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THE ABUNDANCE OF WILD HYPERBOLIC SETS
AND NON-SMOOTH STABLE SETS FOR DIFFEOMORPHISMS

by SueLpoNn E. NEWHOUSE (})

1. A fundamental problem in dynamical systems is to describe the orbit structures
of a large set of diffeomorphisms of a compact manifold M. We write Diff” M for the
space of C" diffeomorphisms of M with the uniform C’ topology and we assume dim M>1.
The largest open set in Diff” M whose orbit structures are well understood in the set
of Q-stable diffeomorphisms. For f in Diff” M, a point x in M is non-wandering if for
every neighborhood U of x in M, there is an integer n>o0 so that f"(U)nU=+0.
The set of non-wandering points of f is denoted Q( f), and one says that f is Q-stable if
whenever g is close to f in Diff” M, there is a homeomorphism #: Q(f)—Q(g) so
that gh=#hf. One would like to know how the set of Q-stable diffeomorphisms sits
in Diff” M.

In an earlier paper [14], we described an open set of non Q-stable diffeomorphisms
of the two-dimensional sphere. Later [16], we showed how to use these mappings
to give diffeomorphisms of any compact manifold with infinitely many periodic sinks.
In fact, we gave residual subsets of open sets of diffeomorphisms each of whose elements
has infinitely many sinks. For each of these diffeomorphisms the closure of the set of
sinks is quite complicated, containing many different closed invariant infinite sets with
dense orbits. The general structure of these sets remains to be described.

The most important property shared by these diffeomorphisms is the persistent
presence of tangencies between the stable and unstable manifolds of an invariant hyper-
bolic set. We will call such a hyperbolic set wild (this will be made precise later). The
main point of this paper is to show that wild hyperbolic sets occur quite frequently, and
hence, that understanding them is of basic importance in the theory of dynamical systems.

Theorem 1. — Let M? be a compact C® two-dimensional manifold, and let r>2. Assume
SfeDiff" M2 has a hyperbolic basic set whose stable and unstable manifolds are tangent at some
point x.  Then f may be C perturbed into an open set U CDiff” M? so that each g in U has
a wild hyperbolic set near the orbit of x.

Tangencies of the stable and unstable manifolds of hyperbolic basic sets as in
theorem 1 occur quite naturally in isotopies passing from one diffeomorphism to another.

(}) This research at the ITHES was partially supported by the Volkswagen Foundation.
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102 SHELDON E. NEWHOUSE

For general examples, we refer to [19], [24], and [20]. More specifically, we note
that recent numerical studies of Liénard’s equations with periodic forcing terms show
that such tangencies occur there [12]. Thus, the results of this paper describe some
of the motions governed by those equations.

Theorem 1 has several interesting ramifications. While it was previously known
that the set &/ of Q-stable diffeomorphisms was not dense in Diff” M, it seemed for a
long time that rather strong conditions were needed to give open sets in Diff” M —.o/.
In addition to the examples in [14], such open sets were given by Abraham and Smale [1],
Shub [11], and Simon [21]. In each case one began with a special diffeomorphism
in o/ and carefully modified it to move into the complement of the closure of <.
Theorem 1 shows that at least on surfaces very mild conditions yield such open sets
after small perturbation.

In another direction, recall that in [18], [19], a general bifurcation theory is
described for arcs of diffeomorphisms {f,}, 0<¢<1, with f; Morse-Smale. Under
the assumptions that at the first bifurcation point b, the limit set of f; consists of finitely
many orbits and has an equidimensional cycle, it is shown [Theorem (4.1), 19] that,
generically, given €> o, there exist 3> o and a set B;C [, b4 3) whose Lebesgue
measure is less than 3, such that f; is structurally stable for ¢ in [b, 6 +3)—B;. Also,
it was conjectured that the set of ¢’s in [, b + §) with f, not structurally stable has measure
zero. It follows from theorem 1 that this conjecture is false. In fact, a generic arc
of C2 diffeomorphisms {f;}, 0<¢<1, of M? containing an equidimensional cycle at
t=1t, in (o, 1) will have the property that there are open intervals (o;, B;,) C (0, 1) such
that £,<o,<B;, B;—t, as i—o0, and f;is not Q-stable for «,<¢<B;. This, together
with examples in [19], shows that open sets of non-Q-stable diffeomorphisms occur even
near the boundary of the Morse-Smale diffeomorphisms.

Since wild hyperbolic sets occur in many instances, it is important to develop a
structure theory for diffeomorphisms containing them. The first remark in this direction,
which follows from [16] (see [16 a] also), is that there is a residual set % CDiff"(M?)
such that if feZ and A is a wild hyperbolic set for f, then each point of A is a limit
of infinitely many sinks or sources. In a subsequent paper we will develop a stable
manifold theory and symbolic dynamics for certain non-hyperbolic invariant sets near
wild hyperbolic sets. Here we will be content with showing that wild hyperbolic sets
give rise to non-smooth stable sets.

Recall that if xeM and d is a topological distance on M, one defines the stable
set of x, W*(x)=W?*(x, f), to be the set of points y in M such that d(f"x, f"y)—~o0 as
n—>co. The unstable set W¥%(x, f) is defined to be W*(x, f~1).

These sets play a fundamental role in the orbit structure of f. When f satisfies
Axiom A it is known that each stable set is an injectively immersed submanifold of M
which is diffeomorphic to a Euclidean space [g]. This led S. Smale to ask if the stable
sets were smooth manifolds for a residual set of f’s [25]. Our second theorem answers
this question negatively.
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THE ABUNDANCE OF WILD HYPERBOLIC SETS 103

Theorem 2. — Suppose U is an open set in Diff” M2, r>2, so that each fin U has a
wild hyperbolic set.  Then there is a dense open set Uy CU 5o that each f in Uy has a point whose
stable set is locally the product of a Cantor set and an interval.

One may ask if there are large sets of diffeomorphisms on any manifold whose
stable sets are locally the product of a Cantor set and a disk whenever they fail to be
smooth manifolds. In particular, is this true for a residual set or a set of full measure [17]?
It is also interesting to ask whether the stable set of a point has positive measure if and
only if it contains a periodic sink.

The main results of this paper deal with diffeomorphisms of 2-manifolds. It
seems to us that theorems 1 and 2 are valid in higher dimensions, if one makes the obvious
change in theorem 2 that the stable sets be locally the product of a Cantor set and a
disk. However, the proofs involve several technical complications and will not be
given here. On the other hand, the reader should notice that the standard method of
embedding a two-disk normally hyperbolically in an z-disk (see [16]) enables one to
get open sets of diffeomorphism with wild hyperbolic sets in any dimension greater than 1.

2. In this section and the next one we will prove theorem 1. First we give some
definitions.

Recall that if f: M—M is a C" diffeomorphism of a compact manifold M, r>1,
then a compact f~invariant set A is called hyperbolic if there are a continuous splitting
T,M=E*®E* a Riemann norm |.| on TM, and a constant 0o<<A<1 so that for xeA

(1) T f(E)=EL, T f(E)=E;
(2) | T IE<n, | Tof7HES <A

Here T,f: T,M—T, M is the derivative of f at x. The hyperbolic set is called
a hyperbolic basic set if there is a compact neighborhood U of A in M such that Qz SM(U)=A

and f| Ahasa dense orbit. Itcan be proved ([2], [15], [4]) that for such a A, the periodic
points of f|A are dense in A. Also, for each xeA, the stable set W*(x, f) is a copy
of a Euclidean space C” injectively immersed in M and tangent to E; at x [g9]. A similar
statement holds for W*(x, f). For e>o, let

Wi(x) =Wi(x, f) —{3eM: d(f"s, f)<e for n>o},
and let We(x) =W¥x, f)={yeM: d(f"x, f"y)<e for n<o}.
If = is small, then W%x) and Wi(x) are embedded disks in M as defined in the next
paragraph with W¥(x) CW*(x) and W;(x) CW*(x). We set

WHA)=WH(A, f)=zLeJAW“(x,f),

WHA) =W(A, )= U Wi £),

WiA)=Wi(A, )= U Wil f),
and Wi(A) =Wi(A, f) = U Wiz, /).
The symbol O(x)=O(x, f) will denote the orbit of x.
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104 SHELDON E. NEWHOUSE

Given a positive integer o, let B® be the closed unit ball in the Euclidean space R°.
A C" embedding ¢ : B°->M will be called a C" ¢-disk or just a o-disk. A disk in M
is a o-disk for some ¢ or a C" embedding ¢ : B*xXB*—>M where s+4u=dim M. Some-
times we will speak of a disk D or (D, ¢) in M where D is the set ¢(B°®) or ¢(B*xXB¥);
i.e. the image of ¢. Given the disk ¢ :B°XB*->M, D=¢(B°xB"), define
0,D=¢(B°xoBY) and 9,D=¢(dB°xB")

where 0B° is the boundary of B°. Also, for ¢:B°—>M, ¢(B°)=D, set D =¢(B°).

Let (D* ¢*) and (D?, ¢°) be a C? y-disk and a C2? s-disk in M with s+ u=dim M.
Suppose ze(D*—dD*) N (D*—dD®). We say that D* and D* have a non-degenerate tangency
at z if there are C? coordinates (x, y)=(xy, ..., %5, J1, --.,%,) near z with

D ={(x,») : y=0}
and a curve ¢ y(¢) for ¢ in an interval I about o such that:
(1) y(o)=2
(2) ~v(t)eD* for ¢ in I;
(3) o#*v'(0o) and T,D°NT,D is the one-dimensional subspace of T;M spanned by y’(0);
(4) Y'(o)*f0 and +"(0)¢T,D°nT,D*

Here y'(0) and y"’(o) are the first and second derivatives of y at o.

A non-degenerate tangency is a point of order one contact of D* and D* which
is not of order two contact. It is the special case of a quasi-transversal intersection [19]
of two submanifolds with complementary dimensions.

If z is a non-degenerate tangency of D* and DY then the coordinates

(x’.y):(xla cees Xgs )15 - - 'a.yu)

above may actually be chosen so that +v(¢)=(x(¢), ..., %,(¢), 9.(¢), ..., 9,(¢)) where
x,(t)=t, y(t)=o0=x(t) for :>2 and j>2 and y,(¢t)=a® with a+o. From this
one sees that if D{ and DY are C? disks which are G2 near D® and D* respectively, then
near z, DiND} is either empty, a single non-degenerate tangency, or two transversal
intersections.

If N; and N, are manifolds with dim N; +dim N, =dim M, and ¢,:N;—>M,
@5 : N,—>M are injective immersions, let us agree that ¢,(N;) and ¢,(N,) have a non-
degenerate tangency at z€¢,(IN;) N¢y(N,) if there are disks D, C¢,(N;) and D, C ¢,(N)
with such a tangency at z.

Let A be a hyperbolic basis set for a C" diffeomorphism f: M—-M with r>2
fixed and let U be a compact neighborhood of A with 0 /" (U)=A. For g C’ near f,
Alg)= [;l g"(U) is a hyperbolic basic set for g and there is a homeomorphism

h:A(f)—>A(g) with gh=hf. A non-degenerate tangency z of W*(x, f) and W?*(y, f)
for x, ye A will be called a non-degenerate homoclinic tangency for A or f. We will say that
Ais a wild hyperbolic set if each g C" near f has the property that A(g) has a non-degenerate
homoclinic tangency.
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THE ABUNDANCE OF WILD HYPERBOLIC SETS 105

In the remainder of this section and the next section, we assume M =M? is a
compact two-dimensional manifold. Our goal is to prove theorem 1. We will actually
prove a stronger result in the context of one-parameter families.

Let {f;}o <<, be a C! curve of C diffcomorphisms of M, r>3. Suppose A, is
a hyperbolic basic set for f; varying continuously with . We say that { f,} creates a non-
degenerate tangency of W*(A,) and W?*(A,) at (¢, x) if there are G’ curves v}C W¥%(A))
and yjCW*(A,) and a number ¢,>>0 so that:

(1) i has a non-degenerate tangency with v} at x;

) for ty—e,<t<ty, YiNYI=0;

(3) for t,<t<t,4¢,, vy; has two transverse intersections with y};
) v; and vy} vary differentiably with ¢.

Theorem 3. — With the above notation, suppose {f,} creates a non-degenerate tangency
of W¥(A,) and W*(A) at (,, x,) and f, has a periodic point peA, of period ny such that
det T, fir# 1. Then, given e>o, there is a t, with |t,—t,[<e such that f, contains a wild
hyperbolic set near the orbit of x,.

Theorem g implies theorem 1 since any f satisfying the hypothesis of theorem 1
can, after approximation, be embedded in a curve {f,} which satisfies the hypothesis
of theorem 3 and creates a non-degenerate tangency near the original tangency for f.

Remarks. — 1. In a recent paper [8], M. Hénon studies numerically the polynomial
mapping f,(x, y)=(y+t—ax? bx) of R? with a=1.4, 6=0.3, t=1, and finds what
appears to be a strange attractor. The actual existence of that attractor has not been
proved. For certain values of the parameter ¢ one can verify that the curve { f;} has
a hyperbolic saddle fixed point whose stable and unstable manifolds create a non-
degenerate tangency. Thus, there are #’s for which f, has infinitely many periodic
sinks, and it may be the case that Hénon has merely found a long periodic orbit.

2. In [7], Fatou proved that every rational function on CP!=S2 has only finitely
many periodic sinks. Using the mapping in remark 1 or the related mapping

Silx, »)=(y, —@p*—bx+1t) with a>o0, 0<b<1,

one can give real polynomial mappings in two variables with infinitely many sinks.
Having found a #, where f, (x, y) creates a non-degenerate tangency, it is clear that
fi=(», —ay®—bx—ex®+t), also creates one for some ¢ near ¢, if ¢>o0 is small. Thus,
for some ¢, fh:()}, —ay*—bx—ex2+1t;) has infinitely many sinks as a map from R2?

Y .
to R2, and, hence, also as a map from C2 to C2. Setting <=~ =, we can projec-

tivize f, to the map
FX, Y, Z)=(X2, XZ, —aZ2—bXY —eY? | £,X2)

* X

which is a degree 2 polynomial mapping from CP? to CP? with infinitely many sinks.
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106 SHELDON E. NEWHOUSE

3. It is frequently expressed that observable physical objects correspond to invariant
sets of positive Lebesgue measure for their dynamical equations. Bowen and Ruelle
have proved that zero-dimensional hyperbolic sets for C? diffeomorphisms have measure
zero [4] (this is false for G diffeomorphisms [5]). Using theorem 1 and [16], one
could make even a hyperbolic set A of measure zero ‘ observable ” by creating a non-
degenerate tangency of its stable and unstable manifolds. For then, one would get A
as a limit of sinks (assuming A has a periodic point with determinant less than one)
each of which would carry an open set of points permanently near A.

4. It is likely that theorem g holds with r=2. However, our proof makes use
of a C! linearization of f;* near p which is C* off W¢(p) (resp. Wi(p)) if det T, f»<1
(resp. det T, f»>1) for some small ¢>o0. This uses the assumption that r>g.

