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A GENERAL QUADRATURE FORMULA USING ZEROS OF SPHERICAL
BESSEL FUNCTIONS AS NODES*

RiapH BEN GHANEM! AND CLEMENT FRAPPIER!

Abstract. We obtain, for entire functions of exponential type satisfying certain integrability condi-
tions, a quadrature formula using the zeros of spherical Bessel functions as nodes. We deduce from
this quadrature formula a result of Olivier and Rahman, which refines itself a formula of Boas.

Résumé. Nous obtenons, pour les fonctions entiéres de type exponentiel satisfaisant certaines con-
ditions d’intégrabilité, une formule de quadrature utilisant les zéros des fonctions de Bessel sphériques
comme nceuds. Nous déduisons de cette formule un résultat de Olivier et Rahman, lequel est lui-méme
un raffinement d’une formule préalablement obtenue par Boas.
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1. INTRODUCTION

If f is an entire function of exponential type 2m belonging to L'(—oco, co) then it was proved by Boas [3]
that

/ T = Y S, (1)

k=—oc0

This formula was improved by Olivier and Rahman [8] as follows (see also [5] and [7])

Theorem A. Let m be a non-negative integer. For every entire function f of exponential type o < 2(m + 1)w
such that f(x) is integrable in the sense of Cauchy on (—oo, o), we have

oo

[ i@e = S eman S 10) )

- u=0 k=-—oc0
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880 R. BEN GHANEM AND C. FRAPPIER
where co 0 = 1 and the constants cm, 2, are given, form >1 and 0 < u < m, by
m P 2 m
1+ {— = c ol
H < (27?]) ) Z 2
j=1 n=0

It may be recalled that
—>00
[ i@
e

is said to exist in the sense of Cauchy on (0, oo) if f is integrable on (0, X) for every X and limx o fOX f(z)dz
exists. Similarly, we define the integrability in the sense of Cauchy on (—oo, 0) . We say that f is integrable in
the sense of Cauchy on (—oc0, o) whenever it is integrable in the sense of Cauchy on both intervals (0 , o) ,
(—o0, 0) and we denote the integral by
— 00
/ f(z) dz.

——00

If f is Lebesgue integrable on (—oo, oo) then it is integrable in the sense of Cauchy on (—oo, oo) and

[i:ﬂ@dw:‘fiﬂ@dm

Let Ja(2) be the Bessel function of the first kind of order . The function

22k

2042k kI T'(k + a + 1)

Gl = T2 Sy
“TCL'\'Z/ T - LJ\- J

is entire and of exponential type 1. We denote by ji = ji{«a) the zeros of G,(z), which are simple whenever «
is not a negative integer, ordered such that 0 < |j1| < |j2] < ... and j_p = —ji for k=1,2,...
Since the nodes used in the quadrature formula of Theorem A are the point zero and the roots of the function

2 sinz
Gi(2) = \/; P

it is natural to wonder if there exists a generalization of Theorem A using the zeros of Bessel functions of order
n+1/2 for every integer n . The Bessel functions of order n-+1/2,n = 0,£1,42, ..., are known as the spherical
Bessel functions. :

From now on we will often write o instead of n+1/2 , n = 0,+1,%2,..., and jx = jx(n + 1/2) denote the
zeros of Go(2).

2. STATEMENT OF THE RESULTS
Our main result is a generalisation of (2).

Theorem 1. Let m be a non-negative integer and let n and p be two integers such that

>

2n+1)(2m+1) ifn>0
2n+1 if n<O.
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For every entire function 2P f(z) of ezponential type o < 2(m + 1)T such that aP f(x) is integrable in the sense
of Cauchy on (—oco, o) , we have

o0 Drr@m+ 1)l S O ) ey (4
/ 2 f(z) dz = (2231 o zLT:H D 2#-2(1 — (i) £ <3?’°) (4)

o kf-oo/j. 0v= O

where

o 2D BeY)
4uge) = Jim ( (a7 ) | )

Here a is of the form n + 1/2 and the numbers ji are zeros of the Bessel function of order o arranged as
described above.

Remark. In order to formulate more explicitly the quantities a, ,(jx) , we apply two times the Leibniz’s
theorem to obtain

i - B 5 () ()7

Next we define, for every integer n and for each non-negative integer m , the functions

bule) = -1 ()
Vomls) = et 2_:( )it Gl ®)

If the integer p does not satisfy the condition (3) then we need to take into account a residue at zero.

