1. This contradiction shows that if
p|p, is non-split, then p|p, = (¢*1 ¢2> with ¢gmodms = . One sees immediately that
resyl_(c’) =0 and that p|p, satisfies the desired hypotheses. Therefore ¢ is admissible and
p is a deformation of type-(@’, X, ¢, ). We say that the prime p is nice for & if

p is a dimension one prime of T4 ,

pp 1s irreducible,

p is the inverse image of a prime of Ty (where &, is the deformation datum
defined in §2.3),

¢ is a scalar multiple of ¢,

some conjugate of p is a nice deformation of type-(?’', £, ¢, .#4) in the sense

of §2.3.

A prime p of Ry is good if p modp is nice in the sense of §2.3. Such a prime
is nice if it is also the inverse image of a pro-modular prime of Ry .

If p is nice for &, then the universality of Rg yields a unique map R¢y — A
inducing a conjugate of p. We denote by pgy the kernel of this map. This is a nice
prime. The first of the aforementioned properties of & is that

if p C Ty is any prime that is nice for &,

(P1) then any prime Q C py C Ry is pro-modular.
The second important property of & is that
(P2) there exists a pro-modular prime of Rg whose

corresponding deformation is nice in the sense of §2.3.

4.3. The key proposition

The following proposition is the key ingredient in our proof of the Main
Theorem.



64 C.M. SKINNER, A]J. WILES

Proposition 4.1. — Let & be a deformation datum for ¥. If (F, &) is good, and if (P1)
and (P2) hold for & and &, then every prime of Rey s pro-modular.

Progof. — Let &4 be the set of irreducible components of spec(Rg ) and let

&' C €5 be the subset consisting of pro-modular components. The assertion of
mod

the proposition is equivalent to &g = & .

We begin by proving the proposition for the case & = &,. (Note that since
(F,Z) is good, so is (F, Z,).) The proof consists of two steps. In the first, we show
that any component of spec(Rg ) containing a nice prime is itself pro-modular. As

mod

a consequence of this and of (P2) we have that &5 ¥ (). In the second step we
combine step one with our analysis of the structure of the ring Rg, to conclude that
€5 =%,

Suppose that p is a nice prime of R . By the definition of pro-modularity of p
there is a unique map 6, : Ty — Rg /p inducing the pseudo-deformation associated
to pgmodp. Call the kernel of this map p;. Clearly, p; is nice for Z,. It follows
from (P1) that if Q C p is any prime of Ry then Q is pro-modular. In particular,
any minimal prime of Rg contained in p is pro-modular. This completes step one.
Combining this with (P2), which asserts the existence of a nice prime of Ry, yields
E5 F 0.

The next step is to prove that &g = g?;[d. Put &y = %@t\?_rézd. If &y =0,
then there is nothing to prove, so assume otherwise. It follows from Proposition 2.4 and
Corollary A.2 that there are components C; € ?E}Zd and Gy € &’ such that G, NGy
contains a prime Q) of dimension d —2¢t+ 8 — 3 - #.44,. Let 1, be the ideal generated
by the set { p;det pe (v)—1 | i=1,..,8¢}. Let Q, be a minimal prime of R /(Q, I).
The dimension of Q, is at least d —2t—3-#.46,— 1 > 1+ 8 + (#X + dim, Hy (F, £)),
the inequality by (G). It follows from Lemma 2.6 that pz mod Q) is irreducible.

Since Q; € C;, Q, is pro-modular. The prime Q, determines a prime Qr{wd
of Tg,. The prime Q7 is the kernel of 8g, : Ty — Ry /Q,. Moreover, since
pzmodQ, is irreducible as remarked in the preceding paragraph, it follows from
Proposition 2.12 that dim Ty, /Q7 > dim Ry /Q,. Recall that Ty is an integral
extension of Ap = @ [[Ygl),...,Yfz, Ty,....,Ts.]l (cf. Corollary 3.4). By construction
QTOdﬂA@ contains T4, ..., Tg,. If Q:Tlmd NAe also contained Y(ll), ...,Yfi? it would follow
that the dimension of Q7" would be at most d — d;. Comparing this with the lower
bound for the dimension of ), obtained earlier and recalling that the dimension of
Q, is at most that of Q7*, one finds that d; < 2t+ 3 - #.44, + 1 which contradicts

(G). Thus, after possibly reordering the Yj®’s we may assume that YY) ¢ Q, for each
1=1,..,t
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Fix now a basis for pg for which pg (z)) = (l _l). Write pg (0) = ( 22 f,g)
As pz mod Q) is irreducible, there is some 6y for which ¢, & Q. Let p 2 Q,; be
a prime of dimension one not containing ¢, YV, ...,Y(lt). Such a p always exists. As
p € G it is pro-modular. We claim that it is also good. By construction p contains

p, and it is, of course, a prime of Ry, so it remains to check the conditions at each

D;. Let A = Rg /p and let p : Gal(F/F) — GL,(A) be the deformation pg mod p.
(&)
Consider p|p, =~ (Wl Z) ) By definition wg){y(f)) equals 1+ Y(ll), which has infinite
V2

order in A. Thus \|/(QZ> is a character of infinite order. On the other hand, detp(y) = 1
for j=1,...,8p, so, as char A = p, det p = x. It follows that \|I(f) =x- Wg>_1, whence
\u(f) /\V(Ql) has infinite order. Therefore p is a nice prime of Rg . As p € C it follows
from step one that G, € ?%(:d contradicting the assumption that C; € &, . This

mod

proves that & ¢ = & 5 .

We now prove the proposition in its full generality We first show that any
component of spec(Rg ) containing a good prime is pro-modular. For this we use the
proposition in the case & = Z,. We then combine this with our previous analysis of
Ry to conclude that €5 = &5

Suppose that p is a good prime of Rg . It follows that p is the inverse
image of a prime p; of Ry under the canonical map Ry — Rg. By the
proposition in the case & = &, p, is a pro-modular prime. Thus there is a
map 6, : Ty — Rg /p1 = R /p inducing the pseudo-deformation associated
to pgymodp, = py mod p. Composing 6, with the canonical map Ty — Ty, yields
amap 0, : Ty — Ry /p inducing the pseudo-deformation associated to pg modp.
Let py be the kernel of 6,. It follows from the definition of py that it is nice for &,
whence by (P1) any prime Q) C Py, 7 © R4 is pro-modular. As p = Py, 7> it follows
that any component of spec(Rg ) containing p is also pro-modular.

In our final step we complete the proof of the proposition in its full generality.
Let Q be a minimal prime of Ry . Let Iy C Rg be the ideal defined as follows.

Choose a basis for p such that py (z21) = (1 _1). Write pg (0) = (fg f}g) and

pfo) = (1 X’Z‘g)). For each place » € T\’ fix a generator 1, € I, of the pro-p-part of
tame inertia at u. Let I, be the ideal generated by the set

{Brae, = 1, by, —ur,, ¢r), dysdetpy () — 1| 0€E\P, j=1,.,8}.

Let Q, be a minimal prime of Ry /(Q, I). By Proposition 2.4 the dimension of Q,
is at least d— 7 - #X — 1. It follows from this and from (G) that the dimension of QQ, is
at least 8y + #X +dim, Hy (F)+ 1 from which it follows by Lemma 2.6 that p mod Q ,
is not reducible. Moreover, it is clear from the fact that Qo D I, that pmod Qs is a
deformation of type-Z,. It follows from the proposition in the case & = &, that Q, is
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pro-modular. Arguing as in step two of the proof in the case & = &, shows that Q,
is contained in a good prime. As Q) C Qo, the same is true of Q). The conclusion of
the preceding paragraph now implies that () is pro-modular. Therefore, every minimal
prime of Rg is pro-modular. This completes the proof of the proposition. O

4.4. Conditions under which (P2) holds

In this subsection we establish the following criteria for (P2) to hold for a given
deformation datum &.

Propositin 4.2. — Let & = (O, %, c, #b) be a deformation datum. If (F, D) is a
good paw, and if (P1) holds for each datum (@', %' ,c, 46" with X' CZ and @' D @, then
(P2) holds for & .

Proof. — The proof of this proposition consists roughly of three steps. In the first
we prove that (P2) holds for some deformation datum %, = (@', %, ¢, Ab,) with
@' O @. From this, together with the hypotheses of the proposition and Proposition
4.1, we obtain that if &' = (@', Y, ¢, #') with £ C X then every prime of
R i1s pro-modular. In the second step we combine step one with the existence of
suitable reducible deformations to show that there exists a prime p, of Tg, (where
Y, = (O, %, ¢, Ab) for a suitable .#£ ) such that the pseudo-deformation associated
to p; comes from the pseudo-deformation associated to a deformation p; of type-
(@, %, ¢, D). In the third step we prove that p; is actually of type-Z, and that p; is
essentially the inverse image of a prime of T4, thereby proving that (P2) holds for &

We now prove that (P2) holds for some deformation datum %, =('; X, co, Ab ).
(Recall that X, is the set of finite places at which ¥ is ramified together with
the places vy,...,5, over p and that #, = Z\{v,...,0}.) Let UX¥ C GL,(OF ® Z)
be as in §3.4. Since the pair (F, %) is good, L,F, — 1,%0) is not a unit in
@, so it follows from Proposition 3.14 that T, (U*, @) has a permissible maximal
ideal m. Recall that by Corollary 3.4, Ty = T (UX, @), is an integral extension of
Ao = OYY, ... YY, Ti,..,Ts]. Let Q C Ty/(p, Ti,..., Ts,) be a minimal prime. By
its choice, the dimension of Q is at least d. Let R = T, /Q, The pseudo-representation
associated to pg determines a pseudo-deformation into R of type-(€, Z;). We denote
this pseudo-deformation by pg = {a(0), d(0), x(c, T)}. We claim that x(c, 7) is not iden-
tically zero. If it were then p : Gal (Fy,/F) — GL,(R) defined by p() = (7 )
would be a diagonal deformation of type-(¢, Z;) (see §2.3). Therefore, there would
be a map v: R?g’,g):) — R inducing p. Since it follows from Lemma 3.11 that R is
generated (pro-finitely) by the set {trace p(0)} = {trace po(o)}, y must be surjective.

Thus the kernel of y would be a prime q of th@a,gx) of dimension at least d. However

by the choice of QQ, detp (and hence det p?}j’gz)mod q) has finite order. Lemma 2.9
would now imply that d < 1+ 8, but this contradicts (G). This contradiction implies
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that there exists some 0y and Ty such that x(0g, T) ¥ 0. Now let p D Q be a dimen-
sion one prime of T, not containing x(cy, 7o), Y(ll), ...,YY). Let A be the normalization
of Ty/p (this is a complete DVR with residue field £ a finite extension of k). Let
O' = O Qwy W(K). Let ¢ = pgmodp be the induced pseudo-deformation into A of
type-(@’, Zy). This is nothing more than the pseudo-representation associated to p,.
By Corollary 2.14 there exists a cocycle 0 ¥ ¢ € H'(Fy,/F, ¥(x™")) and a deformation
Po : Gal(Fy,/F) — GL,(A) of p,, whose associated pseudo-deformation is @. Let K
be the field of fractions of A (equivalently, the field of fractions of T, /p).

Comparing traces we find that p, ® K ~ p,. Arguing as in the second full
paragraph of §4.2 (the paragraph describing primes of Tg that are nice for &)
shows that ¢ is admissible and that p, is a deformation of type-(@@’, Zo, ¢, #). We
claim that it is in fact a nice deformation of type-%, where &, = (@', Xy, «, A ).
Recall that .#,, is nothing more than the set of finite places other than u,...,7 at
which y is ramified. Therefore if w € .46, then one sees easily that pg|;, ~ (¢1 %:)2)
with ¢; and ¢, finite characters of p-power order. However, since the characteristic of
A is p it must be that ¢; = 1 = ¢o. This shows that pg is of type-Z. Moreover, since

()
pe @ K =~ p, it follows from (3.4) that py|p, ~ <¢1 qj“) with ¢(l’) -<|)(2’) a character
2

of finite order and ¢Y()) = 1 + Y?, which is an element of infinite order in A*. To
conclude that py is a nice deformation it remains to check that the corresponding
prime of Ry, is of dimension one. This follows from Lemma 2.12. By construction
Pe is a pro-modular deformation of type-%Z (since To, = Ty ®» @'). It follows that
the prime of Ry, corresponding to p, is a nice prime. This completes step one.

If the cocycle ¢ is a scalar multiple of ¢, then (P2) holding for &, easily implies
that (P2) holds for &, and hence also for &, as was to be proved. For let py, be the
deformation of type-Z, described in the preceding paragraph. There exists a conjugate
po of pe that takes values in GLo(B) with B C A an @-subalgebra with residue field
k and that is a deformation of type-(@ , X, ¢, Ab,,). Since (O, X, ¢, Ab,) = Z,, this
shows that pj, is a nice, pro-modular deformation of type-Z, (since To,®z @' = Tg,).

Suppose from now on that ¢ is not a scalar multiple of ¢. Let &, = (@', Z,, ),
Ab)\) with A6, the set of finite places w € Z, other than vy, ...,2 such that x|, F 1.
Since (F, &) is good so is (F, &,). Having shown that (P2) holds for &, we see that
(P2) also holds for &,. Combining this with the hypothesis that (P1) holds for &, and
%,, and with Proposition 4.1, yields that every prime of Rg, is pro-modular.

As both ¢ and ¢ are classes in Hy, (F, ) they can both be viewed as Gal (F(x)/F)-
equivariant homomorphisms Gal (Fy(x)/F(x)) — ¥(x~"'), where Fy(x) is the minimal
field over which every cocycle ¢ € Hy (F) becomes trivial. Fix Gal(F(y)/F)-generators

Gy, ...,0; of Gal(Fy(x)/F(x)). Then any cocycle in Hx(F, £) is determined completely
by its values on the os. Let { (ot j,...,0 ;) € ¥°,1 <j < s—2} be s —2 linearly
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§

independent vectors such that o, jcy(6;) = 0 and > o; jo(c;) = 0. Note that
i=1 =1

(4.2) s — 2 =dim, Hs (F, ¥) — 2 < #%, + dim Hj (F, ).

Fix a lift o, ; of each a,; to @".

Fix now a basis of py, such that py (z1) = (l —1)- Write py (0) = (fg Zg)
Let I C Ry, be the ideal generated by {p; >0, ;jbs; detpa,(ve) | J = 1,...,s — 2
=1

¢ =1,.,%}. It follows from (G), (4.2), and Proposition 2.4 that any minimal prime
of Rg, /I has dimension at least
dim R | —(dim, Hy (F, k) — 2) — & — 1

>d+7—-3-#.46, -4 -dim H;s (F, k) — 2t

>d+7—7-(#2, + dim Hs (F, £))

> &p + dim, Hy (F, £).

4.3)

Comparing this estimate with that in Lemma 2.6 shows that any minimal prime of
R, /1 corresponds to an irreducible (pro-modular) deformation.
Now, there exists a reducible deformation p : Gal(Fs /F) — GL,(¥'[[x]) of

P, given as follows. Let 7 and ¢ be cocycle representatives of ¢ and ¢, such that

Az1) = 0 = ¢o(z1). Define p by

Clearly, p is a deformation of type-Z, so p corresponds to a dimension one prime
p of Ry, /1. Let Q be a minimal prime of Rg, /I contained in p. As we observed in

the preceding paragraph, pg,mod Q is irreducible. Let Q' be the inverse image of Q
under 7, : R, ps — Rg,. Let A" =R p /Q" and let A be the integral closure of

A" in its field of fractions L. The ring A is a Krull domain [N, (33.10)]. Let K be the
field of fractions of R, /Q.

Choose Bi,...,B; € ¥ such that Y Bi(c;) = 0 but > Bic(c;) ¥ 0. Fix a lift
=1 =1

Bi of each B; to @'. Choose a basis for pg, such that pg (z21) = (1 _1) and
Zlg,-boi =uy € @', where py (o) = (?g Zﬁ) Put x(c, 7) = bger. Suppose that P is a
height one prime of A for which Zﬁix(cl-, op) ¢ P for some op € Gal(Fs, /F). Then,

since Zﬁix(ci, Op) = Uplop, Cop § P. It follows that bs € Ap for all o € Gal(Fy /F).
In particular, the matrix entries of each pg,(6) modQ are in Ap. Thus, if such a op
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existed for each height one prime P of A, then py modQ would have matrix entries
in QAP = A. It would then follow from Lemma 2.6 that any dimension one prime of

R&,/Q pulls back to a prime of A, and hence to one of A", of dimension at least
one. However, this is impossible as the non-maximal prime p of Rg, /Q pulls back to
the maximal ideal of A". Therefore, there must exist a height one prime Py of A" for

which {3 Baci, ©): T € Gal (Fs, /F)} C Po.
=1

Suppose that x(c, 1) € Py for all 6 and 1. It would follow that the representation
pp, defined by

pri)= () € GLyA"/Ry

would be a diagonal deformation of py = (1 X) of type-(@’, X)) having determinant
equal to . As A"/P, is (pro-finitely) generated by the traces of pp, it follows that the
natural map R?;g,, 5, — A"/Py would be a surjection, whence by Lemma 2.9 (ii) the

dimension of A”/Py; would be at most 1 + 8. However

dim A" /Py = dim A" — 1 > dim Rz ,/Q—1
> & + dim,, Hy (F, K)
>6pt+1,

the first inequality coming from Proposition 2.12, the second from (4.3), and the
last from the fact that ¢ and ¢ span a two-dimensional K-subspace of Hy (F, )
by hypothesis. This contradiction implies that there is some ¢ and v for which
x(c’, ) ¢ Po.