Before going to the proof of theorem g, we need some preliminaries concerning
Cantor sets.

By a Cantor set in R we mean a compact perfect totally disconnected subset F
of R. Given such an F, let F; be the smallest closed interval containing F. Then

we may write F—F= EOU@A where cl U;ncl U;=0 if ¢#+j and each U;is a bounded

open interval. Let U_, and U_,; be the unbounded components of R—F. We call
the U’s, 1> —2, the gaps of F, or, simply, F-gaps. For :>1, set Fi=F0—0<.<. Ui
<j<i-

Thus, F,DF,DF,..., each F; is a union of closed intervals, and .QOF@-———F. Call the
sequence {F;};~, a defining sequence for F. It is determined merel_y by giving some
enumeration Uy, U,, ..., of the bounded gaps of F. For i>o, if F} is the component
of F; containing U,, then F;—U; is the union of two closed intervals ¢/ and ¢ which

| /U
7

lie adjacent to U, as in figure (2.1).

Other components of F,;

Fic. 2.1

In other words, ¢! and ¢ are the components of F;_, which meet the closure of U,.
We write ¢! for the component to the left of U; and ¢ for the component to the right

¢U;’ (U,
and set t(F)=sup{r({F;}) :{F;} is a defining sequence for F}. We call <(F) the
thickness of F.

Observe that 0<7(F)<oo, and itis an indicator of how thick F is. As an example,
consider the middle a-set F(«). In this set one starts with a closed interval F, and

ol b
of U, IfIis an interval, let £(I) be its length. Set T({Fi})zglt;{min( i ”)}
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THE ABUNDANCE OF WILD HYPERBOLIC SETS 107

deletes its middle open interval of length «./(F;) to obtain F,. Having defined F,,
delete the middle open interval of length «.¢(c) from each component ¢ of F; to define
F,. ;. Let F=«;00F"' Of course, with this definition, {F;} is not a defining sequence

for F(a) since F;—F; ; consists of 2° components for :>>1. That is unimportant. One
I—a

easily shows that <(F)=
—log 2
H(F(e) = — o2,
log I«
2
Also, for any Cantor set F with <(F)>o, if « is such that 7(F)=1<(F(«)), then
—log 2

=(F)
log|—"7
8 (1 +2¢(F))
such Cantor set F. Thus, H(F)—1 as t(F)—>oc. On the other hand, it is easy to
construct examples of Cantor sets F with H(F)=1 and «(F) arbitrarily small.

We caution the reader that inclusion of Cantor sets F CG does not necessarily
imply that ©(F)<<t(G). For example, let n be a positive integer and let

F(n, o) = F (o) U(n + F(«))

Let H(F) be the Hausdorff dimension of a set F. Then,
and hence, 7(F(«))=7(F(B)) if and only if H(F(«))=H(F(B)).

H(F)>H(F(«)). From this we obtain the inequality H(F)> for any

where F(«) is the middle a-set constructed from the unit interval and
n+F(a)={n+x: xcF(a)}.

I

n—1I1

Then *(F(n, a))= min{’r(F(“)),

}. I ;zi—l<¢(F(a)), we have F(«) CF(n, «) and
+(F(@)>=(F(n, ).

The following simple lemma generalizes lemma (3.5) of [14].

Lemma 4. — Let ¥ and G be Cantor sets in R with F in no G-gap closure and G in no
F-gap closure. If <(F).x(G)>1, then FNG+0. In fact, iof {F;} and {G;} are defining
sequences for ¥ and G, respectively, such that ~({F;}).©({G;})>1, then, for each i>o,
int (F;NG;)+0.

Remarks. — 1. The gap conditions in lemma 4 are fulfilled if F, and G, properly
overlap that is, 9F,Nnint Gy+9 and oG, Nint Fy+0.
2. The word “ closure ” in the statement of lemma 4 could be deleted, and one
would still get FAG=+J, but the last statement would not necessarily hold. For the
proof of theorem 2, it is this last statement which is important (see section 4).

The main part of the proof of lemma 4 is the

Gap Lemma. — Let F and G be Cantor sets in R with defining sequences {F;} and {G;}.
Suppose that G is in no F-gap closure, ~({F;}).~({G;})>1, and c is a component of ¥, in no
G-gap closure. Then one of the components of ¢NF; , is in no G-gap closure.
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108 SHELDON E. NEWHOUSE

Proof of Gap lemma. — Let Uy, Uy, ... be the bounded F-gaps determining the
sequence {F;} and let U}, U}, ... be the bounded G-gaps determining {G;}.

If ¢CF;, ,, the result is trivial, so we can assume ¢=F; is the component of F,;
containing the i-th F-gap U;. Let ¢/ be the left component of ¢NF; ; and ¢" be the
right component of ¢NF; ;. We have

L h Y
- v

U;

QNT A

>
J

1
cr

Frc. 2.1 bis

Assume, by way of contradiction, that ¢/ and ¢" are in G-gap closures. Let
U',, U', be the unbounded G-gaps. Thus, ¢/CclU! and ¢ CclU. for some
n, m>—2. We may suppose n<m, as the other case is similar.

If n=m, then all of ¢ lies in cl U} contrary to the hypothesis that ¢ is in no G-gap
closure. Therefore, n<m.

Case 1. n=—2, m=—1. In this case ¢ and ¢ are in different unbounded
G-gap closures. This means that GCclU; contrary to the assumption that G is in
no F-gap closure.

Case 2. n<m, m>o. In this case ¢" is in a bounded G-gap closure U.. Since
n<m, the interior of the component G, of G,, containing U} misses ¢/. Also, int G,
is entirely to the right of /. If G, is the component of G;,— UL to the left of U},
then GYCclU;. Then we have something like figure 2.2

r ¢
But then T({FJ)T({GJ)S%%SI which is a contradiction and the Gap lemma
is proved. voom
We can now prove lemma 4. Since neither F nor G is in a gap closure of the
other, we have int (F,NnG,)+0. By the gap lemma with ¢=F,, we can find a compo-
nent ¢, of ¢NF, in no G-gap closure. Repeating the process inductively gives us a
decreasing sequence ¢;, ¢y, ¢3, ... of closed intervals so that each ¢; is a component
of F,n¢;_; and ¢; is in no G-gap closure. But this means that int ¢;Nint G,,+0 for
all m>o. In particular, J=+int ¢;Nint G;Cint (F,NG;) as required.
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THE ABUNDANCE OF WILD HYPERBOLIC SETS 109

We will use the notion of thickness of Cantor sets to define some invariants of
a zero-dimensional hyperbolic basic set A for a G2 diffecomorphism f: M2—>M?2, Let
A be such a set. All estimates will be with respect to the distance and length functions
induced by a fixed Riemann metric on M adapted to A.

There is a 3>0 so that each x in A has a neighborhood U in M =M? so that
UnNA is homeomorphicto (Wg(x, f)NA)X(W3(x, f)NA) ([4] or [23]). It follows that
WE(A, f) is locally the product of a Cantor set and an interval. Let y:(—1, 1)>M
be a C! curve meeting W¥(A, f) transversely at a point » =+vy(0). Choose an integer
n>o0 so that yef"Wg(A, f). Then for ¢>o0 small, yis contained in a Cantor set in
(Image y|(—¢, e))Nf"TITWE(A, f). See figure 2.3.

WB(A)

f"*‘wg(A,f)

Image Y

Fic. 2.3

Define =*(,y,A)= ir;g{sup 7(F) : F is a Cantor set in (Image v|(—e, &)) Nf"TTWE(A, f)}.
Clearly, t(y, vy, A) does not depend on the n chosen so that yef"Wjg(A, f).

Proposition 5. — Suppose y and y are as above, y, is another point in W*(A, f) and
vi:(—1,1)>M s a G curve meeting W*(A, f) transversely at y,=v,(0). Then

Tu(}% Y A) :Tu(.yh Y1> A)‘
Furthermore, <(y, v, A) is independent of the Riemann metric on M.

Proof. — Let E°®E*=T,M be the continuous splitting given by the definition
of hyperbolicity. Since fis C? and dim E°*=dim E*=dim M—1=1, E*and E® extend
to C! Tf-invariant line fields E* and E° on a neighborhood U of A [Theorem (6.4) b, g].
Integrating E* and E° locally, we obtain two C! foliations #* and £° on a neighbor-
hood U, of A such that, for xeU;nf"1U,NnfU,, fF*DF, and f(F]) CH;. Also,
the leaves of #* and #° are C2 curves which vary continuously on compact sets in the
C2 topology.

Let », v, »1, v1 be as in the statement of proposition 5. First suppose that
€W 5, f). Choosean integer N>o0 sothat f~Y*![y, ] Cint (U;nW¥(A, f)) where
[ 7, 91]is the interval in W*(y, f) from yto y;. LetV be a neighborhood of [y, y,]in /Y U,
on which the foliation fN%" is trivial. Then there is a C! diffeomorphism ¢ : y—>v;

357



110 SHELDON E. NEWHOUSE

defined by following the leaves of fN#* where ¥ is the component of y in V containing y,
and v, is the component of y, in V containing y,. Clearly, ¢ carries Cantor sets F in
YNfNWY(A, f) into Cantor sets oF in y;NfYW¥(A, f), and «(F) is near (¢F) for F
small, by the mean-value theorem and the continuity of the derivative of ¢. Thus

(1) (9 1 A) =71, Y1, A) for 3,eW¥(), f).
A second application of the mean-value theorem to f|y shows that
(2) (25 15 A)=7(Dh SY, A)-

Now, suppose 3, v, J;, Y1 are as above with »,¢W¥%(y, f). It is known (see Smale [23]
or Bowen [4]) that

W) CCLW*(O(yy)) and  W*(y,) CClIW*(O()))

where O(y) and O(y,) denote the orbits of » and »,. Choose a sequence of integers
n,<n,<... and a sequence of points e W*( f"iy;) NyNfYWYA, f) such that »,—p
as 1—>00.

By (1) and (2), we have (v, v, A)=1*(»1, Y1, A) for all i. Thus,
(05 v A) =7 (15 11, A)-

Reversing the roles of » and y,, we conclude that <*(y, vy, A)=1"(9y, 11, A).
To begin the proof of the second statement of proposition 5, let » and y be as in
the definition of *(y, vy, A), and let g, and g, be two Riemann metrics on M.

Let
(1) = (&' (), ¥ ()
and (1) = (a1 (0, ¥ (1)) ¥
d
be the associated length functions of Y'(t):%(t). Then «,(¢) and «y(¢) are nowhere

zero differentiable functions of ¢ (we assume ¢ is close to 0). Given a C! curve p, let
£1(p) and #,(p) denotes the lengths of p induced by g; and g,, respectively. For ¢>o
small, and —e<a<b,;<b<e, we have

tyIle by = () dt = ay (1) (by—0),
6(Y[[8y, 8]) =0y (8) (6—01), Loy |[a, b1]) = 0a(t1) (6, —a),
and bo(Y | [b1, 8]) = 0a(t) (b —by)
where ¢, and ¢ are in (a, b,), and £, and ¢, are in (4, b).
Thus,
Ly(¥|[B1, ) _ oa(ta) (B—5y)
ti(vlle, bi])  «(ty)(6—a)
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is near

l(y|[bs, 6]) _ #(t)(6—by)
L(v|la, by])  ay(t) (by—a)
(1) and oy(ty)

oy (4) % (%)
that it is the same for g; and g,.

for ¢ small, since are near 1. Now the definition of t*(», v, A) implies

In view of proposition 5, we may define “(A)=1"“(A,f)=1(p, v, A) for any y
in W*(A, f) and any C! curve y: (—1, 1)—>M meeting W*(A, f) transversely at y =vy(0).
Similarly, we set *(A)=7*(A, f)=1"(A,f~1). We call

1(A) the unstable thickness of A, and
7*(A) the stable thickness of A.

Observe that if A; and A, are two hyperbolic zero-dimensional basic sets for
f:M2->M2? and A, SA,, then "(A)<7"(A,;) and =°(A;)<7°(A,).

Proposition 6. — 1) If A is an infinite zero-dimensional hyperbolic basic set for a G2 diffeo-
morphism  f: M2—>M2, then o<t*(A)<oo.
2) If g is G2 near f, then v'(A(g)) is near T*(A(f)).

Proof. — We will prove that 7“(A)>o by finding a special basic set A, CA, and
a number S>o0, such that *(A,)>S.

Let p be a periodic point of A of period 7;>>1. Since A is infinite, p has transversal
homoclinic points. By a theorem due to Smale [22], there are a disk DCM and
integers n,, ng>>0 such that if A2:nn Sfrm(D), then peA,CA, and A, is a hyperbolic

EZ
basic set for f™"™ on which /™™ is topologically conjugate to a full shift automorphism

on ng symbols. We will find a number S>o0 so that “(A,, f™™)>S. Then we set
A= U  fIA,, and we will have %(A,,f)>S as required.

0Sj_<_”1”2
The shift automorphism just mentioned is defined as follows. Let 3, ={1, ..., ng}*
be the set of mappings from the integers Z into {1, ..., ng} with the compact open

topology. Denote the elements of X, by a=(g);cz, and let ¢: %, —X  be defined
by o(a);=g;,,. The mapping o is called the full shift automorphism on n; symbols.
Now, D may be chosen so that if (f™™D)NnD=A,u...UA, is the decomposition
of (f™™D)NnD into connected components, then:
(1) r=ng;
(2) each A, is diffeomorphic to a disk and 0A;CW*(A,, f™") UW?3(A,, f™™);
(3) the map A:ZXZ, —A, defined by A(z)= .nzf“'”I”’(Agi) is a homeomorphism such
that ho=jf""™h, '€
We note that although Smale’s original paper [22] proved this under the assumption
that f™ was linearizable near p, the result without this assumption may be obtained
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by combining the techniques of [22] with some well-known estimates as in [15], [13],
or [16 a].

Let g=f™m.

We may label the A’s such that

p _:h(g) where a. =1 for all 1.

3

Let F, be the connected component of p in W*(p, g)nD. Then F=F NnA, isa Cantor
set, and we will get a lower bound on its thickness ©(F). First, we construct a defining
sequence for F. Let F., ..., F"s be the components of F,ng(D). For each F let
F*' ..., F"" be the components of Fing?(D). Continuing, once F''2:---+% has been
defined with 1<4<n,, let {F2 %}, _;_  be the components of Fr - %ng*"'D,

Now let Uy, ..., U, _, be the components of F;— U F/ and once U; , has
. 1< <ng 1k
been defined with 1<74<m;—1, let U; _ ; , be the components of
Firr-os w_— U Fa iy J
1<ji<ng

between Fi1:---#%vand Fi»-+»#>v+1  Then, U,, ..., U,ots U, Uy ooy Up gy -+
is a list of the gaps of F. We use it to get our defining sequence for F. To estimate

the thickness of this defining sequence, we let

I:Uil,,,,,r,}k and J:Fil""’ik-],)j

where j=4, or i+ 1 and k>1. Let p(s), a<s<b, be a parametrization of g~} (IU])
by arc length, where we suppose that p(s)eg(]J) for a<s<b,<<b and p(s)eg™}(I)
for 5,<s<b.