Theorem 1°. Let m be a non-negative integer and let n and p be two integers. For every entire function zP f(z)
of exponential type o < 2(m + 1)7 such that zP f(x) is integrable in the sense of Cauchy on (—oo, o), we have

/‘*"o 2P f(z) dz = — WiRes(qupa’m(z)f(z); 2 = 0)

——00

(9)

2u 2u .

( 1) 2m + 1 - = ) ( ) . v) Ik

+ 22m(m| 7-p+1 kZ ZO;) 2,U/+ 1)| /A,V(Jk:) f T .
k£0

We will see in Section 3 how Theorem A may be deduced from Theorem 1°.

Theorem 2. Let m be a non-negative integer and let n and p be two integers satisfying (3). Then Formula (4)
holds for every entire function 2P f(z) of exponential type 2(m + 1)7 such that zP f(z) is Lebesgue integrable
on (—oo, 00).

Theorem 2°. Let m be a non-negative integer and let n and p be two integers. Then Formula (9) holds for
every entire function zP f(z) of exponential type 2(m~+1)T such that 2P f(x) is Lebesgue integrable on (—oo, o).
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3. COROLLARIES
From Theorem 1’, we deduce the following

Corollary 1. The particular casen =10, p =0 and 7 = 7 of Theorem 1’ gives Theorem A.

Proof. Forn=0and p=0, we have a = 1/2,
2 ’ e(1/2
Jo(z) = Ji(z) = \/:sinz, LA (1/2) =k, k=+£1,+2,...,
2 T2 T

p
2
Joalz) = J_3(2) = \/gcosz,

so that ¢.(z) = icot(nz) and

i (Cm+1)! & 1 —_—
pn@) = S =3 () g (cottma)

u=0 K

So, Y1 ,(2) corresponds exactly to the function —2K,,(2) defined in Formula (3.1) of [9].
On the other hand, applying Theorem 1’ and the forthcoming Lemma 3, we have

/ioo 2P f(z) dz = —mi i Res (pr(z) Vimlz) 2= J_T,i>

k=—oc

where Res(f(z) ¥3 ;(2); z=0) is included in the sum for k = 0.
Finally, according to Lemma 2 of [9] we have

m

—miRes (Zpﬁb%’m(z)f( ; Zz= k;) Z f(2“)(k

and the result follows. O
Jo(72)
(T2)e

Corollary 2. Let f be a function of exponential type 27. For all non-negative integer m and p satisfying (3),

we have,
oo Ja(x) 2m z B —2am—2m—1 jk
[ (52) 1) e - 2 X Frgm 1 (2) 1o

¢

2m
Applying Theorem 2 to a function of the form < ) f(2), we obtain the following

if the integral on the left-hand side of (10) converges.

4. LEMMAS
Let H&l)(z) and H? (z) be the Bessel functions of the third kind and of order «, defined by
HP(z) = Ja(z) i (-1)"J-a(2), (11)
HP(2) = Jalz) +i (-1)"J_a(2). (12)
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‘We consider the following auxiliary functions

_HO(2) oy, HP(r2)

)= T ) =T (13)
and
P(z) = %21_)1/ w1 — )™ du = 2%? ay . (14)
: 0 v=mt1
We set also

Cr = {2: |z2|=R}, C} := {z:]2z| =R, S(z)=>0},

: 1
Cr = {2:]z| =R, 9(z) <0} and R=Ry(a) := —(N7r+ag+%>
T

where NN is a positive integer. We are now ready to state the following results.

Lemma 1. Let n be an integer, m a positive integer and B a real number. If f is an entire function of
exponential type o < 2(m + 1) such that zP f(x) is integrable in the sense of Cauchy on (—oo, 00), then, with

g,(xl) and g,(f) as in (13), we have
(1)
lim / 2P f(2) P (ga (z)) dz=0 (15)
N»«)OO. c; 2
and
(2)
lim 2P f(2)Pm (ga (Z>> dz =0. (16)

