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ON THE DIFFERENTIAL EQUATIONS SATISFIED
BY PERIOD MATRICES

by Nicaoras M. KATZ
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INTRODUCTION

Picard-Fuchs Equations.

Let X be a non-singular projective curve of genus g, defined over a field K of
characteristic zero. Recall that a meromorphic differential is said to be of the second
kind if all of its residues are zero, that exact differentials are all of the second kind,
and that the quotient space is of dimension 2g over K. (When K=OC we may take
Y1, -5 Yo @ basis of Hy(X,C), and map this quotient isomorphically to C¥ by
mb(fyloo, ...,J.ngm); thus the quotient is dual to H;(X, C), and so identified
with HY(X, C).) Thus the K-space of differentials of the second kind modulo exact
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72 NICHOLAS M. KATZ

differentials provides a cohomology group which is defined over K, and defined in a
purely algebraic manner [6 a].
Suppose X depends on certain parameters — i.e. that the field K admits non-zero

derivations. Heuristically, the periods f o are functions of the parameters, and hence
i

are susceptible to differentiation with respect to the parameters. It was first observed

by Fuchs that, given o, the 2g periods f.,“’ are all solutions of a linear differential

equation of degree 2g which has coefficients in K, the Picard-Fuchs equation.

This comes about as follows. Let x be a non-constant function, so that the function
field of X is a finite extension of K(x); every derivation D of K may be extended to K(x)
by requiring that D(x)=o0, and thus to a derivation of the function field of X. We call

. - d
this derivation D, to indicate the dependence on'x. Similarly, — o is the derivation of K(x)

. i . . d
which annihilates K and has value 1 at x; its extension to all functions is also denoted —.
x

. . d . . o
It is easily seen that D, and 7 commute, since their commutator annihilates both K
x

and x. Finally, D, acts on differentials by D,(fdg)=D,(f)dg+/fd(D,(g)), or, more
simply, by D,(fdx)=D,(f)dx. Because D,(dg)=d(D,g), D, preserves exactness.
The formula res,(D,(w))=D(res,(»)) insures that D, preserves the differentials
of the second kind. By passage to quotients, D, acts as a derivation of the differentials of
the second kind, modulo exact differentials. On the quotient space, the action of D, is
independent of x, because, if y is another non-constant function, (D,—D,)( fdx) =d(fD,(x)).
Thus, the quotient space has a canonical structure of module over the algebra
of derivations of the base field K. Hence, for each o of the second kind, the diffe-

rentials o, Do, D}(®), ..., D¥(»), must be K-dependent modulo the exact differentials,
29

i.e., there are a4, ...,4,K and a functlon g with 2 aDi(m) dg. Integrating

over the homology class vy; gives the equation Z @ D’f oa_f dg =o0. Equivalently,

let oy, ..., @, be a K-basis of differentials of the second kmd modulo exact differentials;
29

each derivation D of K gives rise to the system of equations Dm,-_ Z i s (modulo

exact differentials), with a;eK.

The situation for non-singular X of higher dimension is more involved. For a
good notion of cohomology over K we must turn to the hypercohomology of the
complex Q% of sheaves of germs of holomorphic algebraic forms [4]. It should be
remarked here that the analogue of Leray’s theorem allows the hypercohomology to be
obtained as the total homology of the bicomplex (CP(Q?, U)), where U={U;} is any
covering of X by affine open sets.

Let us compute the one-dimensional hypercohomology group when X is a curve.
We may take the covering W={U,, U,} to consists of the complements of two disjoint
finite sets of points. The cocycles in C*(Q', W)®CH(Q°, U) are the triples, (o, w,, f),
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ON THE DIFFERENTIAL EQUATIONS SATISFIED BY PERIOD MATRICES 73

where each w; is a 1-form regular on U,, f;, is a function regular on U, nU,, and
o;—w, +df,=0. Thus o, and , are differentials of the second kind, whose difference
is an exact differential. The coboundaries are those triples (df;, dfy, /i—/f;) where
each f; is a function regular on U,. The mapping (w;, ®,,f;,) - »; establishes the
desired identification of this hypercohomology group with the differentials of the second
kind modulo exact differentials.

We continue with this example, and introduce the action of a derivation D of K.
Select functions, x and y, so that at every point peX either x—x(p) or y—y(p) is a
uniformizing parameter. Let U, be those p where x—x(p) is a uniformizing parameter,
and take, for U,, the analogous set for y. It follows [6 4] that D, and D,, respectively,
are stable on the functions regular on U, and U,, respectively, and that both are stable
on functionsregularon U,;nU,. Define A : Q'->Q°, by A(fdx)=fD,(x). The mapping
on 1-cochains of the bicomplex, given by (o, w,,f,) = (D 0, D,w,, Ao, +D, f,),
preserves cocycles and coboundaries, and so induces a mapping on the one-dimensional
hypercohomology. This mapping gives the action of D on differentials of the second
kind, modulo exact differentials.

In the higher-dimensional case, analogous formulae will, under restrictive hypo-
theses (see (1.6)), endow the bicomplex (CP(Q¢ U)) with the structure of module over
the algebra of derivations of K, and thus allow the differentiation of cohomology classes.
This construction is presumably a special case of Grothendieck’s ¢ Gauss-Manin connec-
tion ” (*), but in any case our restrictive hypotheses are satisfied by principal affine open
subsets of non-singular hypersurfaces.

The differentials of the second kind in higher dimensions no longer give the coho-
mology, as they did for curves. Indeed, a closed meromorphic differential & on a pro-
jective non-singular X is said to be of the second kind if there is an affine open set U,
on which o is holomorphic, such that the cohomology class on U determined by o lies
in the image of the restriction mapping H'(X)—>H’(U). This mapping is seldom an
injection (except for H'(X) —~H!(U)), although for sufficiently nice U, one can determine
the kernel (1.11).

Because differentiation of cohomology commutes, whenever it is defined, with the
restriction H'(X)—>H'(U), the image of H'(X) in H'(U) will be stable under differen-
tiation, thus giving rise to a Picard-Fuchs equation for the subspace of H'(U) spanned
by differentials of the second kind.

Parameters and the Zeta Function.

Recall that the zeta function of a variety, V, defined over GF(g), the field

. . N, . .
of ¢ elements, is the power series, exp( §1—T), where N is the number of points on V
s>1 5

(}) (Added in proof.) Itis. A general algebraic construction of the Gauss-Manin connection is given
by T. Oda and the author in « On the differentiation of De Rham cohomology classes with respect to parameters »,
to appear in Kyoto Fournal of Maths.
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74 NICHOLAS M. KATZ

whose coordinates lie in GF(¢°). This function, which we will write Z(r, V/GF(q)),
is known (Dwork [1]) to be a rational function of t, with rational integral coefficients.

Consider now a ¢ variable ” variety, V., defined over GF(¢q)[I']. For a special
[yeGF(g") the special variety V. is defined over GF(¢%), and thus we may speak of
the zeta function Z(z, V, /GF(¢")). We ask for its dependence upon T,.

Let us begin by studying the elliptic curve E, given by y*=x(x—1)(x—2) (here
p—1
p—1 2

p*2). Let HA)=(—1)2 X (‘j%)zlj, the Hasse invariant, and denote by N,(},) the
/ i=0

number of points, (including the point at infinity) on E, with coordinates in GF(%),
where it is understood that AeGF(p*). In this case, it is well known that

)=1—N, () (mod p)

s—1

HOWHM)...H0S

and hence
1

1—HOGHEE). . . HME )t
Z(s, By GE(p)) = 0 H0%) - HOE ) (mod p)

I—7T

More precisely
(1—0()7) (1—w () 7'p'7)
(1—7)(1—$°7)
where () =H(,). . JHGE™) (mod p). Clearly, when H(),) %0 (mod p), one reci-

procal zero, w(},), of Z(r, E, /|GF(p%)), is distinguished by being a p-adic unit; it has
been determined analytically [2 a].

Z(x, B, [GF($%)) =

Consider the hypergeometric series, F(1/2, 1/2, 1,)= X ("})%#, as function of
i>o0

the p-adic variable #; it is convergent in [¢|<1 (here p+2). The function
U(t)=F(1/2, 1]2, 1,8)[F(1/2, 1/2, 1,#) extends analytically to the region |¢|<1,
|H(¢)|=1 (we now regard H as a p-adic function). Let £, be the Teichmiiller repre-
sentative of Ay, and suppose |H(Z,)|=1; then the previously distinguished w(2,) is given

p*—1s8—1

by w(g)=(—1) 2 J_I;IOU(tgj). One might say that the hypergeometric series analyti-

cally determines the zeta function of the family E,.

Finally, we remark that F(%, é, 1, t) is annihilated by the differential operator,
2

4t( I—t)d—tz—i—4(1—2t)zt —1, corresponding to the Picard-Fuchs equation,

@) et 5 —0) (2) == 25)-

Dwork’s deformation theory generalizes these results to  good ** families of hyper-
surfaces. Consider a one-parameter family, X, of hypersurfaces in P**(Q), where Q
is the completion of the algebraic closure of Q ,. We envision a defining form F(X, I),
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ON THE DIFFERENTIAL EQUATIONS SATISFIED BY PERIOD MATRICES 75

whose coefficients are polynomials in I' with Q-integral coefficients, and we suppose
these coefficients to reduce (mod p) to elements of GF(g), thus defining a family over
GF(g)[T].

The specialized hypersurface, X, corresponding to the special value TyeQ, is
0
said to be non-singular, and in general position, if the forms XKF(X’ Iy, 1<i<n-+2,

have no common zero. By elimination theory, there is a polynomial R(T'), with
Q-integral coefficients, such that the specialized X, is non-singular, and in general
position, precisely when T, is not a zero of R(I"). Applying this result in characteristic p,
we find that, for ord I'y> o, the specialized X, and its reduction (mod p) will both be
non-singular, and in general position, so long as I'y lies in the region |T'y|<1, |[R(I,)|=T1;
it is in this region that the theory of Dwork applies.