Then
D) J 1 T )]s | Tpele'(s2) (6™ ())

¢
¢(I) _f:llTp(s)g(p'(f))la'S - | Tos8 (0" (s2)) [ £(g7H(D)

where a<s;<b, and b;<s5,<b.
Set “k—lZITp(s.)g(P'(f;))| apd Bi—1=]|T,;,8(e"(52))|. Repeating this construc-
tion for negative powers g~'I, g7*], we get

0J)  ogy-og_ge g f(g7F])

£(I) B Be—1-Br—a--- Blf(g-k-HI)

where o;=|T, g(s), Bi=|T.8(0))|, zeg "], zeg' "L, v;is a unit vector in T, g'~"],
and o] is a unit vector in T, ¢'~*I.

In the following, we let ¢;, ¢;, ... be constants independent of ¢ and & which are
defined by the first sentence or equation in which they appear. Occasionally we will
explicitly define them.
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Clearly, |B;|>¢,>0 where 6=, |ng )|. If ¢, is the infimum of the

D ivl
lengths of the components of W*(z, g) in g(D)mD for zeA,, and ¢4 is the supremum
of the lengths of the components of W*(z, g) in D—g(D) for zeA,, then

Lg™ 1) e
(e~

Since A, is hyperbolic for g, there is a constant o<<A<1 so that
g HIU]))<N—Y (g P TIU]))<w~'diam D for all 1<i<k—1.

Now
18— o <[ Tg(e))|—|Topg(@)|] + 1] T,r8() | —| T.,8(v) ]
(et +a)l(@ HIUI) <R for  1<i<h—1

where ¢;=sup|T,g|, ¢ is an upper bound on the curvatures of W°*(A,)ND, and ¢

ze€D
depends on the C? size of g.
ElB—o, A E—1 . k—t L
Thus, we get that BL %l Sinee ITE—TI 1_6% %) we
k=1 i—l ;| o (1—R) i=1B; =1 B,

have that [I B>CS>O for all 2. Thus

=10,

[(J)> o (F)> Cgly

—== .= o —=>o0.
(1) & ¢’ ; ¢

This implies that if we put 8208.02 then *“(A;,f)>S, and hence that *'(A)>S.
¢

3

To prove that *(A)<oco, we need to go more deeply into the structure of zero-
dimensional basic sets on 2-manifolds. From Hirsch and Pugh [9], we know that there
is an g;>>0 such that for 0<e<e,, Wi(x) and W{(x) are diffeomorphic to closed
intervals, and there is a 3(¢)>o0 so that W{(x)nW{(y) is a single point whenever
d(x, y)<3(e).

Fix e=¢,. For d(x,9)<3(c), let [x,9]=WZ(x)nW;(y). By Smale [23], we
know that if xeA and ¢, e,>>0 are positive numbers with ¢<3(¢c)/2, then the map
Furerert (WL NA)X(WE(X)NA) >A defined by o, (35,00 =[5, 23] is a homeo-
morphism onto a neighborhood of x in A. Since A is zero-dimensional, we may find
a finite set of points #;, ..., xy in A and small numbers {e;, ¢}, 1<¢<N, so that
if we set B;=Image ¢, . .. then:

(1) each B; is an open and closed subset of A;
N

(2) A:il;lei;

(3) BinB;=0 for ij;
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(4) for xand yin B, themap o, ,: W;(x) N\B;—~W;(y)NB; defined by ¢, ,(31)=[11,7]
for »,eW;(x)nB, is a homeomorphism varying continuously with x and j.

Now for each i, let C; be the smallest closed interval in Wg(x;) containing
W;(x;) nB; and let D; be the smallest closed interval in W¥(x;) containing W¥(x;) NB,.

For xeC;, let C(x, %) be the smallest closed interval in &* containing x and
FNW;(oD,) where W:(dD;)= U Ws( ) and let B;= U C(x ﬂ'“) Then each B;

is diffeomorphic to C;xD;, and BnB —0 for i+j. Also, AC U B;. Here #*" is

the foliation extending W*(A) defined in the proof of proposition 5.

Now consider the Cantor set F=C;nA. We know by Proposition 5 that
T(A)=1"(%;, Gy, A). Let o<A<1 be as in the definition of hyperbolicity of A, and
let €,>0 besuch that A71g, < 1}1451 {dist(B;, B)}. Let F1, F2 ... be asequence of Cantor

P> D5

sets in F such that F'—x, and =(F)—><“(x;, G, A) as i—>oo. Let {Fi};5, be a
defining sequence for F* such that r({F}})>~c(Fi)—%. We will find a number T>o
such that 1({F}})<T for all z. This will prove that <*(A)=1"(x;, C;, A)<T.

Let us first prove the following auxiliary fact:

(5) Suppose G is a Cantor set whose convex hull is G, and let diam G,>v>o.
There is a number T(v, G)>o0 so that any Gantor set HCG with diam H>v is such
that =(H)<T(v, G).

Choose a finite set {U,, ..., U, } of bounded gaps of G such that if x, yeG, x<y,
and y—x>v, then some U; is in (x, ). Let

1= ,max {dist(U;, 0Gg)}, and let y,= mlg {U;.
If HCG is such that diam H>v, we may choose points x, yeH with x<p and
y—=x>v. Let Hy be the smallest closed interval containing H. If U; is a gap of G
in (x,), then there is some gap V of H such that VD U;. Then, clearly

‘r(H)<dISt(V’ oH,) < dist(U;, 0G,) !

= N = U Ty

and this proves (5).

Now, for each i, let k,=inf{;j:diam f~/F'>¢,}. Dropping the first few F*s if
necessary and relabeling, we may assume k>1 for all i. Since diam f~Fit1Fi<e,
we have diam f~%F'<3~1¢;, so thereis a jie{1, ..., N} such that f~%F'CB;. By (4)
and (5), there is a real number T,>o0 so that if G is a Cantor set in W{(x)NB; for
some xeB; and some 1<i<N, and diam G>¢,, then 1(G)<T,;. Thus, for all s,
«(f~%F)<T,, and hence

T(fTHED<T
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We wish to estimate 'r({FJ‘}) For any j>i¢ and any i, let n=x,;=F—F; , and
let £=E;; be a component of FJ‘ +1 adjacent to . Then let £,=f"%f and

¢ .
() 1 gince = STRF}<T,. Now

no=/"%. We may choose £ and 7 so that
£(&)

C)
N5

and as in the proof of the fact that t*“(A)>o0, we have

o) (ﬁ 5)4’(%)
"=1er [(&0)

tE)

where  [8,[> inf |T,/]

and |B,—a,|<gA" for all v>1 where ¢, is a constant depending on the diameters
of the B;, the C! and G2 sizes of f, and on the curvatures of the curves W¥(x) for xeA.
Moreover

(6) there are constants ¢y, ¢y;, ¢;5->0, so that

0

0< < | TT 2| < gy yermitiit=0
v=1 Bv -
for any sequences of numbers «,, 8, with ]BJZ% ze&ﬂxf'_l |'T,f(v)] and |B,—a,|<2¢2"
Lt T
Thus, -:({F}}ﬁz%_<_cne”“(“1_“T1, and we may take T = emW/1=2T

We now prove Prop. (6.2).

It is clear from the preceding proof that there is a neighborhood U, of fin Diff?(M?2)
so that if geU;, then S<7“(A(g))<T. We will assume S<1<T.

For g near f, all of the structures defined for f may be defined for g so that they
vary continuously with g in the natural topologies. We denote the g-structures by

A(g)) g—u(g), E@(g)3 etc. _
Let U,CU, be a neighborhood of fin Diff?(M?) so that for g in U,, xe U B;(g),

1<i<N
(7) | T,8| T,%;(g)| <A
and

(8) A~te, <min{dist(B,(g), B;(2))}-

Let g be near f and let h: A(f)—>A(g) be the homeomorphism so that gh=4#f.
If xeA(f) and ICWi(x,f) is a closed interval with @I CA(f), then there is an
interval I(g) CW:(hx, g) such that 0I(g)=~h(al).

Let 0<¢,<1 be arbitrary. Choose 0<s2<§ small enough so that

(9)

363



116 SHELDON E. NEWHOUSE

Then choose an integer v,>o0 so that for any sequences «,, B, as in (6), we have

(10 a) 1—e,< H e + &3

v v.,ﬁ

(10 b) (sgp [T, 7)) Ay <A ley.

Now, let =30 be small enough so that

(11) 53(1—52)<52‘fs.
Finally, we pick a neighborhood Uj(ey) of f in U, so that if geU,(e;), xeA(f),
and I and J are intervals in W{(x, f) with min(¢I, £])> I):jle.g’ then
(I ¢
w e <
and

(13) for any k>0 and yeA(g), if z; and z, are in g"W:(y, g) and v, and v, are unit
tangent vectors with ,€T, *W$(», ¢) and 0,eT, ¢*Wi(y, g), then
1
ITzig(vi)'>; zEM l 1“1 lT | and HTzlgvll—|T22g02H<209)‘k'
Now suppose xeA(f) and F1( f), F2(f), ... is a sequence of Cantor setsin Wi(x, f)
converging to x so that =(Fi(f))—>1"(x, Ws( %), A(f))=7(A(f)) as t—oo. Let
L(f), L(f), ... and J(f), J2(f), ... be sequences of intervals in Wi(x, f) so that:

(14) J/) is a gap in F'(f) and L(/) is an adjacent component of J(f) in some
defining sequence of Fi( f);

I HL(S)) — 1A as t—oo;
(15) TR ;
{(L(S) :
(16) S<f(Ji(f))<T for all :.
Suppose geU,(e;). We will prove
(17) lim inf“’“i@‘zu—sw(A(f))-

1—> O

t(Ji(8))
Once (17) is proved, it will follow that <*(A(g))>(1—eg)t"(A(f)) since

e
7'(A(g)) > lim sup = (/zF’(f))>1uirl§yp[EJf(é)))) :
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Then, reversing the roles of f and g and repeating the argument will give that
TA(f) = (1—e)(A(g))  for  geUs(sy).
But then (1—¢,)t™(A(f)) <7“(A(g))<(1—¢gy) *%A(f)), and as ¢, was arbitrary, we
will have proved prop. (6.2).
We now prove (17).
vo
For each i, let k;=inf{j>o0:¢(f7])(f)> Me

14T

We assume each %;>1.

As before, we have

ki +vo—1 —5T.
(54 (L) M ) dF L)

LI = B USRS

and
(185) {Lg) " ale) He g

(Ji)  v=w Ble) LeTHNe)
Because of (13), the numbers o,( f), B,(f), «,(g), and B,(g) all satisfy the conditions
in (6).
By (104), (16), (18 a) and the fact that ez<§, we have

(
S_¢(f ML)
2

< =T,
(f5JS)
Thus, LSHESOT ) =L STRLS)+ (T f)
SETHD)I(fTT)<A e
by the definition of %;, and (10 ).
This means that there is some j; such that f~%(I, fU]J, f )Cﬁji_ Also

S Aogy Wog; S

(= 1+2T 14+2T 2
S Vg, S
and 22U SN2

Since (f7NI f)(g)=g "L(g), and (f"J.f)(g)=g""Ji(g), (12) gives us

HSTELS) ) .
lf(f""Jif) e } e foreach

fI(g) _ UML) 11 w(8)

Hence, =

i(g) g Tig) v=w B,(9)

HfRLS)
Z(I—Sz)(m —33)

1.
2 (1—gy) ((I + 32)—1§J'j,(— 83)-
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This implies that

[Iig\ o
[Jg/_(l—sz)((IJrSz) (A(S)) —es)-

i

lim inf

1 —> 00

By the choices of ¢; and ¢,, we have

(1) <25 <A

I—¢gy w
<(I +E2—<1—s4))r (ALS))

:(1+sz)‘f"<A<f>>~— (1—e)T(A(f)),

s0 (I—84)1“(A(f))<(;-;—:)1“(A(f))—83(1~€2)

1.
< lim inf 2%
1> 00 ig

which is (17).
This completes the proof of Proposition 6.

We now proceed to prove theorem 3. We begin by stating several lemmas whose
proofs will be deferred to section 5.

The first lemma is the main step in the proof of theorem g.

Lemma 7. — Suppose { f,} and p=p, are as in the statement of theorem 3. Given €>o,
there is a t; with |t;—t,|<e such that f, has two infinite hyperbolic basic sets A,(t;) and Ay(t;)
near O(x,) satisfying:

(1) pLeA(t);

(2) W¥(Ay(ty)) has transverse intersections with W°®(Ay(4,)), and W¥(Ay(ty)) has transverse
intersections with W°(A4(4,));

(3) there is a point x, near x, such that { f,} creates a non-degenerate tangency of W*(Ay(ty))
and W*(Ay(t)) at (41, %1);

(4)  =(Au(t) -7 (Ae(t))> 1.

In lemma 7, p, refers to the unique periodic point of f, near p=p, for ¢ near ¢,.

Lemma 8. — Suppose Ay and A, are two hyperbolic basic sets for f:M2—>M? such that
W¥(A,) meets WP(A,) transversely at z,, W¥(Ap) meets W*(A,) transversely at z,, and
{21, 23N (AU Ay) =G, Then there ivs a hyperbolic basic set Ay for f such that AU A,CAj.
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Remark. — Lemma 8 should be thought of as a two-dimensional generalization
of Smale’s homoclinic point theorem [22]. In that theorem, A;=A, is a single hyper-
bolic periodic orbit. The lemma remains true for a C! diffeomorphism f: M—>M,
dim M arbitrary, provided one assumes dim A;=dim A,=o0. Instead of the Markov
coverings we use in our proof of lemma 8 (which do not always exist in higher dimensions),
one uses the semi-invariant disk families of [10] in a careful way.

Lemma 9. — Suppose v, and v, are two C? curves having a non-degenerate tangency at a
point x4 in M. Let F,, &, be two families of C? curves such that:

(1) %, and F, are foliations of a neighborhood of x;
(2) ned, 1eeFs;

(3) for i=1, 2, themap x>T, F, is a C map for x near xy where T, F,, is the unit tangent
vector to the leaf &, at x.

Then, F, and F, are tangent near x, along a C' curve v(F,, F,) which is transverse to v, and v,
at xo. Moreover, if F' and F,' are two foliations whose unit tangent fields are C' close to those
of F, and F,, respectively, then v(F', %) is G close to v(Fy, F,).

Proof of theorem 3. — Let t;, Ay(#;) and A,(#) be as in lemma 7. By lemma 8,
there is a hyperbolic basic set Ag(¢;) so that Ag(t) DA,(8) UA,(t). Then, {f;} creates
a non-degenerate tangency of W*(A;(¢)) and W?(A,(#)) at (4, #;), and

T(Ag(t)) -7 (Ag(8y))> 1.