We next claim that after possibly renumbering Y(ll), ...,Yfz we can assume that

Y(f) ¢ Py. For this we recall that since Q is a prime of Rg, it is pro-modular, so
A" = Ty, /Q™ for some prime Q™ C Ty, such that p?jdmod Q™4 is the pseudo-
representation associated to py mod Q. Recall also that T, is an integral extension
of Aw. By the choice of Q, Q™ contains (T, ..., Ty, p). Hence so does Py. If Py
also contained (Y o ...,Yfz) then the dimension of Py would be at most d—d;— 1. Hence
the dimension of Q™! (and hence of A") would be at most d — d;. However, as the
dimension of Q is at least d+7 — 3 - #.46, — 4 - dim, Hy (F) — 2¢, it would then follow
from Proposition 2.12 that d; < 7 - (#Z, + dim, Hy (F)) + 24 contradicting (G). This
proves the claim.

Now let p; be a dimension one prime of A" containing Py but not containing

Y, .., YY, or x(0’, 7). Let B be the integral closure of A"/p, in its field of fractions
L. Let £ be the residue field of B. By Corollary 2.14 there is a representation p; :
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Gal (Fz /F) — GL,(B) whose associated pseudo-deformation comes from P s mod P
1

and for which pymodmg = p,, for some cocycle 0 ¥ ¢, € H'(Fy, /F, ¥/ (x™")). Recall

that since Q is a pro-modular prime of Rg | there is a map Ty, - A" inducing

the pseudo-deformation p, psmod Q. Thus p; corresponds to a prime of Tg,, which
1

we also denote by p;. It is clear that py ® L =~ p, . Arguing as in the paragraph
describing primes of Tg that are nice for & shows that ¢; is admissible and that p,
is a deformation of type-(@", %, ¢;, 0), where @" = @ Qwy WK').

We next claim that ¢, and ¢ differ by a scalar, or, in other words, p, ~ p,, . Recall
that {3 Bx(o;, 7), >0 x(0:, 1) | T € Gal[F/F); j = 1,..,s — 2} is contained in p;.
Suppose that Y- o, jc;(6;) F 0 for some j. Fix a basis for p; for which p;(z;) = (l . )

Write p;(o) = (fg Zg) From our supposition it follows that b, = - o jbs, is a unit in
B. But we also have (3 o jbs,)cc = > o jx(0;, 6) = 0 in B. It follows that ¢; = 0 for all
o and hence that %6, 1) = 0 in A for all ¢ and 1, contradicting the assumption that
x(0’, 7') € p1. A similar argument shows that }_ Bici(c;) = 0. It follows that ¢, restricted
to Gal(Fy, /F(x)) is a scalar multiple of ¢. This proves the claim since restriction

determines an isomorphism H'(Fy, /F, kx~")) ~ Hom (Gal (Fy, /F(x)), kx~") " /"

Therefore, after possibly replacing p; by a conjugate, we may assume that ¢, = ¢
and that p; takes values in GLy(B') with B’ a ¢?'-subalgebra with residue field £ and
hence that p; is a deformation of type-(@, Z,, ¢, ). This completes step two.

We now prove that p; is a nice deformation of type-Z,. The only thing needing
proof is that p; is actually of type-Z,, for the desired properties of p1|Dl. follow from
the isomorphism p; ® L ~ p, , and that the corresponding prime of Ry will have
dimension one will follow from Lemma 2.12. As .Z4, consists only of those finite
places other than vy, ...,v at which p, is ramified one finds that each w € .44, satisfies
exactly one of the following possibilities:

@) Xllw F 1

44 .
(i1) xllw =1, XIDw =0 ! =1.

If w € A6, satisfies (i) then it is easily seen that pi|, = (1 52) (here we have
used that char (B) = p). If w € .2, satisfies (ii) then p,|p, is type A. We want to show

that the same is true for p;. Since det p; =X there are two possibilities for p; ® E|Dw:
it is either type A or type B'. If it were type B’ then p @ L, ~ (° o1 ) with 0
a finite character of p-power order. However, since char (L) = p any such ¢ must in
fact be trivial, from which it would follow that p, is unramified at w, contradicting the

assumption that p, (and hence p;) is ramified at w. Thus it must be that p, ® L|p,
is type A. It is now straightforward to show that since p,|p, = ( ! ;) is non-split,




RESIDUALLY REDUCIBLE REPRESENTATIONS AND MODULAR FORMS 71

p1|Dw ~ (I %) as well. For let u € I, be a generator of the pro-p-part of tame
inertia. It follows that p (x) = (1 1710) for some 0 F by € k. Let V be the underlying
representation space for p; (so V is a free B’-module of rank 2). Let U C V be the
B’-submodule annihilated by u — 1. That U F 0 follows easily from p, ® L being type
A at w. That U  V follows from the fact that p,(u) ¥ 1. It follows that U ~ B’ and
V/U ~ B'. Let ¢, &, € V be such that ¢, generates U as a B-module and ¢, generates
V/U as a B'-module. Thus ¢; and ¢, form a basis of V as a B’-module. With respect

to this basis u acts via a matrix of the form (1 I{) Since the reduction ¢, and &,

of ¢, and ¢ modmg form a basis for V = Vmodmg, the k-space underlying p,, and
since u does not act trivially on V, b is a unit in B’. After possibily scaling ¢, and ¢, by
units in B’ we may assume that b reduces to . In this case ¢; and ¢ form a basis for

the deformation p; with respect to which p,(x) = (l ?) (b ¥ 0). It now follows from

the well-known action of D,, on tame inertia that PllDw = (1 %) (Here we have used
that char(B’) = p and that detp; = ). This completes the proof that p, is of type-Z..

Let p € Ry, be the prime corresponding to p;. We have shown that pg mod p,
is nice. We now show that py is pro-modular. Put &, = (@, %,, ¢, #6,). Clearly
Ty, ®c @' =Tg,. From the choice of p;, and the definitions of p, and p; we have
a commutative diagram

Ry p Ty, = To, A" A"/p,
(4.5) lra, !
Ry, - Ry, — B — B
where the map T, - A" induces the pseudo-deformation associated to pg modQ
and Ry — B’ corresponds to p;. Denote by ps the kernel of the map T, - A"/p,
in (4.5). We need to show that p3 is the inverse image of a prime of Tg, under the
canonical surjection T, - Tg .

Let Q; C p3 be a minimal prime of Tg ,. We describe the possibilities for pg, |p,,
when w € .#4,. First, note that pq, is ramified at every place in .22, since p,, ~ p,,
is. Second, recall that by (G) every place w € %4, satisfies one of the two possibilities
listed in (4.4). If w satisfies (4.41) then w € .44, (by the definition of .#4,), and it is

easy to see that pg, |1, ~ (¢1 %¢2) with ¢, and ¢, finite characters of p-power order.
x(1, €, max(1, ¢,
Aswe€ A\, Ug, = { (? 2) ’ ¢ € é:a . )>, amod?,, ) ¢ Agw}. (See §3.5,

especially for notation.) It follows from Lemma 3.16 that ¢, and ¢, are in fact trivial.

This shows that

. 1
(4.63) if Xl[w :F 1, then pQI llw ~ < %) .
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Finally, suppose that w € .#6, satisfies (4.4i)). In particular o(Frob,) = 1. A
straightforward analysis of the possibilities for pg, |p, using that pg, |1, factors through
the pro-p-part of tame inertia at w shows that there exists a finite character ¢ of D,, of
p-power order such that pg [p, ® ¢ is either type A, type B, or type C. As type C can
only occur if o(Frob,) = —1, this case is impossible. It follows that if x|p, = @' =1,
then either

(1) po, i, = (¢1 02 ) , & and ¢, finite characters of p-power order, or
(4.6b)

2) po, i, = (¢ z), ¢ a finite character of p-power order.

Now write detpg, = X - ¢ - ¥ where ¢ is finite of p-power order and y has infinite
order and factors through a free Z,-extension of F (hence y is ramified only at places
in &). It follows from (4.6 a, b) that ¢ is ramified only at places in .# \.#, and in
2. Fix a character ¢, : Gal(Fy, /F) — (T%,/Q.1)* ramified only at places in X,\.Z4
and such that ¢ = ¢~'. By Lemma 3.17 there are primes Qo C p; C T, with Q,
minimal such that pg, >~ po, ® ¢, and p,, = p,, ® 01. As p,, ® &1 = p,,, it follows that
ps = p3. Thus Q, is contained in ps. It follows from (4.6 a, ) and the definition of ¢,
that

. . 1
4.7) () if x|, F1, then pg,li, ~ ( )~(> ’

(i) if xlp, =@ ' =1, then either
1 %
a) pQ2|Dw:< 1), or

b) pq,Ip, =~ <¢ ¢_1) with ¢ a finite character of p-power order.

Next we introduce some new subgroups of GLy(7'f ®Z). Write Uz =11Ug, .
Let 7 be the set of places w € A6, \.46, for which (4.7iib) holds. For w € Z” define

U, = {(‘C’ Z) € GL(Or.4)

¢€L,, ad'modl, € A:U}
(see §3.2 for the definition of A). Put

4.8 U = Uy X U, and U’ =Ug NU.
o 2
wgd W weH”

Let m’ and m” be the permissible maximal ideals of To(U’, @) and T (U", @),
respectively, obtained by pulling back the permissible maximal ideal of T (Ug,, @)
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via the canonical projections. There is a commutative diagram

(4.9) T’

T (U, O

T// — Tooajn, @)m” \ T

\ T@z /

where all the maps are the canonical ones and are surjective. Let Cp; CT
be the inverse images of Qo and ps. It follows from (4.7), (4.8), and Lemma 3.15
that there are primes Q) C p; C T’ whose inverse images in T” are just Q5 and
p3, respectively. It now follows from Proposition 3.20 that p; is the inverse image of
a prime p, of Te. By the commutativity of (4.9) and the fact that p; is the inverse
image of both p; and pj it follows that p; is the inverse image of p,. This proves that
the map Ty, — A"/p, in (4.5) factors through the canonical surjection Ty, » Ty,
completing the proof that the deformation p; is nice and pro-modular of type-Z,. This
completes the third and final step in the proof of the proposition. O

4.5. The Main Theorem

We now state and prove our Main Theorem. In this subsection and the next, we
forego the convention that F has even degree. We will, however, assume property (P1)
for certain fields. That this property holds is proven in §5-8 (see Proposition 8.4) which
are independent of §4.

Main Theorem. — Suppose that ¥ s a totally real field and that & = (O, X, ¢, M) is
a deformation datum for ¥. Suppose also that p : Gal (Fs/F) — GLy(O) is a deformation of
tpe-D  such that

® p s trreducible

o detp = ye" with u> 1 an integer and ¥ a finite character

i\ll(i) N
e plp, Loy | with v, |I of finite order for each i =1,.
¥
If there exists an extension L/ F of totally real fields such that

(1) the Galows closure of L over ¥ is solvable
(i) L Aas even degree over Q
(i) L s permzmble Jor &
(iv) (L, & 1) s a good pair in the sense of §4.2,

then p ® Q—p s a representation associated to a Hilbert modular newform.
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Proof. — Let p1 = plga /1)- As L is permissible for &, p; is a deformation of
type-Z1.. Since L has even degree over Q, it follows from Proposition 8.4 that (P1)
holds for any deformation datum for L. As the pair (L, & 1) is good it then follows
from Propositions 4.1 and 4.2 that p; is a pro-modular deformation. In particular,
there is a map A : T, — @ inducing the pseudo-representation associated to p.
By the conditions imposed on p in the statement of the theorem, the map A satisfies
the hypotheses of Proposition 3.7. Thus there is a Hilbert modular newform f; (over L)
such that

(4.10) trace pi(Frob,) = (eigenvalue of T({) acting on f;)

for £ £3;. Let py; : Gal(L/L) — GLQ(Qp) be the representation associated to f. (If @
is the automorphic representation associated to f;, then ps is just pg, the latter being
the representation described in (3.2)). This representation satisfies

(4.11) trace py, (Frob,) = (eigenvalue of T(¢) acting on f;)

for £ £%;. As p is irreducible by assumption and odd, p; (and hence p, ®Qp) 1s also
irreducible. It therefore follows from (4.10) and (4.11) that p, ®Qp ~ p;. Now, as the
Galois closure of L/F is solvable, it follows from the known cases of base change for
(holomorphic) Hilbert modular forms (cf. [GL]) that there is a newform f over F such
that pdc. 1) =~ Py (here prt Gal (F/F) — GLQ(QP) is the representation associated to
f)- Since prGa,(i/L) ~pRQ, | Gal @ /1y and these are irreducible, it is easy to see that
there is some finite character ¢ : Gal (F/F) — Q: such that p,@¢ = p®6_ﬁ. As pr®o
is the representation associated to the newform corresponding to the twist of f by ¢,
this proves the theorem. O

In the next subsection we will deduce the following theorems from this one.

Theorem A. — Let ¥ be a totally real abelian extension of Q. Suppose that p 15 an odd
prime and that p : Gal (F/F) — GL,(Q,) w5 a continuous, irreducible representation unramified

away from a finite number of places of ¥. Suppose also that the reduction of p satisfies p* = ¥, DYy
I

o the splitting field ¥(x,/%o) of X1/Xo 15 abelian over Q,
® (X\/%o) (2) = =1 jfor each complex conjugation z,

® (X1/%2) b, F 1 for each olp,

\v({’)’il

e plp =~ ‘lf(:)ﬁ) with \V(;) Jactoring through a pro-p-group of ¥, and \;lg)hv of
2

finate order for each o|p,
o detp = we'~! with k > 2 an integer and v a character of finite order,

then p is a representation associated to a Hilbert modular newform.
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A critical ingredient in the proof of Theorem A is a result of Washington on
the boundedness of the p-part of the class group of a cyclotomic Zy-extension of an
abelian number field (cf. [Wa]). A similar result for any totally real field would yield
the same theorem but with the omission of the hypotheses that F and F(x, /x,) be
abelian.

For our next theorem, we make the following hypothesis, which plays a role
similar to that of Washington’s theorem in the proof of Theorem A. We believe that
this hypothesis will be easier to establish than the analog of Washington’s theorem,
though the latter would yield a stronger result.

Hypothesis H. — There exists 0 <g < i and a constant ¢(€) > 0 such that given a totally
real field K and a finste set S of finite places of K there is an imaginary quadratic extension L of
K having prescribed behavior at each place in' S and such that the relative class group of L/K has
p-rank at most ¢(€) deg(K/Q)!~¢.

Theorem B. — Let ¥ be a totally real extension of Q . Assume Hypothesis H for all solvable,
totally real extensions of F. Suppose that p is an odd prime and that p : Gal (F/F) — GLQ(Qp) i
a continuous, wrreducible representation unramified away from a finite number of places of F. Suppose
also that the reduction of p satisfies ™ = ¥, B Xy If

® (X;/%9) (2) = —1 for each complex conjugation z,
® (X1/%X2)|p, has even order for each vlp,

\,;(1”)551

e plp, ~ w(:)% ) with W factoring through a pro-p-extension of ¥, and W(Qy)lly
5 X2

of finite order for each v|p,
o detp = ye"" with k> 2 an integer and ¥ a character of finite order,

then p is a representation associated to a Hilbert modular newform.
4.6. Proofs of Theorems A and B

We now prove Theorems A and B. In both cases this is done by reducing to a
situation to which the Main Theorem applies.

Proof of Theorem A. — Put p; = p®7%, and x = x,/X,. Let £ be the set of
finite places at which p; is ramified together with the places over p. There exists a
finite extension K of Q, such that for some choice of basis p, takes values in GLy(®')
with @ the ring of integers of K. Such a basis can be chosen so that the reduction

. 1
of p; modulo the maximal ideal (A) of &, p, = pymodA, satisfies p, = ( *)

X
and is non-split. Let £ be the residue field of @. It follows that p, ~ p, for some

cocycle 0 ¥ ¢ € H'(Fy/F, k(x™")). The hypotheses on p|p, ensure that ¢ is an admissible
cocycle. Thus after possibly replacing p; by a conjugate we may assume that p; is a
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deformation of type-Z, where & = (@, X, ¢, (). Clearly p, satisfies the hypotheses of
the Main Theorem. The conclusion of Theorem A will thus follow from that of the
Main Theorem if we exhibit an extension L/F of totally real fields that (i) has solvable
Galois closure over F, (ii) has even degree over Q, (iii) is permissible for &, and (iv)
is such that (L, &) is a good pair. We will construct such an L.