This theory associates to each I'y with |Iy|<1, |[R(I'g)| =1, a finite dimensional
Q-space WS(T',), and a mapping, «(T,) : WS(Ty) — WS(TY). For |T\—TI,|<1,
there is given a canonical isomorphism, C(T,, ;) : W8(I'y) - W5(I';), which gives a
commutative diagram

("

WE(T) 2 W(ry)

[ C(T,, Ty) ore, tdh

|
v v

WE(L) =5 WE(TY)
Observe that when T¢ =T, and |R(I))|=1, the reduction (mod p) of Xr, is defined
over GF(¢°), and the composition, a(l‘g“). c.a(THa(Iy), is an endomorphism of W#(T).
Dwork related the number N (Ty) of GF(g*)-rational points on the reduction (mod p)
of X, to the trace of this composition:
——q“"+1)%_(~—1)"trace «(T€N) .. a(Ta(T,)
1—¢° 7 '

Ny(To)=

Further, we may choose simultaneously bases for the W®(I), in terms of which
the matrix coefficients of «(I') are analytic functions on the region |I'|<1, |R(T")|=1.
(Recall that a function on such a region is analytic (in the sense of Krasner) if it is the
uniform limit of rational functions regular on that domain.) The matrix of C(o, I'), on
the other hand, has entries which are merely convergent power series for |I'|<I.
However for |I'|<1, the relation

a(T') = C(o, T%)a(0)C(T,, o)

holds identically in T'. It follows, from the analyticity of the matrix entries of «(I),
that the matrix entries of C(o, I'Y)a(0)G(o, I'), which apparently exist only for |I'|<1,
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76 NICHOLAS M. KATZ

are, in fact, analytic throughout the region |I'| <1, |R(T)|=1. Further, the uniqueness
theorem for analytic functions shows that the relation

«(I'7). . .a(T%)a(I") = C(o, I'*)x(0)C(o, I')~*

is valid for |I'|<1, |R(T")|=1.

Thus, the matrix of C(o, I') provides the analytic continuation of the zeta function
from I'=o0 to the region |I'|<1, |[R(I")|=1, in much the same way as the hypergeo-
metric series analytically determines the zeta function of elliptic curves in the family E,.

The analogy goes even deeper, for the matrix of C(o, I) satisfies a differential equation.
This arises as follows.

0
The generic space, WS(I')®Q(T'), is, in a natural way, a module for —, by means
. . . . . ol
of an action S, which arises formally as the twisting

E
& =C(o, ). . G(T) o)

0 0
whereﬁ operates in W5(0)®Q(T") through the second factor. Because P annihilates

the Q-space W®(0), S annihilates the Q-space C(o, I')(W5(0)). Let us write W,
and Wr. for the column vectors whose components are, respectively, the Q-basis for W*(0)
and the Q(T")-basis of W%(T"), by means of which our matrix representation of C(o, I')
is given. As &p acts on the Q(I")-space, W) ®Q(T'), we may write

61"(WI") = B(P) -Wr

where B(I') is a matrix of rational functions. To avoid confusion between
matrices and mappings, let C(I') denote the matrix of the mapping C(o, I'); then
C(o, I')(Wy)=C(I") .W, and we have the equation

ac(T)
0=Gp(C(). Wp) = =" Wr+ CG(I)Sp. W
aC(T)

:(W—i—C(I‘)B(F)).WF

oC(T") BT
whence T =—C(I")B(I").

In [3] Dwork computed the Picard-Fuchs equation for the family of elliptic curves,
X34-Y34Z3—gI'XYZ, and found it to be (in suitable bases)
oP(T")

5 =BIP(I)

where P(T") is the period matrix of differentials of the second kind modulo exact
differentials.

It should be remarked that the result is of an algebraic nature: the generic
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ON THE DIFFERENTIAL EQUATIONS SATISFIED BY PERIOD MATRICES 77

space W8(T"), the operation Sy, and the Picard-Fuchs equations are all defined over Q(T").

The present paper grew out of attemps to identify the differential equation for
C(o, I') with a Picard-Fuchs equation, in greater generality. This is achieved by

Theorem (x.19). — Let X be a projective hypersurface in P" 1, defined over a field, K, of
characteristic zero, which is nonsingular and in general position. Denote by X° the open subset
where no coordinate vanishes, and by H"(X, K) and H"(X®, K) the n-dimensional cohomolog y
groups of X and X° respectively. We regard H"(X, K) and H*(X®, K) as modules over the
algebra of derivations of K, as explained earlier, while the K-space W5, associated to X by Dwork’s
theory, admits the derivations of K by means of the S operation. There is an isomorphism ©
of W with the image of H*(X, K) in HY(X®, K), which is an isomorphism of modules over the
algebra of derivations of K. Furthermore, the kernel of H™(X, K) - H"(X®, K) is reduced to
zero for n odd, and is one-dimensional for n even (and n>o0).

We should point out that the matrix C(I") is the transposed inverse of the matrix
denoted by the same symbol in Dwork [3, p. 262], which arises by passing from the
‘ dual space  at o to the generic dual space at I'; thus that matrix is the transpose of
the (suitably normalized) period matrix. (Also the B matrix is the transpose of its
analogue there.)

Explicit Computations.

To explain how Theorem (1.19) comes about, it is necessary to examine the
spaces of Dwork in some detail. We fix integers >0 and d4>o0, and define % to be
the K-linear span of monomials Z“X{*...X*'7 with w;eZ, dw,=XZw;,>o.
& contains certain subspaces of interest to us: '

£, where wy>1
£+,  where all w;>o0
PUr s Png+

78, where all w;>1.

We fix a non-zero constant, m, and corresponding to each defining form F, of degree d
in X,, ..., X, ., we define twisted operators on &

oF
0X,;

(3

0 0
Dy, =exp(—=ZF) Xz& .exp(nZF)= Xi&; +nZX,

(2

0 0
D, =exp(—=nZF). ZéB_Z .exp(nZF)= Zﬁ +nZF.

This construction is rational over any field K, which contains = and the coefficients
of the form F. For each derivation D of K, we define the twisted derivation &
of & as K-space by

Sp=exp(—nZF).D.exp(nZF)=D + nZF>.
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78 NICHOLAS M. KATZ

The fundamental problem is to construct a generic mapping from #° to H*(X°).
Corresponding to each element ZX" is the differential form, regular on X°, given, in
local coordinates, by

Xw d(XI/Xn-(—?) A A d(Xn/Xn+2)
F X fXupe XX
n+1 8Xn+1

X

For the generic F, given by I ?dAwX"’ with the A, independent, &, is given
0 wi=
by @-{—T\TZX’”, so that .#°, considered as module for the derivations of K, is spanned

by its elements of Z-degree one. Thus, generically, there is at most one homomorphism
from #° to H*(X®) which is given as above on elements of Z-degree one and which
respects the derivations of K.

That this map exists, and that it annihilates D; %+ 2Dy, %, is almost the content
of Theorem 1. We regard H*(X%) as coming from X CP(Qf), for a suitable covering;
ptg=n

in Theorem 1 we examine C°(Q"), and in Lemma (1.8) we turn to CY(Q"~1).
In this way we obtain a surjection

0 : £°/(SDy, £+ D, &) - HY(X")

with @(#®) lying in the image of H¥(X) in H*(X°).

We then compute the Betti numbers of X° and Prii—X° (Ppf; is the open
subset of P"*! with all X;#+ 0), making strong use of the assumption of general position
and the explicit formulas of Hirzebruch [5]. Then we construct an isomorphism,
suggested by [9], '

R : L°|(LDy, L) —»H (P, —X?)
by defining l
(wo—1)! X*d(X,/X, 1) A Ad(Xn+1/Xn+2)

R(L"XY) = Cen .
( ) (=)= FY XX, D SRYD. G

It is clear that #(%") is the image of H"*'(P"+!—X) in H"+(P"ti_X°).

oF
The regularity condition, that the X; X
L°cEDy, L+ elements of Z-degree one. We explicity compute in local coordinates

have no common zero, insures that

X=X/ X, 0 f=Gr—
I,

.%(ZXw)=it—vgﬁA...Adx"“= all d—x!/\ danif
‘ S % Xnt+1 o x %, f
¥n1p
xn+1
and hence

®(ZX") = Residue(#(ZX")).
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ON THE DIFFERENTIAL EQUATIONS SATISFIED BY PERIOD MATRICES 79

The final result is best expressed by a commutative diagram

residue

Hn +1 (Pn + I_X) - Hn(X)

lrestriotion lrestriction

+1 n+1 restriction +1 n+1 o residue n -
o — H""'(Pp1})) —— H""'(Pr1;—X%) — H"X?) — o

K & Te

0 (ZF) L|(EDy, L) ————— L°|(D, L+ 2Dy, #°) —> o
K K K
o (ZF) PO |(EDy, L0 —> W=9"+|(ZDy, %+ D, £+) —> 0
U U

LLAEDy PO F) — WS=28/(L°n (D, £+ XDy &+
7 i Z : X; ))

The P-adic computation of the Zeta Function.

Let F(X)=F(Xy; ..., X,,2) be a form of degree d over GF(g). Denote by N
the number of zeros of F in projective space rational over GF(g*), all of whose coordinates
are non-zero; this N is easily expressed as a character sum. Take a nontrivial character
% : GF(¢*) T =Q" of the additive group of GF(¢*) with “ p-adic values .

For each x=(x,, ..., x,,,) rational over GF(¢°),

— ¢, if F(x)=o0
%y (ZF)={"" _
#€GF(g) o, if F(x)+o.
Hence

(q*—x)N:=;{(¢—r)"+2+2xs<zF(x>)}

where the sum is taken over z,xy, ..., x,,,6GF(¢°)".

It remains to construct y,. Fix a non-trivial character y, of GF(p), and put
Ys=Xo-tr where “tr” denotes the trace mapping tr : GF(¢*) - GF(p). Explicitly,
for 6eGF(g*), %, (6)=¢""®, where ¢ is a fixed p-th root of unity, and tr(b)= 25",
the sum taken over v=o, ..., slog,(q)—1. °

With this in mind, we fix an element © of Q, with n?~'=—p, and define a power
series 0y(Z) by setting 0y(Z)=-exp(nZ—rZ?).

Then [1]

1) 0,(Z) has p-integral coefficients, and converges for ord(Z)> I:P.

2) 0y(1)=¢, a primitive p-th root of unity.
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8o NICHOLAS M. KATZ

3) for xaeQ with o =a, the formal identity,
v—1 . =
1 0y(07'Z) =6,(Z) !+ 2

specializes at Z=1 to
v—1 : v—1
p\ __vat+oal +...+af
jgoeo(“ )=¢ .