Let E'®E*=T, ,,M be the continuous splitting of T, , M given in the
definition of hyperbolicity. As in the proof of proposition 5, we may use theorem (6.4 )
of [g] to give two fi-invariant foliations F*(¢), #*(¢) on U which extend W*(A4(?)),
W?(A4(2)) for t near ¢,. Choose integers n;<<o<n, such that f"(x,)eU for n<n,,
and f"(x)eU for n>n,. Let F(t)=f""F*t) and H(t)=f""F(t). Then,
near x,, % (t,) and %,(¢,) satisfy the hypotheses of lemma 9. So we get a C!' curve
Y(Fi(t), Fo(t)) =v(t)) through x, transverse to &, (#) and HF, (f) along which
ZF1(t;) and FG(4,) are tangent. Since t%(A3(4)).v°(A;3(4))>1, there are Cantor
sets F(2,) CW¥(A4(8))Ny(¢) and G(#,) CW?(A4(ty)) Ny () very near x; with

w(F(t)) .7(G(t))>1.

Also, all of these objects are defined for ¢ near ¢; and vary nicely with ¢&. In particular,
t(F(t)) and (G(¢)) vary continuously with ¢ This can be seen as follows. First
project F(¢) along the leaves of & (¢) into some W:(z, f;) NA4(¢) with z,e€A4(t), and
project G(#) along the leaves of Z,(f) into some Wy(z, f)NA3(¢) with z/eA;(t).
Call the projected Cantor sets F(¢) and G(f). Using C? continuous dependence of
Wi(%,f;) and W¥(z/,f,) on ¢, and the arguments in the proof of proposition 6, one
sees that t(F(¢)) and ©(G(¢t)) are continuous in £. Projecting back from F(¢), G(¢) to F(¢),
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G(t) gives the continuity of ©(F(¢)) and (G(¢)). Clearly, there are #’s near ¢, for which
Fy(t) and G,(t) properly overlap. Again the arguments of the proof of proposition 6
will show that such #’s may be found so that ©(F(¢)).7(G(¢))>1. Applying lemma 4
to such a ¢ will give that A4(¢) is a wild hyperbolic set, and complete the proof of theorem 3.
There is a slight subtlety here. The sets F(¢) and G(¢,) are very small, and a
perturbation to F(¢) and G(¢) sufficient to make F((¢) and G,(¢) properly overlap might
destroy the thickness conditions. To insure this does not happen, one proceeds as
follows. Let B.(x;) denote the ball of radius ¢ about »;. Pick §>0 so that

T(Ag(ty)) .7 (Ag(ty))> 1+ 28,
Then choose &;,>>0 small enough so that

(1= e (1) (14 ) —e) > 14 2.

Now, fix integers n,, n,>0 and a small &,>o0 so that the next property holds. If
|t—t,|<e, and F and G are Cantor sets such that:

a)  FCWH(A4(2)) ny(2) N B (x1),

) <(F)> —Tu(Aj(t) ) ,
) GCW'(Ag(t) Ny(t) B, (x,) and
gy (6>

2(F) «(G) <(fi"™F) (f*G)
h = d
B e e ) o B (e
projection along leaves of % (¢) and %,(f). Once n;, n,, and ¢, are fixed, take
F(t,) CW*(A3(t)) Ny(t) NB, (x1) and G(¢) C W (Ag(h)) Ny(t) B, (%) so that:

(Aq(ty *(Ag(ty
() > ) ) > T

and w(F(t)) .v(G(t))>143.
Finally, pick €,<e, so that |t—¢|<e; implies
(SmE®) (G 0)) > (S E (1)) < (£G (1) — <.
Then, for |t—#|<e; with Fo(t
*(F (1) .+(G(®))

are closer to 1 than ¢;. Upper bars here mean

) and G,(t) properly overlapping, we also have
(1—ep)t=(fF(t)) .2/ G(1))

(1—e) (s (fi7"F(t) -5 ( £ G(t) — <)
(1—e)*((1—e)*=(F (&) . 7(G(t)) — =)

(1= DM (=) (14— e)> 142

2>
>
2

\4
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5. This section contains the proofs of lemmas 7, 8 and qg.

Proof of lemma 7. — Fix e>o small. Let us first show that:

(1) there are a v with |v—1#,|<e and an integer 0<k<n, such that {f,} creates a
non-degenerate tangency of W#(p,) and W*( f¥p,) at a point (v, x,) with the orbit
of x, passing near x,.

There is nothing to prove if A, reduces to the single orbit O(p,), so we may assume
that A, is infinite for ¢ near ¢,.

From the local product structure of f;|A, and the fact that f;|A, has a dense
orbit, it follows that W*(O(p,)) is dense in W*(A,) and W*(O(p,)) is dense in W*(A))
where O(p,) is the orbit of p,. Let x, yeA, be such that x,eW"(x, f,) "W*(»,f,).
For ¢ near ¢,, zeA,, let z=#hz where h: A, —A, is the unique homeomorphism
near the inclusion such that f,h,=#,f,. By continuous dependence on compact sets
of W¥(z, f,) and W*(z, f,) for zeA, and ¢ near f,, we may choose 3>o0 such that if
z,€Wi(x, fi,) N A, and  2,eW5(y, fi) VA, then there are a f#(z;, z;) and a point
x(2y, 25) with |#(2y, 2,) —1,|<e such that {f,} creates a non-degenerate tangency of
W¥(zy,, f,) and W*(zy, f;) at (8(z, 25), %(2y, 25)). Pick integers o0<n,<ny,<n, such
that W*(fhp,, f,) meets Wi(x, f,) and W°(f™p,, f,) meets Wi(y, f,). Let
2 €W(fipi, 1)) OWi(x, f;) and let z,eW*(fp,, f,) "W3(, f,,)- Since {f;} creates
a non-degenerate tangency of W*(z,,, f)) and W?(z,, f,) at (¢#(z;, 2s), %(21, 25)), it also
creates one of W*(f, ™z, f) and W*“(f, ™2y, f) at (v,,) with v=1#(z, 2z,) and
x,=f,"(x(2, z,)). This proves (1).

To prove lemma %, we wish to produce hyperbolic sets A,(¢,), Ay(¢;) near O(x,)
for some ¢, with |t;—v|<e satisfying (7.1)-(7.4).

We will assume det T, f,,°<1 as the other case follows replacing {f,} by {f,~'}:
Since there is a ¢ near v for which W*(p,, f,) has transverse intersections with W¥( £,*p,, f,)
near x,, it follows from Smale’s homoclinic point theorem (or the generalization in
lemma 8 below) that for such a ¢ there is an infinite hyperbolic basic set A,(f) near O(x,)
with O(p,)C A, (). Also, we may assume A, (¢) small enough so that there are points z;, 2z,
not in A;(¢) such that W*(p,) meets W?(A,(f)) transversely at z; and W?*(p,) meets
W¥(A,(t)) transversely at z,. Further, an analysis of how hyperbolic sets near O(x)
are created as ¢ moves near v shows that we may choose a ¢ near v so that W*(g,, f,)
and W¥( f*p,, f,) are tangent near x, and f; has an infinite hyperbolic set A,(t) as just
described. (For more information on the creation of hyperbolic sets near a tangency,
see [19].) Relabeling, we assume that { f;} creates a non-degenerate tangency at (v, x,)
of W*(p,) and W*( fFp,), and f, has an infinite hyperbolic basic set A;(v) so that W*(A(v))
has a transverse intersection z; with W*(p,), W*(A;(v)) has a transverse intersection 2,
with W*(p,) and {2z, 2,}NA;(v)=0. For convenience of notation in case n,=1 below,
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122 SHELDON E. NEWHOUSE

we assume 1<k<my. By proposition (6.1), 7“(A;(v))>0. Let T>2t*(A,(v))" "
We will show there are #’s near v so that f, has a basic set A,(t) near O(x,) satisfying (7.2)
and (7.3) and having ©°(A,(¢)) bigger than T. Since t*(A,(¢)) is near t“(A,(v)) for ¢
near v (Proposition (6.2)), we will thus also obtain (7.4).

Let (u,v) be coordinates on R®. Choose coordinates (U, ¢) about p, so that
¢: U—>R? is a C diffeomorphism such that

o ((0=0))CW(p,, £), o7 (=0))CW(p,, £),  @(p)=(0,0),

and {Ai(x,), ;77K ®,)}CU for  j>o

where n, is the period of p,. Suppose x,=(uy, 0) and f, *(x,)=(0,7,). Since the
tangency at x, is non-degenerate, we have, for (z, v) in some small neighborhood V
of (0, 1y), ofFe~(u, v)=(g,(, ), go(u, v)) where g; and g, are C" mappings from V
to R such that g,(0, ) =u,, £2(0, v5) =0, £1,(0, 15)F0, g5,(0, v,)=0 and g,, (0, 7,) 0.
We assume #,<0, 1,>0, g,,(0,75)>0, and g,,(0, v,) <0, the other cases being similar.
Here and below g is the partial derivative of g; with respect to the variable 5, and
Zioe 15 the second order partial derivative of g; with respect to ¢ and <.

We have the following figure

Fig. 5.1

Since {f;} creates a non-degenerate tangency of W( f*p,) and W*(p,) at (v, x,)
we have that for some #’s near v, W*( f*p,) has two transverse intersections with W*(p,)
near x,. We may as well suppose that such #’s are larger than v.
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Then we have the next figure where ¢ is near v and x, is near x,

Xt X
-o- \d
W¥(p,)
t=y
Wu(frkpt)
t<v
o\
XI \
t>vy
Fic. 5.2

Geometrically it is easy to motivate the construction of the required set A,(¢). Looking
at figures 5.1 and 5.2, one sees that we may choose a disk D near x,, a large integer n,
and a ¢ near v so that f;* maps D to V as a Smale horseshoe diffeomorphism. That is,
D and f"D are as in figure 5.3 with A'=f"A, B'=f"B, etc.

Fic. 5.3

Thus, A,(t)= r;' 8D will be a hyperbolic basic set. Since det T, f*<1, for large n,

/" contracts D horizontally much more than it expands D vertically.
So, if we arrange for f;" to map the right side of D nearly tangent to the top of D
and f"D—D to be small relative to the size of f;"D, we have something like figure 5.4 a.

/ \——o
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124 SHELDON E. NEWHOUSE
Hence, fi7"(Dnf"D) looks like figure 5.4 b

YA
Y

Fic. 5.4 6

where the non-shaded areas have small heights.
For such ¢, n, and D let Azl(t)z_ng< fMD be the largest f;" invariant subset

of D. A little thought makes it reasonable that A, (f) is hyperbolic for f", and
©(Ag(t))—c as n—>oo. We pick n large enough to give 7°(Ay(f))>2T. We then
show that (7.2) holds for Ay (f), i.e. W4(Ay(f),f") meets W°(O(p),f;) transversely
and W*(Ay(2),f") meets W*(O(p,), f)) transversely. Next, we decrease ¢ slightly to #
so that W*(Ay(ty), f") and W*(Ay(4), ") become tangent at a single point y, near
the top of D. Then Ay (#) is no longer hyperbolic for f?, but if we let U, be a small
neighborhood of y,, then A22(t1):_mgj<w S¥(D—U,) is hyperbolic for f", satisfies
(7.2) and (7.3) for f*, and has ©°(Ag(t))>T (*). Finally, we will set

Ay(ty) :OSySnft{(Azz(tl))

and (7.1)-(7.4) will be satisfied.

We proceed to the analytic details. To simplify the notation, we assume ny=~k=1,
so that f,(p)—p, and xeW'(p) "W*(p,).

Let T>o0. We will produce a basic set A(t) near x, for some power f***, ¢ near v,
such that *(A(t))>T, WY(A(f),f"*") has a transverse intersection with W*(p,), and
W¥(p,) has a transverse intersection with W°(A(z), f;"*1).

To prove hyperbolicity and to estimate the thickness t°(A(t)) of A(t) we will need
to estimate the derivatives T, f" of iterates of f; for ¢ near v as a function of certain 2’s
near p,. For this, our methods require that f, be linear near p, and that the linearizations
vary continuously with .

Since we need something like z>T,f" to be Lipschitz in z, C! linearizations
(which always exist if fis C?) are not enough. Using the assumptions that £, is C* and
det T, f,<1, we can produce C! linearizations ¢, for f, near p, which are C? off W¥(p,),
and this enables us to carry out the necessary estimates.

We begin with the construction of the linearization o, for f, near p,. We will
let U be a neighborhood of p, in M which is small enough for each statement involving U
to hold. First, since W“(p,, f.) and W¥(p,, f,) are one-dimensional, we may use
Sternberg’s theorem on linearizations for contractions [26] and simple extension pro-

cedures to produce a diffcomorphism ¢ : U—>R? so that ¢(p,)=(0,0) and of.o ! is

() The neighborhood Uy, has to be chosen, of course, so that Agy(ty) is a basic set for f7,
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linear on @(W"(p,, f,) UW*(p,,,)) near (o,0). This can be done with ¢ of class C"
as long as fis Q" (r>2).

Identifying f with ¢f,¢™! and p, with (o, 0), we assume f, is linear on
We(py, L)OW?(p,, f,) near p,.

Since we will take large iterates of f to construct A(¢), we may as well assume
the eigenvalues of T, f, are both positive. We will construct the linearization using
foliations defined by Tf-invariant vector fields. Without the positivity assumption on
the eigenvalues one would have to use line fields.

Let D* (D) be a small neighborhood of p, in W%(p,) (W¥(p,)). Let F* be a
Tf,-invariant C? vector field on a neighborhood of D*—f,D* which is transverse to D"
This is constructed by taking a C? vector field X on a neighborhood U, of D¢, a C2 vector
field Y on a neighborhood U, of D°*—f D’ and a G bump function ¢ which is one
on a neighborhood of dD°Uf,dD* and whose support is in U;Uf,U,. Let X be the
vector field on U,Uf,U; which is equal to X on U; and Tf,0Xof;! on f,U;. Then
let F* be the vector field ¢X+(1—¢)Y. If X and Y are transverse to D°® and point
to the same side of D?, then F* is transverse to D° and Tf-invariant. Iterating F*
by Tf", n>o, gives a C? Tf-invariant vector field, also denoted F*, on U—D" for
some small neighborhood U of p,.

Let F¢= | ;il be the unit field determined by F¥ for 2zeU—D* By the A-lemma,
{F:}zeU_Du extends to a continuous unit vector field F* on U where F*, zeD¥ is a
unit vector tangent to D* at z. Using the methods in the proof of theorem (6.3 &)
of [9], one sees that F* is a C! vector field on U. This is done as follows. Write f=£,
and let L:R*->R? be the derivative of gfep~" at (0, 0). Using a suitable C® function
5: eU—R with compact support and value one at (0,0), and replacing f by
$.@f¢_1+(1—$)L, we may assume that f is a C?® diffeomorphism of R? which is uni-
formly C! near L. Let E be the vector bundle over R? whose fiber at zeR? is the
space L(RL R1) of linear maps from R! to R Use the norm |(x, v)| =max{|u|, ||}
on R2  The line field of F* on R2 may be thought of as a line field whose value at
zeR? is the graph of an element o,eL(R!, R?!). Thus, we are looking for a section o
of E over R? whose graph is Tf-invariant. This ¢ must satisfy the equation
T, f(graph 6,) =graph o;,, 2eR% This equation defines a C! map G:E—E which
covers f. That is, the diagram below commutes (with = : E—>R? the natural projection)

G

E E
b
R: . R:

- If w and A are the eigenvalues of L with o<u<1<}, then the fiber Lipschitz
constant of G is (w+¢)(A—e)~" and the Lipschitz constant of f~! is u~!+ e where ¢ is
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small. Thus, letting Lip S denote the Lipschitz constant of a map S, we have
(sgp Lip G,).Lip f~!<1 for e small. This implies that G has a unique invariant section
which is CL.