Let E/F be any even extension that is permissible for & and is such that E/Q
is abelian, each place o|p of F splits in E, and if w is a place of F at which p, is
ramified and x|p, is unramified then x|p,, = 1 for each place «/|w of E. It is easy to
find such fields: take for example, E = F-E’ where E’ is a real cyclic extension of Q of
sufficiently divisible degree in which p splits completely and all primes ¢ F p divisible
by a place in X are inert. Choose an odd rational prime ¢ such that ¢ { #4* and /¢
is not divisible by any of the places in Z. For each positive integer n let E, be the
cyclotomic Z/{"-extension of E. It is easily checked that E, is permissible for &. Let
%, be the set of places of E, dividing those in X, and let &7, be the set of places of
E, dividing p. Let r, denote the p-rank of the y~'-isotypical piece of the p-part of the
class group of E,(x) and let p™ denote the order of the p-part of the class group of
E,. From the theory of cyclotomic extensions we know that there exist integers s and
¢t such that

(4.12) #X,=s and #F,=t for n>0.
Similarly, it follows from [Wa] that there exist » and ¢ such that
(4.13) ¢, =c¢c and r,=7r for n>0.

As E,/F is a Galois extension, we also have that
(4.14) deg E, ,/Q, > "/t Vulp.

Let p™ be the number of p-th power roots of unity in E,((,), {, a primitive p-th root
of unity. As the degree of E,/E is a power of £, there is an integer ¢ such that

(4.15) G=e Yn.

For each n > 1 choose a set S, of ¢, + ¢, + 1 finite places of E, disjoint from Z,
and such that

(4.16) e po" ! |(Nm(w)— 1) VweS,
o x(Frob,)=1 V weSs,
ept2c,+1

e there exists an abelian p-extension L,/E, of degree at most p ,
unramified away from S,, and such that the subgroup of Gal(L,/E,)
generated by {I, : w € S,} is isomorphic to (Z/p)="*!,

Note that L, is necessarily ramified at each place in S,. The existence of such a set
S, follows easily from Class Field Theory.
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Let E, C H, C L, be the maximal unramified subextension of L,. It follows that

LL,, —1,x07) = [[LH,, —1,x0'¢)
o

where ¢ runs over the characters of Gal (L,/H,) ~ (Z/p)"***!. Let $° be the number
of p-th power roots of unity in H,({,). Note that £, < ¢, + ¢,. It follows from well-
known congruences for p-adic L-functions that if xo=' F 1 then L(H,, — 1, x0'¢) €
Z,[xo'¢] for all ¢ and if x0=' =1 then L(H,, — 1, x0™'¢) € Z,[¢] for ¢ non-trivial
and peﬂL(H,l, — 1,x07") € Z, (cf. [Co], [D-R], or [Se]). Here, for any character
0, Z,[6] denotes the ring obtained by adjoining the values of 8 to Z,. We also have by
our choice of S, that if ¢ is non-trivial and if 7y is a uniformizer of Z,[y® '¢] then

LH,, —1,x07'0)=LH,, —1,x07") J] (I —xo '6(Frob,)Nm())
weS,(9)

= Omodmy,

where S,(¢) is the set of places of H, at which ¢ is ramified. Combining this with the
earlier expression for L(L,, — 1, x®') we obtain that L(L,, — 1, xo™") € Z,[x0™']
and L(L,, — 1, x®™") = OmodA, A a uniformizer of Z,[x®~']. We have thus shown
that

4.17) L@, —1,%0) € O\@*.

Since E, is permissible for &, the field L, is as well. Moreover, it is a simple
exercise in p-groups to show that

dimk Hzo (Ln ’ k) #Gal (Ln/En) . dimk HZO (L” s k)Gal (Ln/En>
#Gal(L,/E,) - dim, Hy, s (E,, £)

pe”+2£n+l(rn +€n +cn + 1)

VAN

(4.18)

N

Now choose 7y so large that

£00/2 >2+ 8™ s+ r+e+c+ 1))

4.19
*.19) 00 > 2+ p* N+ Ts+Hr+ e+ o+ 1))

and such that the equalities in (4.12) and (4.13) hold.

Let L = L,,. By construction the Galois closure of L/F is solvable and the degree
of L is even. As noted above, L is permissible for & . It remains to verify that (L, &Z'1)
is a good pair. For this let d;, be the degree of L. By construction di, > £™. Also, by
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[Wal], &, < dQ—L It follows that

dp > 8 +40)2>2+4 8" s+e+le+1+7))+§;

4.20
(.20 > 2+ 8, + 8#2, + dim, Hy, (L, #),

the last inequality following from (4.12), (4.13), (4.15), and (4.18). Suppose that v is a
place of L dividing p. Let d, be the degree of L,. The number of such places v is at
most p2*1¢ so it follows from (4.14) and (4.19) that

dv>£n0/t>2+pe+25+]t+7_(pe+20+l(s+r+e+ le+ 1))
> 2+ p M e+ 7(#3, + dim, Hy (L, &)

That (L, &) is good now follows from this, from (4.17) and (4.20), and from the
choice of E. O

Proof of Theorem B. — Let x =, /X,- It follows from base change that it suffices
to prove the theorem with F replaced by the maximal totally real subfield F* of F(y).
By the hypotheses in the theorem x|p, ¥ 1 for each place 2|p of F*, and therefore we
may assume that ) is quadratic.

Put p, = p®7, . Let £ be the set of finite places of F at which p, is ramified
together with those dividing p. As in the proof of Theorem A, there exists a finite
extension K of Q, with integer ring ¢ such that, for a suitable choice of basis, p,
takes values in GL,(¢) and is a deformation of type-Z for some & = (@, Z, ¢, ().
The conclusion of the theorem will follow from the Main Theorem if we can find an
extension L/F that (i) has solvable Galois closure over F, (ii) has even degree over Q,
(i) is permissible for &, and (vi) is such that (L, &) is a good pair.

Arguing as in the proof of Theorem A shows that we can find a solvable
permissible extension E/F that has even degree over Q and is such that

(4.21) e L,(E, —1,xw) € @ and is not a unit,
e if pfi, ¥ 1 and wt p, then either x|;, ¥ 1 or x|p, =1, for w a place of E.

Let X' be the primes of E above those in Z.

We now construct a solvable permissible extension L of E such that (L, &) is
good. By Hypothesis H there is a totally imaginary quadratic character y over E such
that

o if w€ X and w{p then y is unramified at w and xy|p, ¥ 1,

e if o|p and x|;, ¥ 1 then y is unramified at » and y(Frob) ¥ 1,

e if op and x|;, = | then y is ramified at 2, and

e the p-rank of the relative class group of E(y)/E is at most ¢(g)2' ¢ deg (E/Q).

Let L, be the splitting field of the character gy over E. This is a totally real
quadratic extension of E and clearly permissible for &7'. Let X; be the set of places
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of L; above those in X'. It follows from the choice of y that #X, = #¥'. It is also
relatively easy to see that

dim, Hy, (Ly, #) < dim, Hy (E, £ + c(€)2' "* deg(E/Q) + #¥.
Proceeding inductively, one constructs in the same manner for each n > 1 a totally

real quadratic extension L, of L,_; such that

(4.22) e L, is permissible,
o #X, = #X', where X, is the set of places of L, over those in X',
e dim, Hy (L,) <dim,Hx/(E, £) + o(¢) S, 208 deg(E/Q) + #X'.
Now choose ny so large that
(4.23) 2071 > 9+ 17 - #%' + 8 - dim, Hy (E, &) + ()27 =" deg (E/Q).
4

Put L =L,  and 2 = %,. Let 4. be the degree of L over Q. By [Wal] & < 7,
(4.22) and (4.23) we have that

dp > 8, +2" " deg(E/Q)
> 8, +2+9- #3 +8 - dim, Hg, (L, A.

so by

(4.24)

If v is any place of L dividing p, then 4, = deg(L,/Q,) is at least 2". It follows from
(4.22) and (4.23) that

(4.25) d,>2+9.#Z +8-dim Hs (L, &

Since L has even degree by construction, combining (4.25) with (4.24) and (4.21) shows
that (L, &Z1) is good. O

5. A formal patching argument

In the next four sections we give the proof of property (P1) (see Proposition 8.4).
These sections do not make use of any results from §4.

In this section we will describe a formal patching argument which is a variant on
the patching argument in [TW] and its refinement in [D2]. The extra complexity in
our case is caused by the fact that we are considering the localizations of deformation
rings and Hecke rings and not the original rings themselves. In particular the residue
fields are not finite. We will, in section §7, apply our patching argument to localizations
of deformation rings (in contrast to [TW] where it is applied to Hecke rings), but in
this section we will just axiomatize what is assumed (and later proved) about these
rings and consider only the formal aspects of the argument.

Let £ be a finite field of characteristic p and let A = £[T]]. Let K be the field of
fractions of A. Let % = {N} be a sequence of strictly increasing odd integers together
with zero. Let n be a fixed positive integer.
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We introduce rings Ay, By (for each N € £') given by

Ax = Al sl /LD, Ag= A
By = Aty oo ]/ (V2 £ By = A

There is a homomorphism By — Ay given by £+ (1 +5)+ (1 +5)~' — 2 which we
use to identify By as a subring of Ay. We assume that we are given a ring R™ for
each N € £ of the form

(5.1) R™ = A[[x, ..., %] /a®™

with m independent of N. Furthermore we assume that R®™ has the following
properties:

(5.2) (i) R™ is finite and free as an A-module,

(i) a®™ C (x1, ..., x),

(ili) 3 a surjective map R™ — RO of A-algebras,

(iv) R™ is a By-algebra for N > 0.

Now letting p™ be the prime of R™ corresponding to (i, ...,%,) (which we
usually abbreviate to p if the N is clear from the context) we assume two further (and
less formal) properties of R™:

(5.3) (i) 3 40) >0 such that p© =0 in RO,
3 2 N AR

) /(™) = A" @ Tory),
where the free summand A" is spanned by xi,...,x, and Tory, is a finite group whose
order is bounded independent of N.

For each odd 0 < @ < N together with zero we assume given a ring REIN) which
has the following properties:

(5.4 RﬁlN) is finite and free as an A-module,

i) RY =R™, RY =RO,

(iii) there are surjective maps of By-algebras

Ry « R « RYY « RYV...,

iv) RY is a B,-algebra (compatible with By — B,) such that if a > 1, then
a g p

a1 a1
2

RY @K/ .t ) = RY, ®4 K,
v) RV ®, K is an A, ®, K-algebra satisfying (via the map in (iii
g ying p

RY @4 K/(s1, oy 50) » REY @4 K.
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Letting pim denote the prime corresponding to (xi, ..., x,) (which we again write
as p if @ and N are clear from the context) we assume two further properties:

(5.5) (i) 3 d(a) >0 independent of N such that p4® = 0 in R™,

(i) pe” /(b)) = A" @ Tory ),
where the free summand A" is spanned by x, ..., x, and Tor<N, » 1s a finite group whose
order is bounded independent of N and a.

Associated to the rings RY are certain subrings R (of “traces” in the

application) which are assumed to satisfy the following conditions. First we assume
given an A-subalgebra R™ C R™ satisfying

(5.6) (i) R"™ = A [y1, ..., 7.]]/6® (same m as in (5.1)) where 6™ C (31, ..., p),
(i) R™™ is a By-algebra for N > 0 compatible with the algebra structure on R™.

Setting q™ = p™ N R"™ (thus the prime corresponding to (3, ..., y,)) we assume
in addition the property

(5.7) coker : qV/(q™)? — p™/e™)?  has order bounded independent of N.
For 0 < a <N, a odd or zero, we set
R'™ = im {R"™ — RM}.

Observe that R;r(N) inherits a B,-algebra structure from R(EM. Then we deduce from
(5.7) that
coker{q" /(q™)? — piN)/ (piN))Q} has order bounded

5.8
9 independent of N and @, where qS\D = p(N) N RZ(N).

Associated to the rings we have described we will assume given a set of modules
as follows. First we assume given an integer 7, independent of N. Then we assume we
are given M™, a finite R™-module, satisfying the hypotheses that

(5.9) (i) MM is a free A-module of rank equal to the rank of Ay,
(i) M™ is an Ax-module compatible with the By-structure via R"™ |
(iii) there is a map M™ — M of R™™-modules.

For 0 < a< N (¢ odd or a = 0) we assume that we are given a R™-module quotient
of M™ denoted MY satisfying

(5.10) (1) MEIN> is a free A-module of rank equal to the rank of A},
@) MY = MY, MY € MO and there exists some z € R™ independent of N,
ord(zmod q"”) # 0, such that z- M® C MEN),

(iii) there are surjective maps of R"™-modules Mj" « M « MS"...,
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(iv) Mle> is an RS(N)-module (compatible with the R"™™-structure),

v) MElN) is an A,-module (compatible with the B,-structure induced in (iv)) in
such a way that the maps in (ili) are compatible with A; « A; « A;...,
and the actions of R:(N) and A, commute on MSZN),

W) MY ®,K is a free A, ®4 K-module and MY @4 K/(s1, ..., 5,) ~ MY @4 K.
Furthermore, we assume there exists x™ € R™™ such that

(5.11) (i) ¥™ annihilates ker{M®"/(s,, .., s,) = M{"},
(i) ord (*™mod q™) = ¢ < 0o with ¢ independent of N.

We now derive some simple properties of the above rings and modules.
Lemma 5.1. — rankARle) < €(a) where £(a) depends only on a.

Proof. — This follows immediately from (5.51). O

Lemma 5.2. — There exists an E(a) independent of N such that
THORYY € Ry,
In particular Rzr(N> QK= RiN) ®a K.

Proof. — Since p% =0 in RN by (5.5) it follows that it is enough to check that
coker®,, where ®, is the natural map

@, : @y /@™ — e/,

is finite and bounded independent of N for r < d(a). For r = 1 this is given by (5.8).
A similar bound follows for r = 2 by picking generators for im(®,), lifting them to
elements, say zj, ..., 2, In (qflw) / (qEIN))2 and considering the map

@ /@D — @@ OO, (@1, a) — D @iz

which is surjective. The property for r = 2 can now be deduced from the property for
r =1, and we proceed by induction up to r=de)— 1. O

From this lemma we deduce immediately that for any ¢ the kernel and cokernel of
(5.12) R /T — RY/T

is annihilated by T,
Now let ¢, *™ be as in (5.11) and let z be as in (5.10ii). Let ¢, = ord(zmod q?).
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Lemma 5.3. — TN annihilates both the kernel and the cokernel of the map
MiN)/ (T, s1, .y 5) — MO/T for any c.

Proof. — Let Z be a lift of z to R"™. By (5.11) and the definition of dj,
N7 — oy T € g™ for some unit u € AX. So

T = X7+, e q®.

Hence T = . xN7 + 49 for some w € R"™. By (5.5) A9 = 0, so the result
follows from the defining properties of AN and z. O

Next we introduce level structures which we will use to make a patching
argument similar to the one in [TW]. A level-(a, ¢) structure J(N, a, ¢) is a collection
of data comprising

(i) B,-algebras, RIY = RV /T, R = RV/T7,

(i) an A,-module M(aNz = Mle) /T* that is also an Rzaf)—module,
(ii)) a map of B,-algebras
RIT(N) _ R(N)

(iv) a map of R:zr,aj)-modules
M(al,\lz/(sly ceey Sn) — M(O)/Tc

compatible with the actions of A, and A via A, -» A,
(v) elements {xi, ...,x,} of RY such that R(al’\?/(xl, vy X)) A,

a, ¢

vi) elements {1, ..., n} of R™ such that R™ /0, ..., y.) ~ A.
J a, ¢ a, ¢ D)

Let £, = % = {N} as at the beginning of the section. Let %(0) = %, and
define %\(c) C Z&)(c — 1) inductively as follows. We require that %(c) should be an
infinite strictly increasing subsequence of integers from %(c — 1) with the property
that JIN', 1,¢) = JN”, 1, ¢) for N, N” € Z(c). The equality here signifies that the
J(N, a, ¢)-structures for N = N’, N can be identified (non-canonically). Since the total
number of such non identifiable structures for fixed a and ¢ is finite a choice of % (¢)
can be made. Then define

551 = {N,Nlegl(l)}

again with the N; strictly increasing. Finally we can define %, for an odd a > 13
inductively by %,(0) = %£,_, and defining %,(¢) inductively in the same manner as
£\(c). We set

. . N, . N,
R = lim Rzaj), R, = lim RE:, c), M, = lim Mfl C).
Ne¥, Ne%, NeZ,



84 C.M. SKINNER, A]J. WILES

Lemma 5.4.

¢ R; @ K=R,®: K, Re®aK=RY @, K.

b) R, @4 K is a quotient of K[[xy, ..., x,].

¢) M, @K is a free A, @ K-module of rank r and M, @+ K) / (51, ..., 5,) = MO @, K.