Proof. Note that, by a simple adaptation of the proof, Lemma 5 of [2] is obviously valid without the restriction

on the parity of f(z) whenever z# f(z) is integrable in the sense of Cauchy on (—o0, c0). So, using this Lemma 5,
we obtain

lim PLfz/T) (P (/7)) dz =0

N—oco C;

for v > m 4 1. Thus

, oD(2) , 2m+1 o0 2) v
A}u}noc ot 2" f(2) P — dz = ]\}gnoo ok 2P f(z) Vgn;l ay 5 dz = 0, (17)

which prove (15). Similarly, using again the same lemma, we get

- 8 @ (VW dy —
Jim, [ #IEE @) a0

and Formula (16) follows. u
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Lemma 2. Let n be an integer and m a non-negative integer. We have

(1)

'lf'ia,m(z) = 1-2P, (ga 2(2)> (18)

(2)
= —1+42P, <g" (z)) (19)

2

Proof. Note that, using (11, 12),

¢al(z) = 1-g0(2) (20)
= —1+g3(2). (21)

By applying the binomial theorem and integrating term by term, we get

Sy e
zpa,m(z):gm—(% /0 (1 £2)mdt, (22)

Replacing ¢4 (z) by the right-hand side of Formula (20), we obtain

da(z) 1 1~g&1) (z)
/ (1—tH)mdt = / (1 —t3)™dt +/ (1—t*)™dt
0 0 1

o (2)

22m ! 2 5
= — (m) — 22m+1 / w™(1—u)™ du
(2m + 1)t Jo
— 2% (m!)? _ 92m+1 (m1)? Py 1) (,)\
(2m +1)! (2m + 1)1° e
So, in view of Formula (22), we get (18). Similarly, using (21), we obtain (19). d

Lemma 3. Let m be a non-negative integer and let n be an integer. If f is an entire function then we have

Res (2 Wam(2iz = 2 ) = DR TE S S Q,H)(l) i) £ (%) @

p=0r=0

Proof. We have

Res (7 (Wam(2) 2= %) = R (pr (o Em L) Z( )2 (i 1>"J;“((Tz))) = ZZ%)

o Gt £ (Dt (1 (553) )

=0

which is equivalent_to (23). O

In the next lemma we consider, as above, the a, . (ji) defined by (5).
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Lemma 4. Let p, m be non-negative integers. If u and v are non-negative integers such that 0 < v < 2pu,
0 < u < 'm then there exists a constant M, independent of k, such that

app (k)| < M |jrlP for k==x1,£2,...

Proof. We note that
IOG = o (), 1=1,2,.. (24)
This is indeed true for [ = 1 using the asymptotic relations (see p. 506 in [10])

e = (k+%—i)w+0(%) (25)

and the formula

/ 2 . ar T 1
Ja(z):~’/gsm(z—7—z)+O(W> , |z] = 00, |arg(z)] < .

For [ > 2, we use use the principle of mathematical induction and the differential equation
2I0(2) + (20 - 3)2J8 V() + (22— + (1 - 2))IED(2)
+20-2)2 J& N2+ (1 -2)(1 -3)IJ () = 0, (26)

which is obtained by repeated differentiation of

The same idea leads us to
JOGk) = 0 (1/|jk!1/2) , 1=1,2,.. (28)

Now, using Cauchy’s integral formula, we may write

apy(Jk) =

N 2T (s i9\p ; i6 i6\ 2K+l
(2u — v)! (Jx +€ €9) (J-a(]k—l-ee Yee ) a, (29)

2w o (e ei®)2n—v Jo(Jk + € €9)

where ¢ is a small positive number. We have, using (28),

) o | o= . ¢ eif)!
|[J_o(ik +e€) = \Z I, Gr) (_l'_)
& !

Ny, E 1
< 179G 7 =0 (i*m—l/Q> (30)
1=0
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Also, using (24) and the inequality |J, (jx)| > ¢1/]jx]"/2,

|Jelin £e )] ISP G) (e €9
{ ) !; Jo(ix)  (+1)

RADECE
> 1-3 LG
- el Jo,(G) l (I+1)
- £ ef—e—1
> 1 - =1 - o
= ¢ ; 0+ e
where ¢ is independent of € . We infer that
J. (i i6
cx(]l; —(;95 e”) TAEE where d is independent of €. (31)
The conclusion of Lemma 4 follows from (29, 30, 31). o

Lemma 5. Let m be a non-negative integer and let {\x}, k = £1,%2,... be an increasing sequence of real
numbers such that Ag+1 — A\x >0 > 0. If f is entire and of exponential type such that