Replacing f, by f;°', and repeating the above procedure, we may construct a
unit vector field F* on U which contains the tangent field to D* and whose line field is
Tf~!-invariant. Since f is C* and det T,,/,<1, the previous method and theorem (3.2)
in [11] show that F*is C%. Indeed, in this case, sup Lip G,<(p '—e)"*(A"!4¢) and
Lip(f~Y)~!<A+4-e. Since pr<i, one has (p7'—e) '(A" +¢€)(A+¢)2<1 for ¢ small
Also, the induced map G is C?since fis C°. Thus, the invariant section is C? and this
implies that F* is CZ

Let #° and #* be the foliations of U obtained by integrating F* and F* respec-
tively. The mapping ¢,: U-—>D*xD* defined by ¢,(2)=(F*ND*)x(F:ND" is our
linearization which is C' on U and C? off D% It is clear from the construction that
¢, is defined for ¢ near v and varies continuously in the appropriate topologies.

Now, in ¢, U, o, f,0; ' is given by (u;, v;) =(pu, Av) with o<p<1<ix and pr<I.
Suppose that (uy, 0)=q,(x,), (0, 9)=1¢,f; *(x,) and for (u, v) near (o, 7,),

cpvacpv_l(u, v) =(g1(u, v), g2(4, v))
as before. We identify f, with o, f,o;!, U with ¢, U=D*xD¥ etc. We assume D°
and D* each have length two.

In what follows, « will be a small positive number chosen so that each equation
in which it appears is true for all >0, and ¢, ¢;, ... will be constants independent
of n, each defined by the first equation in which it appears.

Let v be a smooth curve through x, transverse to W*(p,) and W*(p,). Choose
n,>o0 sothat fi"yNnyNU+0 for n>n,. Let zef, " 'yny and n+1>n, be such
that fi(z)eU for o0<j<n+1. Assume the coordinates ¢, are chosen so that

|7y (u)| _

v=—a(u—uy)®+r(u) represents ¢ ,W“(p,, f,) near (u,,0) where lim 5
and a>o. v Ju— |

Let d,=g,,(0,, and set

(2 +a)\™"
(1) €1n = T
Then, (2) a(d,eq,)2— 2N ey, = ah" gy,
dleln

and (3) ————=>2T.

a)\—n 12—
( 2 E1")

Writing z,=(u,, 3,) in the ¢,coordinates, let D;CD® be the interval centered
at u, with length 2d, ¢,, and let D CD* be the interval centered at s, with length 2A™"¢, .
Then set D,=DjxDj.
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For t near v, let Dy, Dj,, etc., be the structures for f, defined as for f,. Since
o7 '({u,}xDy) is a C? curve which is nearly orthogonal to ¢;!D{, we have that
Slor ({u,}x DY) is C? near its projection on ¢; DY Therefore, the curve

e it or H({u, X DY)

is C? close to W¥(p,, f;) near x,. Let »(¢) be the maximum value of the v-coordinates
of this curve, and suppose this maximum is assumed at the point X(¢) in U.
Let ¢, be so that

—-n
oA gy,

(4‘) v(tn) = X_n(”o + sln) + 2 *

We claim:

(5) for large n,
a) A,=MNf"+*%D,  is a hyperbolic basic set for f**.
; ,

b) WYA,,f:*") has a transversal intersection with W*(p,) and W°(A,,fr+")
has a transversal intersection with W*(p, ).

c) TS(A,,)>§T.

In the following, we agree to take n large enough for each statement involving n
to be true. Further, we will write a=~ & to mean a is approximately the same as & where
we leave to the reader the task of making the precise statement. Also, in most of our
expressions, we will leave out the dependence on #, of our structures and write D,
for D, ., f*** for fr*!, etc. For z=(u(z),(z))eD,, let D;,=Djx{v(z)} and let
Dy, ={u(z)}xD{. Thus ¢(D;,)=2ds, and ¢(D})=21""¢g, for each zeD,. Also,
for zeD,, f"T'D¥ is a C® curve whose distance from x(¢,)) is near g, (0, v,)uw"d;<,,, and,
if weD,, the endpoints of f"*!'D¥ are closer to the endpoints of f"*'D¥ than
3810, Vo) 1" dy ey

Let n*: U—-D* and =°: U-—>D® be the natural projections. For any curve y
C? near some part of f**'D! we have

af(m'y) P<A(Y)Sepf (=)' and gt (mty) <L(y)<eyf(7"y)
with ¢;>0, ¢,>0 and ¢; and ¢, near 1.
By (2) and (4), for any z2eD,, we have:
6) o) wf" 1D, 5 Dy — D,
and

S HDL) —¢(f*" ' D—D,)

>oT.
o) 2(f"*1Di,—D,) ?
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For (6 b) note that the first expression of the inequality is bigger than

a)\—nsjn 1/2
C5€1,— Cg 2

a)\—ns 1/2
20, In
2

Also, we have ¢f""'D; <c,u"de,,<
D, look as in figure 5.5

—_-n

A" "e,,

for n large since pr<<1. So f"*'D, and

Bo Az B4
AN 7z
ATy A ~ As o OB

Fic. 5.5

where A’'=f"*t'A, B'=f""!B, etc.

For later use let us label the two components of f**1D,NnD, by B, and B, and
the three components of f**1D,—D, by A;, A,, and A; as in the figure.

If m and j are integers with m>1 and o<j<m—1 and zeA,, let Dl (m)

denote the largest interval about z in Dj,n _ Q S —n+0iD . We will need to prove:
sS)jsm—

(7) for large n and any m>o, if zeA, and 1<j<m, then f"*YiD¥ (m) is C* near
a part of the curve v=uv(¢,)—a(u—u,)2

We will defer the proof of (7).

To prove that A, is hyperbolic we wish to apply theorem (3.1) of [18]. We
need to find a sector S, in each T,M, zeA,, so that for some m(z)>o0, T,f"+1m& maps
S,; into S, 1 m),, and for some B>1, T, f"+Uma|§ and T, f~C+Im@| (T, M—S§,)
are B-expansions, where y=jf®+1me(z), Once this is done, a compactness argument
allows one to choose m(z) independent of z, and then (e.g. as in lemma (4.7) of [19]),
one can show that the splitting T, M =T,D*®T,D* is an almost hyperbolic splitting
for A,. By theorem (g.1) of [18], it follows that A, is hyperbolic.

Unfortunately, our proof that A, is hyperbolic is rather cumbersome. It would
be good to find a simpler proof.

We proceed to find the sectors S,,. For z=(u(z),(2))eD,nf""1(D,), and
w=f"""1z the curve f"*t1D is C? near the curve

-—n
oA "ey

n

v=N""(vy+¢y,) +

—a(u—uy)?=0(t,)—alu—u,)
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Thus, a vector v=(vy, v,)eT, f"T1DY, satisfies
(8) 02| > (2—8)a®|0(8,) — 0(2) "2 2y | = (2— ) a|u(2) — | | 21|
where 8 is a small number which we specify later. We set

=(2) =(2—28)a"?|o(t,) — v ()"

and take
S,e={v=(v1, 0a) €T, M [05]>¢(2)]v4]}.

Note that C? estimates near D, are legitimate since our linearization ¢, is C2? on a
neighborhood of D,.

Now, if v=(v;, v)€S,,, 2eD,Nf*""'D,Nf~""'D,, v,#0, and T, "(v)=(v;, v;),
then
%

’
U

s

2

SN
— n

w

)\n o 1/2
27(2—28)a‘/2(—1‘”sln) >
o 2
Since ur<1, this implies that (for n large) T,f"*'(v)eS, m+1,. In other words, the
sectors {S,,} are T,f""!-invariant. We now prove there is an integer m(z) so that
12
T, fntimd js g (§) -expansion on S,. Once this is done, a similar argument

replacing f by f~! shows that T,f~"*9™ expands T,M—S,, where y=jf"+me(z),
In view of our previous discussion, this will prove that A, is hyperbolic.

We use the norm |(vy, v,)|=max(|vy], |v5]).
First observe that if z2eA,, ofv=(vy,v5)€S,,, and we set
v(t,)—v(z)= (g —l—&') A "e,,

then

0 | Tof" ]

1/2
H > (2—29) (24—3) (2 + o)V,

This follows from the definitions of S
[T, " o] ~dy N | vy].

1/2
If a}_i, then (9) implies that |T2f"“v|2(%) |v] for & small, and we may

and the facts that |o|=]|s| and

nzs Sino

take m(z)=1. Henceforth, assume oc<i. Set HozizeD":lv(tn)——v(z)IS :1"},
and H,=D,—H,. Assume first that zeH;nA, and veS,,. Then g—i—&Zi and

again by (9), we may take m(z)=1. Now we assume zeH,NA,, so &J<i .

Since zeHyNA,, and = is large, it is clear from figure 5.5 that f"*'zeH;. If

St VizeH, for j>1, then |T,f"+Viy|>¢(2+a)|y| for veS,,, so an m(z) can
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easily be found. The remaining case is when zeH, and there is a j>1 such that

—n
f®+YizeH,. Letm(z) be the least such j. This means that v(t,,)—-v(f(”“”z)>)\—€—lf
for j=1, 2, ..., m(2)—1. 4

Let z=f""Yz for 1<j<m(z)—1 and write z=(y,7). Let 7(z) be the
expansion of T, f" 1 =1 along the curve f™T9DY. If veS,,, thenT, " 'visnearly
tangent to f"*'D¥ at z,. Thus, by (9),

112
[T forima) 2 a(z)(2—23) (247 ) (2400l
We will prove:

(10) 71(21)(2‘_28)(24‘&)1/2(2—l—oc)1/2>1.11>(%)

nzo

1/2

for 5 small and a<i.

The distance from z to the top of D, is ¥ A" "¢,,, so the distance from z;=f"*1z
to the bottom of D, measured along f"*'D2NB, is nearly ¥d;¢,,. This means that

Uy— |~ (1—a)deq,. Since §<1, we have |u;—u Zﬁde .
1 % 1%1n 4 ol = “m

To estimate the expansion u(z,), we introduce functions ¢, 4y, « .oy py 1
from [o, 1] to R as follows. Let »(o)=0(t,), and let £, be the curve v =uv(t,) — a(u—u,)?,
|u—uy|<dye,,. Let &; be the curve which contains z; and is parallel to &. Thus,
g; has the equation v=0(j)—a(u—uy)? |u—uy|<d,s,,, where v(j) is near o(t). Let

n° be the projection =°(u, v)=u, and let uer’D,. If Czlu——ﬂﬂ, set
181,
|7 ", 9(5) — a(u—ug))*—u
b )t~
1810

for 0<j<m(z)—1. We claim ¢,({)=(2 +a)§2—(1 —l—g) for each j and %S_CSI.

Let us prove the claim. Since each &; is nearly horizontal and we are using the
maximum norm, the expansion T;f"*! along &; at a point Z=(x, ») on &; is nearly
?:—’unsf"“(u, v(j)—a(u—uy)?®) at u. By (7), this is nearly

2ad, \'|u—uy| = 2ad, \"Cd, &y, = 2(2 + a)C.

This means that {i({)~2(2+«)l. For %SCS 1, we may think of ¢;(f) as follows.

Take a point (4, v) on §; with |u—u,| =0d;¢,, and let §;({)d; ey, be the distance from
S (u, v) to the line u=u,. If uis the u-coordinate of the point where &, crosses the
line »=A""y,, then

oy 1/2
|a_u0|_<‘+§)
diey, ‘2t
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|u—u,|

and %( ¥ ):0. This means that ¢0(C)z(2+a)§2—(1 —|—§). Similarly, each
1810
HQ~ @+ a)t—(1+%) abo.

Let w be a point where &, meets the bottom of H,. Write w=(u(w), v(w)) and
let 0dye;,=|u(w)—uy|. Then,
A "ey

1/2
0 = 4
dl E1n ( 4d ) )
I

Set 6,=4;'(0) and 0,=1;'(6,)=4g?*(0). Then,

(24 a)ef_(x +§)z

so 0=

I

2(2+ )12

or 02~
For ogagl, this gives .81<60,<.82. Also,
4

1—|—%+.81 1—}—5—}—.81 1+E—|—.82 8
< 2 cpc 2 IO
2+a T " 24+« 2

1
2+ -
4

so, .86<62<.91 or .93<6,<.g5.
Let 7, be the expansion of T,f"*! on §,,. We have seen in (g) that

d 1/2
70> (2—29) (; +&) (2 + 0)¥2>24/2512

for 3 small.
”1_uo|

Let lel and, for 2<j<m(z)—1, let {;=¢;_j0...0¢;(;). Note that

e,
|uj—uy| =¢;dyey,. For 1<j<m(z)—1, let u; be the expansion of Tz),f’”rl along the
curve f"*+1iD% at z;. Then,

n;R 2ad, \"| uj— uy | = 2ad} NGy, =2(2 + )¢,

so n;A¢i(T;) and N(2) ®Mpyy— 1+ M —2- - - M- Also, since each zeH, for
1< j<m(z)—1,

(9) gives us that v;>4/2 for § small.
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To prove (10), we consider three cases.
Case 1. 6<Y,<6,.
Recall that ~1—%, so %SCISBI. In this case m(z)=2 and %(z)=~¢i().

Thus, 1(2y) - o> 2(2 + @)y .24/ 212
Z2(2+w)2y/25(1— )"

Since ¢—Y¢(1—Y)Y¥2 is decreasing on E, 1], we have

1(21) . Mo 2(2 + 2)24/20, (1—6,)12
>2(2 +a)24/2(.82)(.18)12
2394
Case 2: 6,<¢;<0,.
In this case, m(z)>3. Now,

N(21) - Mo~ iz —1+ - - M1+ Mo
>4/241(8) .y
> 443 (8) ()1
% 4(2)(2 + )8 (1—-5,)""
> 160,(1—6,)"?
>16(.95)(.05)""~3.4.
Case 3: 0,<Y,.