Proof

a) By Lemma 5.2 for any ¢ we have natural maps of A-modules

N,
REN g | pul

a, ¢ a, ¢ a, ¢

whose composite is multiplication by TE@ with E(a) independent of ¢. Taking projective
limits and tensoring with K gives the isomorphism.
b) By construction there are elements {x, ..., x,} of R, such that R,/(xy, ..., x,,) ~
A. Let p, = (x1,...,%,) € R,. Letting pfﬁ) denote the ideal generated by {x,...,x,} in
Ne) .
R, . we see easily that

. o) . ™o, (NG
lim p,; =ps,  lm p,0 /() = pa/P
Then by (5.5) we deduce that pa/pi ~ A"@® T, where T is a finite group and
X1, ..., X, span the free summand. Hence
(e ®2 K)/(po ®a K)? = K

by (5.5) which ensures that R,, p,, p> are all finite A-modules. Part ) follows by

Nakayama’s lemma.

¢) By Lemma 5.3,
(5.13) M, ®a K)/(51, .0, 52) =~ M? @, K.
By construction,
dimy (M, ®4 K) > rank, (M. °)

for large enough ¢ and N, € %,. By (5.10i) the right-hand side has rank equal to
rank,(A)). But 7 is the K-rank of the right-hand side of (5.13). The result follows. O

Lemma 5.5. — For odd a > 1, there are surjections
a) R, » R,_9 of Al[x1, ..., x,,]]-algebras and B,-algebras.
b) R - R, of Ay, .. ym]]-algebras and B,-algebras.
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¢) M, » M,_y of R} -algebras compatible with b) and of A,-algebras. Here the B, action
via R and A, are the same, and the R action commutes with the A, action.
The same holds for a =1 with a — 2 replaced by 0.

Progf. — We have that £,_, = {N;} and £, = {N;} C %,_,. Note that j; > .
By our choice of %, and %, _,,

) ;) Ny
R,; - Ra—Q,i = Ra—?,i

whence taking limits yields R, » R,_5. The same works also for R;r and M,. O

Now we set, taking limits over odd integers a,

R.=R,®.K=R'®,K, M. =M, ®,K,

R, =limR!, M, = limM.

a a

Thus M/ is an R/-module and M, is an R,-module.

Lemma 5.6.
(1) Reo = K [x1, ooy %, ]]-
(i) My, 25 a free R, -module.

Proof. — By Lemma 5.4 ¢) there is a map K[s),...,s,]]' » My which is seen
to be an isomorphism. Consequently M, is also a free K[t,...,#]]-module. Thus
K[#, - t]] = Reo/Anng _ (M). On the other hand there is a surjection K[[xy, ..., x,]] -
R... By Krull’s dimension theorem we deduce part (i). (Note that R, /Ann, (M) is
a finite K[[t,...,,]]-module.) Then part (ii) follows from the Auslander-Buchsbaum
Theorem ([Mat, Theorem 19.1]) since depthg,_ M) > n ({¢,...,%} is a regular R.-
sequence for M). O

Proposition 5.7. — If N > 1 then
dimg R ®4 K) > 2" dim, (R} ®4 K).

Proof. — Fix a projection K[[xi, ..., %,]] - Rﬁ}” ®a K. Choose maps
K[, ... — K[s}, ..., s.] — K[[x1, ..., %]

such that £ — (1 + )+ (1 +s)~! — 2 and such that the images of K[[s],...,s.]] and
K[, 2] in R%\D ®a K are just those of Ay @4 K and By ®a K respectively in the



86 C.M. SKINNER, A]J WILES

sense that the images of # and ¢ are the same, and so are the images of s/ and s;. It
follows from (5.10 vi) that By ®, K — R§$° ®a K is injective, for by (5.10) the action
of By ®4 K on Mgb ®a K factors through its image in Rﬁl\]} ®a K. So if

N+1 .
> 0" (dimg (R @a K/(t), ..., )" = 2" dimy (RY ®4 K)"
2
then the hypotheses of Lemma 4.1 of [DRS] hold and using (5.4iv) we get that
(5.14) K[zt oo %] /(s oo ) = R @4 K.

Applying the Auslander-Buchsbaum Theorem again we find that K[[xi, ..., x,]] is a free
K[#, ..., ,]-module of some rank d. Applying the same theorem yet again we find that
K[xi, ..., %] is a free K[, ..., s,]]-module of rank d/2". It follows that

d = 2" dimg (K[[x1, ..., x,]] / (s}, - 53))
> 2" dim RTY @4 K/(s1, ..., 1))
> 2" dimy (R ®a K),
the last inequality by (5.4v). Combined with (5.14) this proves the proposition. O
Proposition 5.8. — MO @, K ~ RO @, KY where ¢ = rkp  (Moo).
Proof. — We set R := R./t,...,t,) and
M = Moo /(b ooy £) = Moo /(55 s 52)-
Thus M is a free R-module of rank ¢. Now R — R] since the ’s are zero in R{, so
(5.15) dim, R > dim, R > dim R ®4 K),

for any sufficiently large N € #). (More precisely if T' annihilates the A-torsion
submodule of R| we can take N > N, € £ (1+ 1))

Now let pg(X) for any ring S and S-module X denote the minimum number of
generators of X as an S-module. Let

o1 = Urog,xk M @4 K).
Then we have the inequality

e:= thy (Moo) = (M) > p(M/(s1, .., 5)) > 1.
Also we have the inequality

(5.16) 2"¢; dimg (R ®4 K) > 2" dimy MY ®, K).
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Now as remarked at the beginning of the proof of Lemma 5.6, M., is a free
K[s1, ..., s,]-module of rank r, where r = dim (M ®4 K), whence

(5.17) 2" dim, M ®, K) = dimy (M) = ¢ dim (R).

Combining the inequalities (5.15), (5.16), (5.17) with Proposition 5.7 gives ¢; > e. Since
also ¢ > ¢; we have equality and all the inequalities just cited are equalities. In particular

e = ¢, edim(R” ®4 K) = dim M ®4 K).
It follows that M¥ ®, K ~ (R® ®, K)* as claimed. O

Proposition 5.9. — RO ®, K is a complete intersection as a K-algebra.

Proof. — We recall what we have proved so far. By Lemma 5.6,

(5.18) M, ~ R{ and R is a power series ring over K of dimension z.
By construction we have elements {si,...,s,} acting on M, and
(5.19) S15 .0 8n € Endg _ (Moo).

By Lemma 5.4 ¢), we have
(5.20) Moo /(51, s S Moo = M? @4 K.
The action of R, on M? ®, K is via R® ®, K and
(5.21) M? @, K ~ RY @4 Ky’

by Proposition 5.8.
Now let a = ker : R., — R© @, K. Let

N=ZsM, C M.
Then
M, /N ~M?®, K ~R’_/a

by (5.20) and (5.21). Since M, >~ R{_ it follows that N ~ a° as R-modules. (Consider
the map Qo : Moo =~ RY of (5.18). Then the above isomorphism easily implies that
0’ =~ Qo(N).)

Let w,...,w, be an Ry -basis of M. Then N is generated as an R.,-module
by the set {sw;j: 1 < i< n, 1 <j< e} In particular a set of minimal generators
has cardinality < en. Let {x,..,x} be a minimal set of generators of a. Then
{xw;: 1 <i<t 1<j<e} is a mnimal set of generators of aM,, ~ a’ ~ N. It
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follows that et < en, whence ¢ < n. However as R® ®, K has dimension zero it follows
that £ =7 and that RO @, K is a complete intersection. O

Remark 5.10. — The circuitous route to this proposition via a counting argument
is forced on us by the lack of a natural K[s,...,s,]-algebra structure on R,,. Only
the elements {4, ..., £,} are naturally defined in R,. The structure assumed in (5.4v) is
an artifice which is not assumed to be related to the action of A, ®4 K on Mle> Ra K,
except for the compatibility with the subring B, ®4 K.

6. Estimates of cohomology groups

In this section we consider a representation
(6.1 p: Gz = Gal(Fs/F) — GL,(A)

where A =~ k[[A]]. Here we are using the notation and assumptions of §2.1 so that, in
particular, F is a totally real field. We let K be the field of fractions of A, and we
recall that if p is ramified at w { p then we distinguish the following possibilities for

P|Iw1

type A p®K|, = (l T)> * F0
type B p® K[Iw o~ (1 ‘I/q)’ y, non-trivial of finite order.
Throughout this section we make the following assumptions on p:
(6.2) (i) p®K is irreducible and of type A, type B or unramified at each prime w { p,
(i) p := pmodA = p, for some ¢ as in (2.1),
(1)) £ contains the primes dividing p and all primes at which p is ramified,
(iv) p 1s of type A or type B precisely where p is,
(v) detp =y, with x as in §2.1,
(Vi) p|p, = (X1 X*Q) with %, /%, of infinite order for each v|p.

Lemma 6.1. — The Gal(Fs/F)-module W = ad’p @, K is irreducible. In particular
p ® K is not “dihedral” (i.e., is not induced from a character over a quadratic extension).

Proof. — By condition (vi) we see that there is an element ¢ € D, C Gy such
that (x1/x2)(0) has infinite order. Here we may choose v dividing p such that y|p,
is non-trivial by condition (ii). It follows from the existence of ¢ and the self-duality
W =~ Homg(W, K) that any invariant subspace of W has a complement. So if W
is reducible then either W ~ Y, & Y, with Yy of dimension 2 and irreducible, or
W~Y, @Y, ®Ys. The self-duality also shows that in the former case Y, is acted on
by Gz via a quadratic character, possibly trivial, and in the second case that there is
also a unique subspace, Y, say, on which Gy acts via a quadratic character.
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Now let z be a complex conjugation and pick a basis for p such that
plr) = (l _1). Suppose first that z acts trivially on Y,;. Then we may identify

Y, with {(‘ )} C My(K) and we see that imp € {(* ), (., *)} C GL,K).
In particular, either imp is abelian, which contradicts assumption (i), or imp has a
subgroup H of index 2 for which the action is abelian. In the latter case, H acts via
two characters ¥ and y* (y*(6) = y(x~'o7)) for any T £H. Thus p = IndZy.

Now suppose that z acts non-trivially on Y. This time Y, C {( 5 “)} C My(K).

An easy calculation shows that if 6 = 1 on Y, then p(o) = (‘Zg Zg) with ag = d;.

Using that Hy = {c:0=10onY, } is a group we check that p(H,) is abelian. Thus
just as above, p = Indﬁfw for some character .

Now consider p restricted to D,. Then the quadratic field associated to p (i.e. the
fixed field of H or H, in the two cases) is not split at v as otherwise p|p, = ¥ @ Y|p,
and this contradicts assumption (vi). So letting H, be HN D, or H; N D, in the two

cases, we see that plp = Inng% where Y, = y|p,. Again this contradicts assumption
(vi) since if the ratio of the two characters on H, had infinite order then p|p, would
be irreducible. O

Now let F' be the splitting field of detp adjoin all p-power roots of unity, and
let F* be the subfield of F’ fixed by the complex conjugation z;.

Lemma 6.2. — The restriction of p @ K to Gal(Fs/F*) is neither reducible nor dihedral.

Proof — Let V be the representation space for p ® K. Suppose first that p ® K
restricted to Gal(Fz/F*) has an invariant subspace V. Then since Gal(Fy/F") is normal
in Gy we see that for any 6 € Gz, 6V is also invariant. As z; acts by =1 on V, and
by the opposite sign on V/V there are at most two invariant subspaces. So either V
is invariant by Gy or p ® K is dihedral, but in each case this contradicts Lemma 6.1.

Suppose next that p ® K restricted to Gal(Fg/F*) is dihedral. Then there is a
subgroup H C Gal(Fz/F") of index 2 which has two fixed spaces. From the form of p,
and the definition of F' we see that the splitting field of p ® K generates an extension
of F' which is pro-p, whence H = Gal(Fz/F’). So H acts on the two fixed spaces via a
character y and its inverse y~' (and the two spaces are unique if ¥ ¥ 1 as y cannot
be of order 2). So H acts on W via the characters {1, y?, y=%}. Either y is trivial,
in which case Gy acts on W via the abelian group Gal(F'/F), or the subspace of W
corresponding to the character 1 is invariant under Gy as Gal(Fz/F') < Gz. In either
case we get a contradiction to Lemma 6.1. O
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Lemma 6.3.

(1) There exists 6 € Gal(Fg/F') such that the eigenvalues of p(0) have infinite order and are
m A.

(ii) There exists o € Gal(Fy/FY\Gal(Fx/F') such that the eigenvalues of p(0) have infinite
order and are in A.

Proof. — First we prove parts (i) and (ii) without requiring that the eigenvalues
are in A.

() If o € Gal(Fx/F’) has eigenvalues of finite order then the eigenvalues must
be 1 as the image of Gal(Fy/F’) is a pro-p group and K has characteristic p. Assume
no G as in the Lemma exists. Pick a T € Gal(Fz/F) such that p(t) ¥ 1, which can be

done as p is not abelian. Pick a basis for p ® K such that p(t) = ((l) ?) with a F 0.
Then for any 6 € Gal(Fz/F') we have trace p(ot) = 2, so if p(c) = (”" Zg), then

4]

ag tacg+ds =2 = ag + ds.

It follows that ¢z = 0 for all 6 € Gal(Fy/F’), contradicting Lemma 6.2. Thus there
exists a ¢ € Gal(Fy/F') such that p(c) has eigenvalues of infinite order.

(i) Assume otherwise. Then as in part (i), we see that there are only finitely
many possibilities for the trace of p(o) with 6 € S = Gal(Fy/F")\Gal(Fy/F). Fix a
1 € Gal(Fs/F) such that p(t) has eigenvalues of infinite order. Choose a basis for p®@K
such that (p ® K)(t) = (B g1 ) For any ¢ € S, if p(o) = (‘Zg zg), then we have

trace p(t"o) = B"as + B ds.

Since there are supposed to be only finitely many choices for the trace, as = ds = 0 for
all o € S. It follows easily that p ® KIGaKFZ /¢+) 1s dihedral, contradicting Lemma 6.2.

To complete the proof of the lemma, note that in (i) the eigenvalues will
necessarily be in A. This follows from Hensel’s lemma using that the two eigenvalues
are distinct modulo A. Then part (i) follows also by taking the square of any 6 obtained
in part (). O

Lemma 6.4. — If G is a normal subgroup of Gal(Fs/F*) of finite index then p @ K| is
irreducble.

Proof. — Suppose that V is the representation space for p ® K| and

Gal(Fy /F*)
Vo is a subspace invariant by G. By Lemma 6.3(ii) there exists an element of G
whose eigenvalues are B, B~! with B of infinite order. Arguing as in Lemma 6.2, we
deduce that either Vj is invariant under Gal(Fy/F*) or the representation is dihedral,

contradicting Lemma 6.2. O
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Let 7 =ad’p = {f €adp : trace f = 0} where as usual we identify adp with
Hom,(%¢ , 26 ), 26 being the representation space for p (more precisely 24 is a free
A-module of rank 2). Let .7, = .7/\"

Lemma 6.5. — There exists an integer Ny with the following property. If M C .7, is a
submodule for some n and Am F O for some a > Ny and m € M, then \*" N7, C M. The
same holds of M is a G-submodule of 7, for G a normal subgroup of Gal(Fs/F*) of finite index,
Ny depending only on G.

Proof. — Suppose x € ad’p — Aad’p. Then by Lemma 6.4, A[G]x D NMad’p for
some minimal 7 = r(x). Define a function f : ad’p — Aad’p — Z by f(x) = n(x). Then f
is continuous and hence imf is finite. Let Ny be the greatest value of imjf.

Now 7, = ad’p/A* and we pick s maximal such that A’y = m for some y € 7.
So a+ s <n. By the definition of N, we see that A"2.7, C p(G)y, whence

N AN 7T C p(GIVYy € M

which completes the proof. O

Remark 6.6. — When combined with Lemma 6.3 this shows in particular that
#(7,)¢ is bounded independent of 7.

As above, let 24 be the representation space for p. This is a free A-module
of rank 2 having for each o|p a filtration 0 C %4, , C %4 such that 2, , is a free
A-module on which D, acts via a character reducing to x modulo A. The quotient
%, ,= 9 |%, , is a free A-module on which D, acts via a character reducing to

1 modulo A. If p ® K is type A at w, then there is a filtration 0 C %4, C 26 such
that both 24 | and the quotient %4,” = %6 /2¢,° are free A-modules on which I, acts
trivially. If p ® K is type B at w, then 24 decomposes as 26 = 26" ® 2¢ ) with 1,
acting on the first factor via ¥ and acting trivially on the second factor. Also as above,
let 7 ={f €adp:trace(f)=0}. Let 7 ={f €T : f(2)C 2,,)}. Similarly,
if p®@ K is type A or type B at w, then let 7% ={f € .7 : f(26)C 267 }. We write
T us .7,:’)?, and 7" for Z/\', T /A", and F7/A", respectively. Let

H,(7,) = H\(,, 7,/ 72,

and let

0 otherwise.