Observe that the left-hand side is the value of 8,(Z)8,(Z?). ..0,(Z" ") = exp(rZ—nZ"")
at Z=ua.

Thus, if 3 =87 is the Teichmiiller representative of beGF(¢*), we have y,(b)= the
value at Z=p of exp(nZ—nZ?). Hence, if we suppose F(X)=F(X,, ..., X, ,) to
have coefficients which are (¢°—1)—st roots of unity in Q, and if «, B, ..., B, ,are
(¢°—1)—st roots of unity,

e the value at Z=a, X=f of
Zo(aF (B))=

exp (rZF (X) —nZ? F(X7))

where B=(B;, ..., Bnss), and ol>oa is reduction (mod p). Thus,

S

(¢ —1)N' = -ql— (¢—1)" 2+ T exp(rZF(X)—nZC F(XT))),

where, in the sum, Z, X, ..., X, ., vary independently over the (g°—1)—st roots of
unity in Q. We next express this sum as a trace.

Denote by L(o+) the space of power series 2A,Z* X" which satisfy

n+2
1) dwy=|w]| =i§1w,-, w,>>0.

2) For some constants 4>o0, and ¢, ord A,>bw,+c.
The endomorphism ¢, of L(o+-) is defined by

p— |Z"X", if each w;= gy,
Hl )= lo, if not.

For each element HeL(o4-), we write {,.H for the endomorphism of L(o-)
given by
0> g, (Hn).
This operator is ¢ of trace class , and [1, 9]
(g—1)"*3tr(y,. H) = SH(Z, X)
where Z, X, ..., X, ., are independently summed over the (¢—1)—st roots of unity
in Q.

In particular, this trace formula may be applied to a=y,.H, where
H,=exp(nZF(X)—nZF(X*)). Itis immediate that the s-th iterate «® of « is nothing
other than {¢,.H;. Hence, combining the above formulae, we have

qu:=(qs-—I)n+l+(qs—l)n+2tr(d.s).
232



ON THE DIFFERENTIAL EQUATIONS SATISFIED BY PERIOD MATRICES 81

This is the connection of « with the zeta function. It is convenient to consider a one-
sided inverse B to a, given by

B =exp(nZF (X% —nZF(X)).®,
where @(Z*X")=Z""X",

Connections with Formal Cohomology.

We wish to relate the operators « and § to certain operators arising in the formal
cohomology theory of Washnitzer and Monsky.

We begin with a special affine variety over £=GF(q); this is, by definition, an

algebra A =Fk[x, 7]/I, where T= ( flx), 1—7g(x) 6x3f

n+1
a complete, discrete valuation ring R, of characteristic zero, whose residue field is £,
and denote by R[x, t]* the subalgebra of R[[x, t]] satisfying a certain growth condition.
Take liftings, f and g, of f and g, to R[x], and define A™=R[x, t]*/I, where
I= ( fr1—rg o

axn+1
nical isomorphism. Fixing these choices for a moment, every map ¢ : A—>B of special
affines may be lifted to a ¢* : AT—>B*. Passing to continuous R-differentials, the
induced map, ¢ : QAT)®Q - Q(BT)®Q, is determined, up to homotopy, by e¢.
In this way, the deRham cohomology (i.e., the homology of the complex Q(AT)®Q)
becomes functorial in A.

): here x=(xy, ..., x,,,). Fix

). This algebra is independent of choice of liftings, up to non-cano-

In particular, A* admits an endomorphism Fr, which lifts the g-th power mapping.
Fr is an injection and A" is a finite module over Fr(A*). Define an additive mapping,
§: AT®Q—->AT®Q, by requiring that the composition, ¢"Fro{, be the trace mapping
from A* to Fr(At).

We first consider a special affine subset of an irreducible projective hypersurface,
F=o0. Namely, let f(x, ..., %,,.)=F(..,X/X, 5, ...), and consider the locus

Sx)=0, 1—%%y, ..., X1y

O with «plus»algebra A*. The mapping @ of theorem 1
n+1

extends by ¢ continuity ” to a map of L(04) to A*®Q, where L%(o +) is the subspace
without constant term, and our result is the commutativity of the diagram

L°0+) %> Lo +)

(] e

\
AT®Q 5 A*®Q

where Fr is that lifting of the ¢-th power map with Fr(x)=a! for i=1,...,n+1.
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Somewhat more straightforward is the case of the ¢ complement ”, i.e. the algebra
Rx, ] /(1—7xy, ..., %, f). Again, we select the Fr with Fr(x,)=x{ for i=1,...,n41.
Our main results are the commutativity of the diagrams

L'o+) —%> L%o+) Lo+) %> L°(0+4)
!
4 R R ‘9?
v
A*eQ & AteQ A*®Q 5 AT®Q

Here the mapping £ is the one explained earlier.

The image of Z in AT®Q consists of those functions regular on the larger open
set {xeP"*! F(x)+o0}, while, on the level of differential forms, the image of #Z in
Q"+*1(AT)®Q consists of those forms, meromorphic on {xeP"**, F(x)+0}, whose only
singularities are, at worst, first order poles along the coordinate axes.

Working with the form X,...X, , ,F(X) would allow a surjection,

Z:1L%0+) > At®Q,

but at the cost that the differential operators Dy, for this form are difficult to analyze,
even under the most favorable hypotheses on F. Difficulties of this sort prevent the
direct application of Dwork’s work to prove the finite dimensionality of any « plus »
cohomology groups.

However application of (2.15) to the form X,...X,  ,F(X) is easily seen to
imply the trace formula obtained by Reich and Monsky for the mapping ¢ of AT®Q
namely

N=(g—1)"*tx(¢)

where N is the number of points (x), rational over GF(g), where «x,...x, ,f(x)=*o0.
I wish to thank my teacher, B. Dwork, for so very much, and to acknowledge
many helpful discussions with G. Washnitzer. |

ALGEBRAIC THEORY

Notations. — We work over a field K of characteristic zero, and fix an element weK".

Let F(X,, ..., X, ) be a homogeneous form of degree d over K, defining a non-singular

hypersurface X. Denote by X° the open subset where no X vanishes, by U(b, i),
oF

b=+1i, the open subset where X,.—as(—#:o, and by U?(b, 7) the intersection U(b, i) n X",
b

Any derivation D of K extends to a derivation of each coordinate ring Q°(U(3, 7))

by requiring D(X;/X;)=o0 for i+j, j+b over U(b, ¢); when there is no ambiguity

we will denote this derivation also by D.
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We define £ to be the K-span of the monomials Z"Xb1 Xi”j_; (hereafter
written Z°X") for which da—Zb,, a>o0, #° the subspace  divisible by Z >, ie. w1th
a>r. (Observe that the b; may be negative.) Define operators Dy, =X;— BX +7 Xt

D, Z —I—T:ZF

’t

Any derivation D of K extends to a derivation &; of the K-space & (or #9)
by setting Sp=D +nZF?, where D acts only on coefficients and FP is the result of
applying D to the coefficients of F. Formally &;=exp(—=ZF)D exp(rZF), while

0
Dy, —exp(—mZF) X

), whence each &, commutes with all Dy, and Dy,

and S, commutes with Sy, if D commutes with D’.
Theorem (x). — There exists for every nonsingular ¥ and for each (b, 1), b+1i, a unique
K-linear mapping © : L° — Q°(U°(b, 1)) satisfying:
a) O s compatible with specializing the coefficients of the form F;
b) 0.8,=D.0O jfor every derivation D of K;
oF
c) O X“’)—X"’/XEX—
0 . 12 o . .
d) ODy,=x,-—0 for j+b,i, where 5=X/X; and 53‘: s if jb, 1 and k+b,i;
J J
e) (D, &)=0, O(Dy, #°)=o.
Proof. — We begm by constructing @ for the generic form F= ZA X" where

the A, are independent variables. To fix ideas we work over U‘Z’(n—l—l n+2) and

(we write &,

for ;). Uniqueness follows from 4) and ¢), since &, (Z'X")==Z**'X"*¥  so that
every monomial of #° is obtained from one of Z-degree 1 by successive iteration of
any G, ; clearly for a fixed A,, that expression is unique.

As to existence, the last remark shows that for each A,, there is a mapping 0,
satisfying #) and ¢) for A,. We first show that ©, is independent of A,. We have
L X =G (ZX'T*) =&} (ZX*~®), so we must show, for f=TF/X]

(Y s JlEA .
(ai) 2 of Z(aiv) e of ’

w

n+2s

xn+15

X =
n+1
n+1 ox

n+1

i.e. that for every monomial x° in the x; and x;* we have

) (G8) )= G () 5

axn-}—l 3Xn+1
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For a=1 this is

0 ( xcax"+1) 0 ( xcaxn-{-l) 0n+1 X axn+1 axn+1 caz(xn+1)
— — ) = —_ f— ) —X .
oA, ) x,., 8A, 8A,  0A,0A,

Now by induction

(af‘)a+1 c o (o // of \e+1

( 2 )a+1 oA, T e ( 2\ aAw(a_A,) x\ 8 o+t (}'Kw) d

A, of | oA, ﬁ;) o '2(5&) !
0%y 1y 0%y 11 / bxn+1

Let ' denote the coefficient of X?,, in F, ie. the constant term of f. As

. 0 . 0 .
©p commutes with the Dy,, and P commutes with the rm for i=1,...,n, we are
reduced to showing d) for a monomial ZX" of Z-degree 1, say for Dy .

oF
©(Dy,(2X")) =®(1’12X” + 72X X, 53{)
1

=@(bIZXb)+5%®(Xlz:—;XbX;iz)
L% O 0% 41
W—ﬁ-‘(xlx 8x1“)
0%, 41 4 (axn+1) 0%pyq O

o e\ or )7 Taw, o0 1Y)

b—1)

—_— 1 (N
=—¢ (we write x°=x"x,,

_ e
=—ex

0 ( e@xnﬂ) 0 O(ZX
_~x13x1 sy _—xlaxl ( )

As for e¢) we first use 5) to reduce to showing ©(D,(X’))=o0, but this is

b
x
@(nZFX”):———fo =o0. Similarly it suffices to compute
b b b oF —d bsr’ 4 b
0. DXn+1 (ZX") = 0(b,,,ZX° + & (ZX°X,, 1 BX—H; X 4a)) = —_7 + o (x") =o.
xn+lr—
n+1

We now regard this generic definition as providing formulas for ® in terms of
the coefficients of the defining form.