/_oo £(2)|dz < oo,

then

m 24 oo

SN FY00)] < oo

p=0 v=0 k=—oo

k0
Proof. Applying Theorem 11.3.3 of [4] to the functions f(z) and f(—=z), we get
o oo
/ | (z)| dz < co and / P (—2)| dz < 0.
0 0

Let 0 < < m and 0 < v < 2u. Using Lemma 1 of [6] with the function f*)(z) and the sequence {\;}$° 2 1, we
obtain

S A ()] < oo. (32)
k=1
Similarly, using Lemma 1 of [6] with the function f(*)(—z) and the sequence {—A_;}$2,, we obtain
Z 1790w = Z ORI < oo, (33)

=—00

Since (32, 33) are valid for all 0 < gy < m and 0 < v < 2 , we conclude that the lemma holds. O
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We will use, in the proofs of Theorems 2 and 2’, the following

Lemma 6. Ifp=0,0<pu<m,0<v<2uand f is an entire function of exponential type such that

| if@lde <o0

then
5 [onetin) £ ()] <o (34)
=
Proof. Applying Lemma 4, we get
|0 Gi) SO GR/T)| < M £ G/, (35)

Recall that there is only a finite number of non-real zeros of J,(z) (see Eq. (15.27) of [10]). So, in view of (25),
there exists K; > 0 such that, for &k > Kj,

Jk+1 —Jk > 1/2 forall k> K;. (36)
Hence, (34) follows using (35) and Lemma 5. O
5. PROOFS OF THE THEOREMS

Proof of Theorems 1 and 1’. Observe that

(fal2))2#H! = i(—1)ptny=(n+D)(utD) (%(:5) )2““

for p =0,1,...,m . So we can write, in view of Formula (8),

. e AEDPRMm AN TN (M 1 oo [(Goalt2)
2P ho.m(2)f(2) = 2P f(2) 2 ()2 Z(u)f_zﬁz (2n+1)(2u+1) (m> )

©=0

We infer that 2? 1 ,,(2) f(2) is meromorphic on C with a possible pole at the point zero and poles at the points
ju/T, k= £1,£2, ...
On the other hand, Formula (25) implies that [jn| = |[Nm+a § — Z| + O(4) . So, after a few calculations,

we obtain
= ) (v 2) - (35) o

Hence, there exists Ny > 0 such that

J—‘—1<R<53—-1|
1 :, e

T

for N > Np. (37)
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Applying the residue theorem we find, for N > N,

/(; 2PYPa.m(2)f(z) dz = 2mi Z Res (zpz/)a,m(z)f(z); z= jf) + 27t Res(2Pa,m(2) f(2); 2 = 0). (38)

lik|<R

(See the beginning of Section 4 for the definition of Cg.)
We divide the integral on the left-hand side of Formula (38) into two integrals, where the domain of integration

of the first is on C7; and the second is on Cj . Then, using (18) in the first integral and (19) in the second, we
find

P P g&l)(z) b | P 9‘("2)(2) —
/Cﬂ_z f(z)dz — 2/022' f(z)Pm< 3 dz — /sz f(z)dz + 2/(;_z f(z)Py, 5 dz =

R R R

N .
27 Z Res <z” Ya,m(z) f(2); 2= Jf) + 27t Res(2P Yo,m(2) f(2z); 2=0). (39)
o

Since the function z?f(z) is entire we have, by Cauchy’s theorem,

/c; Pf(z) dz = —/_I;zpf(a:) dz (40)
and
/R 2Pf(z) dz = /Zw”f(x)dac. (41)

Thus Formula (39) is equivalent to

1
1

ro » (@Y [ (68 (2) B
[Rw £(z) dw+/cgz f(z)Pm( . ) dz /C_ 2 F(2) P (——2 dz =

R

N .
— e Z Res (zp Yam(2) f(2); z= ]?k) — i Res(2? Ya,m(2) f(2); z=10). (42)
oy

Taking the limit as N — oo in (42) and using (15, 16), we deduce that

——00

— 00 o0 .
/ 2P f(z) dz = —mi Z Res (zp Yam(z) f(2); 2= Z@_) — i Res(2P a,m(2) f(2); 2=0). (43)
T
"BEC
Hence, Theorem 1’ holds.
On the other hand, since