H (7)) = {H‘(Iw,%/fi”) if p® K is type A or type B at w,
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For each w € Z, put
L) = ker{ H'D,, 77) — H,(77) }.
We define a Selmer group for .7, by
Hy(7,) = {a € H'(F5/F, .7) : res o € L,(7,) for each w € £ }.

For each place w € Z, denote by L;(7,) the orthogonal complement of L,(7",) under
local duality (so L*(7,) € H'(D,,, 7,(1))), and put

H}(7,) = {a € H'(Fg/F, 7,(1)) : res o € L:(7,) for each w € £ }.

By the argument for [W1, Proposition 1.6], which generalizes easily to the case of an
arbitrary totally real field F,

#Hy(T) _

(6.3) ol T ] 2T,
#HL(T) we
where
hoy = PUE/E, ) HH'R, 7,(1)))"
o #H'(Fz/F, 7,(1))
w n #Hl(Dw, %) .

We now estimate these factors. For two positive quantities B and C (possibly depending
on n and X), we write B < C to mean that the ratio B/C is bounded independently
of n and the places in X (it may, however, depend on p and #ZX). Similarly, we write
B =< C to mean that max(B/C, C/B) < 1. A simple computation using our hypotheses
on p shows that

6.4) hool T72) = HA/NPEQ,
Almost by definition,
(6.5) ho T = #H' D, 7,(1)) if p ® K is unramified at w.

Suppose that p ® K is type A or type B at w. From the definition of L,(7), it is
clear that H'(F,, .7, Iw)H L,(7,). The order of the quotient L,(7,)/H'(F,, .7:“’) is

n

bounded by the order of K?w, where

K, = ker{ H'(,, 7,) — H'(,, 7,/7%}.
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The exact sequence

O—).?'w—ﬂ%——).%l/%w—)()

gives rise to an exact sequence
0— 7)) 7) — (T T ZAIN — HL, 72T
=A/N— K, —0
if p®@K is type A at w, and

0— T 2 (T T — H(L, 7) — K, — 0

if p@K is type B at w. In the former case it follows that #K, = #(ZI"’ [T =<1,

and in the latter case it follows that #K]n)w = #H'(1,, 7,")P» = #H(D,,, 7.°(1)) < 1.
It now follows from local duality that

(6.6) ho(T) < 1 if p® K is type A or type B at w.
It remains to estimate 4,(7,) for u|p. To do so, consider the diagram
H'(D,, 7,)
¢ l v

0 — H'F,, (7,/7)) — H'D,, 7./77) — H'1, 7,/ T,
Our hypothesis (vi) of (6.2) implies that #cok(g) < 1. It follows that

6.7) #L,(7,) = #ker(y) = W"_)
#im(y)
_#H'D,, 7) #H'E,, (7,/ 7))
h #im(g)

From the long exact cohomology sequence for 0 — .7 T, — T/ Z?ryd —0

and the fact that D, has cohomological dimension two, one finds

#H'(D,, 7,/ 70 - #H(D,, T7)
#H(D,, 7 - #HXD,, T,/ T

#im(p) =

Substituting this into (6.7) yields
#HQ DZ” yord .
(6.8) kv( n) = _(__IZL) = '#(A/?\.")_Q[F”‘Ql’]_
#A/ X")Q[Fv:Qp]

Here, we have again used hypothesis (vi) of (6.2) (really its implication that )y, : F ).
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Now writing £ = Z,UX' with {2|p} C Z, p ramified at each prime in Z,\{7|p },
and unramified at each prime in ¥’ and combining (6.3)-(6.6) and (6.8) yields

(6.9) #Hy(7,) < #Hy(7,) - [[ #H°D., 7,(1)).

weX!

The exact sequence

0—>,7n——+(7m—7iu7m_n——>0

gives rise to the commutative diagram

0 0 0
1 L]
Hz(7n) — Hy(Tm) — Hy (7 m—n)
| | " |
0 — HFy/F,7n) — H\Fg/FTm) —— H\Fg/F,Tmn)

| | I

xn
BuwergMuw,n =  OuwergHw(n) — Ouwez)Hw(Tm) —— OwezyHw(P m-n)

whose last two rows are exact. Each M, , is a finite group such that #M,, , < 1. It is
apparent from the diagram that

(6.10) Hy(7,)— Hz(7,) and #Hyz(7,) < #Hs(7,)[A"].
Similar considerations show that
(6:11) #H;, (7,) =< #H (7))

We will combine the above computations with the following lemma to deduce
some results about “divisible ranks” of various Selmer groups.

Lemma 6.1. — The groups Hs(7,) and H3(7,) are finite A-modules whose minimal
number of generators is bounded in terms of HZ but independently of n.

Proof: — This follows from (6.10) and (6.11). Note that as H3(7",) is a submodule
of H; (7) it suffices to prove that the number of generators of Hj (77,) is bounded
independently of n. O

A refinement of this lemma using also (6.9) is the following result.

Lemma 6.8. — Forming lhimits with respect to the obvious maps

lim Hz,(7;) = (K/AY ® X and lm Hj, (77) < (K/A) ® X7,

n n

with r < 0o and X and X* finite groups.
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The following lemma is an analogue of [W1, Proposition 1.11] and it occupies
a similar place in the proof of the main result of this section.

Lemma 6.9. — Let E be the splitting field of p, and let E. be the extension of E obtained
by adjoiming all p-th power roots of unity. There exists an integer Ny > O such that for each
n, H(E/F, 7,(1)) is annihilated by A\™'.

Proof. — Let F* and F' be as defined prior to Lemma 6.2. There is an exact
sequence

0 — HI(F*/F, 7,(1)64E</T) — H'(E,,/F, 7H(1))

(6.12) — H'(Eo/F*, 7,(1)).

The first term in this exact sequence is bounded independent of n by Remark 6.6.

Now consider the last term of the sequence (6.12). Let A = Gal(F'/F") = Z/2.
There are isomorphisms

(6.13) H'(E/F", 7,(1)) = H' B /F, 7,(1)* 2 H! B /F, 7,

the first by restriction and the second by the fact that .7,(l1) and .7, are iso-
morphic as Gal(E,,/F)-modules. Note that Gal(E.,/F*) and Gal(E,,/F) project iso-
morphically onto subgroups H* and H’' of Gal(E/F), respectively. In particular,
H'(E./F, 74! = H(MH', .7,)*!, and an element of the latter corresponds to
an equivalence class of representations into GL,(A @ €A/)\") having trivial determinant
and reducing to p modulo &. Here A@eA/A" is given a ring structure by setting £* = 0.
This correspondence is given by

a € H(H, 7)) — poy: H — GLA @ eA/AY), pa(o) = p(o)(l + ec(o)).
Put H = H"\H/, and define a map

¢:H—H, ¢o)= lim(c""?).
Consider the open set Hy = {o € H : trace (p(c)) # O0modAM }. By Lemma 6.3(ii),
Hy is non-empty if M is large. Fix such an M. We will show that the closure of @(Hy)
has positive measure (with respect to the Haar measure of H'). For each n, write p, for
pmod\”, and write H, , H, and Hy, for the respective images of H*, H’, and Hy,
under p,. Being open, Hy contains a translate of an open subgroup of H', so there
exists a constant G > 0 such that

#Hy ,
(6.14) M

> C for all n.

n
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Suppose 4,k € Hy are such that p,(h) ¥ p,(#) but @#) = @#)modA". It is not
hard to deduce that tracep,(k) = tracep,(#). With respect to a basis for p, such

that p,(h) = (B _B-l), pa) = g‘l(B _B—1)g for some g € GL,(A/A") commuting
with p,(e(h) = (B 13_1) but not with (1 _1 ) Therefore, given x € H), we find that
(6.15) #{h € Hy,: @) = x} < #HA/AM.

Let Sy = @(Hyy), and let Sy, be the image of Sy under p,. Combining (6.14) and
(6.15) shows that

HSM, »
#H!

> C-#A/NM >0,

from which it follows that

Sy = lim Sy, 4,
the closure of @(Hy), has positive measure.
Fix o € H'(H', .7,)*" L. For 6 € Hy, trace po(@(c)) = trace p(¢(c)). As trace (-) is
continuous, this equality holds for all s € S,;. Fix a 6, € Sy having infinite order (this is

possible provided M is large enough). Choose a basis for p such that p(cy) = (B g1 )

Then po(co) = (‘3 5-1) (Tast 1 %) with Wa = 0. Put oy = MMa. Tt follows that
Po,(0o) is diagonalizable with eigenvalues B and B~'. Pick a basis for py, such that
Po, (C0) = (B g ) As S,; has positive measure, there must be some r > 0 such that

X, =85,,N06,’S, also has positive measure. For any ¢ € X,,
trace pq, (0) = trace p(6) and trace p, (6,0) = trace p(c),0).

Write p(o) = (%9 12) and po,(0) = (451 4odlo ). It follows that both (B — 1)a(ou)o
and (B* — 1)d(a))s are in A. Thus if oy =A™, then ag = a(o)s and ds = d(0y)s for
all 6 € X,.

There exists T € X, such that by F 0. If this were not so, then the image
of p|y+ would be triangular on a set of positive measure and also on the group
generated by the set. This is ruled out by Lemma 6.4. Let n; = ord, (bs). If 03 = A" ap,
then b(og); = be(l + €f) for some 7 Rescaling the basis for py,, we can assume that
b(og); = br. Now put oy = A03. As bre(0s); = 1 — a(0ig)cd(0s); = 1 — apdy € A, it follows
that ¢(04); = ¢;. In particular, p(t) = pg, (7).

Now pick an integer s such that Y, = X, N1t7°X, has positive measure. As the
eigenvalues of p(t) have infinite order and p(t) is not triangular, p(t’) is not triangular.
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In particular, by, ¢;; ¥ 0. Moreover, if 6 € Y|, then by considering pg,(t'c) we see that
(6.16) at.rac + bts(z‘(aA})G = aftsc G A and C.csb(a4.)(j + d‘cslic = ‘CGS G A.

Let np = max(ord,(by), ordy(c;s)). Put as = A2ay. It follows from (6.16) that for
6 € Y, b(os)s = bs and ¢(0s5)s = ¢5. In other words, p(c) = po, (o) for all 6 € Y.
The same holds for all elements ¢ in the subgroup G generated by Y,. This subgroup
has positive measure and hence has finite index. Choose a subgroup G’ C G of finite
index that is normal in H*. Consider the exact sequence

0 — H'H/G, (7)) — HH, 7)SHG, 7))
We have shown that if a € H'(H',.7,)* !, then res() € HY(G', .7,) is annihilated
by AM*2m*m By Remark 6.6 there is an integer Ny (depending on G') such that AN
annihilates (77,)¢". Therefore,

x3Mr+N2+2n1+n2Hl(H/’ %)AZ—I =0.

Combining this with (6.12) and (6.13) yields the lemma. O

The next result, the principal result of this section, will enable us to control the
ranks of various “tangent spaces” in the auxiliary deformation rings and Hecke rings
that appear in the proof of the fundamental isomorphism (see section §7).

Proposition 6.10. — Let 6 € Gal(Fs/F') be an element such that the eigenvalues of p(o)
are in A and have infinite order, as in Lemma 6.3(1). Then there exists an integer r = 1(p) such that
Jfor each m > O there are infinitely many sets Q = { wy, ..., w, } such that

(1) Nm(w;) = 1 mod p™ for each 1.

(ii) py(Frob,,) = py(c) mod A™ for each .

(iii) lim Hs,(77) ~ (K/A) & X5,

with £q = ZoUQ, #X5, <C(0, 1) <00 for some constant C(G, 1) depending only on G and 1.
Moreover 1 is giwen by Lemma 6.8.

Progf- — 1f the eigenvalues of ¢ are o and B then let A’ be the highest power of
A dividing (/B — 1). We fix a free, rank one quotient .Z4 of .7(1) on which G acts
trivially. We denote by =, the projection of .7,(1) onto A, = 46 |\

Write

lim Hy, (7,) = (K/A) © X3,

n

as in Lemma 6.8. Let f be the smallest integer such that A/ annihilates X5, Let Ny
be as in Lemma 6.9 and let Ny be as in Lemma 6.5 (for the group Gal(Fyz/F")).
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As the natural map Hj (7,) — Hj (7) for n' > n has kernel of order bounded
independent of n we can choose n > m sufficiently large that

H;, (7) = @(A/?Ji) O X5,

=1

with 7; > N; + Ny + ¢+ f Let [ai] € H5 (7,) be a cohomology class of exact order A"
(where the 7, are indexed arbitrarily) where ¢, is a cocycle representing [¢;]. Let E,
denote the field generated by the splitting field of pmodA” together with a primitive
£"-th root of unity. Suppose the annihilator of res([¢;]) € H'(Fs/E,, Z,(1)) is A"'. Then
by Lemma 6.9 s, > n —N,.

The restriction res([¢;]) determines a homomorphism

i € Hom(Gal(Fs/E,), 7,(1))2®=/P

Since f; has order A", im f; 2 A".7,(1) with n — a; = 51 — Ny by Lemma 6.5. Let M,
be the fixed field of ker f; and pick 1, € GalM,/E,) such that m,(f; (t;)) has order at
least A2, Let t; = 5; — Ny. Put

_ {clMl if A17'm((0) F 0
& =

0|M1 -7 otherwise.

Then =,(c1(g;)) has order > A". We choose a prime w; of F such that p is unramified
at w; and Frob, =g in GalM, /F). By the choice of g;, Nm(w,) = 1mod p". Moreover

the image of [¢] in H'(F,, , .6,(1)) has order > A".

Now suppose #' > n. Write Hy, (7v) ~ @(A/?\.’Z{) ® X5,. We may assume that

=1
there is a cohomology class [¢}] € Hg (7) of exact order A1 such that A™ [¢]] is
the image of [¢] in H; (7) for some my > r{ — r. It follows that the order of
resA" [¢}]) € H'(Dy,, Zw(1)) is at least A17°. As #{ —e =7, —N; =Ny —¢ > 0 the order
of res([¢;]) is at least ATTNITNT et 3 =B U {w }. It then follows that
lim Hj, (77) = (K/AY ™ @ X3,

with #X3 < #X3, - #A/ANTNTY),

Suppose that inductively we have picked primes w),...,w; such that for % =

To U {wi,...,w}

lim H (7) ~ (K/A) 7 @ X,

n
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with

#X5 < #X H(A/ AN

-1

We repeat the construction given for w; and obtain a new prime w;;;. When we reach
J = r we have

limHg (7,) ~ X5, #X5 <#X3 - #A /AN NS )72.

From this it follows that #H;f,(%) < #X5 , and by (6.9) #Hz, (7,) < #A/\Y) - #X5 .
The proposition now follows from this together with (6.10). O

7. Nice primes at minimum level

In this section we assume that F is a totally real field of even degree. Associated
to a cohomology class ¢ as in (2.1) is a deformation datum & = (@, X, ¢, #). We
suppose that we are given a prime p C T4 which is nice for & in the sense of §4.2.
Note that since p € p, p must come from a prime of T_%ir", and we also use p to denote
this prime.

Now T%" acts on the module Mgy = M, (Ug"), defined at the end of §3.5.
Furthermore, Tgﬂ is a finite, torsion-free Ap -algebra. On the other hand, associated
to & we have a deformation ring R_%in defined in §2.3 which is also a A -algebra.
There is no natural map R}njjn — Tngn since we have no natural representation with
coefficients in T?;. However there is a pseudo-representation with coefficients in T?Jin
inducing the horizontal map in

N .
Ry p — T
(7.1) min \

T@f ‘
RZ"
(cf. (3.4)). The map 72" is the one which induces the pseudo-representation associated
to pgy (see §2.4).
Since p is nice, Ty /p is of dimension one and p € p. So the integral closure

A of T%"/p is isomorphic to K[A] for some finite extension ¥ of k and some A.
Furthermore the assumption that p is nice ensures that under the composite map

Ae — TG p— A

the ring A is finite over A . (This is because the associated representation p,|p. has
at least one character of infinite order on the diagonal) Writing Ap = @[z, ..., Zu]|
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let us suppose that z; — Ay; € A with % a unit or zero for each ¢« Then we may
take 7, > 0 for each : (as follows from the definition of the As -action on T4 in §3.3)
and we may assume, after possibly renumbering, that % is a unit. Set

(7.2) Ae = O'TWy, ... W,],

where @' = @ Qwp W(K). There is a map Ao — A ck:ﬁned by W, —— A and
W; —— 0 for 2 <7< m. Define a homomorphism A — Az by

71~ T~ .
ar—Wiu, z— —W;+W/y, for 2<i<m.