Let n(z) be the least integer j such that {;<6,. Thus, {,,<6,, but 6,<¢ . _,.
Since ¢;>0,, one has =n(z)>2 and m(z)>n(z)+2. Now {100y, _z0...0
maps the interval [1—a, 1] onto an interval containing [0,, 1]. Thus, for some
1— X <C<1, (Ypp_10---0%) (E)a>1—0,. Set L=T, {=¢;_s0...04,(F) for j>2,
and v =1{;(§). Then,

n(zﬁl n(zl)_i-l 1—0,
’ { —_ I>
i=1 4G) =1 7
n(z)—1 n(z) —1 n(z) —1
. 1I— .
and II N = IT 7')—],."f)~'_>_ 2 ]I 1’,
i=1 i=1 7]1 o j=1 7)]
n(z)—ln.
We will show that ‘H1 —2>.89. From this we get
J= 7}]
m(z) —1 nfz) —1
—0 y)j.?_v)m(z)—l'7)m(z)—2 ]1_=IO ’Y)j
1—0,
>2(89)( = )Y)o
o
_(1—0,
> 89)2\/2( ~ )
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—0
But, 1—La@<1—0, so F¥>(1—0)7% and T_>(1—8,)12> (.05)"x.22.
m(z) —1 o
Thus, .HO n;> 2(.89)24/2(.22)~ 1.11 which proves (10).
j=

n(z) —1 0 n(z) —1 ; n(z) —1 7){_7].
We now show [II >89, We have II L —=exp X ln(l—’—,—l). Now,
j=1 7]] i=1 7), i=1 7)1
Cuo—1 and G,y liein [6,, 1].  In this interval ¢;(§)=2(2 +«){>2(2+)0,, so

4 (07 < (2(2 +#)0y) T < (2(2 + ) (-93)) 7
<.27 for all j.

Thus 1G—G 1< (21—l
n(z)—1
and 51 ltj-cjlsl__27<x—e2)
<'—0—7 =.I0
73

Also, o/ >y/(8,)>2(2 +a)(.93). Thus,

lnj—,‘nj'l<2(2+a)’lcj—t,f|§.ﬂz.o&
o ) -93
—10
Now, In(r—x)> x for o<x<.1, so
9
ln(l—-nj,—y)j)> —10 Y)}*‘I)j
) 9 |
)1 7 —n\_ —10(100
and 2 Inf1——2—--)> — 2§
i=1 0 9 \93/

2_(.193) (%)32) (1)~ —.12.

So epoln(I—U)}_e“'mz.Bg. This completes the proof that A, is hyperbolic
i 7;

(except for (7)).

To see that A, is actually a basic set is easy. From the definition of D, and
figure 5.5, one has that f"** maps the top and bottom of D, below D, and /"' maps
the sides of D, away from D,. Hence A,CintD,. Evidently f"** maps D, to its
image as the familiar Smale horseshoe diffeomorphism in [22]. So, if G={o, 1}*
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and o: G—C is the usual shift map defined by o(a)(:)=a(i+1), acC, then the map
h:C—A, defined by

h(a) =jgz ST By,

is a homeomorphism and Ao =j"*"4. Since o has a dense orbit, so does f"**|A,. This
proves (5a).

To prove (5b), first notice, from figure 5.5, that f*** will have a fixed point ¢ in B,
with T, f**! having positive eigenvalues. Let & be the curve in W*(¢) joining ¢ to the
bottom of D,. Then f"*'£DE and extends at least a fixed distance (8—1)¢% below &
with B>1. The same statement holds if we replace £ by f"*'£ and successive iterates
unless some part of the iterate crosses W°(p, ).

But this means that, indeed, iteration of § by powers of f"*' eventually makes
it cross W%(p, ) transversely. Similarly, W*(g) meets W*(p,) transversely.

We now estimate 7°(A,) to prove (5¢). For convenience of notation, let us
write f for f, and g for f**1.

Fix z2eD,=D,, and let y=Dj,. Consider the Cantor set F=W°A)N~.
Let F, be the smallest closed interval in y which contains F. Let F; be F; minus the
component of y—F which meets g7'A,. Thus, F, is a union of two closed intervals Fy,,
Fi;s0 that F;;Cg !B, and F;,C g 'B,. LetF,be F; minus the union of the components
of y—F which meet y—g~?A,. Then F, is the union of four closed intervals F,;, Fy,,
Fas, Fyq such that FyCg~'B, Nng™®B, with a;=oor 1 and a,=o or 1. Continuing,
by induction, if F;=F,;U...UF;; has been defined, let F; ; be F; minus the union
of the components of y—F which meet g=#*YA,. Then, for each ¢, F; is a union of
2' components each of which lies in exactly one ¢~ 'B,ng7*B, N...Ng™'B, with
g=o0 or 1 for 1<5<i.

We will show that » large implies that the thickness of the defining sequence F,,
Fii, Fio, For, Faa, Fos, ... for I is bigger than T. This will complete the proof of (5 ¢)
and hence of lemma 7.

Let I be some F;, and let J be the interval in F;,_,—F; adjacent to I. Then
£'(J) is a curve meeting A, (in fact in the component of g(D,) —W?(A,) which contains A,)
whose length is less than twice the diameter of A, (« small and » large), and ¢'(I)C B,UB,.
Also, /'l is near diam B;. Let I,=g'I=f"""1 and J,=g'J=f""Vi].
As in the proof of proposition 6, we write
[I . mif—iiai_lai_l “ e alalfIO
3 BBilioiBis- - BB,
where aj.lezjf_”v”,.Bj:]TZ} "oy, _&j= |T§jf“lz7j[, Ej=|T§}_f_1(-z7j')[, with Ejeg'”llo,
zef g7, Zeg it ]y, zef'g7It1],, and 7, v, 9/, ] are unit vectors tangent to
gy, fTg i g, g7, and fT1g7I* 1]y, respectively.
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We assert that:

. o o
(11) there is a constant ¢;p>>0 such that IT=2. 112> .

R ¥

Let us show that (5¢) follows from (11). In the notation of the proof of (5 a),
if zeA,NH, and m(z) is the least integer j such that f®**Y% zeH,, then m(z) is inde-
pendent of n (for large n). This implies that:

(12) there are constants ¢;;>0 and A;>1 independent of n such that T, f*+1i[S

and T,f="=Y|T,M—S,, are ¢;,\-expansions for ze .Q.<.f("+1)iDn and 0<j<oo.
—IXvS) -
From (12), we have that

{(Jo)<diam A, c; IJZJO)\{ i max(diam A,, diam A,)

< 612(“)\_n51n)1/2(1 + - )

1—A 1

= 0y3(0A""ey,) P
@

and {(L)> ¢pydiey,— it _;0 A max(diam A,, diam A,, diam A,)

M

- 12
2 614851 ¢y5 (oA "ey,) 2.

/(1 (I
(o) > —3—T, so (11) implies —(l> 31 which, in turn,
2

£(Jo) ™ 2610 ¢(J)

If « is small enough, then
implies (5 ¢).

We proceed to prove (11). We have
EIN |5, f = o] — | To, f ~20] ||+ | T, f ~10] | — | T f ™ ||
S(KZjKSj + K4j)/(g—j+1<lou.]o))
where Ky, is bounded by sup |T, f ~!|, Ky; is bounded by the curvature of g=**(I,UJ,),

and K,; is bounded by the C? size of f~'. By (7) the Kg;’s are uniformly bounded,
and, by (12), [(g—j+l(IOUJ0))Scl—llkfjJrl[(IoUJo)- Thus, Z ﬁj“E]’ISCls)\—n: and,
J

we have
H@:H(I—Ej:—aj)zexp(z ln(I——Bjjaj))
e B; ! B;

Zexp(—cl7>\_")>é for n large.

. L
The estimate for [I1-? is similar once one proves:
i P

(13) there are constants 0<¢;4<¢; such that ¢,;s<|T,f"(v)| <y if v is a unit vector
tangent to the curve g i(I,uJ,) with 1<;<i, and

(14) '§1 |o;—B;|<cgy for some constant ¢yy>o.
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Indeed, (13) implies that the B; are uniformly bounded below, and with (14),

this gives a lower bound for Hij. Let us prove (13) and (14).
]

By (), if z=(u,v)eg (I,U],), 1<j<i, and v is a unit vector tangent to that

u—u
curve, we have |T,f"(v)|~2a\"|u—u,|. But | yi ol is bounded above and below as
1€1p

—n

This gives (13). For (14) we write

log—8y1 = | Ty f "5 —| Ty S 755 ]

Let y;=f""z and y/=f""z and let u; be the u-coordinate of y; and u be the

u-coordinate of y;. Since y; and y; are on the curve g /(I,U],), (7) gives us
o 'rX'2a|u;—u,| and B lN'2a|u—u,|. Thus,

is
€in

lo—B;| A" (2a) 7| uy—ug | 72— |4 —uy | 7|

=\""(2a) T Hu;— 1) ™ ¥ 4 — |

where ; is some number between u; and u. Since |u#;—uy[A" is bounded above and
below, we get

| o;—B;] e X (g7 (1,0 ).

By (12), we have /(g_j(IoUJO))_/251—117‘1_”(10\4]0),<_‘227\1_j7‘~"' Thus, |“j_ﬁj|§€210227\1—j
and (14) follows.

We now prove (7).
It suffices to show that if £ is a piece of the curve v=—a(u—u,)%+7 with

|7—o(¢,)| < z)\“"sln, @near a, and £CD,, then f"£ approaches its projection on (z=o0)

in the C? topology. We will, in fact, show that this C? convergence is faster than
(w+e)"(A+¢)"e~ V2 where ¢ is small.

Pick an honest G2 coordinate system ¢ on the neighborhood U in which we have
¢S Hu, ) =(/ilw, ), fo(u, 0))  with  fi,(0,0)=p, fi,(0,0)=0=f3(0,0), and
fan(0, 0)=n. As before, we identify D*, D¥ etc. with g 1D ¢ 1D etc.

Write £ as the graph of a function s: D*—>D* with D* an interval in D% Then,
f(&) is the graph of the function I(s) defined by T(s)=f10(s, 1)o(fz0(s, 1))™! where
(s, 1)(v) =(s(v), v). Here we use the graph transform notation of Hirsch and Pugh [9],
although our coordinates are interchanged from theirs. Since /" is the graph of I (s), it
suffices to show that I''(s) is C2 closer to its projection on (z=0) than (u+-¢)"(A-¢)"e™ 12,

We will use s'(v) and s”(v) to denote the first and second derivative of s at v and
we will use similar notations for the corresponding derivatives of other functions. Also,
we write s"(v)(w)2=s"(w)? for the second derivative of a function s at v on the pair (w, w).
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Since £CD,, we have that if (u, v) is a point in &, then lv——ﬁ'lzzr”e This

implies that

in*

I - 1 o —1/2 d2a 12
§'(0)=—a"Ry—T |7 g1 e, <|—2=—=] W
2 —2 4 —\a(2+a)a

To estimate the first and second derivatives of I'}(s) we first need to make the
second derivatives of f small on U. This is done with a scale change u=cu;, v=-¢v,
where ¢ is a small number. Note that in the (,, »;)-coordinates d;, A, and u remain

. ~ 1o, —2;\ "2 1
the same. Also, £ has the equation v, =7, — @e(u;—uy4)3%, so |s'(vy)|= g('—la—l—‘) —.

~

l0,—%| _ & 2
e BRIl

~/ a —_—
But |ev;—e0;|>—-2""¢,,, so —
4 as 4

I . .
€1 porg This gives
€

1 | —1/2
o) | < —a—v2|Eane
} ( 1)'__2 4 1n
which is the same upper bound we had for s’ in the (u, v)-coordinates.

Let us use ¢ to denote various small, possibly different, numbers which come up
in the equations below.

We dispense with the subscripts and assume £ has the form »=7—a(u—u,)?2

or s(v):(

o—T\ 12 _
—| +4u, with @ near a. Then,

—as

’ n r ¢ n
|s'(0)| <epsh"  and  [57(2) S£7\3

where ¢,3 is a constant independent of n and e.

Let  £(0)=C,(0)=(fao(s 1))7%(v). Then, Ti(v)=(Sfa.(s(v), v)s"(v) +-12(s(), 0) 71

Since f leaves (v:o) invariant, fzu(u O)Eo so
’f2u( |~|f2u f2u( ‘&El ]<€)\ *

where we use the fact that the second derivatives of f are small on U. This gives
| f2u(5(), 0)s"(v)|<e and |{'(v)|<(A—e)~L Strictly speaking this estimate only has
been proved for (u, 2)eD, since we used |v|<cx™" and |s'(v)| <cyA". The estimates
for (u, v)ef'D, are similar, 1<j7<n.

Now, if ¢(v)=(f30(s, 1))(v), we have

V(@) =0, (L))o C'(v)zld
and 47 (€(0) (T (2))2 + ' (€(2)) 0 T (0) =
Thus, 87 (0) =—¢'(T(0) 719" (L(2)) (T'(0))*

=—C(0)¢"(8() (€' (0))%

(
(
Also Ty(s)" =(fro(5 1)) 0¥ (0) = (fruo8" + /1) 0 T'(2)
and Te()” =f1"((5, 1) 0¥ (2))* . o (s, 1) (T (2))* +A o (s, 1) 0L (0).
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Using these formulas, and setting |5|, to be the C° size of a function 5, one can
calculate that

IP?(5)|§€24(P«+8)”|SIO
IF?(S), | <egs(u+2)"(A—2) 7"|s"| + ca4| F?(S) lo
and 11_‘?(5)” | <cpq(w+ 3)”(7\“‘3)—2"| 8" |+ cag] I‘/n(s)ll + Ca9 F?(S)Io-

The easy way to do this is to let J,, J;, J» be the spaces of zero, one, and two-jets of
functions s from intervals in D" to D®. Then, I'; induces mappings H;: J;—]J; and
H, is a fiber contraction over H;_, in the sense of Hirsch and Pugh [g9]. The Lipschitz
constant of Hy=TI; is p+4¢ and the fiber Lipschitz constants of H, and H, are
(w+¢e)(A—e)™! and (p-+e)(A—e)% respectively. Then the above estimates follow
since the attractive fixed point of the map H, is the 2-jet of the zero function from D* to D*.

In any event, using the estimates |s'| <cygA" and |s"| <cy3e ' 22%" one sees that
[Ti(s)], |T7(s)'], and |Tp(s)”| are all bounded by cgo(u+¢)"(A+¢)"e Y2 with ¢ small.

We have thus proved (5).

The set A, plays the role of A, (¢) in the motivating discussion near figure 5.4.
Recall that f'** has a fixed point ¢(,) in By(#,) so that T, f*! has positive eigen-
values. Let ¢, be the largest number less than ¢, for which W*(¢(t,), ,Z‘“) is tangent
to W(g(%), fi»*") near the top of D,(t,). Let the point of tangency be y(t;). If U, is
a small neighborhood of y(#,), then estimates similar to those in the proof of (5) show
that Ay, ()= nf,{,l("“)(Dn(t,’,)~U”) satisfies (5 a) and (5 ) for /™" and **(An(t))>T.
Also, {fi+1} c;eates a non-degenerate tangency of W¥(Ay(8), /' t1) and We(A,(8), f7 1)
at (y(t,), ). Then, taking ¢,=1, and

Aq(ty) Si(An(t)),

we have (7.1)-(7.4). This completes the proof of lemma 7.