Clearly it remains only to demonstrate that &) holds for all forms F. Consider
F(X)+2X%,, over K(A) where A is transcendental over K. Extend D by D(A)=o

0
and — by —=o0, whence D and Y commute, as do S and &,, whence
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ZXv 9\t

OGS, (Z%X") = @6’{"‘16,)(7:7_—1 X ;g»—nd) — (1 Ex) 0.8y (ZX X =14 while
0 ™

0

wy—1
DO(Z*»X")= (% 8—)\) .D.O(ZX X (%=14: hence we are reduced to w,= I.

P D ,w . w
0.8 (ZX") = 0G,(ZFP XX 4,) = (-ix——-) =7; (_’L D(an)),

O\ 11 O 0% 14 Fn+1
. 1 XY 0%, 4 0
while DO(ZX")=D|[— —— \=— , and as D and — commute, both
Xop1 Of X,,1 O\ 23
a‘xn+1

—x* (axn+1) (Wn 41— 1)%" 0%, 44
D\ ) - 2., o
Corollary (x.x). — Over each U°(b, 1), © has a natural extension to a mapping from the
Koszul complex on £°|(D, & + Dy, £°) with operators the Dy, j=*1, b to the de Rham complex
Q(U®(b, 1)) of differentials regular on U°(b, 7).
Proof. — We define the Koszul complex and give the proof in the following
section.

D(x,,,). Q.E.D.

sides are
Xy +1

Koszul and de Rham complexes.

Let ¢, ..., ¢, be commuting endomorphisms of a vector space V/K. Write
S={1,...,n}, AS the exterior algebra of the free K-space with basis the elements
of S. On Hom(AS, V) the Koszul boundary may be defined by

So(r)= X @;(w(vA1))
€8
where teAS, weHom(AS, V).

Define * on AS by linearity and the requirement that for a monomial teA'S,
#7 is the monomial of A"~*S with TA%*t=1A2A...An, and let * act on Hom(AS, V)
by defining *w(*7)= w(1).

Let L/K be a function field in n variables with separating transcendence basis
Xy, ..., %,. The monomials in the dx;/x; form a basis for Qg (L) as L-space, which is
thus isomorphic (dx;/x,>¢) with /\S%@L, i.e. with Hom(AS, L). Thus exterior

diﬂ'ef*entiation d induces a coboundary on Hom(AS, L), while the xid_x.’ 1=1,...,1
provide the Koszul boundary. t

Proposition (1.2). — *.8=d.*.

Proof. — For a monomial v and ¢e€S, ¥n=iA*(nAi) solong as nyai+o. Hence

i . '
() (#1) = Bt~ (ko (x(1 1)) = S, (0(11) = (36) (1) = 5 (30) (x1). Q.ED.

1
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Globalization for n-forms.

Lemma (x.3). — Let b=*i, and say {1, ...,n+2}={k;, ..., k,, b,i}. Define (b, 1)
on U(b,1) to be

s n(:, co,n2 ) Xt (X, XA nd(X, 1K)
Sk, ..k, b0 oF =

Then on U(b, 1) nU(c,j), (b, 1)=0wlc,]).
Proof. — Suppose first that {b, i}={c, j}; to fix ideas take b=n-1=j, i=n+2=¢,
so we are asserting that

et OF d( X, ) d( X) o F d( X, ) d( X, )
n Ao A =X Ao A .
+23Xn+2 Xn+2 Xn+2 } +13Xn+1 Xn+1 Xn+1

Now Xgd(X,/Xp)=dX,—(X,/X;)dX,, so we want

oF oF
(X +X —‘)dXI/\.../\an:

n+1 2
a}<n+1 " 3X~n+2

an+2)A (1) X, dX A AdXKA . AdX
=1

n+2 v

n

and the right side (as dF:Z;}%dXi_—_o) is

S 2% 3 (L1 IX, IXo—— 2 X, ax dx
> j/\v=1(~1)XU XA o AdX AL oA = A ,,5}2” TEARIITRAY /D
now apply the Euler relations.
In general, given (b, ¢) and (¢, j), we compare both with (b, ), and hence, by the
first part, we are reduced to comparing (b,¢) with (¢, 7). To fix ideas we compare

(n,n+2) with (n+1, n+2), and write x,=X;/X, o, f(*, .., %, ) =F(x, ..., %,.4, 1),

. dxyA ... Adx, drn .. ndx, _ Ndx, .
so that our assertion becomes =— which follows, as
n+1 a a.f g
Q’f: igl 5‘— dx,.:o. Q_ED dxn+1 8xn

Lemma (x.4). — Let L/K be a separably generated function field in n variables with sepa-
rating transcendence basis xy, . . ., x,; let D be any derivation of L trivial on K. Then on Q¢ (L),
D=dx+Nd, where (for u; . ;€L)

Wi
k k

2 (-—I)i_lD(xij)dxil/\ .. ./\aacij/\ N

..,ikj=1 i

dx;

Y

N¢

i g B A N ) =

Proof. — We readily compute that for weQj (L), A(wAT)=A(0)AT+(—1)0wAA(T),
whence it follows easily that (dA-+Ad)(wAT)=(dA+ M) (0) AT+ oA (dA+2d)(7), so that
dA+2d is a degree zero derivation of Qg (L) which commutes with d, hence is determined
by its restriction to L, and (dA+42Ad)(x;)=D(x;). Q.E.D.
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Differentiating Cohomology Classes whith respect to Parameters.

Let V be a non-singular variety defined over a field of characteristic zero; a theorem
of A. Grothendieck [4] gives an algebraic method of computing the cohomology of V
as complex manifold. Namely, fix a covering {V,} of V by affine open sets; denote
by Q? the sheaf of germs of regular algebraic differential forms, and by C?(Q%, {V.})
the (alternating) p-cochains for the nerve of the covering {V;} with coefficients in
the sheaf Q. When the context is clear, we will simply write C?(Q%). These CP(Qf)
form a double complex, with d: CP(Q%) — CP(Q!*!) the usual exterior differentiation
and 9:CP(Qf) — CP*Y(QY) the nerve-coboundary; for (s, ...,%,)eCP(QY), recall
(00) (295 - - - ip+1)=Z(——I)jco(i0, R z?, ..y %y44). Then the cohomology of V is the
homology of the totai complex (whose term of degree 7 is pJE_nC” (7)) under the diffe-

rential which acts on C?(Q?) by 9+ (—1)?d, which we will write A. Now consider
a derivation D of the field of definition of V; we suppose chosen for each V; an extending
derivation D; at the function field of V in such a way that the coordinate ring of each
intersection V; n... nV,-p is stable under D, ..., Dip. We recall (lemma (1.4))
that D,—D,;=dx;+4A;d where

i (udmy A .. A dx,):u?(—l)’(Di——Dj) (x)dx A ... AdxA L. A dx,.

Finally we define A : CP(Qf)— CP+Y(Q71) by (he)(fy, «+ o5 fy1) =N, 1 (005 -y 4))
where we have 4,<4<...<g,,,, and D :CP(Q?) — CP(Q7) by

(Do) (i, - - -5 3) =Dy (o, - - -5 3))
where again ,<7;<...<i,. Finally we will write D for the operator which is
D+ (—1)P"'\ on CP(QY); this is * differentiation with respect to a parameter .
Lemma (x.5). — The operators ]3=D+(—1)p+1l and A=0-+4(—1)Pd commute.
Proof. — Let weCP(QY);
 D(Aw)=D(06 +(—1)Pde) =Ddw +(—1)? Ddw -+ (—1)PAde—rde

while A(Dw)=A(Do+(—1)?*+'r0) =D+ (—1)? o+ (—1)?dDw+diw. Compa-
ring components on both sides we must show that Ddw=dDew in CP(Q*!), that
Dow—idw =0Dow-+dre in CPT1(Q9), and that Ao+ Aw=o0 in CP*2(Q¢~1). The first
point is clear, as each D; commutes with d. For the second,

(DO — D) (i, - - - tp41) =Dy @(igy - +5 1pyy) +

+Z (1D 0, -, Gy o oor ) =Dy 00, « oy ) —
=2 (=)D 0, -, by s tpp) =D =Dy, ) dpry)s
while (Ao +2rdw) (o, - - -, G pg) =N, ;,0(is, -, Tpps) F Ay, A0 ey By yy)
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(where ¢,<...<z,.,). Finally
(M0 (fgy - - o 1y 40) =N, 1 ((06) (s - - - ip+2))+j§o(_1)j(m)(io, R P A =
=%, 5,00 - - ip+2)+xwlj§2(_1)i—1m(il, R R A B
1,0y + e ey By yn) =D 1, @(ls « s iw)+j§2(_1)qmm(il, sy by )

and it is clear from the definition that A, ;, =2, ; +2, ;. Q.E.D.

Lemma (1.6). — Suppose for every derivation D of the field of definition we have chosen
the various extensions D, over the V, in such a way that for derivations D and D’ we have
[D, D'),=[D;, D;]. Suppose further that for each pair D, D' and each i, j, the ratio
(D,— D)(h)/(D' D}) (k) s independent of the choice of function h (whenever it is defined)

and of the choice of (¢,7). Then the assignment D D isa Lie homomorphism from the ring of

derivations of the constants to the ring of additive endomorphzsms of the total complex of CP(Q, {V,}).
In particular, if D and D’ commute, then D and D commute.

Proof. — Let «weCP(Q7); we readily compute [D, D’ Jo=n+r+y with »neCP(Q9),
TeCPT(Q™Y)  and yeCPF*(QI%); here (i, ..., i) =[D;, D;]o(y, ..., i,),
T(lgy « ooy Gpyq) = (—1)PT (=N ; D; —Dix, .+, . Di +D, % oy, ..., 4,,,), and
Yoy « o5 tpra) =(—N, o M, i, TN, 0N, 0) (@, - o zp+2)) We first show y=o0; write
o(ty, ..., 1, ,) as asum of terms of the form udh, . ..Adh, where hy, ..., h, are functions;
it is sufficient if A ,(dh)n, ;. (dhy) =N, ;(dh,)N; ;(dh,) for every a and b, and as
N, i, (dh)=(D; —D;) (lza) thlS is insured by the hypotheses.