Here % denotes any fixed choice of lift of % to As . Then Ap is finite and free over
A and we have a commutative diagram of rings

N
N

mln
Ty

From this diagram we deduce the existence of a prime p of TS ®Orp Ao
extending p. Similarly we deduce the existence of a prime py of Ry ®,,. Ao

extending pg, where pgy is the prime of R;jﬂ associated to p as defined at the
end of §4.2. For simplicity of notation, we may write p to denote py if the context
makes this usage clear. It will also be convenient to write T, for Te ®a, Ar and
R}Z}“ for R"@"(n QOrp A@ from now on. Let (R%n); and (T%n)v denote the localization
and completions of R%" and T4, respectively at pe and p. Define R, s, P*, and

R ps)ps similarly, where pP is the inverse image of p under 72" : R, ps — R&".
D s ) Ys g 2 7 7

Lemma 7.1. — There s a natural local surjective map
(7.3) Y, p): RS - (T3,

under which trace pg’(Frob,) ® 1 +— T(¢)® 1 and detpyy’ (Frob,) ® 1 — SE)Nm(l) ® 1 for
all £ £3.
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Proof. — Let ® be a uniformizer of ¢, and let P = (n, Wy, ..., W,)) C As . Write
K@; p for the localization and completion of Ae at P. Note that P = FNAs. Let O,
be the set of primes q of Az of dimension two contained in P and such that each
quotient Ao /q is again a regular ring. It is easy to see that if q € ¢, then qAC pis
also a prime ideal and that the set (7 is Zariski-dense in spec (Ac p).

Let Q be a minimal prime of T%" contained in §. Let B be the integral closure
of TS /Q in its field of fractions. Observe that B is a finite, torsion-free A, -algebra
(cf. [G, 7.8.3]). Let py,...,p, be the (finitely many) primes of B extending p. For each
1= 1,..,5 let &, be the set of primes of B of dimension two contained in p; and
extending some prime in ). Note that given any q € (J, there exists a prime

9 € ¢; extending q (cf. [Mat, Theorem 9.4(ii)]). For each 7 = 1,....,5s we have a
commutative diagram

1~\cﬁ,P - qu@OK@,P/q

(7.4) | |

AP{ - Hﬂe@i Ep,-/ﬂ-

B

The arrows are the obvious maps. That the top arrow is an injection follows from the
observation in the preceding paragraph. That the rightmost vertical arrow is also an
injection follows from the fact that Bp is a finite Az, p-algebra and that each Az p/q
is a one-dimensional domain. If the bottom arrow were not an injection, then neither
would be its composition with the leftmost vertical arrow, since ﬁpi is a domain and
an integral extension of K@,p (cf. [G, 7.8.3]).

Choose Q € ;. Let T = B/Q and let R be the integral closure of T in its
field of fractions. Let q = QN Ap and let A=Ay /q. Note that A is regular. Since T
is a finite, torsion-free A-algebra so is R. Let By, ...,'B; be the (finitely many) primes
of R extending p;. By Proposition 2.15, for each j = 1,...,# there exists an extension
Rf of R, Rf a domain, an extension ¢7; of ¢, and a prime ‘,]3; of Rf extending P;
such that there exists a deformation p; into GL (Rf) that is (¢}, Z, ¢, .#6)-minimal

min

and whose associated pseudo-deformation is just that obtained from the one into Ty,
described in §3.3 via the obvious map T@ — T. We have natural injections

4

Ty, — [ Ry,

=1

and

4 4
HRQ.‘—) HR+ +
=1 ’ =1 »%;
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We claim that both maps remain injective upon passing to completions of the rings in
question. For the first map this is an easy consequence of the fact that both T and
R are finite A-algebras. For the second map we note that each Ry, is an integrally

closed one-dimensional domain and hence so is each Rg. On the other hand, each

ﬁfm,t is reduced, so the kernel of the induced map ﬁspj — ﬁif must be either (0) or
b 7B
t J

B;. It cannot be the latter, as we have R%(—) Rf‘f — ﬁf‘f. This proves the desired
J 1

> J ) l
injectivity. We have an induced injection

(7.5a) T, — [IR ..

We also have a map'R%in Qo O; — Rj+ inducing pf. It is easy to see that the
. . + . . .
inverse image of B, in Ry’ is just po . We thus have a map

4

(7.5b) RSy, = JIR -
PRI
Composing (7.5a) with the map (ﬁ_@ P Tpi coming from n%" and composing

(7.5b) with the map (ﬁ@ peJpps = (ﬁ%in)ﬁg (see Proposition 2.11 for surjectivity) yields
the same map. Therefore we have a map

through which (ﬁ@ ps)pps Tpi factors. Combining this with the injectivity of the
bottom row of (7.4) yields a map

R%n o _’HBp,

through which the map (ﬁ@ pslos — [ 1= lﬁ coming from ngn factors. The image of

this last map is just that of the natural map from (T _@’« )s/Q. As the latter map is
injective, we obtain a surjection

RE");, ~ (TS)5/Q

through which the map (Rg ps)g (T _"@}in)ﬁ/ Q coming from 75" factors. From this we
obtain a map

(7.6) (R%"l — H T_r%" /Q
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where the product is over the minimal primes of T%" contained in . Since the maps
R m)ps ~ (T)5/Q factor through the surjection Ry p)ges = (’flv"_%in)F coming from

min

T , the image in (7.6) is the same as that of the natural map from (T%")ﬁ. This latter
map is injective, and we therefore have a surjection

RE")5, — (T5");
through which the map (R pe)pps (T ?}n)ﬁ factors. O
Remark 7.2. — The same result holds for & replaced by any of the auxiliary

deformation data & (, with the same proof.

Since p is nice for &, there is some choice of basis for p, such that p, has
image in GL,(A) and the corresponding representation into GL,(A) is a deformation
of type-(@’, X, ¢, A6). From here on we write p, for this deformation.

We will assume for the rest of this section that & = &, (ie., that £ = X,

is the set of primes at which p, ramifies together with & = {u : up}, and that
M = M, = Z\DP).

Next we define the rings and modules which will be used for patching. Let ﬁ@ ps
denote the ring Ry ps X@ K@ and let i\V/I_@ =My /(Si) A . Then we define

1.7) N = im{Mg — (Mg );/P}

where (Mg ); is the localization and completion of Mg with respect to pC 'i‘;}‘“ and

P C Ap is the prime defined in the proof of Lemma 7.1. There is a commutative
triangle

(7.8)
R@ pS

(]

RY" REMN /6Ty, P
g o ( J)p/(ﬁ 05 )

where F, = Fitt (Mg );) C (RS"), is the Fitting ideal of (Mg ); as an (RS");-module.
The maps @, and ¢, are the obvious ones. We define rings

(7.9) R” =im(), R =1im(g).

Now we introduce auxiliary levels. First we fix a 6 € Gal (Fy/F’) as in Lemma
6.3(1). Then there exists an integer r = r{p,) as in Proposition 6.10 with the following
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property. For each odd integer N there is a set of primes Qx = {",...,#"} of F
satisfying Nm(wE-N)) = 1(modp") as well as property (ii) and (i) of Proposition 6.10.
We can and do choose the sets Q) x to be disjoint from each other as well as from X.
For such a set Q = Qn, we earlier introduced a deformation problem Z as well as
associated Hecke and deformation rings T@Q and R_@Q. In particular at the end of
83.5 we associated a T_@Q-module M@Q to Y. We now set

Mgz, = Mg, XG; Ap

as before and note that this is a 'i‘gcll-module.

For each w; = w’ € Q = Qy there is an associated element 8., € End gmin

7qQ

Mg,,) as in Lemma 3.21. We let 5; = §,, — 1. We can then define, for each odd
mteger 1 <a < N,

(7.10) MY = im{Mg, — Mo )5/, si", ., 5}

where the completion is as a Tg&-module (with respect to p) and Q = Q. Then
M is a module over the ring A, = A[[s1, ..., s]/(s}", ..., s") by construction.

Let pgg denote the universal pseudo-deformation associated to Zg. Let
0., € Gal(F/F) be such that o, € I, the inertia group of w;, and o,, is a generator
of the p-part of tame inertia as in Lemma 3.21. Then there is a map of rings

7.11 Ao [ty .t R_p»x=R_pn ®Ap
( ) @Ill, ]]—"’ @cli @51(\8; @

given by ¢ — trace (P, ps(0y,) — 2) ® 1, where here Q = Qx = {w,...,w, }. We have
Q

a commutative diagram

(7.12)
R,
74
s
~ - atl atl
P min 2 2
R@ am (N) (R@Q)E/(P, tl 5 eeey t, 5 NFN)

2,a
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where Q = Qy and Fy = Fitt((Mg,,);) is the Fitting ideal of (Mg,), with respect to

the ring (ﬁ%g)ﬁ The maps are the obvious ones. We define rings R™ and R™ by
(7.13) R;” =im(g;), Ry =im(ol).

atl atl

These rings are both algebras over B, = A[[¢, ..., ]| /(tl_r, ot ) by construction.
Let Py, : Gal (F/F) — GLy (ﬁ%"é)ﬁ) be the representation obtained from pg,.

It is easy to see that for each w; € Q, ﬁ@Qhw ~ (‘V" W-—1> for some character ;.
. 1 1

Define a map A[si,...,s,]] — R§,N> ®a K by s; — wyji(0,,) — 1. This makes REIN) ®a K
into an A, ® K-algebra compatibly with its structure as a B,-algebra. Moreover, it is
obvious that each s; maps to 0 under the canonical map RY ®, K — RO @, K.

The action of Rf:(N) on MiN) is obtained as follows. First 'f‘g; acts on M@Q
whence it acts on MEIN) through the image of Tg; in (ngl)ﬁ. Now we have
homomorphisms

(7°14) ps ~pmin ~~min % _a;_l ~
R@Q T,@Q (T@Q)ﬁ/(P> oot 5P FN)
V(Pq, p)

atl atl

Ry C RS/, 47 ,st,” , BFY)

and the diagram commutes by Lemma 7.1 and the remark following it. So by Lemma
3.21 we get an induced action of R;r(N> on MS\I) which is compatible with the A,-action
of the subring B,. Now put

MO = & NO
=1

=

where N© is as in (7.7). The same reasoning shows that R"” acts on M®, and a
diagram as in (7.14) holds for N = 0. We define RS\D and Rg(N) by

RE)N) — R(O) and RtOf(N) — Rtr(O).

To define ME)N) we first define a natural map IVI_@Q — I\A/i% (Q = Q). Let
Dy = D ,Y; = DLy, where m; = {wl, ...}, For each 0 < i < r define a

map HL(UZ")? — HLUZ",) by (Ai(2),h(e) — fi(e) +f (g(' a,,)) where
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Al E O ® Z is the element chosen in the definition of the Hecke operator T(£,,, ).
Repeated composition of these maps gives a map H' (Ug )? — HI (U 74) and taking
Pontryagin duals and tensoring with Az gives the desired map IVI_@Q — IVI% We

define M{" to be the image of ﬁ@Q — M@ )QF’/P. Clearly Mg\r) C MO,

We now verify that these constructions satisfy the properties in §5 needed for
formal patching. A bound for the number of generators of RN = R&N) is given by
dim,(H'(Fzuq/F, ad’p,)), which is easily bounded independent of N. A bound for the

number of generators of R™™ = R{:}(N) is more subtle. When N = 0 this follows from
Lemma 2.10, which bounds the number of generators of Ry ps. In general a similar
argument applies using R, ps, and a uniform bound independent of N can be given

for example by applying Lemma 2.10 with X replaced by £ U Q. We can choose the
generators in each case so that (5.2i1) and (5.6ii) hold by subtracting suitable elements
of @' [W,]]. The other properties in (5.2) and (5.4) follow from the definitions.

Next we consider the properties (5.10) of Mle) Properties (iii)-(v) are straightfor-
ward, as are the first two assertions of (ii), but we need to check (i), (vi), and the last
assertion of (i1). Property (vi) follows immediately from Lemma 3.19 provided the hy-
pothesis that U’/F* NU’ acts without fixed points on D*\GP(A) holds. Here we need
to take U successively as Uy, Uz, ..., Uy = U_@Q where Uy, = Uy , Z; = Y5,
and m; = {w}", .., } and check the conditions of Lemma 3.19 with v = wjy] for
U = Ug ,. However these conditions need not hold, and instead we consider modules
with an auxiliary level structure at primes ¢i,...,¢, £Z U Q, chosen so that M (U7 ),
with U” = Ug NU, (¢, ---£,), is related to M, (Ug,) in a simple way.

To achieve this, pick primes ¢,, ..., ¢, satisfying the hypotheses of Corollary 3.6
as well as satisfying the conditions

(7.15) (i) Nm(¢,) # 1(mod p)
(i) py(Frobs,) = py(co)mod A’ for e sufficiently large, where o, is chosen as in
Lemma 6.3(i1).

(In order that condition (ii) make sense, we identify p, with ps modps , which in
turn we view as taking values in GL,(A).) Condition (ii), for a sufficiently large, ensures
that

(7.16) trace py(Froby )* ¥ detp,(Frob, ) (1 + Nm(£;) ’Nm(¢))~".
This, together with (i), ensures that
M, (U), = Mo(Ug)y

by Lemma 3.29, where the isomorphism is of Az , [A,]-modules. Now Lemma 3.19
and Corollary 3.6 can be used to check that M. (Ug), is free over Aw ,[A,] for




RESIDUALLY REDUCIBLE REPRESENTATIONS AND MODULAR FORMS 107

each w; = wEN) € Q. We then deduce the same result for M(Ug ), and so also for
M@)ﬁ and MEIN) ? K over K@,p[Awl.] and A, ®a K respectively. The second property

of (5.10vi) follows similarly from Lemma 3.19(ii).

Property (5.101) follows from property (5.10vi) which was just established. It
remains to show that the last assumption of (5.10i1) holds. For this we pick some
o, € Gal (F/F®) such that Pp(01) has infinite order. That such a o, exists is an easy
consequence of Lemma 6.3. Let pg," be the pseudo-deformation associated to Tey". It

follows from Lemma 3.26 that z = trace p, (6;) — 2 annihilates the cokernel of the map
Vi,
Mg, — M© and hence also that of MS\” — MY. By our choice of 6;, z£p. Note
that z is independent of N.

The properties in (5.9) are consequences of those in (5.10) as well as of the
definitions of the M®™s.

Next we verify properties (5.51) and (5.31). Let d,(a) = dim (M @, K). This is
independent of N by (5.10vi). Again using (5.10vi)

di(1) > pR s kMY ®4 K)

where as before ug(X) denotes the minimal number of generators of the S-module X.
Now p%@ annihilates M ®4 K and hence

— M}; in the definition of Mg\”. Therefore z also annihilates the cokernel of

~di (g . N
ph@n() F]ttR(aN) @AK(MEI ' @4 K).

From the definition of RN) ®4 K it follows that p@4*! =0 in this ring so we may
take d(a) = d\(a)di(1) + 1.
Now we check (5.51) and (5.311). Recall that we are given a set Qn =

{w(lN),...,wiN)} of primes satisfying the hypotheses of Proposition 6.10, and that by
the same proposition

(7.17) lim Hs,,(7,) ~ (K/A) ® X,

n

with Zg = ZU Qx and #X5, bounded independent of N. Now let Q = Qn and
suppose that po Q> F}}m are the primes corresponding to p in R_@Q and ﬁg’(‘l Then
we also have the usual 1somorphism in the style of [W1, Proposition 1.2]

(7.18) Xq = Hom, ((§5%/(F&5)" . P), A"A/A) = Hy, (7).

The isomorphism is obtained as follows. To an element ¢ € Xy we associate the
representation

(7.19) po : Gal(F/F) — GL,RZ" /(FZ,)’, P, ker 9)
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This is a deformation of p, with values in A[g]/(A"e, €?) and its associated coho-
mology class lies in Hs, (7). Conversely to such a cohomology class, we obtain a
deformation with values in A[ge]/(A", €%), and hence by universality a homomorphism
R, ®c O — Ale]/(\e, €%). Extending scalars we get an A-algebra homomorphism
R@Q/ P — A[e]/(\"e, €2) which factors through R /P. Restricting to pgy" we recover
an element of Xq. The restrictions on classes in Hyz,(7,) correspond to the restrictions
required for p to be of type & ain. In particular, the “min” condition, together with
reduction mod P, ensure that p, does not deform the determinant. This is why the
cohomology class we obtain is associated to .7, = ad’p/A" rather than adp/A". We
omit the details and refer to [W1] for a more detailed argument in a similar situation.
Of course (7.18) also holds with &  replaced by & and Zg by X.
To apply this we use the sequence of homomorphisms

f).xgun mm 2 p(N)/(p(N) 2 (N)/ (N) 2 . p(O)/ (O) 2

Y

Here Q = Qx. The horizontal maps are surjections arising from the definitions in
(7.9) and (7.13). The maps By and By are surjective and By is an isomorphism after
tensoring with K. That Bg is also an isomorphism upon tensoring with K follows from
Proposition 6.10 and (7.18). Properties (5.5ii) and (5.3ii) then follow from (7.17) and
(7.18).