= .U
0<i<n+1

Before beginning the proof of lemma 8, we will construct some special coverings
of a zero-dimensional hyperbolic basic set A for a G2 diffeomorphism f: M?—>M?2

Let #“ and #° be the foliations on a neighborhood U of A constructed in the
proof of Proposition 5. A Markov cover of A is a finite set & ={A,, ..., A} of disks
in M such that:

(1) there is a C! diffeomorphism ¢,: B'xB'—-M with image ¢;=A; and
e;({x}xBY) CF*(q:({x}x{0})), «xeB
¢, (B x{»}) CF(pi({0}x{n})), eBY

(2) AC il=Jl int A;;
(3 £(U 2.8)nUA—0;
(9 £1U, 0,400 UA=0.
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Recall that if ¢;: B'XB'->M is a disk, then 9 (image ¢;)=image(q;| (B*X B'))
and 9, (image ¢;) =image(¢;| (6B X BY)).
Given such a Markov cover, we define diam &/= sup {diam A;}. We shall prove
1<ils
that if f and A are as above and >0, then there exist Markov coverings &/ of A with
diam /<.

First we recall the definition of a subshift of finite type (see [4]). Let N be an
integer greater than one, and let A be an N XN matrix whose entries are zeroes and
ones. Write the (i,j)-th entry of A as A;. Let X,={aeZy: A, =1 for all icZ}
and let ¢:X,—~3, be the restriction of the shift map on Zy. Here Zy={1, ..., N}*
is as in the proof of Proposition 6. The pair (o, Z,) is called a subshift of finite type.

According to Bowen and Lanford ([3], [6]), there are an integer N, a matrix A,
and a homeomorphism /4:X,—A such that fh=ho. Fix €>o. Given 3>0 small,

choose an integer n;>0 so that for any sequence (b_,,, b pgi1s o5 boy o5 byy)
such that b,e{1,...,N} for |{|<ng, diam(k{aeZ,: g;=2b,; for [ilﬁna})<§. Let
{By, ..., By, 11} be the collection of sets £{aeZ,: g;=b; for |i|<n;} where the o,
run 1ndependently from 1 to N. Then {B,, ..., By, 1} forms a Markov partition

of A in the sense of Bowen [4], and diam Bi<—g for all . Note that ry;=NZ"s+1,

Pick x,cB; for each 7. As in the proof of Proposition 6, let C; be the smallest
closed interval in W§(x;) containing W3(x;)nB; and D, be the smallest closed interval
in W%(x;) containing W%(x,)nB;, and let E:xyc.(](x, Z¥. Then B, is diffeomorphic

21‘8+ll

to G;xD,, EﬂE:@ for 7%j, and AC i91 B, as before. Clearly, for § small,
diam E<§. For each ¢, let aj,:m(leJCi oC(x, #*) and a"E‘:xel'Z!c,-C(x’ Z). From
the construction of the B,’s we have

f(Ua,B)cUg,B;
and fY U 2,B)cUa,B,.

If we extend each E to a disk A; by moving 8,B; and ¢,B; out slightly, then using the

facts that f expands each Z#", contracts each % ;, and the invariance of &#° and &

one sees that {Aq, ..., Ay, 4} 1is a Markov cover of A.

Proof of lemma 8. — Suppose f, A,, Ay, z; and z, are as in the statement of that lemma.
For i=1, 2, let #*, #? be the f-invariant foliations on a neighborhood U; of A,
extending W*(A;), W*(A;). Choose U, small enough so that %° and £#* are trivial
on each component of U; and {2z, zz}n(U vU,)=@. Let %={Bi,...,Bi} be

a Markov covering of A; so that UB"Cmt U, O(zk)mUB @ for ,k=1,o2.
Suppose U;NnU,=0.
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Choose an integer n,>0 so that, for n>n,,

{f—nz2,f”zl}c int jszlB?,

and {f"2z,, f "2, }Cint ,UIB}.
P

For a set HCM and xeH, let C(x, H) denote the connected component of x

in H. Let B,(x) denote the closed ball of radius € about x. Pick >0 small enough
so that

J"B,(5)UfB,(z) Cint UB},
j=

ST B (2) Uf"By(2) C intjl:lef, SB.(2)NB.(2)=0,
and SB.(25) NB,(2,) =0.
For xeB,(z,), let
Fr=Clx, [ Fn,OB,(z))  and  Fr=Clx, /" Fin,NB,(2)).
Similarly, for xeB.(z,), let
F=Cx, [ Ff-m,NB(2)) and  FZ=C(x, [ " Fn,NB,(2)).

For ¢ small, #° and Z#* will be transverse foliations of B (z,)UB.(z,). Extend &% %°
to U 7FB(z)u U fiB,(z) via iteration by powers of f. Define

—ny <J <N —ne<j<ne
s _ tl w ___ u .7
Ty =F, F=F; for  xeU— QM JS'B.(zy),
0SS e
s__ grs u__ gu _ i
and Ty =Ty F=Fyy  for  xeUp— ym FiB,(2,).
0 SIS

Let V=U,uU,u y‘< fiB.(z) U y.< fiB.(z,). Then thetangents to #*and F*
—he <) Mo —Ne <) N

give a (discontinuous) splitting of TyM, say Ty{M=E{®E{ with E] =T, %’

EY, =T, %2,
For xeRCV, let W%x, R)=C(x, #'nR) and W°(, R)=C(x, #'nR). If

R is small, and x, yeR, [x, ]=W*x, R)nW*(y, R) is at most one point.
Motivated by Bowen [4], we will call a set RCV a rectangle if:

(1) R =Cl(int R);

(2) for each xeR, the map [, ]: W*x, R)XW?*, R)—>R is a homeomorphism,
and W*(x, R) and W?(x, R) are homeomorphic to closed real intervals.

It follows that each rectangle RCV 1is a C! disk in M. Note that each B;

in the Markov cover #' is a rectangle. Also, each component of <n< B,
MIIS N
is a rectangle, where —oo<n,<n,<oo, t=1,2. If R is a rectangle we set

"R ={zeR: 2¢int RNW?*(z, R)} and &' R={zeR: z¢int RNW*(z, R)}.

388



THE ABUNDANCE OF WILD HYPERBOLIC SETS 141
If R={R,,...,R,} is a collection of rectangles, define &R =UoR;, and
#R=U&R,. From the definition of Markov covering, we have that

(3) fas,@inB,Ug,B;izg and f1o*#n U
te B
J

i
Bje.ﬂ

,-B;::@‘
We define the s-diameter of R to be w, R =sup fW*(x, R), and the wu-diameter of R

to be o,R=sup {W"(x, R). For n large, set
zER

By=, [l f"(,QIB}), Br=_1 fk(jQIB}%

0<k<n —n<k<0

0B,

<o j=1 7

2u__ k ’ 2 28 ___
B N < UB}), and Bn__ng

n T o<k<n? N

Then B}* and B2* are finite unions of rectangles whose s-diameters go to zero as n->o0
while B}* and B2 are finite unions of rectangles whose u-diameters go to zero as n—>oo.
Set G(z, fB)nf~""B)=R,, ,, and C(z, f~B*nf~""B¥*=R, ,. Then
R, , is a rectangle in B,(z;) and R, , is a rectangle in B,(z,) for n large. Also,
zeint R, | and zeintR, .
Modifying #* and %2 slightly if necessary, we may assume for n large that
(4) Sfeo'BNR,, ,=0, [f"I'BInR, =0,

f—n—noauBrlbun Rz"n:@ and f—n—nuauBzun Rz.,n:g'

Finally, let

_ P2u j 1u j
Vn‘*Bn v (~no§jLJSno+nf Rz,,n)UBn U<—m_<_j§_m+nf Rzl,n)
— k
and A37n_—_w<k<wf V,.

We claim that for n large, A, , is our required basic set. We agree to take n large
in the following without further mention.

Clearly, A; , is a closed f-invariant set containing A;UA,U{z;, 2z,}. The splitting
E{®E} of Ty, M is an almost hyperbolic splitting for f on V, in the sense of [18]. Thus,
A, ,, is hyperbolic by theorem (3.1) in [18]. Moreover, V, is a union of rectangles R
such that ¢“R is in the forward orbit of 9“#'U9"%? and 0¢°R is in the backward orbit
of %'V 0°%% From these facts and (3) and (4), it follows that A; ,NdV, =0, so
A;,Cint V,. To show that Ay, is a hyperbolic basic set it remains to show that f|A,,
has a dense orbit.

For this it suffices to prove that:

(5) if U is any relatively open subset of A, ,, then 'yo SU is dense in Ay ,.
iz

Indeed, if (5) holds, and G,, G,, ... is a countable basis for the topology of A, ,,

then any point in ,ﬂ] 'yoiji will have a dense orbit.
r=1)2
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142 SHELDON E. NEWHOUSE

Let T,, M=E°®E" be the hyperbolic splitting of TM over A;,, and let
0o<A<1 be as in the definition of hyperbolicity. There is an £y>0 so that for 0<e<¢g,
and yeA,;,, Wi(») and W((y) are closed 1-disks in M, tangent at y to Ey and E; resp.,
YWO)>AHWL(y), and FTIW(0)>27HW()).

Fix 0<e<e, and xeA;,. We will prove that jyo SI(A;,nB,(x)) is dense
in A;,. In fact, we will prove that if 0<3<e, and xleA;n, then the forward orbit

of Wi(x) in V, meets W§(x;). This will prove (5) and complete the proof of lemma 8.
Since fW¥(fiT1x)>A"1WY(fix) for j>o, there are an n,>0 amdaB;;l1 so that

(6) S Wi(x) D G(f™x, BEAWH(f™(x))).

From the definition of V,, we have f~iC( fmy, B;;llr\W“(f"lx)) CV, for 0<5<n,.
If n is large and y is in chllnAM, then
(7) C(»BiAWH(y)) is near W¥(3, B).

Hence, we may assume that G(f™x, B};llm WH( f1x)) nW?( y, B?l) is a unique
point for each yercll.

Since f|A; and f| A, have dense orbits, the forward orbit of C( f™x, chllr'\ W frx))
in V, meets each W*(y B3 for yeBi, k=1,...,s. So the forward orbit of
C(fmx, B;;lan“(f"Ix)) in.V” meets each W*(y, R, ) and W°(», R,
hence meets each W*(y, B;) for i=1,2 and k=1, ...,s5. To sum up, if

B=2%R Uu@zu{Rzl ,n}U{Rzz,n}’

n ) as well, and

then the forward orbit of W§(x) in V, meets W?*( y», B) for each » in B and B in 4.
Similarly, the backward orbit of W§(x;) in V,, meets each W*( », B) and by (7) it meets
C(fmx, B;;nW“( f™x)). But then (6) shows that the forward orbit of W§(x) in V,

meets W§(x,) as required.

Proof of lemma 9. — In the notation of the statement of that lemma, pick C2
coordinates (xy, x,) near x,, so that x,(x,) =x,(x,) =0 and (x¥y=o0) Cy,. Let v,,=T, %,
and v,,=T,%,, be the C! unit tangent fields with x=(x;, %,). In the (xy, x,) coor-
dinates we have

n

P i
01, = 01(X1, %p) = @y (%y, X3) £ + ay(xy, X5) —
1

0%,
0 0
and Vg, = Va(%1, %p) = by (%1, x2)3—x1+b2<x1’ xz)‘a;z
where a;(0,0)=1=0;(0,0) and a,(0, 0)=0=b,(0, 0).

Consider the C' function ¢ :xb>det(vy,, vy,)=a,.b5—a,.0,. If we show that
¢,(0,0)%0, then the implicit function theorem will produce the curve vy as the
set {(g(xy), x5)} where g is a C! real-valued function defined for x, near o.
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THE ABUNDANCE OF WILD HYPERBOLIC SETS 143

Now ¢, =ay, .by+ay.by, —ay, .by—ay.b;, which at (0,0) is ay.by, —a,, .b;.
Since vy, C(x,=0), a5(x;,0)=o0 for all x;, so a,, (0, 0)=o0. Thus,

cpz,(o> 0) = 41(0, 0) . b?a:,(oa 0) = b2a:1(0: O)'

1

For (x,, x,) near o, let f(x, x;) be the real number so that (x;, f(xy, %)) € Fpq o,
Then the mapping x;-(x;, f(x;, x;)) is a G2 parametrization of %, ,, and the tangent
map (x,, 1)L, fu(m, %)) is G Also,

Sa (%15 %5)
by(x1, X5) = = >
Vi +(fxl(x1s %3))

Since v, and vy, have a non-degenerate tangency at x,, f, .(0,0)+0. But one easily
computes that

(Pz,(oﬁ O) = be,(()’ O) :\fz, z,(oa O):i: 0.

The C! continuous dependence of y on # and &, also follows from the implicit
fonction theorem.

6. In this section we will prove theorem 2. Before doing this it seems worthwhile
to give some conditions on f: M—M insuring that some stable set W*(x, f) is not a
manifold where M is any manifold with dim M>1.

If E and F are normed linear spaces, SCE and A>1, alinear map A:E—F
is called a A-expansion on S is |Av|>A|v| for allvin S. If E=E;®E, and ¢>o,
the e-sector about E; relative to E, is the set S.(E,)={(vy, v5)€E;®E,: |vy|<e|v,]}.
The set S,(E,) is defined similarly. In the next definition ¢;: B*xB“—>D, will be a
disk in M with s4+u#=dim M. For a point &=¢,;(x, y)eD; with xeB?, yeB* denote
the ¢-sector about Tyo;({x}xB") relative to- Tyg;(B*x{y}) by S.D; ;.

Consider a sequence Dy, D,, ... of disjoint disks in M (the images of embeddings
¢;: B°xB*>M). The sequence (D,, ¢;,) is called f-controlled if there are a constant
A>1, integers 0=n,<n,<m,<..., and real numbers >0 (i=1,2,...) such that
for each x in B, y in BY and :>1, if we put z=¢(%,y) and w=f"""-1z, then the
following conditions are satisfied:

(1) fri"i-1(q({x}xB*))ND,,,; consists of two connected components each of which

projects diffeomorphically onto ¢, ,({0}xB*) via ¢, (%, v) ;. 1(0, 2);

(2) T frimm18,.D;,CS,, Diiy, andthemap T, /™ "-1 isa rexpansionon S.D;.;
(3) fri-17"i(q; 1(B°X{»}))ND; consists of two components each projecting diffeo-

morphically onto ¢;(B*x{0}) via ¢,(u, v)>¢;(4, 0);

(4) T, fm-17%(T,D 1 —S,, Dirrw) CT.D;i—S.D;, and T, f"-17"% is a lexpan-

sion on T, D;;—S, D, 4,3
(5) if we put ry=max{diam f¥(f"7"%-1D;AD;,  Nf" D, ) o<k <m i —n},

then a) sup r:<e,

b) r,—>o0 as 1—o;
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144 SHELDON E. NEWHOUSE
(6) if we define ]_)kzigkf‘"iD,;Jr1 for k>0 and if zeD, and zeM—D,, then
there is an integer n>0 such that dist( "z, f"2,)>¢;.

To illustrate, let us consider the geometric meaning of conditions (1)-(5) in two
dimensions. We have a sequence of disks D; and integers #; as in figure 6.1.

[ ——n,

.
| /// NN

/ %_——fn/_n’”Di

Fic. 6.1

Each D, is mapped near D,;,; by f™%~"-1 as in a horseshoe diffeomorphism.
Because of (1)-(5), as ¢ increases, the vertical heights of the D,’s will shrink and the two
components of the intersection f"~"-1D,ND,,; will approach each other.