Turning to w, we begin by showing A}, =x ;D; +D, N ; —2x; ; D, —D;x, .
is a derivation of degree —1 of differentials. As the A and the D are derivations of
degrees —1 and o respectively, it follows that D, A, ; —A; ; D, and A, ; D; —D;

9 Mg, Ty Toy 017 Yo Y0y U1 7/0,1/1

are derivations of degree —1, whence it suffices that

Ny, i(Dy—Dy) — (Di, —Di), 5, = i, d—dX;

y Ty V1 z.,,i,

to
be a derivation. However A; ;A ; 4, ;N ; is aderivation, and hence it suffices if

! 1o

be a derivation. Here d is a derivation of degree 1, and so it suffices for A; ;A .
N, i M., i. =N, i M,,5,» Which is verified just as in the last paragraph. Finally the ope-
rator % ; does enjoy dA; ; +; ; d=[D,D"]; —[D,D’];, as animmediate computation
shows, and hence A} ; has the proper effect on 1-forms, and thus on all forms. Q .E.D.

Application. — The hypotheses are satisfied by a non-singular hypersurface of
equation F=o, if we take the covering from the U(b, ¢). We will write functions in
homogenous coordinates P/Q, and use PP to denote the result of applying D only to

the coefficients of P; then we readily compute

QP —PQ>
Q

and hence the ratio (D,—D;)(k)/(D;—D;)(k)=FP/F".

oF
+*<~<P ),

Dy, o(P/Q) = 7 =)
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Globalization of the ® Mapping in Middle Dimension.

We begin with globalization to X°, where matters are greatly simplified by taking
the covering U°(b,n+2),b=1, ..., n+ 1. The proof of theorem 1, together with our
recent definitions, gives the following

Theorem (x.%5). — There is a unique mapping © : L°— 2 C” (QY)  which is a homo-
p+

morphism of Lie modules over the ring of derivations of the field of dcﬁmtwn which is compatible
with specializing the defining equation, and which assigns to a monomial ZX" the element of C°(Q)
which is X o (b, n+2) over U°(b, n+ 2).

In this way the elements of #° of Z-degree one correspond with the algebraic

n-forms regular on X°.  As these are closed, it follows that the image of £°in 2 CP(Q9)
pt+g=n
lies among the cycles (of the total complex), and hence by passage to quotients we have a

map O : #°—-H"(X°). Further, the aforementioned theorem of Grothendieck [4]
states that on the non-singular affine variety X°, every cohomology class is realized by
a regular algebraic form, whence #° maps onto H"(X?).

Lemma (1.8). — The kernel of © : £°—>H"(X°) contains D, & + XDy L.

Proof. — The assertion for D, admits the same proof as given in the(;rem 1. Tofix
ideas consider Dy #°; it suffices to show the kernel contains Dy (ZX") by our general
reduction procedure. To this end consider the element 7 of C°(Q"~!) whose value over

Uﬂ(b ) . ] , ( I)n+1 b wdx 2}5 dxn+1 f Uo(b 4 ) b>
,n+2) isofor b=1,——————— —A...A—A...A—— for ,n+2), b>1.
af x2 xb xn+1
Xp
ox,

Part d) of theorem 1 assures us that ®@(Dx (ZX")) and Av) (A=the total coboundary)
agree in their components in C°(Q"); it remains only to consider the components

oF
in CH(Q""). Consider O(Dg (ZX"))=0(w,ZX")+ G)( ZPXYX, i, ); we compute by
passing to the equation F+IX? ,=o0; then

~

0Dy, (ZX¥)) = 0w, 2X")+ -0 ZxvX X Zxt),
and the component in C}(Q"~') assigns to U(b,n+2)nU(c,n+2) (where 6<c) the form
w, & _
(— 1), (1)1 -—;’f 3"AA‘iiAA‘i=
"o,
o, U
* xl% —1 )\ dx, ‘/l;; Z’Z d, 1 4
= (—1)" (=1 ——=—A. A=A A—A L A—,
of o | X X K41
05;; xba_xb
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. . b1 XY dxy dx, dx, ;4 ..
In case b=1, thisis (—1)"t'~° af——/\.../\——/\.../\— , asasserted. Similarly
. o X, x x,
if 1<6<¢, this is 2w ? ‘ "
X

[

(—r)"—v-b-lxw(af of )dxg d,  dr,,,

—dx,+—dx, ) A—A.. A—A.. A— =
b+axc ¢

x f‘fia_f 0%, Xy Xp Fn 41
7 ox, ox,
— —_
__(—I)n_c_lxw%/\ /\&/\ Adxn+1+ (—1)"’x” dsz A%A Adxn+1
of Xo Xe Fn 1 of %o X Xnt1
xCB— xb.é_
%, )

again as asserted.
Corollary (x.9). — © maps Z°|(D, L +ZDx.£°) onto H"(XO).

Finally we require a definition. A form F is said to be regular if the forms X,;a—i

T
have no common zero; i.e. the locus of F is non-singular, as are all its intersections with
the coordinate axes.

The Cohomology of Regular Hypersurfaces.

Fix in P"*! a system of homogeneous coordinates (X, ..., X, ,), and a positive
integer d. X" denotes the locus in P"*! of a regular form of degree d, X! the open subset
where the first ¢ coordinates are all non-zero, and P} the open subset of P"*! where
no coordinate vanishes. H? denotes the j-th singular cohomology group, Bi=dim H/;
HJ, is the j-th group with compact supports, B}, its dimension.

0 if <o
Theorem (x.10). — B""Y(Xh )={d""'+n of l=o0
Gty i 1o

o ?f (<o
BRI X )= |4 fadr if I=o
(112 if 1>o.

Proof. — First notice XP=X7—X2"!, whence the exact sequence
e
HE (X3 > HEy(XP) > HY(X5) = HL(X3™)

and by the Lefschetz theorem [6, p. 91] p, is an isomorphism for ¢<n—2, an injection
for ¢g=n—1, and a surjection for ¢>n. As B},(X7)=B{,(P") for g+n by the same
theorem, B{(X{!)=o0 if ¢<n or n<g<2n, while B}(X})=1. Similarly for
1<i<n+2 we have XP=X! —Xr7, whence BE(X?)<BL*(X;o))+Bg(Xr,),
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which already shows BJ)(X})=o0 if :>1 and ¢<n. Iterating our last inequality, we
have for [>1 that

n+1

(X)) < (TR T =) = (1.

+
B(n) 1+1

C,

To reverse the inequality we turn to the exact sequence of (Ppfl, X». ),

Hi (X0) > HyPRE—X4,) > HY(P11)).

Now Pt} is just the (n-+1)-fold product of the non-zero complex numbers, so that
Byttt Pt =("1") for [>o0, ofor [<o. Thisalready shows that BY,(Prt;—X". )=o0
if ¢<n, while for [>1 we have

B L= X0 ) S (G E D+ (T =D =(412)-

By Poincaré duality, the left side is B**'~{(Ppi;—Xr ;). In PrI}—X" ., taking

dx,
=X /Xn+2,f—-F(x1, ..y %11, 1), weclaimthe n+42 cohomology classes —Ia. a2t
% Knt1
d.f d‘xl dxi dxn—!—l . . .
and —A—A...A—A...A——  1<i<n+1 are linearly independent (hence the ("}?)
fox % Fn+1
. .. df dx gy o .
monomials of degree j in PR will give linearly independent cohomology
classes). Observe *t Fnt1
.. OF
df dx, dx; dx, . 4 X, dx, dx, .
A=A A—ALA =+ —A...A
S % % Xn1 Fox Xn 1

and so by the Euler relation we may assume a relation
a;  oF
’Ez d % 0X,; dx, dx,

—A...A
i=1 F *y Knt1

~0.

We claim g;=o0; let 3, =X;/X; if i<j, y,=X,,,/X; if :>j; as

dy, D1 dx, dx,
“=ALA =4+—A...A ,
N In+1 Xy X1

it suffices to show a,,,=o0. We rewrite our relations

n+1 T

dx, d%, | s (4= Gyt q df dz dx; d, ;4

Gpio——A...A ~ = A—A...A—A...A .
% Xypq i=1 d f % x; Xy

The regularity of F insures that every term X? occurs with non-zero coefficient b;, so that
when x,, ..., %,,, are all small, f(x) is close to b,,,, hence P}T}—X" , contains
a region

{o<|x,|<e}x...x{o<|x,,|<c}
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where ¢ is sufficiently small so that log f is a “ single-valued > holomorphic function

in that region. Integrating our relation over v={|x|=|x|=...=|x,, |=¢/2}
we get -
@y 2 n+1ai—an+2 ,dxl dxi dxn+1
= d\log f—A...A—A...A-
(2mi) i-1 d Y %y X; Fn 41

and the right side vanishes.

Hence for />1, Byt (Xp, ) =(111), By MR — X0, ) =713, and for [<o
everything is zero, so we must look at Euler characteristics. We readily compute
KL A= X0, ) = (— 1) (BRI X0 ) —n1), (X0 ) =(— 1) (B (X)),
while y(Ppi})=y%(C)""'=o0, so y(XI ,)=—y(Pri;—X",,), whence it suffices to
show 7(X2,0)=(—1)"d"*. But 2(X7)—x(X!_)—x(X!7) for 1<i<n+2. Upon

) ) ) Z \
feration. 7(X0,0)= T, (—1)" (XD, whenee T 7(X1, 920 = T (X))
)=

n—j

n>0 i>0 1 +Z
d
But 2y (Xj)Z/= . 465]. .E.D.
Corollary (x.xx). — For 121 and every q we have a short exact sequence

0 —HI(X}) > HI(X}, )~ HI (X! ) o

and thus for i>1, o—>H""*(X} ) —>H"(X}) —-H"(X}).
Progf. — The second assertion for i=1 is part of the Lefschetz theorem, and
follows for ¢>1 from the first assertion. The first sequence is certainly exact without

the end zeros, and our computation showed the alternating sum of the dimensions
to be zero.

The Cohomology of the Complement.