Next we verify property (5.7). Using (7.18) the condition in (5.7) translates into
the requirement that #Gy, where

mln mm
[(®F"?,

Gy = {[pe] : trace py = trace p,, ¢ € Xq},

is bounded independent of N and n. (Here as before Q = Qx). Fix a basis for p,
such that p,(z)) = (l _1) and p,(0’) = (I :) for some unit « € A*, where z; is a
complex conjugation and ¢’ is some element of Gal(F/F). With respect to this basis
write p,(0) = (?g b") Fix a T such that ¢; ¥ 0. Now suppose that [pe] is a class in
Gn. The class [pg] has a representative p, such that

as b
Pe(0) = (66 dz)
and be; € A for all 6 € Gal(F/F). Hence ¢; annihilates [py]. Since the number of

generators of Gy over A is bounded independent of N and 7 (as follows, for example,
from (7.17) and (7.18)) we obtain the desired bound on #Gy.




RESIDUALLY REDUCIBLE REPRESENTATIONS AND MODULAR FORMS 109

It remains to prove the existence of an element ™ as in (5.11). Let us write M
for Mg , which is a T@ -module.

Let J = ker{ M/P}? - M©®}. Since M® — (1,\71@ );T/P by definition, J is just
the kernel of M? /P — (I\/I/P)Q; Let my,...,m, be generators of ] as a T -module.

For each i, choose x; € T‘"éi", x; £p, such that x;-m; = 0. Put x = x---x,. Clearly,
x annihilates J. Also, x £p since each x; £p.

1:Iow set My = M@Q where Q) = Q. Then suppose that we have an element
e Tg'(‘l with the property that

(7.20) ™ ker{My/(s1, .., 5) — (M/P}} =

It would follow that x™ would annihilate ker{Mx/(s1, ..., s,) — M®} where ¥ is a lift

of x to Tg“Q, and so 1™ would also annihilate ker{M"™ /(s, ..., s,) — M©®}. Thus it
would satisfy condition (i) of (5.11) except of course that it is not in the desired ring.
Our construction of such a »™ is an involved procedure. We begin by introducing
auxiliary level structures much as we did in the proof of property (5.10v1). Let
ly,.., 4, EZUQ, where Q = Qx, be primes satisfying the hypotheses of Corollary
3.6. as well as (7.15) and (7.16). We can and do choose the ¢; to be independent

of N. Now let Ug,, = Ugy NUi(¢,---£) and put My = Moo(Ug)n @, As . Let
also ' = (@,%,c, #6) with T = TU{{),...,£;}. Let Ty denote ng,l. It is clear
that My is a Ty-module.

There is a natural map My — MIQ\; defined analogously to the map My — M?
used in the definition of MO(N>. Composing these maps we obtain a similar map
My — M2, Arguing just as in the verification of (5.10ii) (see the first full paragraph
following (7.16)) we find that there is some y(lN) € i"_‘;}Q such that

(7.21a) W coker{M}, — M%} =0.
and
(7.21b) 0 # ordy(» modp) is independent of N.

We next construct 35" € Tj such that
(7.22) S ker {MY/(s1, .y 5) — (M/PY 1 =0

for then )™ = y(lN) . y(QN) will satisfy (7.20). (We view s; as an element of End(MY) just as

we did for My. These actions are compatible under the map M| — Mf\; )
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Let U, = UZ" N Uy, ..., w) N Uy(ly, ..., £,) and write MY for the module

MU )n ®np Az . By our choice of ¢4,..,¢,, U, satisfies the hypotheses of
Lemma 3.19, from which we deduce that

ML /(515 -y 8) = MY,

Let Iy be the set of minimal primes q of Ty such that My , # 0. Let I C Iy be the

subset consisting of the inverse images of the minimal primes of Thy. It is relatively
straightforward to see that for q € Ix\I the representation p, is type A at each of the
primes ¢; and wj(N). If Z is the field of fractions of A then we have

" 1" —_— 1"
My— My ®; F = I Mz,
QEIN

M—Me; % =][]M,

g€l

The kernel of the map MY ®5 g FE — M+ FEV s just TT Mg ..

Ao g€IN\I

Therefore, if y(3N> € ) 4q, then
g€IN\I

(7.23) W kerMY, — M2 = 0.

We choose yg\l) as follows. Let py be the pseudo representation associated to T}. Let

7; € Gal (F/F) be a lift of Frob,, , and let §; be a lift of Frob, . Put

8 =TI (T2, = @™ +17) - TT (T7, — de,(Nmm(e) + 1%)
i=1 i=1
where T, = trace py(t;), ¢(N) = Nm(wﬁm), dy, = detpy(t)) - ¢:(N)~" and similarly for Ty,
and d;,. Then ygN) € q for every q € Ix\I as can be seen by examining the actions

of D,, and Dy, (decomposition groups at w; = w

and ¢, respectively) on the Galois
representations associated to such primes q. From our choice of w; (and our choice
of ¢ as in Proposition 6.10)

T2 — d, (g + 1)* = trace p,(6)* — 4 # Omod (, 1)
for some sufficiently large ¢ independent of N. This, together with (7.16) shows that

(7.24) 0F orclk(y(gN> modp) is independent of N.
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Finally arguing as we did to establish (5.10ii) as well as (7.21a, b) shows that

there is some _yE,r € Ty such that

(7.25a) SV coker{M, — M>"'} =0
and
(7.25b) 0 # ord,(y;  mod§) is independent of N.

Let 75" and »{" be lifts of 53 and 5" to T. Combining (7.23) and (7.25a) shows
that y(QM =5§N) }iN) satisfies (7.22). Moreover by (7.24) and (7.254)

0 # ord,(y5'modp) is independent of N.

We may then take ™ to be any lift of x - )™ to R@ p. Its image in R™™ satisfies
(6.113, 1i). h

We have now verified all the hypotheses in §5 and are thus in a position to
prove the main result of this section.

Proposition 7.3. — Suppose that ¥ is a totally real field of even degree. Suppose that & is
a deformation datum and that & = &,. Suppose finally that p C To s a prime which is nice
Jor & in the sense of §4.2. Then

0) WZ, p): RE"); — (T5"); is an isomorphism and (RE"); is a complete intersection
over K@v,p and reduced;
(i) I\A/i_@’F s a free ('T %i")ﬁ—module.

Progof. — Our constructions give the following identifications:
RY®K = RZ")5/(Fo, P)
Rtr(O) ? K - (Tgn)ﬁ /P
— by
©) = N ©) = ©) .
N ?K Mgz )s/P, M ?K g(N %)K)

By Lemma 5.2 the natural map
(7.26) R"”®, K — RY®, K

is an isomorphism. By Proposition 5.8, M ®, K is free over R¥ ®, K. As the action
of R"®,K on MY ®,K factors through the composite map RO @, K ~ R"0®,K -
(T%");/P we conclude that M? ®, K is a free (T");/P-module and that W(Z , p)
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induces an isomorphism (R%") 5/ (PFo, P) ~ (To") 5/P. Picking generators of M ®K

as an R0 ®K-module and lifting them to (M@) we get a map (for some minimal s)

(7.27) (TS); » Mo )5

which is an isomorphism modulo P. Since (1\7@)ﬁ is free over Ag p it follows that
(7.27) is an isomorphism. In particular (’f‘_'é}")»Ii is free over Ao p.
As observed, the reduction mod P of the map

(7.28) RS")5/(PFo) — (TS);

induced by W(Z, p) is an isomorphism. Using that (T ;j")p is free over Ap we now
deduce that (7.28) is an isomorphism. Under (7.28) F, maps to zero as M@ 5 1s a free
(T%") p-module So Fy/pFy = 0 whence Fy = 0. Fmally (R@ )y is a complete intersection

since R@) /P is by Proposition 5.9. (Note that (T 1% ) is reduced as T@ is reduced.)
This completes the proof of the proposition. O

8. Raising the level for nice primes

8.1. Preliminaries

In this section we complete the proof that property (P1) holds for a deformation
datum & . However, before doing so we need some auxiliary results. We begin by
imposing a partial ordering on the deformation data. If &, = (@, X, ¢, #6,) and
YDy = (O, %y, ¢y, Aby) are data, then we write &, > &, to mean @' = Oy, ¢; = ¢y,
T D%y, and M, C Mb,. If #(Z)\X)) + #( A\ A6|) = 1, then we say that the
inequality & | > & is struct.

Let ¥ = (@, %, ¢, #6) be a deformation datum and suppose that p C Ty is
nice for & . As p € p, p is the inverse image of a prime of Tngn which we also denote
by p. We adopt the notation and conventions from the beginning of §7. The primary
goal of this section is to prove the following proposition.

Proposition 8.1. — If p C To is nice for &, then the map WY , p) : (ﬁ?jm)

(’f‘f;}“)p in Proposition 7.1 1is an isomorphism.

o
P

For & = &, this was proven in §5 - §7 (see Proposition 7.3). We will deduce the
general result from this case by a generalization of the arguments in [W1, Chapter 2].
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8.2. Congruence maps

A key ingredient in our proof that y(Z, p) is an isomorphism will be a lower
bound for the length of a certain “congruence module”. In this subsection we construct

maps between various Tg; -modules that will be instrumental in obtaining this lower
bound.

We first fix a sequence of deformation data &, = Yy < Y1 < - < Y, =Y
such that &; > &, is a strict inequality for 1 < ¢ < n. Put

Ri=Rg); Ti=(Tg);,
M; = Mg);, and M; = M),

where IT/ITL@l is defined as is M@} but using M:gi instead. Let P=pNAp.

Lemma 8.2. — Each M; and M is a fiee Ap p-module. Also, there exists an integer s
such that M?S ~ HomX( , M, K(@ p) and M;L 2~ Hom~ (l\/L, AC p)> as Ti-modules.

Proof. — Choose a set of places {r,...,7,}, distinct from those in X, satisfying the
hypotheses of Corollary 3.6 and such that w(Frob, ) ¥ 1 and p,(Frob, ) has eigenvalues

of infinite order for each « Put U; = Ug, NU(r,...,7,) and U?“n = Ug{‘ NU(r, ..., 7).
By Lemma 3.29, T (U;, @), ~ T, , and

1

Mo (UI™), = M, and Mo(UP™); ~ M2 .

The lemma now follows from Proposition 3.3 and (3.17). O
Fix an s as in Lemma 8.2. Now let

2 if wiE%i_l

{wl-} = Zi\Zi_l U%i—l\%b 1= { 3 if w; € Zi\zi—l ,

and

(= 1) (T@)* = SW) g+ 1)) i w€Z\Z,
(ql- —_ 1) (ql + 1) if w € L%,'_l and XI]w =1

(g —1) if w €AMby andyl;, F1.

n; =

Here Ei = Ewi and q; = Nm(fl)
Next we define maps of T;-modules

2°r;

@M, — MY

1

~ 98 25r;

2’r; 2’r;
\Pue Mz l—Mz 1
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such that
(8.1) @) @, is injective with Ap p-free cokernel and ®; is surjective.

(unit)xm; | *

b) ©;0 ®;0®;0¥; = € My, (T—1) with the image of det(A;)

not a zero-divisor in T,.
¢) Im(¥; 0 (D;_y, ..., P;_1)) = IM(P;_y, ..., D;_)).
Let A, =A%) be as in the definition of T(¢,). For any f: GP(A/) — R (R an -
module) let of: GP(A/) — R be given by (/)¥) =f(x(' 3,)). We define @; to be
the direct sum of 2° copies of the localization of the map (h(x_n )R 1 : Mji@i_l ®n, Ao

— Mg, ®@np Ao = 1\7@1., where @ : H'X(U,_, ), @) — H'X(U; ), @) is given
by (fi,fo) — fi +oufs if ;=2 and (fi, o, /) — fi + aifs + & f3 if 7; = 3. We define
@] : M:r_:’ — M, similarly and take for ®; the dual map obtained from ®; by
applying HomXﬁ’P(-, 1~\(9 p). Similarly, let @ be the dual of ®;.

We now verify (8.1a). Choose n to be an ideal such that Uyn) 2 U, D Um). If
w; € T\Z;_) (so r; = 3) then by Lemma 3.28 for a sufficiently large both the kernel of
@ and the cokernel of ® are annihilated by T{¢) — 1 — Nm(¢) for any prime ¢ that

splits completely in the ray class field of conductor p* - n - co. Here ®! is the adjoint

of @ with respect to the pairings defined in §3.2. Let F, be the ray class field of
conductor p°-n-oo and let Fo, = UF,. Choose ¢ € Gal(Fz/F). Such a ¢ is the limit
of a sequence of Frobenii {Frobea} of primes £, splitting in F,. In fact such a sequence

can be chosen so that Frob, = Frob, (b> a)in Gal(F, /F). As trace p_"@'fzd(o) is the limit
of {T(,)}, it follows that trace p%oid(o') — 1 — (o) annihilates ker (@) and coker(®;).
As p, is neither reducible nor dihedral it must be that trace p'?jl,d(c) — 1 —¢(o) £p for
some 6 € Gal (F/F.). It follows that both ker(lim ®) and coker (lim ®!) vanish when
localized at p. Thus ®; is injective and ®; is surjective. A similar argument shows that
@, is injective and ®; is surjective. This proves (8.1a).

Now if w; € 46 ,_), then it follows from Lemma 3.27 that ker (®;) and coker(ai)
are isomorphic to submodules of (I\A/ioo(U’) );J where

, o min a b max(1, )~ 1
U=Ug -1(0 ;) €CL(Oru)ia—1,c€l,

with 7(£;) as in the definition of Ug,. By considering p,|;, one sees that p is not

a prime in T (U, @) (so T (U, @), = 0) whence M:O(U')p = 0. This proves that
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®; and ®; are, respectively, injective and surjective in this case. The same argument
applies to ®; and @, , thereby establishing (8.14) in this case as well.

Next we define ¥; and ©;. If w; € £\%,_,, then we put ¥; = @il‘l’f and
0, = @f;@; where

—S(t) 0 0 0 0 5S¢
¥ = ( TE) —SE)y™" 0 ) , 6= (0 Syt 0 )
—gi 0 -1 1 0 0

If w; € #6,_,, then we take

=2 1er). @=(1 o)

We note that while T(£)) is not included in the definition of T, if w; € 46,4, it
is in fact in T,_; and is a unit, so the definition of ¥; makes sense in this case. To see
this, let Q be any minimal prime of Tg . . Then T({;) is the eigenvalue of the action
of Frob, on the maximal unramified quotient of pQIDli' (This can be checked on
the representations associated to algebraic primes containing Q.) As w; € .Z,_,, the
representation p;j“l_#l Ip ;. has a non-trivial maximal unramified quotient, and it follows

that the image in T, | under y(Z, p) of the eigenvalue of Frob, on this quotient must
be T(,).

As (8.1¢) is obvious from the definition of ¥;, it remains to verify (8.14). Suppose
first that w; € L\X;_|. A straightforward calculation shows that ®; o ®; is a direct sum
of 2° copies of

gilgi +1) T(€,)g: TE)* — SE)g: + 1)
SE)~"T(¥,)g; g{q: + 1) T(:)q:
T)*SE)™> = S()~' (1 + g) T()S(;)"g; g{g; + 1)

Thus

., det(A) = (¢:S(€) 2"

1

That the determinant of A; is not a zero-divisor in Ty is easily checked. As T,
is reduced, we need only verify that det(A;) £Q for all minimal primes Q of Tg;,.
Suppose that det(A;) is contained in such a Q. Let P C Ty, be an algebraic prime
containing Q) (and hence det(A))). Let ¢ = T(¢!;,)modP and s = S(¢;)modP. We will
show that # — s(1 +¢,)* ¥ 0. Let o and B be the eigenvalues of pe(Frob, ). Recall that
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t=o+B and sg; = of. If £ — s(1 + ¢)> = 0, then either &= g; or B - ¢;- But both
o

possibilities violate (3.3). It follows that det(A;) £P and hence det(A;) £Q.
The verification of (8.15) in the case where w; € .#4,_, is done similarly.
We are now in a position to define our “congruence maps”. Put

I°¢ = ker{T, — T,} and I = AnnTnI"‘d.

Put also

=117

I<j<i
Define @ : M2 — M? and ®° : M(Q)j'(l) — M? recursively by
o=, o'=a0¥,
and

@ = ®; 0 (@ x ... x &Y
@ = (@;0 W) o @Y x -+ x @),

Define @9 : Ml2 — Mgs'@ and @" : M?: — Mgs'@ in the same way but using ®; and
©; and reversing the order of composition as appropriate. Put

~

O=0", &y =®", &=00", and Dy =",
Put also

r=r(n) and n= H ;.
1<ign
Lemma 8.3. —
() im(®g ) = M,[1%9% and coker(®g ) is a_fiee Ap, p-module.
(i) ®gy is surjective.

(unit)xXn *

(i) g 0 Dy = € M, (To) with det(A) not a zero-divisor.

(iv) ker(®g ) = M, [I""]%.