Lemma 10. — D, is locally the product of a Cantor set and an s-disk. All points of D,
are in the same stable set, and if z is in Dy, k>0, then T)k:ng(z,f)nDk.
We remind the reader that

We (2, f)={yeM . dist(f"y, f"z)<¢, for n>o0}.

Proof. — For each k>o, let =nj:D,—q,(B*x{0}) be the natural projection.
By (1)-(4), f™-1""D,_,nD, consists of two connected components, say Gy, and Gy,
each of which is a union of s-disks which project diffeomorphically onto ¢, (B*x{o})
by =f. Also, 9(C,)—2o,D, is a union of s-disks in f"-1""%9.D, ,, for i=o, 1.
Applying (1)-(4) again, one sees that
Sri-e ey fre-1m %Dy ADY) ND, =Tk T %D, N DN D,
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THE ABUNDANCE OF WILD HYPERBOLIC SETS 145

consists of 2? components each of which is a union of s-disks which ={_, projects diffeo-
morphically and each of whose boundary off 9,D,_, is in f™-2""%9 D, ,. Continuing
by induction, we get that D,=f""#D,, ;nf ~™-1D,N...ND, consists of 2* components,
say C¥, ..., Ck, with the following properties:
a) Each Cf a union of s-disks which = maps diffeomorphically onto ¢,(B*x{o0}).
b) For each i, 8C{—9,D,Cf ™3, Dy y.

For z=o,(x,9)eCf, let CL=Cing,({x}xB*). We call sup diam Cf, the

2ECY

u-diameter of Cf and denote it by 4,(C¥). We will show that du(0f5_<_Ck“k+1 for
some constant C.

Thus the u-diameters of the components of D, will tend to zero as k approaches
infinity. This in conjunction with @) and 4) will prove that D, is locally the product
of a Cantor set and an s-disk because f~"%8,D, ;nDy=@ for all &

By (1) and (2), if 2eCF, then diam C¥<a"**!'diam f~"-1Ck. However,
since f~™-1C is a C" disk in f™-17"%-2D, _ ND,nf"-1""D, ; whose tangent vectors
at g(x,») lie in S, T, ({x}xB") we have that

diam f~"%-1CE <C diam( f™-1""%-2D, _ " DN f™%-1""D, )

for some constant C depending on the Riemann metric on M. From (5a) we have
then that diam C{<A=**1Ce; as needed.
The fact that W(x, f) =W?(,f) for x and y in D, follows immediately from (5 4).
To prove the final statement of the lemma, let zeD, with 2>o0. By (5a) we
have ﬁkCkaW§l(z,f). If zeD,—D,, then for some i>#k, f"z¢D, ;. Since
f"iz2eD;,;, we may use (6) to find an integer n>o0 so that dist(f"*"z, f"*"z2)>¢,.
Thus z2¢W; (z,f) and lemma 10 is proved.

Notice that if zeD,, then W¥(z, f)= L>J J "W (2, f). Thus, W¥(z, f) is not a
n>0 .
manifold. It naturally inherits a topology from l;' J"W; (%, f) making it locally the
n>0

product of a Cantor set and an s-disk. Our next lemma shows that f~controlled disks
occur under rather mild assumptions.

Lemma 11. — Suppose f: M—M s a C? diffeomorphism, A is a hyperbolic basic set
Sor f, and there are points x, y in A so that W¥(x) and W*( p) have a non-degenerate tangency at z.
Let D* and D® be C2 disks in W*(x) and W*( y), respectively, containing z in their interiors.  Suppose
there are disks DY CW“(A) converging to D" in the C2? topology so that z is a limit of transversal
intersections of DY and D®.  Then z is a limit of f-controlled disks. Hence, there are points near z
whose stable sets are locally the product of a Cantor set and an s-disk.

Progf. — Recall there are an >0 and semi-invariant disc families {W'E‘(x)},
{VNVZ(x)} for x in some neighborhood U, of A, as in [10]. This means that:
a) for each x, Wg(x) is a G u-disk containing x and WZ(x) is a C" s-disk containing x;
b) W’E‘(x) and V~V§(x) vary C" continuously with x in Uj;
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146 SHELDON E. NEWHOUSE

¢) fWux) DOW(fx) and fWi(x) CWi(fx) for x in U;nf1U;;

d) for xeA, Wix)=W:x) and Wi(x)=W:(x);

e) for xeint Uy, U W “(y) and U Ws( ) are neighborhoods of x.
YyEWe(x y € W¥a)

It is not known if {W';(x)} and {Wﬁ(x)} can always be chosen to be foliations
on a neighborhood of A, but fortunately, we do not need this.

Pick a compact neighborhood U, of A such that U, Cint Uy, D S U,)=A and
{f"(2) :neZ}noU,=0. Choose integers &,, k,>>0 so that f~"(z)eint U, for n>k,,
f7R(2)¢U,, f(z)eint U, for n>k,, and f*z¢U,.

Set U— U £(U,) and define the families {W’:(x)}, {Wf:(x)} for xeU by

b <j<ky
iteration. We may choose U so that there is a finite set {x;, ..., x,}CA such that

Uc .gjlint H, where
Hizg{W:(x): xeW(x) 1N U{Ws( )¢ xeWi(x)}

If the families {VNVZ(x)} and {Wi(x)} were foliations, H; would be like a local product
neighborhood in which the foliations were trivial.
Observe that

zeint(f(U)—U) Aint(f~1(U)—U).

Let V be a small compact neighborhood of z so that dist(V, U)>o0. Shrinking D?*
and D* if necessary we may assume that D°uUD“CintV and D°’nD*={z}. Let
7;: V;—>D® and m,: V,—~D* be tubular neighborhood retractions with V;, V, compact
and V,uV,Cint V. Thus D*CV,; and there is a diffeomorphism ¢,: V,—~>B°xB*
so that ¢,(D*)=B*x{o} and ¢,(n; *x)={{,(x)}xB* for xeD*. Also D*CV, and there
is a diffeomorphism ¢, : V,—>B*xB® with {,(D*)=B*x{0} and {,(m; *x)={Py(x)}x B
for xeD*

We wish to define a family of embeddings ¢,: B*xB*—>M so that {(¢;(B*xB*), ¢;)}
is f-controlled.

For each large 7, let p,>o0 be small enough so that if F*is a u-disk p;— C?-close
to DY, then F“nD° consists of two transverse intersections. Since f|A has a dense
orbit, W*(A) CClny0 Jf"D¢ for each i. Hence there are sequences »eD{ and 7,>0

so that dist(f"i“"i—lyi,yi+l)<g‘, fi(»)eU for o<j<m—mn;_,, and y;—>z as i—>o0.
2

The disk D; will be chosen to be the component of f"-17"(V,)NV; containing y,.
The embedding ¢, : B*xB*“—D, is defined so that for xeB’, ¢,({x}xB") is contained
in some fiber of =; and, for yeB¥, f"i~"i-1¢,(B°X{y}) is contained in some fiber of ,.
A generalization of the A-lemma to basic sets (as stated in Proposition (2.3) of [19])
gives that the forward iterates of the fibers {m; 'x},cps will be mapped C” near disks
in W‘;(A):zyAW’;(x) and backward iterates of {m; 'x}, -« will be mapped C" near
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disks in W;(A)zzléJAW§(x). This guarantees that for large n; conditions (1)-(5) in
the definition of an f-controlled sequence of disks may be obtained with A large and
g, small.

To obtain (6), we must be careful to say how small ¢; must be taken. If necessary,
we will agree to increase z; and therefore make the D;’s approach D® and their u-diameters
get smaller without further mention.

The Riemann metric on M induces one on each W'E‘ and Wﬁ and on D* and D*.
If F is a submanifold and z,, 2,€F, let us write d(F; z,, z,) for the distance between z,
and z, in the induced metric on F. Let us write dist(F; A, 2;) for the induced distance
between a point z,€F and a set ACF.

Now, first pick ;>0 so that:

f) it dM;w, fz)<2e¢f, then dist(Ds;f‘lVAV’;(w)ﬁDs, z)<§d(Ds; oD% z), and

g) if dM;w,f'2)<2¢; and wleWZ(w) with a’(W‘;(w); w, w)<2¢;, then fw
and fw, lie in the same component of fW¥w)NV,.
We may choose U so that:

k) there is a constant ¢,>>0 such that for 2z, 2,eU, yewg(zl) and zzeW’;( 7)), we
have d(M; 2, z5)> e d(W¥(9);9, 2)-
Now we choose ¢,>0 such that:

1) g<dist(M; O, (2)UA, M—U) where O (2)={f"z:n>0},

7) & <min(e, ¢,¢;), and

k) if d(M;z, 2)<e, and zef *W4y) with yeU, then d(M;y, z,)<c..

We now prove that ) can be obtained with this ¢,. Suppose zeD, and
z,¢D, for some (>0, and suppose, by way of contradiction, that 2,6 W (21). Since
z,¢D,, there is an integer >k so that f"i(z,)¢D, ;.

But f"i(z)eD;,., and d(M; f"izy, f"iz,)<e,. If there is a j with n<j<n
such that fiz,¢U, then d(M; fiz,, fiz;)>dist(M; fiz;, M—TU).

For the D;’s close to z, fz, will be near AUO_(z), so dist(M;fiz;, M—U)>¢,
by i). Then d(M;fiz, fiz,)>¢,, which contradicts 2,6 W{ (7).

Now suppose fiz,eU for n<j<m;_,. Since d(M;fri*1z,, ffi*12)<e,, there
is a p in Wi(f"*'z) such that f7i(z)ef *W¥%») and (by k) d(M;y, f"it1z)<e,.
If we assume d(f"" 'z, fz)<e;, then d(M;y, fz)<2e¢;. By f),

i+ 1

dist(D*; -1 W¥(5) N D", z)<§a’(Ds; D", 2).

By f) and g), and the fact that D, is the component of f"~"+1(V,)nV, containing

f"i(z,) (and hence f~'y), any point wef~*W¥(y) such that d( =W ); fw, fiy)<e,

for 0<j<m; ,—n; must bein the component of y in F1WH ) AD, +1- In particular

such a point w is in D; ;. Thus, since f"i(z,)¢D;, ;, thereisa jwith 7,<j<n;, , and
AW Y); Fla )
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But, by (k), since fiz;eW:(fi~"~1y), we have
d(M; fizg, f2) > e d(Wefi=%=2y; fizy, fi7% 1) >0iei>e,

which is a contradiction.

It is easy to give examples of open sets of diffeomorphisms satisfying the hypotheses
of lemma 11 on manifolds of dimension bigger than two. To give a specific example
let us consider a variation of a class of diffeomorphisms which has already been studied
by Simon [21]. Begin with a diffeomorphism f;: B2—>B? having a one-dimensional
basic set A as in Plykin [27]. Let f,: R—R be the linear mapping y+>ay where
a>max(sup | T, f;|% 1)>1. Set f=fiXf,:B*xR—>B2xXR. Then A;=AX{o} is a

z € B?

one-dimensional basic set for f having a fixed point p such that dim W*(p)=2 and
dim W*(p)=1. Also, W?(A,,f) fills up a two-dimensional neighborhood of A; in
B2x{o}. Let xeW?%(A,,f)—A;. The picture is as in figure 6.2.

Fic. 6.2

With an isotopy supported off A;, move a piece of W¥(p, f) around to create a
non-degenerate tangency with W*(p, f). Somewhat further in the isotopy gives the
example as is clear from figure 6.3.

Fic. 6.3
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The definition of the number a insures that for g G2 near f, W*(A,(g)) is a G2 mani-
fold fibered by the C? curves W*(, g), yeA;(g). One may globalize in the usual way
by putting f in a coordinate chart in any M with dim M>2. This method produces
the conditions of lemma 11 if A, is any basic set such that W*(p) " A; contains a C2 curve.
It probably also works whenever dim A;>o.

We now restrict to a two-dimensional manifold M? and proceed to prove theorem 2.
Fix r>2 and let feDiff'M? be a diffeomorphism having an infinite zero-dimensional
hyperbolic basic set A. Suppose W*(A, f) and W*(A, f) have a non-degenerate tangency
at a point z. Let y:[—1,1]—>M be a C! curve transverse to W¥(A, ) and W*(A, f)
at z such that y(—1) and (1) miss W*(A)UW?*(A). For e¢>o0 small, choose N>o
so that f~¥*t1ze WA, f) and f¥'2e Wi(A,f). Write WE(A, f)=fYW*A,f) and
Wi(A, f)=f"YW:(A,f). Then W%(A)ny and Wg(A)ny are Cantor sets in .
Let I*(y) be the smallest closed interval in y containing W{(A)Ny, and let I°(y) be
the smallest closed interval in y containing Wg(A)Ny.

Suppose:

(1) I*(y) and I°(y) overlap in the sense that
oI*(y)nint (v)+9, and  oI*(y)nint I*(y)+©, and
(2) S(WH(A) Ny) . =(WE(A) Ay)> 1.

By lemma 4, we know that Wg(A)NnyNnWy(A)+d. Assume that:

(3) each point of WE(A)NyNWZ(A) is a non-degenerate tangency of Wy(A) and
Wx(A).

By proposition 6 and the C2 continuous dependence of W§(A) and W§(A) on f]
we have that the set V of diffeomorphisms f for which there are a hyperbolic A for f
and a curve y satisfying (1), (2) and (3) is open in Diff" M2

Let UCDiff"M? be an open set of diffeomorphisms each of whose elements has
a wild hyperbolic set. By the proof of theorem 1, the set U;=UnNV is dense and
open in U. To prove theorem 2, it suffices to show that each fin V satisfies the hypo-
theses of lemma 11.

Given fin V, let A be a hyperbolic set and y be a curve satisfying (1), (2) and (3).
Let {F}};>, and {F{};~, be defining sequences for Wx(A)ny and Wy(A)Ny respec-
tively. By the last statement in lemma 4, we have int(F¥nF))+0 for all i>0. Let
zeWE(A)NyNW(A) and let Cf and Cf be components of F{ and F] such that
int CnC{+0 and CYUC!—>z as i—co.

By (3) there are closed intervals D*CW%(z) and D°*CW?*(z) containing z in
their interiors and having z as a non-degenerate tangency. To satisfy the conditions
of lemma 11, we only need to find a sequence D} of closed intervals in Wy(A) converging
to D* such that each D¥ has a transverse intersection z; with D® and 2z,—>z as i—>o0.
Since A is an infinite basic set, D*is a C? limit of infinitely many disks in Wy(A), and
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150 SHELDON E. NEWHOUSE

D?is a C2 limit of infinitely many disks in W{(A). The only way such a sequence DY
would not exist is for Wg(A) to accumulate on W*(z) from only one side and Wg(A)
to accumulate on W?*(z) from only the other side as in figure 6.4.

/"

"

/W,fl(/\)

\WS ()
wﬁ(A) WY(2)

Fic. 6.4

But this cannot happen since ¢C{CWg(A), 0CICWZ(A), C!uCi—z and
int (CINC))+£9. Thus, the hypotheses of lemma 11 are satisfied by f.
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