—1)! X
Define a mapping Z : L°—>Q'(Pri,—Xr.,) by ,%(Z“Xb)=-(<f—n)—i—)_—lﬁ. It is
0 F
easily verified that ﬂ.DXi=Xi—aY.e%, and that %(DZ(Z“Xb))=a(I—F)Q(Z"X”), o)

that D, #° is precisely the kernel. Write x;=X;/X, , and take monomials in the i

as a free basis for Q(Pyf;—Xn . ,) over Q'(P)i;—X" ,). We obtain ‘

Theorem (x.12). — The mapping R, together with the k-operation provides, an isomor-
phism of the de Rham complex on P}F —X" . with the Koszul complex on £°[D,L° with
operators Dy, ..., Dyx, 5 in particular an isomorphism of H"*'(Pyf}—X7 . ,) with

#(D,2°+ 5D, )
Corollary (x.x3). — In the case of a regular F, dim £°|(XDy, #*)=d"*'+n+1.
Corollary (x.14). — For regular F, dim #°/(D,& + XDy, £")=d"' +n.
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Proof. — As D,— 32Dxi, D, % cEDy. .#°+ D, (clements of Z-degree o). If X

has Z-degree zero, but X'+1, say b,+0, then

oF
D,(X") =Dy, (DZ (bixb))*DZ(biﬂleﬁ xb) so D, & cIDx, £+ (ZF).
1 1 1

d d

But Z(ZF)= Pa,. .Aﬁ‘—ﬂ, a non-zero cohomology class, whence ZF¢XDy, #°, so
* Fn 41 i

the drop in dimension is precisely one. Q.E.D.

Remark. — Define Lt=2nKJ[Z,X,, ..., X, ,], L*"=L'nPL*. Itis clear
that £°c #""+ XDy, #°, whence £°/(D, % + XDy, ¥°) is a quotient of

P+ |(Dy L+ Dy, L),

In the regular case, the latter space has dimension <d"*'4n, as dim #+ 2Dy, £
is d'*" [2, p. 55]. Similarly, dim #%*/ZDy, £**<d"*"+n+1 in the reguiar case.

Corollary (x.15). — R establishes @ an isomorphism of Lt [XDy, Lt with
H" Y (Prrl—-XO), which maps WS= F5/(L°n LDy, £*7) isomorphical?y onto the image
of H' 1(P"*1—X) in H”“(P;;j;—xﬂ). v

We write W for Z%% (D, £+ + XDy, £**).

Theorem (1.16). — Let F be a reg;lar Sorm.  The mapping © : W—H"(X?) s an
isomorphism of modules over the ring of derivations of the field of definition.

Differentials of the ¢ second kind .

Consider now the complete variety X, and the open cover of all the U(b,1).
Writing #* for the subspace of #* divisible by all the variables, it is easily seen, following
the proof of theorem (1.7), that there is a unique map @ : ¥5 - X CP(QY) with the

p+g=n
proper effect on elements of Z-degree one, which is a homomorphism of Lie modules,

and whose image lies among the * cycles ” of the total complex. Thus, letting W®
denote the image of #® in W, we have that the image of W® in H"(X®) under © lies
in the image of H"(X) in H"(X?°).

Finally we recall that a closed algebraic differential form X is ¢ of the second kind
if for some affine open set U on which it is regular, the cohomology class it determines
on U is the restriction to U of a cohomology class on X.

Theorem (x.17). — Let F be a regular form. The isomorphism © of W with H"(X?)
maps WS isomorphically onto the image of H"(X) in H"(XP®), i.e. onto the space of n-forms of the
second kind holomorphic on X°, modulo exact such.

For any derivation D of the field of definition of F, the equations of deformation
of Dwork (the action of G, on W¥) are identified with the Picard-Fuchs equations on X°

(the action of D on the image of H"(X) on H"(X?)).
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Proof. — By (1.11), the image of H*(X) in H*(X") has dimension B*(X)—B"(P"~1),
and explicit formulas ([2, p. 54] and [5, p. 455]), show this is the dimension of
L5|(L3nEDy, #) for n>1. Itisenough, then, toshow #3nZDy P *=FnZDy L"7,

. oF
or, that if X4, ZX, < <L+ 2Dy, #%*, thenall g;=0. To show g, ,=o0, we follow
(r.10) and apply £
X oF
“ e dx, d, ..
2 —A...A ~the restriction of a class on P"*1 X,
i F X1 Xnt1

The cycle v in the proof of (1.10) is homologous to zero in P"*!'—X. Inte-
grating over y thus annihilates the right hand side while the left hand side gives

Btz o Q.ED.

(2mi)"¥1

Residues [8 4].

Let B be a nonsingular subvariety, of codimension one, of a nonsingular variety A,
in characteristic zero. The exact sequence of cohomology with compact supports

Hij(A) > Hjj " (B) ~Hi,y(A—B) ~H},(A) ~ H;(B)

gives by duality an exact sequence of de Rham cohomology
H'~?(B)—-H'(A)-H'(A—B)—-H'"!(B)-H'*!(A)

The map H'A—B) — H'"!(B) is the residue map. When B is given by an equation

d,
g=o, the residue map, roughly speaking, extracts the coefficient of i on the level of
4

differential forms.
Theorem (1.18). — O=residue X, so that we have a commutative diagram,

residue

0 —> HM(P1th) — HH(Pr11—X%) ", H"(X*) — o

U]a U] 2o

—— (ZF) —> Z£°|(EDg,&") — > L°|(D, £ +ZDy, ") —> 0

L f I

0 ———> (ZF) — $°’+/(§Dxi$°’+) — $°'+/(§Dxi$°*++DZ$+) —>0

Progf. — By assumption the forms Xiﬁ have no common zero, and hence

(2

every form of sufficiently high degree lies in the ideal they generate. Momentarily
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let us write % (n) for the subspace of ¥ of elements whose Z- degree is n; thus

oF
L(n)=L(n—1 +ZZX Z(n—1); because Dy,=X;—+nZ , it follows that
()= (—1) + 32X, #( =Xz + 72X g
Z(n)=ZL(n—1)+ XDy, L(n—1) and, in particular, £ (1) spans 30/(ZDxi$°). For

ZX"e Z (1), taking local coordinates x=X;/X, .,

x* dx dx,, x¥ dx dx, d
@(wa)—’f“—}/\ Ax +1= af, ;—1/\.../\7/\},—{
n+1 1 n
xn—l—la +1
Th . ) : x¥ dx, a’xn_H_ Y

us, residue (B(ZX"))=———— —a... A—" = @(ZX*). Q.E.D.

. af xl xn-{—l

n+1 3x”+1

Remark. — This provides an independent proof that ®(W?) lies in the image of H*(X)
in H"(X?), as follows from (1.15) and the commutative diagram

H”+1(Pn+1—X) residue Hn(X)

restriction restriction

residue

HPH(Ppi-X7) ™ HA(X)

ANALYTIC THEORY

Let O denote the ring of integers in a fixed finite extension of Q , containing =,

where now n?~'=—p, with residue class field £=GF(g). The valuation is  normalized
by ord(p)=1. A special affine k-algebra is one of the form A =k[x, z]/I, where x
of (%)

means (%, ..., %), and I=(f(x), 1—7g(x)) with g(x) divisible by Fixing f
n+1

and ge@[x] lifting f and g, we define A"=0[x, 7]/I, I=(f(x), 1—=g(x)), a special
affine lifting of A, and we define A°°=li<i_n A’/p"A’. Finally define A™ as the subalgebra

of A® consisting of series Z b, (%, T), a,e0, h,e A" with orda,>n and

degree 4,
from above. g

"bounded

We recall without proof the basic property of these algebras [6, 8, 10].
Proposition (2). — Let A, B be any special affine k-algebras, A* and B* any special
affine liftings over 0. Given any homomorphism ¢ : A—>B there exists ¢® : A —>B®
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a homomorphism of O-algebras lifting ¢ ; ¢ is determined by specifying % (x,), ..., ¢%(x,),
subject only to the condition that ¢ (x;) lifts @(x;); further if the ¢®(x;) lie in B, then ¢®
maps At to BT,

Lemma (2.1). — Suppose f depends linearly on x,; let D, be the derivation of A" with
D,(x)=38,; for i=1,...,n. Then D}A’cn!A".

Proof. — Let Aj=0{x,, x, 7] /1y, I,=(f(x) +x,, 1—=g(x)) and define D, and D,, deri-
vations of Ay, by D;(x;)=3; for i=o, 1,0<j<n; define C;={xeAj|D}(x)en! Aj if n>1}.
Leibniz’ rule D' (xy) =j20 (1) Di(x)D}~9(y) shows that C,is a subring, and that if xy=1,

xeC,;=>yeC;. As C; contains the subring generated by x,, ..., x,, it suffices to show

/)
each x; —f-eC‘; but recalling the relation
n+1 ox ) T
n+

a n
oo\ | (’ai) "(’"\

D! _py| L
1 3\](\ 0 3f |

0%, 11 0% 11

I

for o(x)€0[xy, ..., %,,,] we see that Cy=A;=C;=A;, whence it suffices to show
%,4+1€Cy.

Lemma (2.2). — Let R be a torsion free domain and let f(Y)eR[Y] with f'(Y)*o.
Write A=RI[Y, 7]/(1—=f'(Y)) and define D to be the R-derivation of A with D(f)=1.
Then D"Acn! A.

Proof. — We may suppose f(0)=o, and write f(Y)=g(Y)+f'(0)Y where Y?|g(Y).
It thus suffices to consider the polynomial A(Y)=g(Y)+u«Y over the ring R[«] where uis a
new indeterminate (then specialize u—f'(0)). However R[u,u "|[[Y]]=R[u, u"][[4]]
by the Inverse Function Theorem, so we can write Y= .Zlajlﬂ'. Then D™(Y) :n!jgobjhj,

iz
bjieR[u, u"'], hence D"(Y)zn!z‘aonYi, CieR[u,u™'], so D™(Y)en! R[u, u="][[Y]].
iz
.Y . .
Clearly we may write D”(Y)z% with  plu, Y]eR[4, Y]. Multiplying by

K (Y)*~1, we have p[u, Y]eR[z, Y]nn! R[z, «~1[[Y]]. Q.E.D.

Corollary (2.3). — There exists a constant k, depending only on the degrees and number of
variables in f and g such that for p(x, 7)e0[x, ©], degree D}p(x, v)<degree p,(x, 7)+ nk,
and Dip(x, t) has all coefficients in n! 0.