Proof. — Part (ii) follows from (8.1a). Part (i) follows from (8.15). We leave the
details to the reader noting only that det(A) is a product of powers of the det(A;)’s
and the n,’s. The freeness over K@,p of the cokernel of ®g also follows from (8.1). It
remains to prove the first assertion of part (i) and part (iv).
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Note that by (8.1¢), im(@g ) = im(®), so it suffices to prove that im(®) = M, [I°].
Next note that @ is the localization of (lim®*) ® 1 where ®* is defined as is ® but

with @] replacing ®@;. Now let

Izld = ker {TQ(-[J@,(Z, @) I TQ(U@},M @)}

It follows from the theory of “new vectors” that
im(@®) ® K = H'(X(Us, ), K) [I;]

(For a more detailed proof in a similar situation see the proof of Lemma 3.29). Now
consider the commutative diagram
lim®*
lim H'X(Ug, o, €Y —  limH'XUg,0), @) ;] » C

a a

l

0 — lim m@®)®K — limH'XUg ), K[ —0

a a

having exact rows and with the vertical arrows being the natural maps. Applying the
snake lemma we find that G embeds into a quotient of N = lim ker(®*®@K /). Arguing

as in the proof of Lemma 3.29 shows that N, = 0 and hence C, = 0. Now let
Ig? =ker{T Uy , @) — ToUg,, @)}

It follows from the preceding remarks that the quotient Mg [199] /im(lim @) vanishes

upon localizing at p. As I°¢ = 14T, part (i) follows.

To prove (iv) we first note that My[I"*] = 0 by Lemma 8.2, for My[I""] is a
Ty /1" Ty-module and hence a torsion K@) p-module. Therefore M, [I*"] C ker@@ ).
On the other hand, it follows from (i) and (i) that ®5 maps M,[IV] ® Z
isomorphically onto My®.% , where % is the field of fractions of Ap p. As M,®.% =
M,[IM] ® F)® M,[I"] ® F) it follows that the quotient ker (@g )/M,[I"*] is a
K@v, p-torsion module, from which we easily conclude that ker(&)@) = M,[I""]. (The
tensor products are as Ag -modules.) O

8.3. An auxiliary result

We now state (and prove) a simple result in commutative algebra. This result
will be important in the proof of the main result of this section (the proof of
Proposition 8.1).

Let A = B[x,..,x]] be a power series ring over a complete DVR B of
characteristic 0. Suppose that (A;, Ay, B, Ny, No, 7, @, (/(\)) is an 8-tuple consisting of
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e complete local finite A-algebras A; and A, with A, reduced,

e a surjection B : Ay » A, of A-algebras,

e for each : = 1,2 an A;-module N; with each N; finite and free over A and
with N; free over A,

e an integer 7 > 1 and maps of Ay-modules ¢ : N} — Ny and ¢ : Ny — N such
that ¢ o @ € M,(A;) C End,(N}) and det(¢ o @) is not a zero-divisor in A,.

We further require that
e im(p) = Ny[I] and ker (¢) = Ny[J] where I = ker (B) and J = Ann, (I),
o coker(q) is A-free.

Lemma 8.4. — For each 0 < t < s there exist yy, ...y, € A such that

1) (15 -5 ) s a prime ideal of A,

(1) 1, ..., y; generate a t-dimensional subspace of my / (mi, mg)

(i11) Ay /(1 . pr) &5 reduced,

) AT+, 01, 0) F 01y ),

(v) det(® o @) mod ( y1, ..., ) s not a zero-diwisor in Ay /(1,00
(vi) ker @mod (y1,....7)) = No[J1/(1, -2,
(vi)) im(@mod (y1, ..., 7)) = Na/(1, -..2)[1].

Progf. — Ouwur proof will be by induction on t. Note that if ¢ = 0 then all
the conclusions are satisfied by the hypotheses on A; and N,. Suppose then that we
have found y,...,3;, ¢ <s, satisfying the lemma. We will show how to find y.,. Let
(») C A = A/, ....,») be a prime ideal such that
a) (91, ..., 0,)) satisfies (1) and (i1),
b) (») does not contain AnnA,(QA‘/m’ ...,y,)/A’)’

C) (I +J>.yl9 -'-:_yt’_y) NA :F (J’la ---a_yl:)})>
d) (det(q) ° (p),)h, '--a.yta.y) :F (yl) -u,)’z,_)’)-

Clearly all but finitely many ( ») satisfy a) — d), and since there are infinitely
many possibilities for ( ») some () has the desired properties. Note that A;/( yi, ..., )
is a finite and free A’-module because N, is finite and free over A and also free over

A,. Hence the hypothesis that A,/( 1, ..., ) is reduced is equivalent to Q, 1 e A

being a torsion A’-module (here we use the fact that char(B) = 0).

We now show that one may take for y., any y such that () satisfies a) — d).
Properties (i) and (i1) follow trivially. Property (iii) is a simple consequence of 4). Property
(iv) follows from ¢) and property (v) from d) once we know that A;/( yi,..., 0, %) 18
reduced. Property (vi) is immediate. It remains to prove property (vii).

It follows from (v) that ¢ maps im(@mod( yi, ..., %, %)) ®a» Fa» isomorphically
onto N /(1 s 21,9) @arn Fav, where A” = A’/(y) and Fy» is its field of fractions. If we
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can show that

(8.2) (No/(315 20 )[1] Nker @mod (1, ..., 1,9)) = 0

then it will also follow that  maps (No/(y1, ...s %1, 9))[1] ®ar Far isomorphically onto
N1/01, o 91,9) @ar Fav whence

(¢ mod (91, .91, 9)) @ Far = Na/ (91, 0,90 -,9))[1] @ar Far.

The desired equality will follow from this one since im(@ mod ( y,, ..., %:, %)) is contained
in No/( y1,..9:,9) [I] with A”-torsion-free cokernel. (Here we are using that coker
(p) is A-free.) To prove (8.2) we need merely note that the intersection in question is
contained in (Nao/( 1, ..., %, %)) [I+]] which must be zero as it would be simultaneously
a torsion-free A”-module if non-zero and annihilated by 0 ¥ (I+]) N A”. (The latter is
non-zero by ¢)). O

8.4. (&, p) is an isomorphism

We now complete the proof that Y(Z, p) is an isomorphism. To do so we
return to the notation of §8.2. By Proposition 7.2 M, is a free Tp-module and
Y& ., p): Ry ~ Ty Moreover, T is a reduced complete intersection over K(@,p.

Let A = A p. Note that A = B[W,, ..., W,,]] where B is the localization and com-
pletion of @'[[W,] at the prime ideal (). Let § : T, - T be the natural surjection. It

follows from the results of §8.2 that the 8-tuple (T,, Ty, B, Mzs, ng, r, ®gy , @) satis-
fies the hypotheses of §8.3. Therefore by Lemma 8.4 there are elements y,...,pn—1 € A
such that

8.3) & A/, 1) =B
(i) To/(p1s o5 Ym1) is reduced.

(i) im(@g mOd (31, s In-1)) = M/ (31, o m1)) ],

(unit) X M *

(iv) Py 0 Dy = € M(Ty).

| A
(v) det(®g o @) is not a zero-divisor in To/( y1,..cs Vm_1)-
Put Ki = R,/( )’1,---,}’m—1), Ti = Tl/( )}la---;_)’m—l); and Mi = M,/( Vs ooy _ym—l)
for each 0 < i < 7. Let Q be a minimal prime of T,. As T, is reduced and 7 is
not a zero-divisor in T, (| being a divisor of det(®z o @z )) 1 £Q. Let C be the

integral closure of T,/Q in its field of fractions. As Ty is a free A-module, T, is a free
B-module. Thus C is a complete DVR and a finite flat extension of B. Put

R;z—ﬁi@BC, TZ:TZ-®BC, andM;=Mi®BC.
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Let @ = (M})?" — (M’)? and @' : (M)¥ — (M})?" be the maps induced from
®5 and @y , respectively.
We have maps

R YT LT /Ann, M) ST, ~ R}

and 8 : Ty » C. Put B’ = oo y. Here ¢ is the map induced by y(& , p), B’ is the
map induced from B : T, - Ty, and 3 is induced from the reduction of Ty modulo
Q. That B’ factors through T,/Ann., (M;) is a consequence of the surjectivity of @’

and of My being a free To-module. Put T, = T, /Ann;, (M,). This is a free C-module.
Now put

Hy = ker(d), Gy = AnnT(,) ker(d),
H, =ker@®op' ovy), G,=Anng, ker@do o).

As Tj is a reduced complete intersection over C, it follows from [DRS, Criterion I]
that

(8.4) Lo(Ho/Hy) = £6(C/8(Gy)),

where for any G-module X, ¢¢(X) denotes the length of X as G-module. Our goal is
to prove a similar equality for £¢(H,/H>) and £¢(C/(8 0 0)(G,)). First we prove that

(8-5) £c(C/B 0 )(Gy)) > £c(C/8(Go)) + £c(C/8M)).
We prove this as follows. Let I = ker(o) and J = Annp,(I). It follows from the definition

of T/ that M/[I°4] = M’[I]. Therefore, by Lemma 8.3(), ( JM/)?* C im(®). In
particular, if j € J and m € M, then there exist my, ..., mys, € M, such that

jm
m 0
n *
A m .
25r 0

As det(A)ym; = 0 for = 2,...,2°r we have that m; = 0 for ¢ = 2, ..., 2°r since det(A)
is not a zero-divisor in Tj and Mj is a free T{-module. We conclude that JMj C nM;
and hence

(8-6) JT; € ().

Now suppose that g € G,. Then o(g) € (n) by (8.6) since g annihilates I C ker($ o o).
Write ag) = nx. Since mx annihilates o(ker(d o o)) = ker(d) = Hy and since n is a
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non-zero divisor in T{ it must be that x € Gg. We have thus shown that a(G,) C nG,.
It follows that (8 o o)(G,) € d(nGy). The inequality (8.5) is an immediate consequence
of this.

Next we show that
(8.7) Lo(H,/H?) < £o(Ho/HY) + £c(C/8(m)).

We will prove this by comparing the lengths in question to those of various cohomo-
logy groups. First we note that pg : Gal (Fx/F) — GL,(R% ) determines a represen-
tation p : Gal (Fx/F) — GL,(C) obtained from the composition map

Ry — RE), =R, R —R @C=R. "%V .

Fix a basis for py such that po(z) = (' ;) and pole) = (5 %), w €
@*, for some g € Gal(Fz/F) fixed. Let A be a uniformizer of C. A C-
algebra homomorphism f : R, — C & eC/A" (¢ = 0) determines a represen-
tation py: Gal(Fg/F) — GL,(C @ €C/A™) such that p = pymode. Write ps(c) =
p(o) (1 +ey(0)), (o) € My(C/N™). It is readily checked that 6 —— 7Y¢(0) is a l-cocycle
of Gal (Fx/F) with coefficients in My(C/A") =~ ad p/A". We first claim that f+——(cocycle
class of ;) determines an embedding

(8.8) Hom_, (R;, C ®eC/A")— H!(Fx/F, adp/A").

Here, and in what follows, all cohomology groups are the usual group cohomology;
we do not require the cocycles to be continuous.

To see that (8.8) is an embedding first note that if y; and y; are cohomologous,
then p;; and py, are equivalent. Thus there must be some A = (f Z,) € GL,(C @ eC/A")
such that Ap,A~' = p,. Since ps(z1) = (‘ _1), it follows that A = ( d). We

also have that (: (a/i)uo) = Ap (@A™ = pyle) = (:1 19). Thus a = d and

A is a scalar, whence p; = ps. This implies that fi = f; since any map R};n —_—
C @ eC/N is completely determined by the images of the elements in the set
{to, bs, 5, ds = 6 € Gal(Fs/F)} (per () = (& /) by Lemma 2.5. This proves
injectivity of (8.8).

Recall that there is a decomposition adp = ad’p @ C where ad’p are those
elements in My(C) with trace zero. It follows from the definition of R’ that if

w € T\ then x~'detply” is unramified at w. The same is then true of " - det py for

every f€ Homc_alg(R;, C @ C/L\"¢). Therefore

(8.9) res, (y) € H'(D,, ad’p/A™) Vw € T\Z.
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Let V be the representation space for p. This is a free C-module of rank
2. For each w € M4 ,\ 46 there is a filtration 0 ¢ V, ¢ V such that V, and

-

V. = V/V,, are free C-modules of rank 1 such that I, acts via X, on V.. For
each w € Z\X, U A \ A6 define U, C adop by

0 otherwise.

U, = { Homy(V), V,) if we MN\AE and x|;, = 1

Using the definition of R%" and R‘%’? one easily checks that if res,(y) = 0 in

H'(I,, ad’p/U,)P for all w € E\E, U .46 \.A4, then f factors through Rj. It follows
that

£c(Homg, (R}, C @ eC/A™) — £o(Hom, (R}, C @ eC/A™)
(8.10) < Y LeH'(Lu, (ad’p/U)/A)P)
weX\X UMb \ A
< Lc(C/3m), X

The last inequality follows from an explicit calculation of £o(H'(I,, (ad’p/U,)/A)Px)
for each w. As 8m) ¥ 0 we see that £c(C/d(n), A") = £c(C/d(n)) for large m. Next we
note that there are canonical isomorphisms

Hom(Ho/(Hz, A™), C/A™) = Hom,_, (R, C @ eC/A")
and

Hom(H,/(H2, A™), C/A™) ~ Hom,,_, (R., C & eC/A").

C-alg

It follows from this and from (8.10) that

@8.11) Ca(H/(H)) — Co(Ho/HD) < £6(C/5())

Combining (8.11) with (8.4) and (8.5) shows that
c(H,/H}) < £c(C/( 0 a)(Gy)).

It now follows from [DRS, Criterion I] that yoy' : R) - T/ is an isomorphism of
complete intersections of C-algebras. Therefore W' must also be an isomorphism of
complete intersections. Since C is faithfully flat over B we conclude that the map
R, - T, induced from y(Z , p) is also an isomorphism of complete intersections, and
hence Y1y -y Im—1 18 a regular sequence in T,. It then follows easily that y(Z ,p) is
itself an isomorphism.

This completes the proof of Proposition 8.1. The following proposition is a simple
consequence of that one.
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Proposition 8.4. — If & is a deformation datum for ¥ then property (P1) holds for & .

Proof. — Suppose that p C To is a prime that is nice for & . Let p» C Ry
be the prime associated to p as in §4.2. Let Q C py be any minimal prime and
let p = pz modQ. Put R = Ry /Q. As in §2.3 let Ly/F be the maximal abelian
p-extension of F unramified away from X and let Ny be the torsion subgroup of
Gal(Ly/F). Fix a finite character y : Gal(Fy/F) — R* of p-power order such
that ' - det(p ® y) is trivial on Ny. Corresponding to the deformation p ® y
is a homomorphism Ry —— R that factors through R7". The kernel of this
homomorphism, say Q,, is contained in pg . It then follows easily from Proposition
8.1 that ), is pro-modular.

By Lemma 3.17 there is some map To,(Ug NU;(cond?(y)?), @) — R inducing
the pseudo-deformation associated to p. To show that p, and hence Q is pro-
modular it is enough to show that Ugy C U,(cond?(y)?). To establish this inclusion
we first note that since W has p-power order cond?(y) is square-free. Moreover, if
D = (O,%,¢, 46) and if £|cond?(y), then ¢ € E\.4. It then follows from the
definition of Ug (see §3.6) that Ug C Uj(¢?). Thus Ug C U, (cond?(y)?).

We have thus shown that any minimal prime of Rg contained in pg is pro-
modular. The same is then true of any prime of Rg contained in pgy. O

A. A useful fact from commutative algebra

The following result, in the guise of its corollary stated below, is the linchpin in
our proof of the Main Theorem.

Proposition A.1. [Ray, Corollaire 4.2] — If A s a local Cohen-Macaulay ring of
dimension d, and if 1 = (fi, ..., ;) is an wdeal of A with r < d — 2, then

spec(A/I)\ {mp} s connected.

We are indebted to M. Raynaud for providing us with the reference to a proof
of this proposition.

Suppose now that A and I are as in the proposition. Let & be the set of
irreducible components of spec (A/I).

Corollary A2. — If & = &\ U &, is a partition of & with &, and &5 non-empty, then
there exist vrreducible components C) € €| and Cy € &, such that C) N Cy contains a prime of
dimension d —r — 1.

Proof of Corollary. — Owur proof is by induction on d — 7. If d —r = 2, then
the assertion of the corollary is an immediate consequence of the proposition. Now
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suppose d —r > 2. The conclusion of the proposition implies that there exist Cf € &
and C) € &, such that C| N G contains a prime p of dimension 1, which we may
view as a prime of A. Now consider spec(A,/I). Let &’ be the irreducible components
of spec(A,/I). The embedding spec(A,/I)— spec(A/I) of topological spaces induces a
decomposition of &'

' =60¢,, €.={C=Cnspec(A,/]):C € &}.

By the choice of p, C! € &, so this is a non-trivial decomposition. As dim A, =
dim A — 1, the conclusion of the corollary now follows from the induction hypothesis
together with the fact that A, is also Cohen-Macaulay and that the dimension of a
prime of A,/I is one less than the dimension of the corresponding prime of A/I. O
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