Res(2? Yo,m(2) f(2); 2=0)=0
whenever

p—(2n+1)2u+1)>0 forall 0< u<m,
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we conclude that Theorem 1 holds also. O

Proof of Theorem 2 and 2’. Suppose first that T=1and p=0. For 0 < p<mand 0 <v <2y, let

(—1)"m(2m + 1)t (7) (%)

Cuw T QImm)2re (2 + 1) 7 % (J)

and
N w [ Ik .
TT(J’C) =Cuw f — for k==x1=+ 2,
T
According to the hypothesis, the function f(z) satisfies the conditions of Theorem 1’ with 7 = 1+ € , where ¢

is a given positive number. We therefore have

oo m  2u

/_o:o f(z)dz = — 7wiRes <¢a,m(z) f(z); 2= 0) + k;w;;ﬂﬁ(jk) . (44)

k0

Further, we show that for § > 0 we can choose Kj such that

m  2u —Kp ) 5
5= 353 (3 matiol + 3 M) <5 )
p=0v=0 \k=-cc k=Ko
ifeelo, 1/2).
By virtue of (25), we have for k > K, and € € (0, 1/2],
Grsr =) > 5 (46)
T4 H1 7 = 3
Let
1 1
Iy = |k— -, -

and let & (k= +1,%2,...) be a number in I} such that

|£(€e)| = max |£(z)].

The points & € [k —1/2, k) form a subsequence {£,} and those in [k , k+ 1/2] form another subsequence

{¢.}. Note that &, 11— &, > 1/2 and that the same inequality is also valid if we replace & by &, . So, by
Lemma 5, we have

m 24 oo m 2 o
YD D M) <o and 0 Y0 IF(E) < oo,
p=0v=0 kz:,zao p=0rv=0 L;;Sc

whence

m 24 oo

D202 &) <o

p=0v=0k=-oc
k#0
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On the other hand, using Lemma 6, we have

m 24 oc

D30 TG < o

p=0v=0k=—cc

k0
Therefore, there exists Ko > K> such that
Z Z S e+ Y 1) | < = (47)
6M,
v=0 \ k=—o0 k:[ﬁz_n_]

and

Wi o

(48)

m 2p —Ko o0
ZZ( DTG+ Y ]Tl(jk)f> <

p=0v=0 k=—o0 k=Ko

Using Lemma 4 with p = 0, we see that there exists a constant M; such that |a, ., (jx)| < M7 for all k =
+1,£2,...,0< p<mand 0 <v < 2u. So, there exists a positive constant My such that |c,, (jk)| < M .
Therefore, we have

m 2u ( --Kp oo
S < M | (u)/ Jk >| , |£(V)/ Jk \I\ (40)
e X 1VQ#Z=0V§_::O\IC=_OO‘JC 1+e k;{OIJ \1_{_8}'} \/1 J

Since, by (46), the intervals of the form I; contain at most two points of the sequence {j;/(1 +¢)} , k =
+ K5, (K2 + 1), ..., we have, in view of (49),
@ }
f (1 + 5> .)

so< o 333 | ()] 5

p=0v=0 \k=—o0 k=Ko
m 2p [—TR] S 5
< 2y 3O e+ 3 ||| <35

pn=0rv=0 k=00 k:[%]
which proves (45).

It is clear that, as £ — 0 , the function f()(2/(1 +¢€)) converges uniformly on all compact subset of C to
F@(2) (0<pu<mand0<v<2u). Therefore, there exists an ey > 0 such that for e € [0, &),

m  2u

>

[LIO v=0

Kp—1 Ko 1

: d
D Tupe(iv) - T1(Jk) l <3
k=—Kg+1 k—~K0+1 |
k0 k40
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Thus, for € € [0, €] , we have by virtue of (45) and the inequality (48),

m 24 %) m  2u —Ko o0
DD Tuelin) - Z Ti(k)| < 3 +ZZ< Y TGl + Y {T1+€(jk)]>
u=0v=0| k=—oc k=—oc pu=0v=0 \k=—oc0 k=Ko
k#0 k#0
m  2u —Kp (¢S]
+ZZ< S ITGI+ D |T1(jk)l> <34 (50)
p=0v=0 \k=—o0 k=Ko
Hence,
o) m 2u oo m  2u
lim DD Telr) = Y DY TG
k]:#—go u=0v=0 kz;ac p=0v=0