The Analytic ® Mapping.
n+2

Denote by L°(0o+4) the space of series XA, Z"X! .. CXuner with dwy= X w,,

w 1
w,>1, all w;>o, such that for some constants >0 and ¢, ord A,>bw,+c¢; the A,
are taken from 0®Q. Consider a form F with coefficients in 0, f the affinization
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Xp42=1. The © mapping. for F is easily computed; pass. to F-4+TIX?_ ,,

0 1 [(o\»! X
so 6F=a—r+1tZX'i,+2 whence ©(Z"X") =7‘Cw'_1(ﬁ) ——a?— o hengc
xn
+laxn+1 r=o
®(Z2*X*) is a polynomial in x,, ..., x,,,, 1/%,,;,—— all of whose coefficients have
—log w, nt1 '

ordinal > ord(w,—1) ! —ord ="~ 1> _—lﬁ' Hence we have

Theorem (2.4). — O naturally extends to a mapping © :L°(0+) -~ AT®Q  where

/)
A =0[x,7]/I, I= (f(x), I—Tx .. .an__,_f_) .
axn-lf-l

Deformations. Explicit Construction.
0
Let f, keO[x], fr=f+Th, AL=0[x, T, 7]/I, I= (fr; I—x”“axi) and define
n+1

Ai‘?:l(ir_n AL/(p, T)"AL. Our previous estimates show that, defining oF °° AR by
o, (1)

1 . .
— =0, i=1,...,n, the series X
n>0 nl

o (Ef) converges to an endomorphism D of Ay

(a homomorphism by Leibniz rule). Clearly D=identity mod(I'), D(I)=o0 so
N ~ ox N A
D(I'AR)=o0, and D(x)=x if = Hence D induces D, 1 : AR /TAR - Af. Write,

for ord p>o, Al,=A%L/(I'—uw); composing with Dy the specialization I'>p then
provides D, ,, : AP —~A7, a map reducing to the identity mod p and fixing #,, ..., *,.
Here p is the maximal ideal of 0. -

Lemma (2.5). — Suppose ¥ and H are forms of degree d, and let ©, for ord p>o
denote the ©® map for F+pH. Then we have the commutative diagram

exp(— muH)
_—

L'(0+) } 1%0o0+)

8, o

~

+ Do, w) +
A}®Q — 5 ATRQ

The Frobenius (Diagonal Case).

Denote by B the endomorphism of L%(o+) given by
B(Z"X®) = exp(nZF(XY) —nZF (X)) Z®X®,
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7
and by Fr the endomorphism of A® where A*=0[x, ][I, I= ( S, 1—rxy ik, P Y )

xn+1
which reduces to the ¢-th power mapping mod p, and maps x;>! for i=1,...,7n

We will prove

Theorem (a.x3). — For F irreducible mod p, ¢Oof=Fro0.

We begin with a special case.

Theorem (2.6). — Let F(Xy, ..., X, ;) be a form of degree ¢ such that upon affinization
by X, ., we have f(x, ..., %, 1)=8(%y, ..., %,)—X% | where d is prime to p. Then over
U%(n+1,n+42) we have a commutative diagmm

L(0o+) — L%o+)

AT®Q — s AT®Q
Proof. — Write A(x)=g(«!
Fr(x,,,)" =g(«*

g(x)%; then

)—
)=g(%)*+ A(x) =% 4 (1 + Ax) 5, 59)

Alx .
whence Fr(x,Hrl)-—x;',Jrl (U3 anz . Let B'=0[x,1]/I where
n+1
_(g(x n+13 I—7% .. ‘xn+1)9

this is not special affine, but clearly there is a restriction mapping res: B*—A*, and

res

our formula shows that we may interpret Fr as factoring A* I Bt I A
Now we return to the ® mapping over U°(n4-1,2+2) for G(X)—X¢,  X¢7d,
We introduce the family G(X)—X¢  X¢7¢4TI'X: ,, and we then have

1 3w0—1 xw
—_ 1— wo—1 (1—wyg) —
O(Z*X®) = Op(nt PGS ~H(ZX WX LS wo))) F=0—1t“’0“1 PR (—dxzﬂ o
“’1 an au)o—--l
. ... _d
write 2" =x1... %", so O(Z"X") = - e e PAr ; but the
— r=o
. X; .
relation x:+1=g(xl, ...,x,,)—|—l‘,5f’=o if i<n, shows
aw(,—-l wn+1 I
Wn4e1— —d ] - wna-l—'wo'i
— (et ) =@—1)!} d Xnt1 ’
aI11470 Wy —1
We—1
so that finally
(w I)' n+1
w, [ - 0 . - . w, W, wd
@(Z OX )=—d;uToT d xll. . .x”" ”_"'_+11 o
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We note that if we replace d by ¢d and w, , by quw, . ; then our answer is *“ essentially
integral; so define L?(0+-) to be the space of series XA, Z*X" with the usual growth condi-
nt2 ¥
tion but with homogeneity condition gew,= .‘E“‘lw*" w,>1, and such that each w,, is
divisible by ¢. Then let ®, mean the ® mapping for G(X?)—X% X%79  over
U°(n+1,n+2); we have computed that ©, maps L9(0+) to BT®Q.
Finally define @ and ®® by OW(Z*X*)=Z"X", OO (Z*X")=Z1X" define

H = exp(nZX? , X34 —nZ0Xe X0 4 n71G(X)1—nZG(X))eL%(0+)

and G = exp(nZG(X9) —nZG(X))eL9(o+L), as 0.

X,y

Clearly now B(Z"X"*)=Ho®®oGo®!"), and so it suffices if both the following
diagrams are commutative.

o (1) o@(2)
L(o4) 25 Li(o4) L90+) =5 Lo+)
e 0g 0q e
v
A*®Q — " . B*gQ B*®Q — ™, At®Q

The first diagram. — Take n=27Z"X"; then

wn+1 qu. qu, wn+1 m
(wy—1)! —1 | 1...xn+";12 7 % Ax)"
Wy—1 n41 n - Xnt1
m
—x" . .x‘i,“j:;*z (m—+wy—1)! ((wnH/d)—I) A(x)

wo—1 gdw, qmd
an™® “x,.1 ™ m! Xyt

Fr@(n)=—

wy—1 qdw, qmd
et o

m -+ wy—1

,nm
The other way, q®(q)G<D(1)(v;)=q®(q)(2;(ZG(X‘I)——ZG(X)‘I)’"Z""X‘I“’). The expres-

sion under the Z is a sum of monomials whose Z-degree is m +w,, and whose X, ;-degree

is qw,,,; we have
m

™
quG(D(l)('f]) = q?n:m (m + Wy— I) ! (

(Wpp1/d)— I) x(A(x))"™

m—4wy—1 | xImiHadve

The second diagram. — Say L9(o+4)an=Z"X]... X"X¥ HX:’:;; to compute
O(H®®? ), first define constants A, and B, by
(2.7) ZA, X" =exp(rX?!—nX), 2B, X"=exp(nX—nX9).
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Then ©(H®®1) = O( B,A,(ZX,., X9 (ZG(X)"Z"X}* ... XI"XY, X). For
fixed n, m the expressmn under the Z is a sum of monomials of Z-degree 7 --m -+ qu,,
whose X, . ,-degree is nd+gc, so that

, o =B A (nd+m+qu—1)! [ (ge)d)+n—1\ 52, g"HT L g
G(H(D(z)(ﬁ)): n+m+qw0—10 = d(n1+m+qwo) =
m dr \ n-+m-+ quw,—1 1

but g==x7, ., so

O (HO® (7)) = X

—B, A, (n+m+ qu,—1)! ( (ge/d)+n—1 )x T
x

n+m+ qug—1 qdw,
dr n-+m+ qu,—1 ol

(w—1)! ((efd)—1\ 2" . 2"y .
Fmally Oy(n)= y — i —d whence we are reduced to showing
—qdr wy—1 ,

xn+1' i
(0 (1) L g Bua (0451
gr’ Wy—1 ™ n+m-+ qu,—1

qwon mae

Lemma (2.8). — Let a be a strictly positive integer, and b a rational p-adic integer. Then

(a~—1)!(b——1 gb+n—1 )

A ga+n-+m—1

) = ZB—::é;—:‘(qa—%—n—{—m—l)!(
qr ™Mo

—1I

Proof. — First ord(A;)> J( 7 ) ord(B;) > j( 2 ) for fixed g, both sides represent
q

continuous functions of b on the rational p-adic integers, and so we may assume that b is a
positive rational integer. Both sides vanish unless 4>a4, and in that case the right side

B, ‘ _ ,

becomes Z = (qb +n— 1) Z — —-I————— The second factor is the coefficient
(q(b—a)—m)!

m q

A, X X
(b—a) —
of X%=% jn exp(X)% =exp(X)exp (th_l

I ., . .
G=a) n(q—n(b—a)%?»(qb +n—1)! and we are reduced to showing

X4
—-X) =exp (————1), so the right side is

@=1v(p__ 1)1
Z——:(qb—{—n—,l)!:u.
T q
Define
S =XP exp (X oy ) =B 2o en,
| = exp =i g
convergent for ord X> ! p1 and set g(X)= E 4 (f(X)), easily seen to
g ‘ p—"'I pq bl g -nZOdX” b y

/ ‘ — d,
converge for ord X>;—_I~I—-gp—q—£, and satisfy g—%: f(X). As the only solution
of the homogenous equation is a constant multiple of exp(X),  converging only
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for ord X> —j~,~ it follows that g(X) is the unique power series solution of

d, (. Xt —
g d_f(— =X"""exp (X— nq”l) which converges for ord X>[J—i—1_p[)ql .

X4
In fact there is a solution of the form H(X%exp (X— T—_l) We must have
Xo-t d |
H(Xq)—( qn ) (X9)— = H(X)=X*"% or, multlplylng by X,

)X d H(X‘l)—X"”

which is equivalent with

SH(X)—gX L H(X) = X5 5o

dX

d 1 /g1 b—1 d \[/mt!
N R S | b—1) __ g—1 b—1
HX)= (I i dX) ( q oy ) EO(?: dX)( q X )

(¢—1)b

thl

In particular H(o)=

mlg—1)

X9
(b—1)!, and by uniqueness g(X):H(Xq)exp(X~;;—_~l),
(b—1)%, and g(o)= E’(n+qb—l)' QE.D.

so g(o)=

We pass to the general case by a sort of analytlc continuation.