By letting € tend to zero in (44), we obtain

/_o:cf(z) dz = — WiRcs('z/)a,m(z)f(z); zzO)

(—1)mrem+ 1) S o (1) () o
T (2 ,._z_:wz;;) G 1 Gev () £ (). (51)
k0

Remark that Formula (51) is equivalent to

/_Z f(z)dz = — WiReS<7/)a,m(z)f(z); 2= O)

Drr(2m + 1) & Joo(2) )\ 24 .
" - >22m ml):r : > Zz +1 (f(z)< (())) ?z:Jk> (52)

ez =0
which follows using the formula
m 21 m (Zu) m (m)

ZZ

p=0v= 0

2u+1
7 uw (Jk) G = Z Tt 1 Res (zpf(z) ({Z}i?) ;2= jk) (53)

with p = 0. Note that Formula (53) is obtained using Lemma 3 and is valid for arbitrary p and for 7 = 1.
Replacing f(z) by the function 2P f(z) in Formula (52), we obtain

/:’C ?f(z)dz = — wiRes(qupa,m(z)f(z); 2= 0)

(oo}

(=1)"w(2m + 1)! ro (M) , J_a(2)\* .
o Zg ( 1) (529) ,z—gk). 59
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Now, applying (53), we infer that (54) is equivalent to (9). So, Theorem 2’ holds.
Since

Res(2? Yom(2) f(z); 2=0)=0

whenever n and p satisfy (3), we conclude that Theorem 2 holds also. O
6. CONCLUDING REMARKS
Using Formula (6), we get
‘ 2\ 2 jz~2#—1
N O N
9 2p+1 jp-2;1.—2 jk: J’ (]k)
-10k) = (D" = e 1/2) 4+ (2u+1) | Eizael
tuari) = (0" (2) T s (e ur s @ (27,
_ 2
2\ g gr o k)
—2(jk) = (D7 (=2 =k ou(2u+1) [ mme
Q2 Z(Jk) ( ) (7{‘) (J;(jk))4“+2 /'L( ©+ ) J—a(jk)
ik I o (j 2 2
+ (2p +1)(2p + 2p) i Tali)) | 2u+p)+(2p+1) (H+—(n2+n)—— Jﬁ) '
J_o(Jk) 2 3 3

In order to obtain the above formulae, we use

lim ((z — jk)) = !
=ik \ Ja(2) Jo (k)
. (z— ]k)) 1
lim = —
2 ( Ja(?) 2 jx Jo (k)
. (Z“‘jk)>” 1 ( 2a2+1)
lim = — 2~ - ,
2]k ( Ja(2) 6 Jo(jk) i
which we obtain after a few calculations. We use also the relation
. 2(-1)"
Ja(gr) = ——F—=
() Tk (Jk)

which follows from the equation (3.12) of [10]

/ _ 2 sin(an)

To(2)T-a(2) = Ja(2)T_a(2) =

Uy

In general, in order to compute more explicitly a,,.(jx), we have to evaluate J'_a(jk), J” (), ... Tt is possible
to evaluate J_,(ji) in terms of J,(ji). We use the formula
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and we apply Lemma 1 of [1] with p = 2n—1 and p = 2n to obtain the expression respectively of J_,41(jx) and
of J_q(jx) in terms of J,(jx) for n > 0. If n is negative then we use Lemma 2 of [1] by taking p = —2n — 1

and p = —2n — 2 to get the expression respectively of J_41(jx) and of J_.,(jr) in terms of J;(jk). The neat
result is:

@n-2r+ 10 (7)) )
(_1)"+1 ZO 922n—2r+1 jzn—2r+1 Jfl(]k) ifn>0
J_oUk) = ne1 —n—1\ [—2n—7—2 (55)

(_1)~n—1 Z (—ZTL_ZT'—I)!( T )( —n—1 )

g—on—2r 1 ;—2n—2r—1 Ja(jk) if n<0.
vy

r=0

The expressions for J__(jx), J o (jx), -.. in terms of .J,, (ji) follow from the differential equation (27) where we

take —o instead of o. Formulae (14, 19) of [1] give (J,(jx))? as a rational function of jj, which is useful to
compute the a, ., (jx)-
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