Lemma (2.9). — Let A" be an O algebra with A’ [pA” a domain, and p not a zero divisor.
Suppose xeA’, x¢pA’, xA"[pA"+A’[pA”, and that for every aep, p is not a zero divisor
in A'/(x—a)A". Then [ ) (r—a)A®=o. |

Proof. — We proceed in short steps.

(1) x is not a zero divisor in A"[p"A".

Proof. — For r=1, A*[pA” is a domain, and x¢pA’. Using induction if xyep”**A’
then (y)=p'z, whence xzepA’, whence zepA'.

(2) (0 A [ HAT) o (1A AT = 5 A LA

Proof. — Let a, be A" with x"a=p"bmod p'*'; then (a)=p'd, so (x"a)=x"p"d.

(3) | L A AT) =o.

Progf. — For j=1, xA"[pA" is a proper ideal in a domain. Now let yeA’, with
» mod pjengo(x"A*/ij*); by induction we may suppose y=0 mod p’~%, and so by (2)
ymod pie ) (+"p A" JpIA") ~ () (7 A" [pA") o

(4) N (x—a)A~=o.

aep

Proof. — Let _yeaf;]p (x—a)A®; let ay, ...,a, be distinct elements of p. Write
y=(x—a,){(a;) and reduce mod(x—a,); then (a,—a,)%(q,)=0 mod(x—a,) whence
£(a)) =(x—ay)k(a,, a;) as p, and hence a,—a,, is not a zero divisor mod(x—a,).
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102 NICHOLAS M. KATZ

Continuing we get y=(xr—a,)...(x—a,)E(a;, ..., a,). In particular taking all gep”
shows y mod p” lies in x"A’/p"A". As n was arbitrary we conclude by (3) that
y=omod p"A"; as r was arbitrary we conclude that y=o0 by definition of A®. Q_.E.D.

The Pseudo-Frobenius.

Let F(X,I') be a form with coefficients in O[I']. Define L}.(0o+) to be the

space of series XA, ,Z"X"I™ with the usual growth condition (i.e. w;>o,
w,n n+2

ord A, , > a(w,+n+B), >0) and homogeneity dw,= E w;, wy>1. Define an endo-
morphism B(I") by

B(T)(Z*X* ™) = exp(nZ?F (XY, [¥) —nZF (X, I))Z®Xw@ ",

Define
0 I
Ap=0[T, x, 7]/I, where I=(f(x, D), 1—wx, ... %, 4 A, ))
axn-{—l
of (x, T'?
and At =0[T, x, /I, qu( F T, 1—cxy _xm_fa%__))
’ n+1

and for aep, A,=AL/(I'—a)AL. We note that f(x, I')?=f(x’, I‘q)mod p and conclude
the existence of a unique homomorphism F : Afy—Af with F r(I)=T, Fr(x)—-x
for ¢=1,...,n (Here the + is taken with T' as a space variable.)

We denote by @ and @, the ® mappings from L% (0-+) to Af and A}, respectively,
and for aep, O, is the ® mapping from L°(o+) to A}.

Lemma (2.10). — Suppose ©yoqB(0)=Fy00,, and that aDp(F—a)Ai‘?:o. Then we
have a commutative diagram

Loo+) £2 12(0+)

Ore op
Fp
Proof. — Let mel$(o-+); multiplying n by a power of p we may suppose

Or(B(M ~F(®rq(v;)) lies in Af, so it suffices to show it lies in n ( —a)Af. But
spemahzmg I'>a, aep we have the diagram

exp(nF(X, a9) — nF(X, 0)) exp(ntF(X, 0) — nF(X, a))

L%o+) Lo+) 0 L(o-+) Lo+)

0,9 8, 0, 0,

Bat, 0) Fo Do, a)

A% A AS : AS
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ON THE DIFFERENTIAL EQUATIONS SATISFIED BY PERIOD MATRICES 103

The middle box commutes by assumption, and the end boxes arise from deformations,

hence commute. Finally it is clear that Fa=ﬁ(a, o)oFooﬁ(aq, o> as both sides have the
same reduction mod p, and agree on x,, ..., x,.

Corollary (2.11). — Under the assumptions of the lemma, we have a commutative diagram
Jor F(X, 1)

Lo+) 2% 19%4)

9, 9,

Frob.

Af®Q — A}®Q

Theorem (2. 12). — Let F(X) be a form of degree d whose reduction modulo p is irreducible.
Then gOoB=Fro0.

Proof. — Over U°(n+1,n+2), to fix ideas, write f(x)==x,,,—1+g(x) (we may
suppose f has degree >2) and consider the family f(x, I')=wx,, ,—1+Tg(x). Asf(x, 1)
is irreducible mod p, it is not divisible by x,, ;—1, hence neither is g(x), whence f(x, I')
is irreducible, and remains so mod p. Hence AL and AL/pAL are domains; clearly
T'¢pAL and I generates a proper ideal mod p. Finally for aep, f(x, a) is congruent to
%,,1—1 mod p, so that p is not a zero divisor in any AL/(I'—a)AL. Thus we may
apply (2.11). Q.E.D.

ANALYTIC THEORY OF THE COMPLEMENT

Let F be a form of degree d (non-trivial mod p), f the affinization X, ,=r1;
define Ci=0[x, t]/I, I=(1—%...%,,%f).

Deformations. — Here C* and C;" clearly depend only on f'modulo p (if f=g¢ mod p,
e = R ) =B ) ).

Lemma (2.13). — Suppose ¥F=G mod p; then we have a commutative diagram
Lo(o+) =) 10(04)
%y g
v

Cf+ id. C+
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104 . NICHOLAS M. KATZ

Proof. .
%goexp(wZ(F—G))Z“Xb=.%g(n§0:—j(ZF—ZG)”Z"X”)= |
oy m(nta—1)! (f—g)"x" (a—1)! (—a\(f—g\"s" _
_ngo 7! (_Tc)n+a-—1gn+a _n§0 (—-Tr)“—l( n )(_—é_—) g_a_
—1)! - —a,b —1! b
- ((in)‘a)_l ( 1+ (%ﬁ)) ;—a= ((—i#_)l ;7 —#/(2°X"). Q.ED.

The Frobenius.

1 1 A"
Write A =f(x0)—f4(x); Fr(——): _x A
the Frobenius f] fi+A o fut

and hence we may ¢ factor ”’

T—>x

4 id, id.
iy — Cily —> Cflye — Ciiy.-
Similarly (following the proof of (2.6)) write | |
H = exp(nZ?F(X)?—nZF (X)), G = exp(nZF (X% —=ZF (X)9),
L?(0 +) the corresponding space for ¢gd, and maps ®* and ®® by @®W(Z*X?)=7ZX?,
OM(Z°X%=7Z%X’; then B is

o) H.0W

I°0+) —» LO(0+) —3» LO(04+) 225 190 +).

Theorem (2.14). — FroZ,=qR,0B; i.e. the following diagram commutes.

z—>2z7 id. id.
Cop —— Gy Ciae > Gy

% Rj() #1a L

qud)(l)
—_

L(o+) 2> Li(o+) —2> Li(o+) L°(0+)

Proof. — The commutativity of the left hand box is clear, and that of the middle box
is the content of the last lemma. Writing H=XA,Z"F", gHOP Z*X?=¢X A Z"F"Z4X®,
whence " "

. (n+ag—1)! frad (n+ag—1)! #°
'@I(qH(D(z) (Z Xb))=q2An(_n)n+aq—1fn+aq =q n(__WFq,
. (a—1)! & o . :
while Z,(Z2°X’) = —r— f_“‘l' This identity may be established by the technique

of (2.8) (for ¢ odd, A,=(—1)"B, and the identity appears there). Q.E.D.
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ON THE DIFFERENTIAL EQUATIONS SATISFIED BY PERIOD MATRICES 105

The ¢ Mapping.

Define on C;" a linear mapping ¢ by setting, for geC}

I

¢(g)(x)=q,,+1yq2=zg()')-
Clearly ¢(Fr(g)h)=g{(k), and in particular
2\ 9(x)
H76) = oy
where ¢(x*)=o0 unless a,, ..., a, , are all divisible by ¢, in which case ¢(x%)=x"2

Again there is an evident ¢ factorization * of ¢
G == Gy —> Gy —> G-

Recall the endomorphism « of L(o+) defined by $oexp(nZF(X)~anF(Xq)),
where EJ(Z"X”)=0 unless ¢ and b,,...,0,,, are divisible by ¢, in which case
$(Z°XY) =747, Define ¥ :L(o+) - LO0o+) by H(Z*X)=2Z9X> if q|a,
o otherwise, and ¢® : L9 (0+) - L°%0o+) by ¢@(Z°X")=Z°X" if ¢|b;, ..., q|b,.s)
and o otherwise. :

Theorem (2.15). — ;—.%,oa=¢o%,, i.e. the following diagram commutes.

id. id. ¥
s O s> CF s OF
CI Clq(x) C (=9) C'I

By

Rf Rrq Rf(x) #f

Ly om-1

Lo+) s L9o+) > LOo+) L5 190+)

Progf. — Here it is clear that the right-most and central boxes commute. Write
H '=2XB,Z"F";
n+a
q,(l)H——l(Zaxb): 2 anTanb___ 3 Bqn_aanqn—axb’
n+a=0(g) n>1
whence
. —a b ]
O FF—1(783b)) — (n—1)! f™ X _ (n—1)! 3
‘%ﬂ(q‘ H (Z X))_,Equn—a(___n)n—1 fqn n§1 (_n)n—qun~a )
(a—1)! 1 (n—1)!
a1 == & =i Bu—a
(__T:)a 1 anl(—ﬂ:)"_l ng—a

Consider the space L of all those power series in one variable § a,x" with
n>0

b

whence we are reduced to showing

ord a,>bn+c¢ with >0, L® the subspace vanishing at ¥=o0, D the operatc;‘ x + 7,
x

257
14



106 NICHOLAS M. KATZ

« the operator E.exp(nx—'n:xq). Clearly L°/DL’ is one-dimensional, with basis {x} and

the relation aD =g¢dx shows « acts here. Further «(D(1))=¢D(a(1))=¢D(1)+ ¢D(n)

where 7eL’ and hence, on L°/DL’ « induces multiplication by g¢. Finally,
. (a—=1)! 0

= (__.,t)a—ﬂ‘ mod DL’. Q.E.D.

Remark. — This technique gives another proof of (2.8) as B induces multiplication
by 1/g on L°/DL".
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